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The article opens with the earnest tribute and 
homage to Sreedharacharyya (C 850-950 AD) who 
succeeded to advance a beautiful and authentic method 
of obtaining the roots of a quadratic equation. The 
rule was enunciated with due reference and regard 
to Sreedharacharyya by the renowned and celebrated 
Hindu mathematician and astronomer, 
Bhaskaracharyya II (C 1 1 14-1200 AD) in the fifth 
chapter of his famous text, ‘Vijganintam’. 

The sloka is written in Sanskrit in Upagita Chhanda. 
It was the practice in the past in India that the subject 
matters were expressed in slokas and verses. Incidently , 
every mathematician in the past was a poet in the true 
sense of the term. It needs notice that many subtle 
and intricate points were kept hidden in the slokas, 
perhaps purposely, leaving them for the preceptor or 
guru to fill up and explain to inquisitive disciples 
while imparting the knowledge. This was the Indian 
tradition in the past through which the knowledge of 
one generation passed over to the next. 

The algebraic demonstration of the rule due to 
Sreedharacharyya is given below with necessary 
comments in support of the content of the sloka. 

We start with the quadratic 
ax 2 + bx + c = 0 or, ax 2 + bx = -c 
Multiplying both sides by 4a, i.e., four times the 
coefficient of the square of unknown x, we have 
4a 2 x 2 + 4abx = -4ac 

Adding b 2 , i.e., square of the coefficient of unknown 

x, to both the sides 

4a 2 x 2 + 4abx + b 2 = b 2 - 4ac 


or, (2ax + b ) 2 = b 2 - 4ac 
Performing the square root, 
2ax + b = ± Vb 2 - 4ac 


or x - -b ± Vb 2 - 4ac 
2a 

which gives the roots of the equation by the method 
of Sreedharacharyya. 

There are, however, various methods of solving 
a quadratic equation, A method different from the 
methods in vogue, is presented now. 

Let ax 2 + bx + c = 0, where a * 0, be the quadratic 
equation whose solution is sought. We write the 
equation as 

ax 2 + { (b/2 + t) + (b/2 - t) } x + c = 0 

or, ax 2 + (b/2 + t)x + (b/2 - t)x + c = 0 

or, ax 2 + (b/2 + t)x + (b/2 - t)x + 

(b 2 /4 - t)/a + c - (b 2 /4 - t)/a = 0 

or, x(ax + b/2 + t) + (b/2 - t)(ax + b/2 + t)/a 

= (b 2 /4 - t)/a - c 


or, (ax + b/2 + t){x + (b/2 - t)/a} = (b 2 /4 - t)/a - c 
or, (ax + b/2 + t)(ax + b/2 - t) = b 2 /4 - t - ac 
Uptil t has not been specified, now we choose t so 


that b 2 /4 - t 2 - ac = 0 
or t = ± Vi Vb 2 - 4ac, 

For this choice of t, we have 
(ax + b/2 + t)(ax + b/2 - t) = 0 

-b ± Vb 2 - 4ac 


or, ax = -b/2 ±1 or, x = 


2a 


which are the required roots of the quadratic equation. 

In conclusion, the present author desires to put 
the above method through the following sloka in 
Anustup Chhanda: 

\ fwtai q fimnAvi 
q^Tfn snfafire&TfH %fer u 
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P6RMUTRTION & COMBINRTION| 

— Animesh, Kankarbagh, Patna 


1. A square of n units by n units is divided into n 2 
squares each of area 1 sq. unit. Find the number of 
ways in which 4 points [out of (n + l) 2 vertices of 
the squares] can be chosen so that they form the 
vertices of a square. 

2 . Find the number of all whole numbers formed 
on the screen of a calculator which can be recognised 
as numbers with (unique) correct digits when they 
are read inverted. The greatest number formed on its 
screen is 999999 

3 . India and South Africa play one-day International 
cricket series until one team wins 4 matches. No 
match ends in a draw. Find in how many ways the 
series can be won 

4 . How many different 7 digit numbers are there 
the sum of whose digits is even? 

5. How many different numbers which arc smaller 

than 2 10 H and are divisible by 3, can be written 

by means of the digits 0, 1 and 2? 

6. In the n + 1 numbers a, b, c, d, ... be all different 

and each of them be a prime number. Prove that the 
number of different factors (other than 1) of the 
expression a”' • b • c • d is (m + 1)2" - 1 . 

7 . How many sets of 2 and 3 (different) numbers 
can be formed by using numbers between 0 and 1 80 
(both including) so that 60 is their average? 

8. 6 letters arc written to 6 persons and addresses 
to corresponding letters arc written on 6 envelopes. 
In how many ways can the letter be placed in the 
envelopes so that all the letters are in the wrong 
envelopes. 


9. 6 balls marked as 1,2, 3, 4, 5 and 6 are kept in 
a box. Two players A and B start to take out 1 ball 
at a time from the box one after another without 
replacing the ball till the game is over. The number 
marked on the ball is added each time to the previous 
sum to get the sum of numbers marked on the balls 
taken out. If this sum is even then 1 point is given 
to the player taking the ball; if it is odd then 1 point 
is cut from the same player. The first player to get 
2 points is declared winner. At the start of the game 
the sum is 0. If A starts to take out the ball, then 
find the number of ways in which the game can be 
won 

10. 4 players A, B, C, D are playing wiih a ball 
giving catches to each other. If A starts to give catch 
to any of players B, C and D; then in how many 
different sequences the ball can return to A when 
it is known that a player can’t get the ball more than 
2 times? 

SOLUTIONS 

1. No. of squares of area n 2 square units = 1 
No. of squares of area (n - l) 2 square units = 2* 
No. of squares of area (n - 2) 2 square units = 3 2 

No. of squares of area 1 square unit = n 2 

Adding gives N, = l 2 + 2 2 + 3 2 + ... + n 2 
n(n + l)(2n + 1) 

= 6 

n 2 

When n is even — 

No. of squares of area square units = 1 

No. of squares of area square units = 3 2 

No. of squares of area 2 square units = (n - l) 2 
Adding gives N 2 = l 2 + 3 2 + 5 2 + ... + (n - 1)* 
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= n(n - 1 )(n + 1 )/6 
When n is odd 

No. squares of area (n - l)“/2 square units — 2 
No. of squares of area (n - 3) 2 * /2 square units = 4 2 
No. of square of area (n - 5)72 square units = 6 2 
No. of squares of area 2 square units = (n -1 ) 2 

Adding gives N 2 = 2 2 + 4 2 + 6" + + (n - 1)' 

= n(n - l)(n + l)/6 

... Total no. of squares formed which can be obtained 
by taking 4 points out of (n + l) 2 points 
= N, + N 2 

n(n + l)(2n + 1) , n(n - l)(n + 1) 

. ♦ . ♦ . • „ = 


2. The number can use digits 0 , 1 . 2 . 5 . 6 . 8 and 
9 because they can be recognised as digits when they 
are seen inverted. 

A number can’ t begin with 0, therefore all numbers 
having 0 at unit’s digit should not be counted. (When 
those numbers will be rend inverted they will begin 
with 0) 


No. of digits Total numbers 


1 

7 

2 

6 2 = 36 

3 

6 x 7 x 6 = 252 

4 

6 x 7 2 x 6 = 1764 

.5 

6 x 7’ x 6 = 12348 

6 

6 x 7 4 x 6 = 86436 

Total = 100843 


n 2 (n + 1) 

2 

e.g. Take a square of 3 units by 3 units divided into 
9 smaller squares 
No. of squares having 

(i) 9 sq. units = 1 1 

(ii) 4 sq. units = 4 

(iii) 1 sq/ unit = 9 I 

(iv) 2 sq. units = 4 

Total =18 

From formula 
n 2 (n + 1) 9x4 _ )R 

2 2 

Take the square of 4 units by 4 units divided into 
16 smaller squares 

4 points are to be 
chosen from 25 
points to form a 
square 

No. of squares 1 
having 

(i) 16 sq. units = 1 \ 

(ii) 9 sq. units = 4 

(iii) 4 sq. units = 9 

(iv) 1 sq. unit = 16 1 

(v) 2 sq. units = 9 

(vi) 8 sq. units = 1 Total = 40 

r i n 2 (n + 1 ) _ 16x5 _ 

From formula — ^ — - = — ^ 4U 




3. Taking I for India and S for South Africa. We 
can arrange I and S to show the wins for India and 
S. Africa respectively 

e.g.: ISSSS means first match is won by India which 
is followed by 4 wins by S. Africa. This is one way 
in which series can be won. 


Suppose S. Africa wins the series, then last match 
is always won by S. Africa 



Wins of I 

Wins of S 

No. of ways 

(1) 

0 

4 

1 

(2) 

1 

4 

4!/3! = 4 

(3) 

2 

4 

51/213! = 10 

(4) 

3 

4 

61/313! = 20 


Total no. of ways = 35 

In the same no. of ways India can win the series 
Total no. ways in which the 
series can be won = 35 x 2 = 70 

4. Let us consider 1 0 successive seven digit numbers 
a, aj a 3 84 a 5 a^ 0, 
a 2 a, a 4 a 5 a* 1 , 

a 1 a 2 a 3 a 4 a^ a fi 9 

where a,, a 2 , a„ a 4 , a 5 , a 6 are some digits. We see that 
half of these 10 numbers, i.e. 5 numbers have an even 
sum of digits 

The first digit a, can assume 9 different values and 
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each of the digits a 2 , a 3 , a 4 , a 5 , a 6 can assume 10 
different values 

The last digit a^ can assume only 5 different values 
for which the sum of all digits is even. 

/. There are 9 x 10 5 x 5 

= 45 x 1 0* seven digit numbers the sum of whose 
digits is even. 

5. 12,21, 1 22222222 are the required numbers 

We can assume all of them to be nine-digit in the 
form a, a 2 a, a 4 a 5 a fi a 7 a x a y and can use 0 for a,; a, 
and a<,, a, a 2 & a v ... and so on to get 8 digit, 7 digit, 
6 digit numbers etc. 

a, can assume one of the 2 values of 0 or 1 
a 2 , a 3 , a 4 , a s , a 6 , a 7 , a x can assume any of 3 values 0, 
1, 2. 

The number for which a, = a 2 = a, = a 4 = a 5 = a ft = 
a 7 = a x = a y = 0 must be eliminated. 

The sum of first 8 digits i.e. a, + a 2 + a 3 + ... + a x can 
be in the form of 3n - 2 or 3n - 1 or 3n. In each case 
a, ; can be chosen from 0, 1, 2 in only 1 way so that 
the sum of all 9 digits is equal to 3n. 

.*. Total numbers = 2 x 3 7 x 1 - 1 
= 4374 - 1 = 4373 

6. There are n prime factors (b, c, d....) other than 
a. First we find the total no. of factors not involving 
any powers of a 

No. of prime factors in the No. of ways 
factor of expression 

1 ^ 

2 "C 2 

n 

Total = n C, + n C 2 + .... + n C n = 2 n - 1 
Now we consider the factors having the powers 
of a. 

Factor of expression 

= a x x product of y prime numbers 
where 1 < x < m and 0 < y < n 
/. There are m values of a* and n C y values of product 
of y prime numbers. 

V. Total no. of factors having the powers of a 
= m[ n C„ + "C, + "C 2 + "CJ = m • 2" 


.*. Total no. of factors of the expression = 

= m • 2 n + 2 n - 1 = (m + l)2 n -1 

7i(i) Set of 2 numbers 
Let a and b be 2 nurrtbers 

.*. ~~ =60 => a + b = 120 

2 

a and b both can’t be equal to or greater than 60 
( . 60 can’t be used twice) 
Let 0 < a < 59 and 61 < b < 120 
The total no. of ways in which 
a can be chosen = W, C, = 60 
The value of b depends on the value of a and there 
is 1 value of b corresponding to 1 of a 
.*. Total no. of sets having 2 numbers = 60 

(ii) Set of 3 numbers 

Let a, b, c be the 3 numbers 

Then a + b + c = 60 => a + b + c = 180 
3 

Case 1 

Let 0 < a < 59, 0 < b < 59 and c > 60 

a can be chosen in W) C, = 60 ways 

b can be chosen in 59 C, = 59 ways 

(.*. b can’t use the value of a 

.*. no. of ways in which 

a and b can be chosen = 60 x 59 

Now 1 < a + b < 1 17 and there is only one value of 

c for 1 value of a + b so that a + b + c = 180 

.*. no. of ways in which 

a, b, c can be chosen = 60 x 59 

case II 

a = 60 .*. b + c = 1 20 

The no. of ways in which b and c 
can assume values = 60 (from (i) 

.*. no. of ways in which a, b, c can be chosen = 60 

Case III 

61 < a < 90, 61 < b < 90 and c < 60 

a can assume values in ™C, = 30 ways 

b can assume values in 29 C, = 29 ways 

the value of c depends on the value of a and b 

.*. no. of ways in which 

a, b, c can be chosen = 30 x 29 

.*. Total no. of ways in which sets of 3 numbers can 
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be chosen = 60 x 59 + 60 + 30 x 29 = 30[2 x 59 + 2 + 29] = 30[1 18 + 2 + 29] = 30 x 149 = 4470 
Total no. of ways in which sets of 2 and 3 numbers can be chosen = 4470 + 60 = 4530 

8. Let’s consider the general case of n letters L , , L 2 , L,, L 4 , ... and n corresponding envelopes E|, E 2 , E ; 

E 4 Let f(n) denote the number of ways of putting all n letters in wrong envelopes, so that L, is not ii 

E„ L 2 is not in E 2 and so on. L, can be put in any one of the remining (n - 1) envelopes E 2 , E„ E 4 etc. Suppos 
L, is put in the envelope E x ; then 2 cases arise, 

(1) L x may be put in E,. Then we’ve to see that the remaining (n - 2) letters are put in the wrong envelopes 
The number of ways of doing this is f(n - 2). 

(2) L x is not put in E,. Then we’ve to see that (n - 1 ) letters L 2 , L„ L 4 L x are put into wrong envelopes 

The number of ways of doing this is f(n - 1). 

Hence when L, is put in E x , there are f(n - 2) + f(n - 1 ) ways of putting the letters into the wrong envelopes 
But L, can be put E 2 , E„ E 4 ... instead of E x , thus giving (n - 1) ways. 
f(n) = (n - 1) [f(n - 2) + f(n - 1)] where f(l) = 0 and f(2) = 1 
f(3) = 2[f(l) + f(2)] = 2[0 +1] = 2 f(4) = 3[f(2) + f(3)] = 3[1 + 2] = 9 

f(5)= 4[f(3) + f(4)] = 4[2 + 9] = 44 f(6) = 5[f(4) + f(5)] = 5[9 + 44] = 5 x 53 = 265 


9. Denoting A„ B„ A 2 and B 2 for their taking out the ball, a chart is made to denote the winner 




A, 

B, 

A 2 

B: 

No. of ways 

(1) 

points 

1 

1 

0 

2 

3 C,x J C l x 3 C,x 2 C 


number on the ball 

Even (1 of 3) 

Even 1 of (2) 

Odd (1 of 2) 

odd (1 of 3) 


sum 

Even 

Even 

Odd 

Even 

= 36 

(2) 

points 

-i 

1 

0 

2 

’C.x^.x’C.x^ 


number on the ball 

Odd (1 of 3) 

Odd (1 of 2) 

Even (1 of 3) 

Even (1 of 2) 


sum 

Odd 

Even 

Even 

Even 

= 36 

(3) 

points 

1 

1 

-i 

2 


• 3 C,x 3 C|X 2 C, 


number on the ball 

Even (1 of 3) 

Odd (1 of 3) 

Odd (1 of 2) 

— 


sum 

Even 

Odd 

Even 


= 18 

(4) 

points 

1 

1 

2 


3 C,x 3 C,xl 


number on the ball 

Even (1 of 3) 

Even (1 of 2) 

Even (1 of 1) 

— 


sum 

Even 

Even 

Even 


= 6‘ 


Total Number of ways in which the game can be won when A starts the game = 36 + 36 + 18 + 6 = 9( 


10. We denote N, for the player who gets the ball from A. N 2 is the next player to get the ball and N, is 
the last of B, C and D to get the ball at least once. 

First throw is always from A and last; always to A 


No. of throws 

Sequence 

No. of Ways ~ 

2 

N, 

3 P, = 3 
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Said 


"I keep six honest serving-men 
(They taught me all I knew); 

Their names are What and Why and When 
And How and Where and who." 

— RUDYARD KIPLING 


"For every ailment under the sun, 

There is a remedy, or there is none, 

If there be one, try to find it, 

If there be none, never mind it. 

— ARISTOTLE 

By : M.V.R.P. Shastry, Srikakulam, AP 
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25 BEST QUESTIONS 

ELLIPSE 


1. The eccentric angles of two points on an ellipse 
are and <|)' and their join intersects the major axis 
at a distance c from the centre. If 2a be its major axis 
prove that 


2. Prove that the locus of the foot of perpendicular 
drawn from the centre on any tangent to the ellipse; 
whose semi major and minor axes are a and b 
respectively, is the curve (x 2 + y 2 ) 2 = a 2 x 2 + b 2 y 2 . 

3. If a normal at the end of a latus rectum passes 
through an end of a minor axes, prove that 
e 4 + e 2 - 1 = 0. 

4. The tangent and the normal at the point P on 
the ellipse (x 2 /a 2 )+ (y 2 /b 2 ) = 1 meets its major axis 
in T and T. If TT = a, prove that the eccentric angle 
0 of P is given by e 2 cos 2 0 + cos0 -1=0 where e is 
the eccentricity of the ellipse. 

5. Show that the locus of the foot of the perpendicular 
on a varying tangent to an ellipse from either of its 
foci is a concentric circle. 

6. A tangent to an ellipse is cut by the tangents at 
the ends of the major axis in points T and T. Prove 
that the circle on TT' as diameter, will pass through 
the foci. 

7. Prove that the perpendicular from the focus of 
an ellipse whose centre is C, on the tangent at any 
point P will meet the line CP on the directrix. 

8. Prove that the line joining two points on an 
ellipse, the difference of whose eccentric angles is 
constant, touches another ellipse. 


If P be the point of contact of the tangent y = 
mx + Va 2 m 2 + b 2 to the ellipse (x 2 /a 2 ) + (y 2 /b 2 ) = 1, 
prove that tan'^-b/am) is the eccentric angle of P 

10. Show that tangents drawn at those points of the 
ellipse (x 2 /a) + (y 2 /b) = a + b where it is cut by any 
tangent to (x 2 /a 2 ) + (y 2 /b 2 ) = 1 intersect at right 
angles. 

Hi If two concentric ellipses be such that the foci 

of one lie on the other and if e and e' be their 

eccentricities, show that their axes are inclined at the 

, Ve 2 + e' 2 - 1 
angle cos* 1 

12. Prove that the normals at the four points where 
the lines (/x/a) + (my/b) = 1 and (x//a) + (y/mb) = 
-1 cut the ellipse (x 2 /a 2 ) + (y 2 /b 2 ) = 1 are concurrent 

13. Tangents are drawn from an external point T(h, 
k) to the ellipse. (x 2 /a 2 ) + (y 2 /b 2 ) = 1 at P and Q. If 
s be any focus, prove that 

ST 2 hi h. 2 

SPSQ a 2 b 2 

14. The foci of an ellipse are S and S'. If the normal 
at any point P on the ellipse intersects the line SS' 
at G, prove that PG 2 = SP • S'P( 1 - e 2 ) 

where e is the eccentricity of the ellipse. 

15. The eccentric angle of any point P measured 
from the semi major axis CA is <|). If S be the focus 
nearest to A, and ZASP = 0, prove that 

tanG/2 = \] tan (<|>/2) 

16. If a, P, y be the three points on the ellipse 
(x 2 /a 2 ) + (y 2 /b 2 ) = 1 show that the area of the triangle 


Md . Motiur Rahman 
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formed by the tangents at these points is 

- oc 
2 


ab tan 


a - B ft - y 
2 t3n 2 


tan 


17. If the normal at the points on an ellipse whose 
eccentric angles are a, (i, y, 5 be the concurrent, then 
prove that X cosa X seca = 4 

18. Prove that the equation of the locus of the points 
of intersection of the tangent at one end of a focal 
chord of an ellipse with the normal at the other end 


IS — r + 


by 


(2a 2 - b 2 ) 2 


= 1 


19. PSQ and PHR are focal chords of the ellipse 
(x 2 /a 2 ) + (y 2 /b 2 ) = 1 where S and H are the foci. The 
tangents at Q and R meet at T. Show that the locus 
of T as P moves round the ellipse is 

(1 + e 2 ) 2 ^ + (1 - e 2 ) 2 ^ = (1 + e 2 ) 2 
where e is the eccentricity of the ellipse 

20. Show that the angles which the normals from 
any point (f, g) to the ellipse (x 2 /a 2 ) + (y 2 /b 2 ) = 1 make 
with the x-axis are given by (fsinG - cos0) 2 • (a 2 cos 2 0 
+ b 2 sin 2 0) = Va (a 2 - b 2 ) sin 2 20 

21. Prove that the eccentricity of the ellipse 
(x 2 /a 2 ) + (y 2 /b 2 ) = 1 is given by 

2cotw = e 2 /V 1 - e 2 sin20 where w is one of the angles 
between the normals at the points whose eccentric 
angles are 0 and nl 2 + 0 

22. From any point (h, k) two tangents OP and OQ 
are drawn to the ellipse (x 2 /a 2 ) + (y 2 /b 2 ) = 1. If C be 
the centre of the ellipse prove that the area of the 


DCPQ is 


a 2 b 2 Vb 2 h 2 + a 2 k 2 - a 2 b 2 

b 2 h 2 + a 2 k 2 


with the major axis is 


a 2 sin 2 0 + b 2 cos 2 0 


24. Find the condition that the area of a triangle 
inscribed in an ellipse is greatest. 


in an ellipse are parallel respectively to three given 
straight lines, show that fourth side will also be 
parallel to a fixed straight line 

SOLUTIONS 

1. Let P and Q be two points on the ellipse whose 


23. Show that the length of the focal chord of the 
ellipse. (x 2 /a 2 ) + (y 2 /b 2 ) = 1 which makes an angle 0 

2ab 2 



If PQ intersects at L, 

then it is given that OL = c. So coordinates of L are 
(c, 0) ( 1 ) passes through (c, 0) 
c 


— cos 

cl 


<() + <(>' <J) - <J)' 

— 75— = COS — T— 


c 

= 


cos 




cos 


By componendo and dividendo we have 

(j) ~ (J) d) + (b 
cos -- - cos — 


c + a <J> - (()' <)) + <(/ 

COS — 75— + COS — T— 


c - a _ 2sin(<|)/2) sin((|)72) 
° r c + a - 2cos(<|>/2) cofe(<|)72) 

or = tan(<J>/2) tan(<)>72) 
c + a 


2. Equation of the ellipse is 

*1 + 2i = 1 

a 2 b 2 

Let PM be the tangent 
at P to the ellipse. From 
O we draw OM lar to 


25. If three of the sides of a quadrilateral inscribed 
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M be (Xj, y x ) 

Then equation of 
tangent PM is 
y = mx + Va 2 m 2 T"b 2 .... (1) 



Y 

r 


X' \ 0 



Y' 
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(1) passes through (x„ y,) 
y, = mx, + V a 2 m 2 + b 2 


or (y, - mx,) 2 = a 2 m 2 + b 2 .... (2) 
m, of OM = y,/x, 

Since PM is lar to OM mm, = -1 

y, , x, 

m— = -1 m L 


x, y, 

Thus from (2) 



(x, 2 + y, 2 ) 2 = a 2 x, 2 + b 2 y, 2 

Locus of (x„ y,) is (x 2 + y 2 ) 2 = a 2 x 2 + b 2 y 2 


axsecG - by cosecG = a 2 - b 2 ... (2) 

since ( 1) and (2) meet the major axis y = 0 in T and 

T', so that coordinates of T and T' are 

( (a 2 - b 2 ) 1 

— - — cosG, Oj 

Given TV = a or CT - CT = a 

O (a 2 - b 2 ) . 

or a sec0 - i ^cos0 = a 

a 

or a 2 - (a 2 - b 2 )cos 2 0 = a 2 cos0 
or a 2 - a 2 e 2 cos 2 0 = a 2 cos0 
or 1 - e 2 cos 2 0 = cos0 
or e 2 cos 2 0 + cos0 -1 = 0 


3. Let equation of the ellipse be 



or acy + b 2 e = -xa + a 2 e 
It passes through (0, b) ‘ aeb + b 2 e = a 2 e 
or ab + b 2 = a 2 or ab + a 2 ( 1 - e 2 ) = a 2 
or b + a( 1 - e 2 ) = a or (b/a) + 1 - e 2 = 1 
or b/a = e 2 or b 2 /a 2 = e 4 


or ^ = e 4 


or 1 - e 2 = e 4 


or e 4 + e 2 - 1 = 0 


4. Let PT and PN 
be the tangent and nor- 
mal at P to the ellipse. 
Let coordinates of P 
be (acos0, bsin0) 
Thus equations of PT 
and PN are 



Y 

r 

% 

x' V o 

/r J t\c 


is 

!,..(!) and 

Y' 


5. Let equation of the ellipse be 



Let PT be the tangent 
to the ellipse at P. Let 
S be the focus. From S 
we draw SM lar to 
PT. 

Equation of PT is 

y — mx + Va’in 2 -r b 2 . 



Any line lar to ( 1 ) and through the 
focus S(ae, 0) is 


y - 0 = — (x - ae) 
m 

my + x - ae = 0 

or my + x = ae = Va 2 - b 2 (2) 

From (1) y - mx = Va 2 m 2 + b 2 (3) 

Squaring and adding we get 

(my + x) 2 + (y - mx) 2 = a 2 - b 2 + a 2 m 2 + b 2 

or m 2 y 2 + x 2 + 2mxy + y 2 + m 2 x 2 - 2mxy = a 2 (l + m 2 ) 

or (x 2 + y 2 ) + m 2 (x 2 + y 2 ) = a 2 (l + m 2 ) 

or (x 2 + y 2 )(l + m 2 ) = a 2 (l + m 2 ) 

or x 2 + y 2 = a 2 

which is a circle. Whose centre is (0, 0) 


6. Let the equation of the ellipse be 

a 2 b ? “ 1 ~ (1) 

Any tange nt to the e llipse (1) is 

y = mx + Va 2 m 2 + b 2 (2) 

Tangents at the extremities of the major axis are 


IS 
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— p — - — — — 


or a 2 e 2 = a 2 - a 2 (l - e 2 ) = a 2 e 2 which is true 


7. Let equation of the ellipse be 
a 2 b 2 

Let coordinates of P be (acosG, bsinG). Thus equation 
of tangent at P is 
xcos9 ysinG 
a b 


= 1 .. ( 2 ) 


Any line lar to (2) and through the focus S(ae, 0) is 


y - 0 = — tan0(x 
b 


ae) 


or ybcosG = axsinG - a 2 esinG .. (3) 
Also equation of CP is 
y Q _ x - 0 


0 - bsinG 0 - acosG 
aycosG = bxsinG .. (4) 
solving (3) and (4), we get 
bxsinG 


bcosG 


= axsinG - a 2 esinG 


acosG 

or b 2 xsinG = a 2 xsinG - a 3 esinG 
or b 2 x = a 2 x - a 3 e 


or x(a 2 - b 2 ) = a 3 e = 


a‘e* 


or x(a 2 - b 2 ) = <g--Jg>- a . 


or x = — 
e 


Which is the equation of the directrix 


8. Let P and Q be two points on the ellipse. Whose 
eccentric angles are a and (3. 

Given a - P = const. = k(Let) 

Thus equation of line PQ is 
x 




x = a ... (3) and x = -a ... (4) 
solving (2), (3) and (2), (4) we will get coordinates 
of T and T' as {a, am + Va 2 m 2 + b 2 } and {-a, -am + 
Va 2 m 2 + b 2 } 

Thus equation of the cirlce drawn having IT as 

diameter is 

(x - a)(x + a) + {y - am - Va 2 m 2 + b^} 

{y + am - Va 2 m 2 + b 2 } = 0 
If it passes through (±ae, 0) then 
a 2 e 2 - a 2 - (a 2 m 2 - a 2 m 2 + b 2 ) = 0 
or a 2 e 2 = a 2 - b 2 


= k, (Let) 

Which is a tangent to the ellipse 

Y 2 V 2 

— — + y ~ = i 

a 2 k, 2 b 2 k, 2 


a + p 


at the point whose eccentric angle is j 


9. Let eccentric angle of P be 0. Thus coordinates 

of P are (acosG, bsinG) 


a+P y.a+P a-P k 
cos „ +• r- sin = cos— = cos^ 

cl Z u Z Z Z 


since P lies on y = mx + Va 2 m 2 + b 2 

.-. bsinG = macosG + Va 2 m 2 + b 2 

or (bsinG - amcosG) 2 = aW + b 2 

or b 2 sin 2 G + a 2 m 2 cos 2 0 - 2ambsin0cos0 = a 2 m 2 + b 2 

or a 2 m 2 - a 2 m 2 cos 2 0 + b 2 - b 2 sin 2 0 + 2ambsinGcos0 

or a 2 m 2 sin 2 0 + b 2 cos 2 0 + 2ambsinGcos0 = 0 

or (amsinG + bcosG) 2 = 0 

amsinG + bcosG = 0 amsinG = -bcosG 

tanG = -b/am 0 = tan'(-b/am) 

T(x^y,) 

10. The given ellipses are 


~r +h = 1 (Dand 


b 2 


a(a + b) 
Let 


b(a + b) 


= 1 


.. ( 2 ) 



mx - y 4 Va 2 m 2 + b 2 = 0 ... (3) be 
the equation of tangent PMQ to 
the ellipes (1) intersecting (2) at P and Q 
If the tangents at P and Q meet at T(x„ y,); then we 
are to prove that ZPTQ is a right angle. 

Now PQ is a chord of con tact for ellipse (2). So 
equation of PQ is 


xx. 


+ r- 


yy. 


= i ... (4) 


a(a + b) b(a + b) 
since (3) and (4) represents the same straight line so 
comparing them we get 
-1 


m 


-Va 2 m 2 + b 2 


y. 


i 


a(a + b) b(a + fo) 

m(a + b)a _ -b(a + b) _ ,v a 2 m 2 + b 2 

x, y.i 

-ma(a + b) 

Va 2 m 2 + b 2 


x, = 


v b(a + b) 

y i ” 


... (5) 


va 2 m 2 + b 2 

/. The equation of th e pair of tangents from (x„ y,) 
to the ellipse 
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X* r 

a(a + b) + b(a + b) ~ ^ * s 


a(a + b) a(a + b) 


xx, 


- 1 


yy. 


y , 2 


a(a + b) a(a + b) 


- 1 


a(a + b) + b(a + b) ^ 

These tangents will be at right angles if coeff. of x 2 
+ coeff of y 2 = 0 

..7 1 1 

= 0 


or 


or 


y , 2 


l 


l 


ab(a + b) 2 

(x, 2 + v, 2 ) . 


ab(a + b) 2 " a(a + b) b(a + b) 
a + b 


ab(a +b) 2 ab(a + b) 
or x, 2 + y, 2 = (a + b) 2 which is true from (5) 

1 1 . Let S and S' be the foci of one ellipse and H and 
H' the other, C being their common centre 
Then SIIS'Il' is a parallelogram and since 
SH + STI = HS' + H'S' = 2a 
Since the sum of focal 
distances of any point on an 
ellipse is equal to its major 
axis which is 2a. 

Then CS = ae, CH = ae' 

Let 0 be die angle between 
thier axes 

SH 2 = a 2 e 2 + a 2 e' 2 - -2a 2 ee'cos0 
HS" = a 2 e 2 + a 2 e' 2 + 2a 2 ee'cos0 
Now 2a = SH + S'H 

4a 2 = SH 2 +. HS' 2 + 2SKS'H 

= 2a 2 (e 2 + e^) + 2a 2 V{(e 2 + e' 2 - 2ee'cos0) x 

(e 2 + e' 2 + 2ee'cos0) 

2a 2 (2 - e 2 - s' 2 ) = 2a 2 V(e 2 + e' 2 ) 2 - 4e v e' 2 cos 2 0 
or 4 + (e 2 + e' 2 ) 2 - 4(e 2 + e' 2 ) = (e 2 + e' 2 ) 2 - 4e 2 e' 2 cos 2 0 
1 - e 2 - e' 2 = -e 2 e' 2 cos 2 0 
e 2 e' 2 cos 2 0 = e 2 + e' 2 - 1 



COS0 = 


Ve 2 + e' 2 - 1 


ee 


12 . Let the normals at the 

points where the line 

lx my , 

— + = 1 
a b 

cut the ellipse meet in (h, k) 
Let the line joining the feet 



of the other two normals from (h, k) have for its 
equation px + qy = 1 

Then the general equation of a curve through the 
intersection of the ellipse and the two lines is 

x (px + qy - 1) = 0 ... (1) 
But the four points A, B, C, D also lie on the 
hyperbola 

(a 2 - b 2 )xy + kb 2 x - ha 2 y = 0 .. (2) 

Hence for some value of arbitrary constant X, curves 
(1) and (2) must be identical. This is possible only 
when coefficient of x 2 and y 2 and the constant term 
in (1) must vanish separately. 

1 + M = 0 J_ + 

a 2 a ’ b 2 b 

X = 1, 1 + p/a = 0 = 1 + qmb 


= 0 , X - 1 = 0 


1 

P ‘ /a 


C| mb 


Therefore the line px + qy = 1 become 
or 


- -5L = i . 
la. mb 


*- + _iL=. i 
id. mb 


13. Equation of the chord of contact PQ is 

xh yk ... 

— + ^T= 1 •• (1) 



or 


x^ V (a 2 - xh) 2 _ , 

a 2 k 2 a 4 

or a 4 k 2 x 2 + b 2 (a 4 + x 2 h 2 - 2xha 2 ) = a 4 k 2 
or x 2 (a 2 k 2 + b 2 h 2 ) - 2a 2 b 2 xh + a 4 (b 2 - k 2 ) = 0 
Let x, and x 2 be its roots 


x, -t- x, = 


2a 2 b 2 h 


a 2 k 2 + b 2 h 2 

Now ST 2 = (h - ae) 2 + k 2 
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1 a 2 


_ a 4 (b 2 - k 2 ) 
a 2 k 2 + b 2 h 2 
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Also SP SQ = (a - ex,)(a - ex 2 ) 

= a 2 - ae(x, + x 2 ) + e 2 x,x 2 

2a 2 b 2 h L e 2 a 4 (b 2 - k 2 ) 
a 2 k 2 + b 2 h 2 

q2 


= a 2 - ae 


x 

a 2 k 2 + b 2 h 2 

a 2 

a 2 k 2 + b 2 h 2 


a 2 k 2 + b 2 h 2 
[a 2 k 2 + b 2 b 2 - 2aehb 2 + a 2 e 2 (b 2 - k 2 )] 

[b 2 h 2 + a 2 k 2 - 2aehb 2 + a 2 e 2 b 2 - a 2 e 2 k 2 ] 


= a ' - [b 2 h 2 + a 2 e 2 - 2aeh] + a 2 k 2 (l - e 2 )] 
a 2 k 2 + b 2 h 2 1 

- [b 2 (h - ae) 2 + b 2 k 2 ] 


a 2 k 2 + b 2 h 2 

a 2 b 2 ST 2 


SPSQ = 

ST 2 

SPSQ 


a 2 k 2 + b 2 h 2 
a 2 k 2 + b 2 h 2 


k 2 h 2 


a 2 b 2 


- b 2 + 



Y 

— _N. p 

t f 

/V T 
/ G \ 

\ S' o 

/ s / X 

■ V/ 

/Q 


Y' 


14. Let coordinates 
of P be (acosG, bsinG) 

Thus equation of 
normal PN at P is 
axsecG - by coseG 
= a 2 - b 2 

Its intersection with 
x-axis are given by 
axsecG = a 2 - b 2 = a 2 e 2 
x = ae 2 cosG 

Thus the coordinates of G are (ae 2 cos6, 0) 
PG 2 = (acosG - ae 2 cos6) 2 + (bsinG - 0) 2 
= a 2 (l - e 2 ) 2 cos 2 6 + a 2 (l - e 2 )sin 2 G 
= a 2 (l - e 2 )[sin 2 G + (1 - e) 2 cos 2 G] 

= a 2 (l - e 2 )(l - e 2 cos 2 G) ... (1) 

Also SP • S'P = (a + aecosG)(a - aecosG) 

= a 2 (l - e 2 cos 2 6) .... (2) 

Hence from (1) and (2) we get 
PG 2 = (1 - e 2 ) SP • S'P 


15. The coordinates of S and P 

Y 

are(ae,0)and(acos<|>,bsin<t>) 


.-. tanG = slope of SP / 


bsin<J) - 0 x 7 V ° 

c S J A X 

” a(cos<t» - e) \. 


V 1 - e 2 sin<|) 


cos(b - e 

T 


sin6cos<|> - esinG = cosG sin<|> v 1 - e 2 
2tan6/2 1 - tan 2 4>/2 . e 2 tan6/2 


or 


1 + tan 2 6/2 1 + tan 2 <|>/2 
2tan<])/2 - 


1 + tan 2 6/2 
1 - tan 2 G/2 


1 + tan 2 <))/2 1 + tan 2 6/2 

or tanG/2 (1 - tan 2 <|>/2) - e tan6/2(l + tan 2 <|>/2) 

= Vl - e 2 tan<|>/2(l - tan 2 G/2) 
or (1 - e)tanG/2 - (1 + e)(tan6/2 tan 2 <(>/2 - 

VT^e 2 tan<(>/2(l - tan 2 <|)/2) 
or (1 + e)tan 2 <|)/2 + Vl - e 2 tan<|>/2 (cot<t>/2 - tan<|>/2) 

- (1 - e) = 0 

or (1 + e)tan 2 <|>/2 + Vl - e 2 tan<(>/2 cotG/2 

- Vl - e 2 tan<|>/2 tan G/2 - (1 - e) = 0 
or VTTe tan<j»/2 [VTTe tan«))/2 - Vl~ e tanG/2] + 
V i T"e"cot6/2 [Vl + e tan<|>/2 - Vl - e tanG/ 2] = 0 
or [VTTe tan<{>/2 - VT^e tanG/2] x [Vl + e tan<|»/2 

+ Vl - e cotG/2] = 0 

As <|> and 6 lies between 0 and n 
tanot/2 > 0 and tanG/2 > 0 
so the second factor can not b e zero 
Hence V 1 + e tam|>/2 - V 1 - e tanG/2 = 0 

tan<(>/2 


or tanG/2 


I V/ lull'll 


16. The equation of tangents at the points p and y 
to the ellipse y 

^p\ 

+ rj = i arc 
a z b^ 

— cosP + ^-sinp = 1 

...d) 

— cosy + -r- siny = 1- (2) 

a b 

x/a _ y/b 

-sinp + siny -cosy + cosp j 



“ cosPsiny - sinPcosy 

x/a _ y/b _ | 

sinp - siny ~ cosy - cosP sin(P - y) 

x/a _ x/b 

2cos£±J sin ill 2sini±J sinl_J 
2 2 2 2 
1 

2sin 1 cos P 
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£ _ cos (3 + Y)/2 y_ _ sin (3 + 7)/2 
a cos (p - y)/2 ’ b cos (p - y)/2 
Thus the point of intersection of the tangents at (1) 
and (2) is 

a (cos(P + y)/2) b (sin(P + y)/2) 
cos(P - y)/2 ’ cos(p - y)/2 

which are coordinates of one of the vertices of the 
triangle. Similarly for other vertices 
Hence the required area of the triangle is 


= »/2 ab 


cos 


p + y 


sm 


p + Y 


COS -P^ - 

cos — 2 - 

cosI±“ 

2 

sin 7 + a 

2 

y- a 
cos ' 2 

y- a 
cos r 2 

cos a :p 

2 

sin a * P 

2 

a - p 
cos 

a - p 

cos 2 

ab 

v 


a 


2 cos P ~ 7 cos 7 * cos 
2 2 2 


cos B+jr sin P±Y 
2 2 

cosI±“ Sin!±“ 

2 2 

cos^P sin“±£ 

2 2 

ab 

2cos P ' ^ cos a cos a ' P 


cos P ' 7 
2 

cos 7 ~ a 
2 


cos 


a - p 


cos 




Y+ a a-P Y-« a + P 
sin — 2 — cos — 2 “ ■ cos — 2 — sin — ^ — 


P + 7 

2 


Y- a 
CO!i ~2~ 


Y+a 


2 


cos 


a + P 


P ll eSn 'I±JP 


+ cos 2 sin- 2 
ab 


2cos P ~ ^ cos ^ cos a ' P 
2 2 2 


[cos 


a-P 


a-P 

sin — 2 — - cos 
ab 


~ sin — ' Y . + Vt sin (P - y)1 


2-2cos?LJcosB^7cosI^ 
2 2 2 


[sin(a - P) + 


ab 


4cos a ' P cos P ' 7 cos 7 ~ a 
2 2 2 


sin(P - y) + sin(Y - a)] 
[sin(a - P) + 


2sin P 2 - cos - P - + “ — — ] 


ab sin(q - P)/2 


2cos “ -- P cos P - y cos Xl“. 


2sin 


a - y 


sin 


P -7 


«^P . n „Pjjr 


Y- a 


= ab tan ~ .. r tan r -~- tan „ 

2 2 2 

17. Equation of the normal at any point (x', y') on 

2 2 

the ellipse — + = 1 is 

a 2 b 2 

a 2 (x - x') _ b 2 (y - y') 
x' y' 

If it passes through a given point (h, k) tlien 
a 2 (h - x')y' = x'b 2 (k - y') 
or y'[a 2 (h - x') + xV] = x' 2 b 2 k ... (1) 
x ' 2 v ,J 

But — + = 1 

a b 2 

or y' 2 = ^ (a 2 - x 72 ) 
a 2 

From (1), we get y, 2 [a 2 (h - x') + x'b 2 ] 2 = x' 4 b 4 k 2 
or ~ (a 2 - x' 2 )[a 4 (h 2 + x' 2 - 2hx') + x'V 


22 


+ 2b * 2 x'a 2 (h - xO] = x 4 * b 4 k 2 
or (a 2 - x' 2 )[a 4 h 2 + a 4 x' 2 - 2ha 4 x' + x^b 4 + 2b 2 a 2 hx' 

- 2b 2 a 2 x' 2 ] = x' 4 a 2 b 2 k 2 
or a s h 2 + a 6 x' 2 - 2ha 6 x' + a 2 b 4 x' 2 + 2a 4 b 2 hx' - 2b 2 a 4 x' 2 
- a 4 x' 2 h 2 - a 4 x' 4 + 2ha 4 x' 3 - x' 4 b 4 - 2b 2 a 2 hx' 3 + 

2b 2 a 2 x' 4 = x' 4 a 2 b 2 k 2 

or x' 4 (a 4 + b 4 - 2a 2 b 2 ) - 2ha 2 x' 3 (a 2 - b 2 ) + 

x'V - a 2 b 4 + 2b 2 a 4 ) - 2x'ha 4 (a 2 - b 2 ) + a 6 h 2 = 0 
The four value of x' are the abscissae of the four 
points on the ellipse the normals at which passes 
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through (h, k) 

Let x, , x 2 , x 3 , x 4 be the four value of x' correpsonding 
to the points whose eccentric angle are a, P, Y» 8 


I x, = 


2ha 2 


a 2 - b 2 ’ 

_ a 6 h 2 

x,x 2 x,x 4 ^2 _ b 2 )2 


v _ 2a 4 h 

X X,X 2 X 3 — a 2 _ 


11111 
X, “ X, + x 2 + x 3 + x 4 


. Iwc, _ 2M_ (a 2 - b 2 ) 2 

x,x 2 x 3 x 4 a 2 - b 2 a 6 h 2 


_ 2(a 2 - b 2 ) 
a 2 h 


1 


Now X x 3 X ~ = a 2 . b 2 
1 


2a 2 h 2(a 2 - b 2 ) 
a 2 h 


= 4 


or X acosa X ; 


' acos a 
X cosa X seca = 4 


= 4 


x a + (J 
jcos— + 



It passes through (ae, 0) 

: a+P =cos ^P_ ...(,) 


a - |3 

ecos " = cos — ^ — 


Equation of tangent at a is 

b OIlllA — * (2) 


x y 

— cosa + u sina = 1 
a 


xbsinP _ y cos P 
or c 2 sin 2 P + b 2 “ a 2 - c 2 cosacosP 
absinPcosP 


18. Let a and P be the eccentric angles of the ends 
of a focal chord of the ellipse. 

Equation of PQ is 

Y 


b 2 cosacosP + a 2 sinasinp 


.( 4 ) 


V 


From (1), we get 
a 2 e 2 [l + cos(a + P)] = a 2 [l + cos(a - p)] 
or a 2 - a 2 e 2 = a 2 [e 2 cos(a + P) - cos(a - p)] 
or b 2 = a 2 e 2 cos(a + P) - a 2 cos(a - P) 
or b 2 = (a 2 - b 2 )cos(a + P) - a 2 cos(a - P) 
or b 2 = (a 2 - b 2 )(cosa cosP - sina sinP) 

- a 2 (cosacosP + sinasinP) 

or b 2 = cosacosP[a 2 - b 2 - a 2 ] 

- sinasinPfa 2 - b 2 + a 2 ] 

or b 2 = -b 2 cosacosP - (2a 2 - b 2 )sinasinp 
or b 2 + (a 2 - b 2 )sinasinp 

= -(a 2 sinasinp + b 2 cosa cosP) 
or b 2 + c 2 sinasinP = -(a 2 sinasinp + b 2 cosacosp) 
Hence from (4) 

xbsinP _ ya cosP 


c 2 . „ b a 

b sin P + sinP cosP a 

-1 


cosa 


-bcosa asina 
asinp bcosP 


b 2 + c 2 sinasinp a 2 - c 2 cosacosP 
absinPcosP 
-(b 2 + c 2 sinasinP) 

x = -acosp .... (5) 

Hence from (3) 


-yb cosecP = c 2 + - c 2 + a 2 - 2a 2 - b 2 


y = - b " sinP ... (6) 

1 b 


Eliminating P from (5) and (6) we get 


— r- + 


b 2 y 2 


(2a 2 - b 2 ) 


= 1 


Equation of normal at P is 

xasecP - ybcosecP = a 2 - b 2 = c 2 (Let) 

Thus the point of intesection of (2) and (3) is given 
by 

x y 


19. Let coordi- 
nates of T be 
(x„y,). Let ecce- 
ntric angles of P, 
Q,Rbe <)>, <t>,and <|)2 
Thus equation of 
chords PSQ and 
PHR are 



Y 

f H ^ 


r 

x X 

dvl — 

O 


K 



T> 

— v 

r 


x „„ <b + <t>, 
— cos - ^ — 
a 2 


X sin 
b 


<t> + <t*l = cos 
2 


$ - <t>i 


... ( 1 ) 
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b 2 


a 2 

(1) passes through (ae, 0) 

ecos ^ ^ cos- ^ 


-w 


-F + ^=l - (4) 


2 2 
(2) passes through (-ae, 0) 


Comparing the coefficients in (3) and (4) we get 
Cf^e 2 )cos<(> (1 + e 2 )sin<|> 
x^a “ y7b 


= -d - e 2 ) 


-ecos 

. J_ 

-e 


<l> + <t>2 


cos 


: COS 

<t> + <l>2 


<1> - <t>2 


COS 


«}» - <t> 2 


COC2* _ X, 2 . .. J, 2 (1 - e 2 ) 2 

COS q) — — , sin <|> -p (1 + e iy 

cos 2 (() + sin 2 (() = 1 

X, 2 y, 2 (i - e 2 ) 2 _ 

a 7 b 2 (l + e 2 ) 2 " 1 

Locus of (x„ yj) is 


By componendo and Dividendo 
1 - e 




(1 +e 2 ) 2 + (l -e 2 ) 2 l! = 1 


b 2 


or 


cos ^ 2 + cos ^ ~ ^ 2 
_ 2 2 

* + e cos *1* + ^ - COS ^ ~ 4*2 
2 2 

1 - e _ 2cos(|)/2 cos <t>,/2 
It e _ 2sin<J>/2 sin<|> 2 /2 
1 - e 

or = -cot<j)/2 cot<(> 2 /2 

or cot<|> 2 /2 = - tand>/2 

1 + e 

1 + e 

tan<|> 2 /2 = - y ~ cot (p/2 
Similarly tan<t>,/2 = - cot <j>/2 


20. Let the normal PN at the point P whose eccentric 
angle is (}> makes angle 0 with x axis. 

Thus equation of PN is 
axsec<|) - bycosec(j> 

= a 2 - b 2 .... (1) 
tan0 = m of the normal 



The equation QR is 
. <t>l + <l>2 


1 + e 

<)>,+ (|) 2 


4>i -4>2 


= ^ec<L = £ ^ x ; 

bcosec<() b 
(1) passes through (f, g) 
fasec<(>- gbcosec(|) = a 2 - b 2 
squaring we get 
Pa 2 sec 2 <j> + g 2 b 2 cosec 2 (|» - 2abfgsec<t>cosec<]) = (a 2 - b 2 ) 2 
or Pa 2 ( 1 + tan 2 <|>) + g 2 b 2 ( 1 + cot 2 <J>) - 

2fgab(tan<|) + cot<{>) = (a 2 - b 2 ) 2 


— cos — ~ — + -r- sin — » — = cos - , „ 

or f 2 a 2 (l + b2tan2Q i c 2 b 2 (l i - a 1 
Dividing throughout by cos(<|) 1 /2)cos((|) 2 /2), we get \ a 2 / l b 2 tan 2 0/ 


-cot<|>/2 — ^ e 2 } 


Y<1 - tan<t>,/2 tan<}> 2 /2) + -g- (tan (p,/2 + tan<|> 2 /2) 
= 1 + tan<t>,/2 tan<|> 2 /2 

or -^-(1 - cot 2 <(>/2) + -g- 
= 1 + cot 2 <(>/2 

nr x (1 - cot 2 <(>/2) 1 + e 2 2cot (<p/2) y _ . 

a 1 + cot 2 <(»/2 1 - e 2 1 + cot 2 (<(>/2) b 

or - JL cos<b - * + e2 sin<b X. = 1 
a 1 - e 2 b 

or (1 - e 2 )cos<|> + -£-(l + e 2 )sin<j> = -(1 - e 2 ) ... (3) 

a D 

But QR is also chord of contact 
Thus equation of QR is 


/btan0 . a \ 

• 2fgab + btan0/ = ( a * * b J ) 2 


or f 2 (a 2 cos 2 0 + b 2 sin 2 0) + g 2 (a 2 cos 2 0 + b 2 sin 2 0) 
cos 2 0 sin 2 0 

2fg(b 2 sin 2 0 + a 2 cos 2 0) _ , n2 U2N2 
sin0cos0 1 ' ' 

or (a 2 cos 2 0+ b 2 sin 2 0)(f 2 sin 2 0+ g 2 cos 2 0) - 2fgsin0cos0 

= (a 2 - b 2 ) 2 sin 2 0cos 2 0 
or (a 2 cos 2 0 + b 2 sin 2 0)(fsin0 - gcos0) 2 

= (a 2 - b 2 ) 2 sin 2 0cos 2 0 

21 . The equation of the normal at two given points 

0 and n/2 + 0 are 

axsec0 - bycosec© = a 2 - b 2 ... (1) 
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and ax sec (*/ 2 + 0) - bycosec(*/ 2 + 0) - a 2 - b 2 .. (2) 
Their slopes are m, = 


a tan0 


and m 2 = - "g" cot0 


tanw = 


m 2 - m, 

1 + m 2 m, 


- -£-(cot0 + tan0) 
_ b 

1 - (a7b J ) 

ab 

= (a 2 - b 2 )sin0 cos0 

2ab 

tanw = ( a 2 - b 2 )sin020 
1 2ab 


b 2 h 2 + a 2 k 2 rn _ 2 = i 

a 2 b 2 2 

-’V s ■ 

b 2 h 2 + a 2 k 2 - a 2 b 2 

a 2 k 2 + b 2 h 2 


Thus area of ACPQ = absin _1 _ — l cos 


4*1 • 4*2 COS *1*1 ~ h 


2 2 

nh^h 2 h 2 + a 2 k 2 - a 2 b 2 ab 

Vb 2 h 2 + a'k 2 Vb 2 h 2 + a 2 k 2 

a 2 b 2 Vb 2 h 2 + a 2 k 2 - a 2 b 2 

b 2 h 2 + a 2 k 2 


or 


or 


cotw (a 2 - b 2 )sin20 

2cotw _ a 2 - b 2 _ a 2 - a 2 ( 1 - e 2 ) 
" aVl - 


sin20 

: g 2 

Vl - e 2 


ab 


23. Let PQ be a focal chord of the ellipse 

*1 + 4 = 1 

a 2 b 2 

Let coordinates of P 
and Q be (acosa, 
bsina) and (acosp, 

22. Let <)>, and (J> 2 be the eccentric angles of the points 




Y 

P n 



/av<p3> 


c 

S 

% x 



r 



P and Q. 

Then area of ACPQ = 

Vifacosct), bsin<t>, - 
acos<t> 2 bsin(t>,] 

= '/* absinth, - <t> 2 ) , 

Also equation of PQ is 

JL cos^i-L^ 2 + 
a 2 

y Qin 4>. + 4>? = COS i-i...(l) 

T 2 2 

But PQ is the chord of contact 

thus equation of PQ is 

4 + a. . i ... m 

a 2 b z 

comparing (1) and (2) we get 

h _ k = 

acos(<t>, + <t> 2 )72 bsinfi}., + <|» 2 )/2 cos(<t>, - <t> 2 )/2 

h _ cos(<t>i + <t> 2 )/2 k_ = sinCcp, + <t> 2 )/2 

a cos(<|>i - <t> 2 )/2 b 

h 2 cos 2 <t>i * <t >2 + *Sl cos 2 Qi ~ ^ = 1 
? 2 b 2 2 


Equation of PQ is 

x a + P 
_ cos — y~ + 


r 

Y 

p (acosa, 
v bsina) 

KHae.OL 

; 'vd 

J 

r 

y * 

q (acosp, 
bsinP) 


a 

1 sin “±£ = cos -“JL ... (1) 
b 2 2 

It passes through (ae, 0) 

ecos 2 = cos- vf - - (2) 

since (1) makes angle 0 with x-axis 


tan0 = - — cot 


a + P 






Now PQ = Va 2 (cosa - cosP) 2 + b 2 (sina - sinP) 2 


1 


2 

= 2sin-^y^ l|i 


a + 


«±F 


a 2 sin' + b 2 cos 2 2 




= 2sin a ^ ^a 2 ~ sin 2 — a 2 (l - e 2 )cos 20C * $ 

= 2asin a ~P- /l - e 2 cos 2 a 

2 ’ j_ 

= 2asin-^ ^1 - e 2 cos 2 -^ = 2asin 2 -^ 
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Also 


2ab 2 


a 2 sin 2 0 + b 2 cos 2 0 
2ab 2 


os 2 0 


2ab 2 sec 2 0 
~ a 2 tan 2 0 + b 2 

_ 2ab 2 sec 2 0 
b 2 + b 2 cot 2 (a + P)/2 

= 2asin 2 a + P [1 + tan 2 0] 


= 2asec 2 0 sin 2 


a + P 


= 2asin 2 


a + p 


1 + -y cot 2 1 
a 2 


“-±1) 

b 2 cos 2 (a + p/2) | 

a 2 sin 2 (a + p/2)J 

a 2 sin 2 (a+p/2) l a ' s 2 


o + P| 


= 2asin 2 — a - f] + 


*1 + £ . 


b 2 


= 1 


P, Q and R be <}>„ <J> 2 
and «)) 3 . Let P', Q', R' 
be the corresponding 
points on the auxiliary 
circle. 

Then area of APQR = Vi 


And area of AP'Q'R' = Vi 



P (acos$ J% bsinfy) 

r?\ 

ts 

■: V/ o 

V * 

qV 


(acos<J> 2 , bsin<> 2 

i (acosfy, bsin(> 3 ) 

Y' 


acos<t>, bsintp, 1 


acos<|> 2 

acos<t> 3 


bsin<|> 2 1 
bsin<t> 3 1 


acos<t>, asin<j>, 1 

acos<t>j asin(|>j 1 

acos <|)3 asin<t>, 1 


Hen “ Jw ■ I = “«“»* 


= j + a J (l - e J )cos J 

= 2a(l-e"cos>?il) FroIn(2) 

= 2a sin 2 P = PQ 

24. Let PQR be a A 
inscribed in the ellipse 


Therefore APQR is greatest when AP'Q'R' is greatest 
But AP / Q'R' is greatest when AP'Q'R' is an equilateral 
triangle and in that case 

<t>l ~ <i>2 = <t>2 ~ <!>3 = <f>3 ~ <t>l = -y- 

APQR is greatest when eccentric angles of its 
vertices are of the type 

a,a + f ,a+ f 

25. Let PQRS be a 
quadrilateral inscribed 
in the ellipse 

x 2 v 2 

— + -Jr = 1. 
a 2 b 2 

Let PQ, QR and 
RS be the three sides 
parallel to the given 
lines. 

Equation of PQ is 
x a + B y . 

¥ cos ~Y~ + i sm 

Its slope is - cot “ * P which is a constant by 
hypothesis 

a + P = constant = 2X say 
similarly P + y = constant = 2\i say 
Y + 8 = constant = 2y say 
Now the equation of SP is 

icos5iii + y S i„?4-«=co S 

a l b 2 2 

Its slope m = - — cot - + - 
a 2 

But a + 8 = (a + P) + (y + 8) - (P + y) 

= 2X + 2v - 2(x = constant 
Hence the slope of the fourth side PS is constant. 
Hence the fourth side is also parallel to a fixed 
straight line. 
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INTERNATIONAL 

MATH OLYMPIAD ’95 PROBLEMS 


First Day 4Vi hrs 

1. Let A, B, C and D be four distinct points on a 
line, in that order. The circles with diameters AC and 
BD intersect at the points X and Y. The line XY 
meets BC at the point Z. Let P be a point on the line 
XY different from Z. The line CP intersects the circle 
with diameter AC at the points C and M, and the line 
BP intersects the circle with diameter BD at the 
points B and N. Prove that the lines AM, DN and XY 
are concurrent. 

2. Let a, b, and c be positive real numbers such that 
abc = 1 . Prove that 

' + — 1 — *— !_ >1 

a 3 (b + c) b 3 (c + a) c 3 (a + b) 2 

3. Determine all integers n > 3 for which there exist 
n points A,, A 2 , ..., A n in the plane, the real numbers 

r r r 2 , , r n satisfying the following two conditions: 

(i) no three of the points A,, A 2 ,...., A n lie on a line; 

(ii) for each triple i, j, k ( 1 < i < j < k < n) the triangle 
A.A.A k has area equal to r. + r. + r k . 


Second Day 4 Vi hrs. 

4. Find the maximum value of x () for which there 
exists a sequence of positive real numbers x 0 , x,,...„ 
x I995 satisfying the two conditions: 

(0 X () — X 1 995 » 

(ii) x. . + = 2x. +— for each i = 1, 2, 1995 

Vi ‘ x, 

5. Let ABCDEF be a convex hexagon with AB = 
BC = CD, DE = EF = FA, and ZBCD = ZEFA = 60°. 
Let G and H be two points in the interior of the 
hexagon such that ZAGB = Z DHE = 1 20°. Prove 
that AG + GB + GH + DH + HE > CF 

6. Let p be an odd prime number. Find the number 

of subsets A of the set {1, 2, 2p } such that 

(i) A has exactly p elements, and 

(ii) the sum of all the elements in A is divisible by 
P- 


Contd. from page No... 6 
given by 

(a) d = 2 (b) d = 1 

(c) d = 3 (d) none of these 

27. The limiting position of the point of intersection 
of the straight lines 3x + 5y = 1 and (2 + c)x + 5c * 2 y 
= 1 as c tends to 1 is: 

(a) (1/2, -1/10) (b) (1/5, -1/25) 

(c) (3/8, -1/40) (d) none of these 

28. The value ofl sin (n + l/2)x/sinx/2 dx is: 

(a) nil 0 (b) 0 


(c) 71 (d) 271 

29. In (2 ,/3 + 1/3 l/3 )\ if the ratio the seventh term 
from the beginning to the seventh term from the end 
is 1/6, then x is: 

(a) 9 (b) 6 

(c) 12 (d) none of these 

30. The area bounded by the curves y = x 2 /4a and 
y = [8a 3 ]/(x 2 + 4a 2 ) is: 

(a) a 2 (27t - 4/3) (b) a 2 (7t - 4/3) 

(c) a 2 (2rc + 4/3) (d) a 2 (7t + 4/3) 
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SO 


floated the Vidyasagar scheme under which it gives 
soft loans to students for pursing higher studies here 
or as partial help to go to foreign universities. The 
bank does not take the address of the educational 
institution for reference work but the home address 
of the student. Often the home property it held 
collateral, “to be used as a threat than anything else”. 
So far, the recovery rate has been cent percent. 

The National Loan Scheme will hold no 
collateral but, says a member of the sub-committee, 
“the catches will be in-built. For instance, if a student 
defaults with more than two instalments, he will be 
disqualified from the scheme and will have to return 
the principal amount, immediately. Again, every 
student will have to renew his or her loan annually 
so the past payment performance is a major guiding 
factor for the renewal.” 

The scheme, modelled on the American system 
of subsidising higher education, has been welcomed 
by educational institutions and prospective students. 
“In this age of spiraling fees for higher education, 
these loans will surely sell like hot cakes,” says 
Gaurav Mehta, a BSc graduate who is hoping to get 
into “either computers or management”. The Delhi- 
based Indian Institute of technology’s director US 
Raju says, “This scheme is definitely welcome. With 
the cost of higher education going up, we have to 
look at different fronts for generating resources.” 

Welcoming the scheme, the University of 
Delhi vice-chancellor, V R Mehta says, “Our university 
is a member of this committee and we have tried to 
impress upon them that the scheme should include 
loans for subjects in humanities and social sciences.” 
On the insistence of the university, the subcommittee 
has agreed to include Education and Social Work 
students as being eligible for the loan. 

Chaturvedi, however, emphatically says the 
scheme will be restricted to professional courses in 
the first instance, “where the potential for employment 


is high”. The government has identified 50 institutior 
including the highly coveted IITs and IIMs who 
students can avail of the National Loan Schem 
Says Chaturvedi, “About 1 0 to 20 per cent of studen 
joining courses in these 50 institutions are expectc 
to benefit from this scheme. This could mean up 
50,000 students. If the scheme is successful, it mi 
be extended to other institutions, including priva 
ones. 

Will the scheme push up fees in profession 
educational institutions? While members of tl 
subcommittee rule out any direct linkage, observe 
say the loan scheme will surely tempt institutions 
hike up fees, knowing that the more promising studen 
have the option to borrow and pay. “Perhaps tl 
future will see similar bankable schemes where studen 
will only be able to defer payments rather t\n 
simply enjoy heavy government subsidy,” says 
sub-committee member. But as Mehta conclude 
“Ultimately whatever you do in the education sect« 
is an investment in the future of India and in o 
people. 

BRAIN-TWISTER 

Q : What is the maximum number of acute angles 
that any convex polygon can have? 

Sol: Three. In a convex polygon, each interior 
angle is either acute, right, or obtuse. An interior 
angle of measure more than 1 80 would contradict 
the convexity of the polygon. 

In a convex polygon, the sum of the measures 
of the exterior angles is equal to 360 degrees. The 
angle exterior to an acute interior angle is an 
obtuse angle. The sum of measures of four or 
more obtuse angles exceeds 360. Therefore, the 
maximum number of obtuse exterior angles, or 
acute interior angles. 
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1. Find the cube root of -8. Express the result in 
the form a + ib. 

Soln.: The trigonometric form of-8 
= -8 + Oi = 8(cos7C + isinrc) 

-8 = 8[cos(2nrc + n) + isin(2nrc + tc)] 
where n = integer including zero. 

Its cube root 

= [8cos(2n7i + n) + isin(2nrc + 7i)] ,/3 

J (2n;c + 7 C) . . (2nrc + n)] 

=2^cos ^ + ism ^ J 

putting n = 0, 1, 2, 

Let the roots are x () , x,, x 2 


( n 

. ‘ . n \ 

/i 

.V3\ 

( COS 3 

+ ,s,n T ) 

= Ai 

+ i 2l 


x, = 2(costc + isinTC) = 2(-l + 0 • i) = -2 

x 2 = 2(cos ~ + isin = 2 ( y - i y ) = 1 - iV3 

/. The required roots are 1 + iV3, -2, 1 - iV3. 

2. Find the roots of polynomial z 6 + 2z 3 + 1 and 
factor it. 

Soln.: z 6 + 2z 3 + 1 = (z 3 + l) 2 

the roots of this polynomial are cube roots of -1 

z 3 = -1 = cosjc + isinrc 

z 3 = cos(2n7i + 7t) + isin(2n7i + n) 

z = [cos(2n7t + n) + isin(2n7t + 7t)] ,/3 

= cos (2 nn + n ) + isin ( 2n7C + *) 

3 3 

putting n = 0, 1,2, the roots are z,„ z,, z 2 

n . . n 1 -V3 

z,, = cos j + 1 sin — =J2 


z, = costc + isinrc = -1 

Zj = cos^— + isin^ 

3 3 

n . . n 1-^3 

= cos ~z~ - isin— = — - l — 

3 3 2 2 

Now factor of z 6 + 2z 3 + 1 

(z 3 + l) 2 = { (z - z„)(z - Zj)(Z - z 2 )} 2 

- 1<” 4 • g- ♦■# !*• ■ (f m 


- ,z * |,: ( z -I- ‘fill 2 - §■ • 'f )i 

= (z + l) 2 (z 2 - z + l) 2 
z 6 + 2z 3 + 1 = (z + l) 2 (z 2 -z + l) 2 


3. Dividing f(z) by z - i we obtain the remainder 
1 - i and dividng it by z + i we get the remainder 
1 + i. Then find the remainder upon the division of 
f(z) by z 2 - 1. 

Soln.: Let g(z) be quotient and az + b be remainder 
upon division of f(z) by z 2 + 1 
f(z) = g(z)(z 2 +1) +az + b 

= g(z)(z - i)(z + i) + az + b 
Now, according to question dividing f(2) by z - i 
the remainder is (1 - i) 

••• f(i) = g(z)0 - i)(i + i) + ai + b 

= 0 + ai + b from remainder theorem 

ai + b = 1 - i 

Equating real and imaginary parts 
a = -1 
b = 1 

Again dividing f(z) by z + i remainder is 1 + i 
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f(-i) = g(z)(-i - i)(-i + i) + a(-i) + b) 
= 0 - ai + b 
-ai + b =1 + i 
a = -1, b = 1 

So the required remainder is -z + 1. 


4. Find all the roots of equation z* = (z - 1)* and 
show that all of them lie on a line which is parallel 
to the imaginary axis of the Arg and plane. 


Soln.: z" = (z 
w" = 1 


1)" 


where w = 


z - 1 

=> w" = cos2nc + isin(2nt) where r is integer 
w = (cos2rre + isin2nt)'* including zero 


2m .. 2m 

w = cos + isin 

n n 


7 = cos 

z - 1 n 


2nt . . 2m 

+ ism 

n 


Taking moduli both sides 

JzL = cos 2£ZL + isin M 
|z - 1| n n 

,2m 


|z| _ 
|z - 1| 

|z| 


= cos* 


2rti 


+ sin 2 


!nc lw 
n J 


= 1 


|z| = lz - 1| 


|z - 1| 

Now putting |z| = |x + iy| 

| x +iy| = lx - 1 + iyl 
Vx 2 + y 2 = V(x - l) 2 + y 2 
x 2 + y 2 = x 2 - 2x + 1 + y 2 
2x - 1 = 0 =* x = Vi 

Hence the roots of the given equation lie on the line 
parallel to the imaginary axis 


5. If n is positive integer and (1 + x)* = C 0 + C,x 

+ C 2 x 2 + C„x”. Then prove that 

C 0 + C 4 + C* .... = 2 "- 2 + 2 ( “ /2 >- , cos!J 

Soln.: 

(1 + x)° = C 0 + C,x + C 2 x 2 + + C„x 

If x = 1 Then 

2" = C 0 + C| + C 2 + C 3 C, .... (1) 

If x = -1 

0 = C 0 - C, + C 2 - C 3 + ... + (-1)*C (2) 

Now adding eq. (1) and (2) 

2(Q, + C 2 + C 4 ) = 2* 


Co + Cj + C, = -21 

2 

Co + C 2 + C 4 .... = 2- 1 .... (3) 

If x = i Then 

(1 + i)" = C 0 + iC, - iC 2 - iC 3 + 

But (1 + i)° = 2* n {cos 7 + isin^J 

2" ( cos 7 + isin 7 ) = C 0 + iC, - C 2 - iC 3 

.... (4) 

Equating real part from eq (4) 

Co - C 2 + C 4 + .... = 2" /2 cos .... (5) 

Adding Eq(3) and Eq (5) ^ 

2(C 0 + C 4 + C„ + ) = 2“ ' + V 1 cos— 

4 

or C 0 + C 4 + C, + ... = 2"* 2 + 2 ( * /2) ’ 1 cos 25 

4 


6. If(l+ if)(l + if)(l+if) = A + iBThen 

prove that (l + i ^)(l + i gi)(l + ' *2) = A 2 + B 2 
Soln.: 


If 1 + i — = r(cosG -f- isinO) 
a 

rcos0 = 1, rsin0 = — 
a 

... r 2 = 1 + ^ , tanO = — 
a 2 a 

... |l + ~) = (l + ^ ) (cosG + isinG) 

Similarly (l + i -g-j = (* + £i) ( cos $ + >sin^) 

I 1 + ) = ( ! + c 2 )W + isin V) 

Now (l + i“)(l + «£) f 1 + >f) 



(cos(0 + <)> + y - isin(0 + $ + y) 

a + i B = (i + §n« * m ♦ it 

{cos(0 + $ + y) - isin(0 + $ + y)} 

NowA.iB^i^n-in-gr 
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{cos(0 + <t» + \|/) - isin(0 + $ + V)} 

(A + iB)(A - iB) = (l + pK 1 + pX 1 + ?) 

[cos 2 (0 + <t> + v> - i 2 sin(0 + + V)} 

{cos 2 (0 + <t> + v) - sin 2 (0 + <)> + V|f)} 
A 2 + B 2 = (l + g} + pi 1 + p) 


7. 


Seperate 


e‘P 

1 - ke'“ 


into real and imaginary 


parts. 

Soln.: 


e'P 

1 - ke io 


multiplying the numerator and denominator by com- 
plex conjugate of the denominator) we have 
e‘P _ e* x 1 - ke itt 
1 - ke‘° 1 - ke“ 1 - ke ia 
e id . k e i(P ■ a) 

= 1 - k(e'“ + e ‘°) + k 2 

since e* = cos0 + isin0 

and cos0 = e ' 9 t . . s f 

l 2 

e ip _ (co sB + isinp) - k(cos(p - a) + isin(P - a)) 
1 - ke‘“ ~ 1 - 2kcosa + k l 


_ (cosP- kcos(p - a)} + i{sinP - sin(ft - a)} 

1 - 2kcosa + k 2 

|cosP - kcos(P - a)) , . fsinP - sin(P - a)| 
l 1 - 2kcosa + k' j + ‘l 1 - 2kcosa + k-'J 


8. If tan(0 + i<t») = cosa + isina then prove that 



Soln.: 20 = (0 + i<t>) + (0 .... 0) 

If tan(0 + i<|>) = cosa + isina 
Then tan(0 - i<|>) = cosa - isina 
.*. tan20 = tan[(0 + i<|>) + (0 - i<|>)] 


2 „ _ tan(0 + i«l>) + tan(0 - i») 
1 - tan(0 - i<J>)tan(0 - i<J>) 


tan20 = 
tan20 = 


cosa + isina + cosa -isina 

1 - [cosa + isina)(cosa - isina) 
2cosa 

1 - (cos 2 a + sin 2 a) 


tan20 = 


2cosa 

1 - 1 


tan20 = oo = tani 

on « 2 

20 = me + — 



tan20 = 


2cosa 

0 


9. Show that complex conugate of (-1 + i) 7 is 
-8(1 - i) 

Soln.: Let z = (-1 + i) 1 
= (-1 + i)[(-l + «) 2 ] 3 

z = (-1 + i)(l + i 2 - 2i) 3 
z = (-1 + i)(l - 1 - 2i) 5 
z = (-1 + i)(-2i) 3 z = (-1 + i)(+8i) 

z = 8(-i + i 2 ) z = 8(-i - 1) 

z = 8(-l - i) 

Now conjugate of z is 
z = 8(-l + i)= -8(1 - i). 


10. If |z,| = 1 3 and z 2 = 3 + 4i. Find the greatest and 
least value of |z, + z 2 | 

Soln.: 

|z, + z 2 | < |z,| + |z 2 | 

Here |z,| = 13 and Iz^l = V(3) 2 + (4) 2 
Izjl = V9 + 16 = V25 

|zj| = 5 

|z, + Zj| <£ |z,| + |z 2 | £ 13 + 5 £ 18 
Thus the greatest value of |z, + z 2 | is 18. 

For least value we have 
|z, + z 2 | £ |z j | - |z 2 | 

|z, + z 2 | £ 13 - 5 £ 8 

The least value of |z, + z 2 | is 8 


11. Let the complex numbers z, t z 2 and z 3 be the 
vertices of an equilateral triangle. Let z 0 be the 
circumcentre of the triangle. Then prove that 


z, 2 + z 2 2 + z 3 2 = 3z„ 2 . 

Soln.: 

Let z, f z 2 and z 3 be the 
vertices A, B and C re- 
spectively. D(Zu) be the 
circumcentre of 
AABC. Taking OX and 
OY as coordinate axes. 
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OB = OC (in magnitude) 

If AB = BC = CA = 2a then 
OB = z 2 = -a, OC = z, = a 

and OA = — ian60° = aVJ 
2 

Now, OD = OCtan30° = aVT 


z, = aV3 


Z " " V3 ‘ 


z, 2 + z 2 2 + z, 2 = (a^3i) 2 + (-a) 2 + (a) 2 
= -3a 2 + a 2 + a 2 = ^a r 


and 3z 


*’ - 3 (# = 


3a 2 i 2 


= -a 2 


From these two results we get z, 2 + z 2 2 + z, 2 = 3z„ 2 

12, If z, and z 2 are two non-zero complex numbers 
such that |Zj + z 2 | = |z,| + |Zj|, then 
Arg(z,) - Arg(z 2 )= ? 

Soln.: Let z,= r,(cos9, + isinO,) = r,e i9 i 
and z 2 = r 2 ei0 2 

Then |z,| = r,; |z 2 | = r 2 , Arg(z,) = 0, 
and Arg(z 2 ) = 0 2 

|z, + z 2 | = |(r,cos0, + r 2 cos0 2 + i(r,sin0, + r 2 sin0 2 )| 
= V{(r,cos0, + r 2 cos0 2 ) 2 + (r,sin0, + r 2 sin0 2 ) 2 } 
= V{r, 2 + r 2 2 + 2r,r 2 cos(0| - 0 2 )} 

Now, |z, + z 2 | 2 = {|z,| + |z 2 |} 2 
=> (r, 2 + r 2 2 + 2r,r 2 cos(6, - 0 2 )) = ( r , + r 2 ) 2 
=> cos(0, - 0 2 ) = 1 => 0, - 0 2 = 0 
=> Arg(z,) - Arg(z 2 ) = 0 


13 - ExpreSS ~ cosoV 2isin0 
1 


in the from A + iB 


Soln. 


1 


cos0 + 2isin0 
1 


2sin 2l /20 + 2i(2sinV^0 cosl/20) 

1 

2lsin ViQ (sin*/20 + 2icos , /20) 

. sinl/20 - 2icos ! /20 

2sin 1 /20(sin 1 /20 + 2icos , /20)(sin , /20 - 2icos , /20) 

sin 1 /^ - 2icos , /20 


2sin ^©(sin 2 */20 + 4cos 2 */20) 

sin ! /20 - 2icos!/20 


2sin 1 /20(l + 3cos 2l /20) 


r 1 ] r 

cot */20 , 

= [2(1 + 3cos 2 >/20) J - i[l 

l + 3cos 2l /20j 


+ (2 - 3i)y + i _ 
3 - i 


14. If 1, w, w 2 be the cube roots of unity, prove that 
(1 + w)(l + w 2 )(l + w 4 )(l + w*) .... 2n factors = 1. 
Soln.: We have 

(1 + w)(l + w 2 )( 1 + w 4 )(l + w") ... 2n factors 
= [(1 +w)(l +w 2 )][(l + w 4 )(l + w 8 )] ...n factors 
= [(1 + w)(l + w 2 )] [(1 + w)(l + w 2 )] ... n factors 
= [(1 + w)( 1 + w 2 )]" 

= [(-w 2 )(-w)] n = (w 3 )" = 1" = 1 

15. Find the real values of x and y so that 

(1 + i)x - 2i ^ (2 - 3i)y + i 
3 + i ~i 1 

Soln: 

(1 +i)(x-2i) 

3 + i 

multiplying both sides by (3 + i)(3 - i), we get 

{(1 + i)(x - 2i)}(3 - i) + {(2 -3i)y + i)(3 + i) 

= i(3 + i)(3 - i) 

=> {x + i(x - 2)}(3 - i) + (2y + i(l - 3y}(3 + i) 

= i(9 - i 2 ) 

=> {3x + (x - 2)} + i(-x + 3x - 6) + (6y - (1 - 3y)) 
+ i(2y + 3 - 9y} = i(9 + 1) 
=> (4x - 2) + i(2x - 6) + (9y - 1) + i(-7y + 3) = lOi 

=> (4x + 9y - 3) + i(2x - 7y - 3) = lOi 

Equating real and imaginary parts, we get 
4x + 9y - 3 = 0, 2x - 7y - 3 = 10 
Solving these equations, we get x = 3, = -1 
x = 3, y = -1 

16. If (1 +x + x 2 )“ = a,, + a,x + a 2 x 2 + .... + a r x r + 
.... + a 2n x 2n . Then show that 

a,, + a, + a 6 + ... = a, + a 4 + a 7 + 

= a 2 + a 5 + a„ + .... 

Soln.: Let x = w. Then 

(1 + w + w 2 )" = a,, + a,w + a 2 w 2 + ... + a r w r + .... 

+ a 2n w 2 " 

=> 0 = (a„ + ajw 3 + a 6 w 6 + ....) + (a,w + a 4 w 4 + a 7 w 7 
+ ....) + (a 2 w 2 + a 5 w 5 + ...) 
But w 3 = w 6 = w 9 = .... = 1, 
w 4 = w 7 = w l(l = .... = w 
and w 5 = w* = w" = ... w 2 

(a,, + a, + a* + ...) + w(a, + a 4 + a 7 + ...) + 

w 2 (a 2 + a 5 + a 8 + .... ) = 0 
=> a„ + a, + a 6 + = 0, 
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a, + a 4 + a 7 + .... = 0 
a 2 + a 5 + a 8 + ... = 0 


[v w*0, w 2 *0] 


17. Show that the cube root of unity lie on the unit 
circle and divide the circumference into three equal 
parts from z = 1. 

Soln.: Let z = 1 = r(cos0 + isinO) 

.\ rcosG = 0 

or, squaring and adding we get, r = 1 
tan0 = 0 = 0° 

.*. z = 1 = l(cosO° + isinO 0 ) 

Using the formula 

rcos2k7i + 0 . sin 2krc + 01 


r l/n 




+ 1 


°o 

& ' 
\s. 

[Geometrically] 

Q /\ 




no 0 

\ . ^ 


O 

Ii * 

J © 

\ 

} 



[cos2k7i + 0° isin2k7C + 0° 
we have l m [ 3 + g 

Putting k = 0 , 1,2 
at k = 0 = a = 1 (cosO 0 + isinO 0 ) 
at k = 1 = P = 1 (cos 120° + isinl20°) 
at k = 2 = 8 = 1 (cos 240 ° + isin 240 °) 

Taking 'O' as centre and 
drawing a circle, with 
radius = 1 unit. Drawing 
the angles 0°, 120° and 
240 ° we see that the cube 
root of unit circle and 
divide it in three equal 
parts. 

18. If z„ z 2 , z 3 are vertices of an equilateral triangle. 
Show that z, 2 + z 2 2 + z 3 2 = z,z 2 + z 2 z 3 + z 3 z,. 
Soln.: Let ABC be an equilateral triangle 
i.e. AB 2 = BC 2 = CA 2 
••• |Z| - z 2 | 2 = |z 2 - z 3 | 2 
= |z 3 - Z|| 2 

=> (z, - Z 2 )(z, - z 2 ) 

= (Z 2 - Z 3 ) 

(zT^Zj) 

= (z 3 - z,)(z7^z,) 

=> (z, - z 2 )(Z, - z 2 ) 

= (z 2 - Zj) (z 2 - z 3 ) 

= (z, - Z|)(Zj - z,) 

Now (z, - z 2 )(z, - z 2 ) = (z 2 - Zj)(Z 2 - z 3 ) 


C(2, 3) 



z l ~ z 2 _ ~ Z 3 

“ Z 3 Z 1 “ Z 2 

and (z 2 - z 3 )(z 2 - z 3 ) = (z 3 - z,)(z 3 - z,) 

^ - z 3 _ Z 3 “ Z l 


(i) 


Again 


Z 3 “ Z 1 Z 2 ~ Z 3 

z, - Z 2 ^ Z 2 - z 3 Z 1 ~ z 2 + z 2 " Z 3 


Z 2 _ Z 3 Zj - z 2 z 2 - Z 3 + Zj " z 2 

_ z, - z 3 


z, - z 


I 


or 


Z| - Z 2 
Zj - Z 3 


Z| - z 3 
z, - Z 3 


(ii) 


From (i) and (ii) we get (z, - z 2 )(z 2 - z 3 ) = (z, - z 3 ) 2 
=> Z|Z 2 - Z 2 2 - Z|Z 3 + z 2 z 3 = z, 2 + z 3 2 - 2z,z 3 
=> Z, 2 + Z 2 2 + Z 3 2 = Z,Zj + ZjZ 3 + z 3 z, 


19. If |z| = 1, then prove that 


(M)- 


is purely 


imaginary. What will be your con clusion if z = 1 . 
Soln.: Let z = x + iy then |z| = V(x 2 + y 2 ) 

.•. |z| = 1 => (x 2 + y 2 ) = 1 

/ z - 1 \ _ x + iy - 1 _ (x - 1) + iy 

N° w \z + 1/ “ x + iy + 1 - (x + 1) + iy 

[(x - 1) + iy][(x + 1) - iy] 

[(x + 1) + iy][(x + 1) - iy] 

(x 2 + y 2 - 1) + 2iy 
(x + l) 2 + y 
_ 2iy _ iy 
2(1 + x) 1 + x ’ 

which is purely imaginary [v (x 2 + y 2 ) = 1] 
Again, z = 1 => x + iy = 1 = 1 + O i 
.*. x = 1, y = 0 

z - 1 _ x + iy - 1 

z+1 - x + iy+1 

= I +i • 0 -1 =Q 

1 + i • 0 + 1 

which is purely imaginary. So in this case also, 

? — V is a pure imaginary number, 
z + 1 

20 . Prove that 

Inn \ . . Inn \ 1 1 + sina + icosa\» 

cos hr - na + ism na - : : 

\ 2 / \ 2 / “ \1 + sina - icosa / 


.'. In this case, 


Soln, 


/l + sina + icosa \" 
ll + si 


sina - icosa 
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_ f 1 + cos(«/ 2 - a) + isin(«/ 2 - a) V 
~ 1 1 + cos(rt/ 2 - a) - isin(*/i - a) J 

f 2 cosH lt /4 - °/ 2 > + 2isin(«/ 4 - a h) cos(«/< - 

= 1 2cos 2 (ji/ 4 - «/ 2 ) - 2isin(«/4 - a /i) cos(«/ 4 - 0 / 2 )] 

r cos(y 4 - a h) + isin(y« - °/ 2 ) 1. 

= l cos(*/« - «/ 2 ) - >sin(«/4 - a h) \ 

= [cos(*/i - tx) + isin(*/ 2 - a)]* 


cosx + isinx 
[ ' cosx + isinx 


= (cosx + isinx) 2 


.*. By substitution 


pi + 1 _ rej^ 1 

r - re » - 


a 2» 




pi - 1 


Raising both sides to the power m 

1 l pi + M- , 

or> e2 »«« P (^ttj = 1 


= cos2x + isin2xj 

= cosjrp - na] + i s in(y - na) = L.H.S. 


21. For any two real numbers m and p, show that 

. .. 

Soln.: e 2 *'-''" = e m “' ,,/ » 

= cos(2tan , l/p) + i • sin^tan^l/p) 

■ c 4 os, ' iiw) h 1 ■ sin ( sin ’' 1 + 2 oV)) 

- p 2 - 1 * 2 p 

p 2 + 1 p 2 + 1 
_ p 2 -1 + 2ip _ (p + i) 2 
p 2 + 1 (p + i)(p - i) 

p + i _ pi + i 2 _ pi - 1 

“ p - i ~ pi - i 2 — pi + 1 

. -2icu(‘'p _ P* * ^ 

•* " pi + 1 

or, e 2ico, ' ,|, • pi + 1 = 1 

pi - 1 

Raising both sides to the power m, 

g2mfcM‘lp . = 1"* = 1 

Alternate Solution 

... . pi + 1 p + 1/i P - i 

pi - 1 p - l/i p + 1 
Now put p + i = r(cos0 + isinG) 

Then p = rcosG, 1 = rsinG 
.*. cotG = p, or 9 = cof'p 
We have p + i = r(cosG + isinG) = re* 

/. p - i = r(cos0 - isinG) = re * 


22. Show that the complex number a + ib whose 
modulus is equal to unit can be represented as 

a + ib= «±1. 
c - 1 

where c is a real number (b *■ 0). 

Soln.: 

V |a + ib| = 1, we can take 
|a + ib| = cosG + isinG 

_ 1 - tan 2 9/2 + j . 2tan0/2 

1 + tan 2 0/2 1 + tan 2 0/2 

_ 1 - tan 2 9/2 + 2i tanG/2 
1 + tan 2 0/2 

_ (1 + itan 2 6/2) 2 

(1 + itan0/2)(l - itanG/2) 

. (1 + itanG/2) _ cotG/2 + i 
1 - itanG/2 cotG/2 - i 

= c - t j- where c = cotG/2 which is a real number, 
c - 1 


Aliter 

c + i 

Let a + ib be represented as r .... (1) 

C - 1 

. . -l c 2 - 1 + 2ic 

so that a + ib = ; — - — 

c 2 + 1 

c 2 - 1 

Then equating the real parts a = jr ~ j 

Applying componendo and dividendo, we have 
1 4- a _ ec 2 
1 - a 2 

f 1 + a 1 +a 1 + a 
c = y 1 - a = Vl - a 2 “ b 


v (a 2 + b 2 = 1) 


Since b * 0, * + - is a real number, 
b 

Substituting this value of c in (1) 
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1 + a 


+ i 


a + ib = 


1 + a 


- 1 


V |z,| = 1 = radius of the unit circle 


-(■- 


cos2 


(r - l)rt y ‘ 2 • (r - l)7t 
n ) +sin2 n 


_ 2 2cos2(r - 1 )k 


__ .. c + i. 1 + a 

Thus a + ib = r where c = — — 

c - i b 

23. Simplify the expression 

K fntl 

Soln.: Put log(a + ib) = s + it 
Then a + ib = e* + * = e 1 • e h 
= e*(cost + isi nt) 
e 1 = |a + ib| = Va 2 + b 2 
and t = arg(a + ib) = tan 'b/a 
log[a + ib] = s + it 
= logVa 2 + b 2 + i tan 'b/a 
log(a - ib) = logVa 2 + b 2 - itan* 1 b/a 
.*. log(a - ib) - log(a + ib) = -2itan*'b/a 

1 °g(lT^' ) = - 2itan '‘ b/a 

" ilog (ftlt) = 2tan ‘ b/a 

Now taking tangent on both sides 

tan|ilog * j = tan[2tan 'b/a] 

2b/a _ 2ab 
“ 1 - b J /a 2 “ a 2 - b 2 ' 

24. Assume that A,(i = 1, 2 n) are the vertices 

of a regular n-gon inscribed in a circle of radius 
unity. 

Find |A,A 2 | 2 + |A,A 3 | 2 + ....|A,A n | 2 
Soln.rWith origin as the centre of the circle of 

radius unity, Let z„ Zj, z 3 z„ represent the vertices 

A„ A,,.... A, of the n-gon. Then z 2 = z,e 2 * UB . Since 
ZA 2 OA, = 2n/n. 

Similarly if z 3 , z 4 , ...z„ are the other vertices in order, 
then z 3 = z,e' tei/ \ z 4 = z l ef M ' etc. 

Now |A,A,| 2 = |z, - zj 2 
= |Z| - z,e 2(r ‘ l) * i '"| 2 

= | zj | 2 |1 - e 2(r • l) * i/B | 2 

= 1 ll - cos2 < r - V* - i • sin2 ( r ~ 


Hence £ |A, A r | 2 = 2(n - 1) - 2^ [cos 2 — — — 1 

r = 2 r = 2 L n J 


Let s = X cos 

r = 2 


* 2(r - 1 )tc 


n 


1)7C 


2k 4k 6k 2(n 

= cos— + cos— + cos— + ....cos 

n n n n 

^ . k _ . k 2n ~ . n 4k 
Then 2sin-- s = 2sin -• cos— + 2sin- • cos — 
n n n n n 

_ . k 2(n - 1 )k 

+ 2sin — • cos 

n n 

= (sin — - sin— j + (sin— - sin—) + 

\ n n> ' \ n n J 

(si 


+ (sin iillJ n - sin^zz5 


n 

= sin k - sin— = 2cosk sin 

n n 


*) 


in (” ■ 3 


= -2sin — 
n 


s = -1 


Hence £ |A,A r | 2 = 2(n - 1) - 2(-l) = 2n. 

r * 2 


Find 


25. If (1 + x)" = P„ + P,x + P 2 x 2 + P 3 x 3 + 

the value of P„ + P 3 + P 6 + P 9 + 

Soln. 

(1 + X)» = P„ + P,X + P 2 X Z + P,x 3 
(1 + wx)" = P„ + P,wx + PjW 2 X 2 + P 3 X 3 
(1 + w 2 x) n = P„ + P,W 2 X + P 2 x 2 • w 4 + P 3 w 6 x 3 
Adding we have 

(1 + x)" + (1 + wx)” + (1 + w 2 x) n 
= 3P„ + P,(l + w + w 2 )x + P 2 (l + w + w 2 )x 2 + 3P,x 
= 3(P„ + P 3 x 3 + P„x”) 

Putting x = 1, we have 

/. y [2" + (1 + W)" + (1 + W 2 )"] = P 0 + P 3 + P 6 

Now 1 + w = -w 2 and 1 + w 2 = -w 
.*. — [2“ + (-l)"w 2 " + (-l) n w“] 

= 1 [2” + (- 1 )”(w 2 " + w”)] 

Now w = cos— + i sin — 

3 3 

w" = cos^55 + isin^U^ 
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w 2n = cos*™ + isin^^ 


w n + 


3 

=(■ 


cos - 


2nn 


+ cos 


4 rcn\ 
3 I 


= cos 


/•2nn , • 4nn\ 
i • [sin— + sin Y) 

+ cos|2n7C + i(2sin nn • cospj 


= cos 


3 

2nn 


+ cos 


2nn 


+ 0 = 2cos — 


+ b = 0 


+ b = 0 


z,z, + az, + az, 
z,z, - az, - az, + b = 0 
From ( 1 ) and ( 2 ), z,z, 
az, + az, = 0 
Since z 3 is a point on the circle, we have 
z 3 z 3 + az 3 + az 3 + b = 0 
But z 3 z 4 = -z,z 2 (Given) 

= (-z,)(-z,) = z, 2 
z 2 

z, = — and z,z 4 = (z,) 2 
Z4 

= _ (S,) 2 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


Zl — -r=r 


By substitution ( 5 ) becomes 


2 ( zi ) 2 . _ Z | 2 - ( z ,) 2 


+ a i!_ + a '-^+b = 0 
z 4 z 4 z 4 z 4 

From ( 3 ) we have (z,z,) 2 = b 2 

From ( 4 ) we have az, = -az, 

az,z, = -a • z, • z, = -a • (-b) = ab 

similarly a(z,) 2 = ab. 


( 6 ) 


by substitution, (6) becomes 

Z 4 Z 4 Z 4 

Removing b throughout, 


ab , A 
— + b = 0 


b 

Z4Z4 


_a_ _a_ 

z 4 


.-. The value is y[ 2 * + (-l)" 2 cos-p] 

26 . The equation of any circle in the z-plane can 
be written as zz + az + az + b = 0 where 'a' is a 
complex constant and 'b' is a real constant. A, B, 
C, D are the points z„ z 2 , z„ z 4 respectively. Show 
that the points A, B, C, D are concyclic if z,z 2 + z 3 z 4 
= 0 and z, + z 2 = 0. 

Soln.: The equation of any circle in the z-plane can 
be written as 

zz + az + az + b = 0 where 'a' is a complex constant. 
Now let the circle through A, B, C have equation 
zz + az + az + b = 0. 

Since z, and z 2 = -z, are points on this circle, 


1 = 0 

z 4 z 4 
Multiplying by z 4 z 4 , we get 
b + az 4 + az 4 + z 4 z 4 = 0 
i.e Z4Z4 + az 4 + az 4 + b = 0 
This shows that z 4 lies on the circle through A, B 
C. Then A, B, C, D are concyclic. 

27 . If A and B have affixes z, and z 2 then we define 
the complex slope of the line AB as 


H = 


Zi ■ z. 


z, - z 2 

Prove that two lines in the Argand plane with complex 
slopes p, and p 2 are perpendicular if and only if 
p 2 + p, = 0. 

Soln.: If the line joining z, and z 2 is perpendicular 
to the line joining z 3 and z 4 . 


Then arg 


z 4 - z 


z 2 - z, 


1 _ 


ZL 

2 


Therefore -± 


Za - z, 


Za - 


z d - z , 


Zz - z, 
Z4 ~ Z 3 + Z^ 

z 2 - z, 

Z3 . 


is imaginary 
ill = 0 


Zz - z 


^ =0. 

Z 2 - Z, 


28 . Let z„ Zz be any two complex numbers and a, 
b real numbers (a 2 + b 2 * 0). 

Prove the inequalities 

|Z || 2 + |Zal 2 - |z . 2 + z 2 2 I ^ 2|a a Z 2 * b2- ~ 

£ |z ,| 2 + |z 2 | 2 + |z , 2 + z 2 2 | 

Soln.: 

Introduce an auxiliary angle a such that tana = 


Now 


2|az, + bz 2 | 2 _ 


+ b 2 


= 2|z,cosa + z 2 sina| 2 


Let z, = r,(cos 0 , + isin 0 2 ) 
z 2 = r 2 (cos0 2 + isin0 2 ) 

Then 2 |z,cosa + z 2 sina| 2 

= r, 2 + r 2 2 + (r, 2 - r 2 2 )cos2a + 2r|r 2 cos(0, - 0 2 )sin2a 
= A + Bcos 2 a + Csin 2 a 
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where A = r, 2 +' r 2 2 ; B = r, 2 - r 2 , 

C = 2 r,r 2 cos( 0 , - 0 2 ) 

The minimum value of A + Bcos 2 a + Csin 2 a 

is A - Vb 2 + C 2 . 

and maximum value is A + vB 2 + C 2 
Hence the result follows 

29 . Show that all the roots of the equation 

/I + ix y _ 1 + * a > a e R are real and distinct. 

1 1 - ix / 1 - ia 

Soln.: 

Let 1 + ia = rcosG + isinG = re 1 ® 

Then 1 - ia = r(cos 0 - isinG) = re ' 8 

. 1 + * a — - cos20 + i sin20 

" 1 - ia * 

where 0 = tan a 

The given equation becomes 

1 + 1° = cos20 + isin20 

1 - ix I 

' = cos(2nt + 20) + i • sin(2m + 20) in general form 
. 1 + ix _ { CO s(2nt + 20) + isin(2nc + 20) } ,/n 


where r is any integer induing zero 

.co.22LL“fl-an?=iM 
n n 



2rrc + 20 
cos 

n 

+ i 

. 2m + 20 , 

• sin 1 

n 

ix = 

2nt + 20 

cos — 

n 

+ i • 

. 2m + 20 

sin 

n 

+ l 

2i • 

sm( „ ®) cos( 

nc 4 

n 

. 9\ / rre + 0\ 

— ) - 2sin ! ( „ ) 

2cos 


sin| 

m 4- 0\ 1 

n )- C0S ' 

r nt 4- 0j 


^ • / nc + e L^ c f 

rn + 

, o; . cin 2 ( 

m + 0\ 


2s.n( „>os( 

n 

1 + Zl I 

; n J 

x = 

jm + 0\ 



nt + 0\ 


2c°s 2 ( n ) + 

^.1-51111 n 1 

n ) 


represent the vertices of a regular hexagon in a 
complex plane and Zo represents the centre of the 
hexagon 

Prove that z, 2 + z 2 2 + z 3 2 + z 4 2 + z 5 2 + z t ~ 6z o 



Since ACE is an equilateral triangle, we have 

z, 2 + z 3 2 + z 5 2 = Z,z, + z 3 z 5 + z 5 z, 

(Property of equilateral triangles) 

Since BDF is an equilateral triangle, we have 
Zj 2 + z 4 2 + z 6 2 = z 2 z 4 + z 4 z 6 + Z 6 Zj 
By addition 

Z, 2 + Z 2 2 + Z 3 2 + Z 4 2 + Z 5 2 + Z 6 2 = Z,Zj + Z 3 Zj + z 5 z, 

+ ZjZ 4 + z 4 z 6 + z 6 z 2 = x 
i.e z, 2 + zj 2 + z 3 2 + z 4 2 + z , 2 + z 6 2 = x 
and Z|Z 3 + z 3 Zj + z 5 Z! + z 2 z 4 + z 4 Zj + zfa = x 
From fig, we have Zo + z, = Zj + z 6 
Zo + z 2 = Z| + z 3 
Zo + z 3 = Zj + z 4 
Z() + Z 4 = Z 3 + z 5 
Z„ + Zj = Z 4 + Z 6 
Zo + Z 6 = Zj + Z, 

Squaring each individual equality and adding 
6zo 2 + z, 2 + Zj 2 + z 3 2 + z 4 2 + z, 2 + z* 2 + 

2zo(z, + z 2 + z 3 + z 4 + Zj + zj 

= 2(z, 2 + z, 2 + z 3 2 + z 4 2 + z 5 2 + z 6 2 ) + 

2(z 2 z 6 + Z,Z 3 + ZjZ 4 + Z 3 Zj + Z 4 Z* + ZjZ,) 
6z« 2 + x + 2zo(6zo) = 2x + 2x = 4x 


= tan - j. where t t =0, 1, 2, .... n - 1 

These n values of x are real and distinct. Thus all 
the roots of the given equation are real and distinct. 


18zo 2 = 3 x 


x = 6z„ 2 
i.e. z, 2 + z 2 2 


+ z 3 2 + Z 4 2 + Zj 2 + z 6 2 — 6z, 2 . 


30 . If the complex numbers z,, z 2 , z 3 . 


Z4, z 5 , z 6 
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INTERNATIONAL 
CONTEST PROBLEMS 


1. Let f(x) = x? + 5xT ' 1 + 3, where n > 1 is an 
integer. Prove that f(x) cannot be expressed as a 
product of two polynomials , each of which has all 
its coefficients integers and degree at least 1. 
Soln.: We first prove a generalization of Einstein’s 
criterion for irreducibility: 

Theorem : Let f(x) = a () + a,x + a 2 x 2 -r .... + a n x° be 
a polynomial with a, e Z for i = 1, 2...n. Suppose 
that 

(a) gcd (a {) , a„ ..., a n ) = 1 

(b) There exists an integer k > 0 such that f has no 
factors of degree k or less 

(c) There exists a prime p such that p divides a*,, 
a,, ..., a n . k _, and p 2 does not divide ao 

Then f is irreducible over Z 

Proof: If k > (n/2), f is clearly irreducible. We can 

assume that k < (n/2). Suppose that 

f(x) = (b () + b,x + ... + b m x m )(c 0 + c,x + ... + c,xO 

where m + / = n, /, m > k. Note that m = n - / < 

n - k, l = n - m < n - k. Comparing coefficients we 

get 

a<> — b 0 c 0 
= b 0 c, + bjC 0 
a 2 — b () c 2 + b|C| + b 2 c 0 


- k - 1 = b(,C n . k ., + bjC n . k . 2 + .... + b„. k .,C 0 
* Since p divides a <) either b () is divisible by p or c 0 
is divisible by p. Also p 2 does not divide a () . Hence 
p does not divide both c 0 and b () . For definiteness 
let us assume that p divides b 0 . From the above 
relations between coefficients it follows that p divides 
b„ b 2 , .... b n _ k _,. Since m < n - k it follows that p 
divides bj for i = 0, 1, ...., b ra ^ p divides aj for all 
i, a contradiction. Thus f is irreducible. 

Let f(x) = x° + 5x ttl + 3. We apply the theorem with 


p = 3, k = 1 . It is enough to show that f nas no linear 
factors. This is equivalent to showing that f(x) = 0 
has no rational roots. Suppose that r/s where r, 
sg Z, gcd(r, s) = 1 is a root of f(x) = 0. We have 
r" + 5r n , s + 3s" = 0 => r divides 3 and s = ± 1. Thus 
the only possible rational roots are ± 3. Clearly 
neither 3 nor -3 satisfies f(x) = 0. Thus f has no 
rational roots. This completes the proof. 


2. Let Dbea point inside the acute-angled triangle 
ABC such that ZADB = ZACB + 90° and AC.BD 
= AD.BC. 

(a) Calculate the value of the ratio ^ 

(b) Prove that the tangents at C to the circumcircles 

of triangles ACD and BCD are perpendicular. 
Soln.: At D draw a perpendicular to BD and let E 
be the point on this perpendicular such that DE = 
BD. Join CD, BE and AE. c 

c 




similar. Hence 


Hence 

AB 


V2BD AC-BD 


= V2 


ZADE = ZC Also 
triangles ADE and ACB are 

Also ZCAB = ZDAE 


(a) ZADB = 90" + ZC 
AD _ BD = DE 

AC BC BC 

AE AB 
AD AC' 

=> ZCAD = ZCAB - ZDAB = ZDAE - ZDAB = 
ZBAE => triangles AEB and ADC are similar. 
CD CD AB CD 
BE 
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(b) Since the circumcircles of the triangles A CD 
and BCD meet at C and D, the angles between the 
tangents at C to the circles is equal to the angle 
between the tangents at D to the circles. Let t„ t 2 
be the tangents at D to the circles ACD, BCD 
respectively. We have ZACB = Z(AD, t,) and ZBCD 
= Z(BD, t 2 ) 

ZACB + 90° = ZADB 

= Z(AD, t,) + Z(t„ t 2 ) + ZCt,, BD) 

= ZACD + Z(t„ t 2 ) + ZDCB 
= ZACB + Z(t„ t 2 ) 

=> Z(t lt t 2 ) = 90°. 


3. On an infinite chessboard, a game is played as 
follows: At the start, n 2 pieces are arranged on the 
chessboard in annxn block of adjoining squares, 
one piece in each square. A move in the game is a 
jump in a horizontal or vertical direction over an 
adjacent occupied square to an unoccupied square 
immediately beyond. The piece which has been jumped 
over is then removed. 

Find those values of n for which the game can end 
with only one piece remaining on the board. 
Soln.: We prove that the game ends with only one 
piece on the board if and only if n is not a multiple 
of 3. 

Four pieces in an ‘L 1 shape can be reduced to one 
piece as in Fig. 1 below: 





Figul 

Using the above repeatedly, we can reduce an^* 
square to (n - 3) x (n - 3) as in Fig. 2: 



If n is not a multiple of 3, the above procedure ends 
with either a 1 x 1 square or with a 2 x 2 square. 
Clearly a 2 x 2 square can be reduced to one piece. 
Thus when n is not a multiple of 3, the game ends 
with only one square on the board. 

We will now show that if n is a multiple of 3, the 
game can not end with only one piece on the board. 
Name the individual squares with 1, 2, 3 as in Fig. 
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Fig. 3 

Let a* be the number of pieces in squares labelled 
i, i = 1, 2, 3. Since n is divisible by 3, we have a, 
= a 2 = a 3 = a. Note that each jump over a piece 
reduces the configuration from (a„ a 2 , a 3 ) to either 
(a, + l,a 2 - 1, a 3 - l)or (a, - l,a 2 - l,a 3 + 1). Thus 
for the game to end with one piece, say, on a square 
labelled 1, there must be positive integers x, y, z 
such that (a, a, a) - x(l, -1, -1) - y(-l, -1, +1) - 
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z(-l, +1, -1) = (1, 0, 0) => x - y - z = a - 1,-x- 
y + z = a=>2x-2z = -l,a contradiction. Thus the 
game cannot end with one piece on the board. 

4. For three points P, Q, R in the plane, we define 
m(PQR) to be the minimum of the lengths of the 
altitudes of the triangle PQR (where m(PQR) = 0 
ifP, Q, R are collinear). Let A, B, C be given points 
in the plane. Prove that, for any point X in the plane, 
m(ABC) < m(ABX) + m(AXC) + m(XBC). 

Soln: We first prove: 

Lemma 1 : Let D be any point on BC. m(ADC) < 
m(ABC) 

Proof : We distinguish two cases: 

Case 1 ZADC > 90”. Let AN be the altitude through 



NP 1 AC. Let DM 1 AC. Clearly, m(ADC) = DM. 
If m(ABC) = h h , the altitude through B, 

then DM = CD < i => m(ADC) < m(ABC). If 
h h BC 

m(ABC) = h„ the altitude through A, then h, > NP 
> DM => m(ADC) < m(ABC). Finally, let m(ABC) 
= h c . Let ZNAC= a. AB is the largest side of ABC 
and ZC > 60” and ZA < 90". Also since ZB < ZC, 
we have BN > NC and ZA > 2a =* h c > AC sin2a. 
Also 

DM < NP = ANsina 

sin2a 

= ACsinacosa = AC — j — < 

Then m(ADC) < m(ABC). 

Case 2 : ZADC < 90”. Let DM 1 AC, CN II AD. 
If m(ABC) = h a , since h. is an altitude of triangle 
ADC, it trivially follows that m(ADC) < m(ABC). 
If m(ABC) = h c , ZA < 90°. If CP is the altitude of 
ABC through C then APNC is cyclic and ZPNC is 
obtuse. Thus PC = h c > CN > m(ADC). If m(ABC) 
= h h , then 


-^ = ^ > 1 => m(ABC) _ h „ > DM > m(ADC) 
DM CD 


Lemma 2 Let X be any point on BC . m(ABC) < 
m(AXB) + m(AXC) 

Proof : We can assume that ZAXC > 90°. Let XN 
1 AC and XY || AC. a 

m(AXB £ m(BXY) 

■ m < ABC > (xl 

XN 

= m(ABC) - m(ABC) -r- 

n b 

> m(ABC) - XN 
= m(ABC) - m(AXC) 

Extending the sides of the triangle ABC, the plane 
can be divided into seven regions. Label the regions 
as follows. 

If the point X is in region 1 , by Lemma 1 above, 
we have 



m(ABX) + m(ACX) > m(ABD) + m(ACD) 

> m(ABC) by Lemma 2 


A 



If X lies in region 2 then m(AXC) > m(ADC) > 
m(ABC) by Lemma 1. 

If X lies in region 3, ZAXC, ZBXC, ZCXA are all 
obtuse. Hence m(AXB) = 2S(AXB)/AB, m(BXC) 
= 2S(BXC)/BC, m(CXA) = 2S(CXA)/CA where 
S(AXB) is the area of the triangle AXB etc. If AB 
is the largest side of ABC we have 


m(ABC) = 


2S(ABQ 

AB 


2S(AXB) 2S(BXQ 2S(CXA) 
“ AB + BC + CA 
< m(AXB) + m(BXC) + m(CXA) 
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5. Let N = (1, 2, 3, ...}. Determine whether or not 
there exists a function f:N—>N such that 
f(l) = 2 

f(f(n)) =f(n) + n, for all n e N 
and f(n) < f(n + 1) for all n e N. 

Soln. : Let a = — . We have a 2 = a + 1 . Put 


g(n) = an, for n e N* = { 1 , 2, 3 ) . g(g(n)) = ag(n) 

= a 2 n = an + n = g(n) + n. Define f(n) = [g(n) + Vi] 
where [x] denotes the largest integer < x. We show 
that f has the desired properties. 


(1) f(l) = [g(l) + Q = [ a + 

= 2 



1 

2 


(2) g(n + 1) = a(n + 1) > an + 1 = g(n) + 1 


=* g(n + 1) + j- > g(n) + j + 1 
' => f(n + 1) > f(n) + 1 

(3) lf(n) - g(n)| < i for all n S 1. 


Since g(g(n)) = g(n) + n, we have 
|f(f(n)) - f(n) - n| = lg(g(n)) - f(f(n)) + f(n) - g(n)| 
= lg(g(n)) - g(f(n)) + g(f(n)) - f(f(n)) + f(n) - g(n)| 
= |ag(n) - af(n) + g(f(n)) - f(f(n)) + f(n) - g(n)l 
= |(a - l)(g(n) - f(n)) + g(f(n)) - f(f(n))l 

< (a - l)lg(n) - f(n)| + lg(f(n)) - f(f(n))| 

< i(a-l> + \ = f <1 

=> |f(f(n))-f(n)-n| is a positive integer less than 1 
=> f(f(n)) = f(n) + n, for all n > 1. This completes 
the proof. 


6. Let n > 1 be an integer. There are n lamps L ( „ 
L„ ..., L n .j arranged in a circle. Each lamp is either 
ON or OFF. A sequence of steps S ( „ S„ ...» S„ .... 
is carried out. Step Sj affects the state of Lj only 
(leaving the state of all other lamps unaltered) as 
follows: 

IfLj.j is ON, Sj changes the state of Lj from ON to 
OFF or from OFF to ON; 

if Lj . , is OFF, Sj leaves the state of Lj unchanged. 
The lamps are labelled mod n, that is, 

L.j — L n . „ L () — L n , Lj — L n + j etc. 

Initially all lamps are ON. Show that 


(a) there is a positive integer M(n) such that after 
M(n) steps all the lamps are ON again; 

(b) if n has the form 2 k then all the lamps are On 
after n 2 - 1 steps; 

(c) if n has the form 2 k + 1 then all the lamps are 
ON after n 2 - n + 1 steps. 

Soln.: Let t, denote the status of the i - th lamp. 
We put t } =0 if Lj is OFF and tj = 1 if is ON. 
On the set {(t^ t„ ..., t n .,) : t, e Zj}, define 

R(to, t j , L.j) = (tj, t 2 , ....» t n . j, to) 

R is a rotation of the lamps in the anticlockwise 
direction. The Sj changes the status of the lamp Lj. 
Clearly 

Sj(t 0 » t|» ...» t n . j) = (to, tj, tj'.j, tj* . j + tj*, ..., t n .j) 

where j' = j(mod n). It is easy to verify that 

j times 

Sj = R J S 0 R J , where R j = R • R • ... R 

Put S = RS 0 . Then S(to, S„. ,) = (t„ t 2 , .... t„. , 

+ 1,,). Since R is a rotation of the lamps, it is enough 
to show that there exists an integer M(n) such that 
S M( »> i s the identity map. 

Consider the polynomial ring Zj[X], For P, Q e 
ZJX], we write P = Q if P - Q is divisible by the 

polynomial X" + X"‘ 1 + 1. For t = (!<„ t t 0 

define 

P,(X) = t„. 2 + t„.,X + ... + toX- 2 + t„.,X"-' 

It is easy to see that 

P^jfX) = t. . , + t. . 2 X + ...+ t,X" - * + (t„ . , + UX" • 1 
XP t (X) - P S(0 (X) = toX- - 1 + t n . !X- - t n . , 

- (t n . , + to)X n - 1 

= t n . jX n + t n . jX n ■ 1 + t n . , = 0 

Thus P S(0 (X) can be identified with XP,(X) and 
hence P Sn(t) (X) s X'P^X). Clearly the number of 
polynomials of degree atmost n and with coefficients 
in Zj in finite. Thus there exists integers /, m with 
/ > m and X 1 = \ m => X 1 ' m = 1 => P s / • m(o(X) = 
X/ - m P ( (X) = P,(X). Thus S / ' m leaves the status of 
lamps invariant and if all the lamps were ON in the 
beginning, they would remain ON after S / m . This 
completes the proof of (a). 

(b) If n = 2 k , we need to show that X" 2 * 1 = 1 
X n = X n *' + 1 =*> X" 2 = (X n -‘ + l) n 

Contd. on page No.. 22 
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NOTES FILE 


Height and ^Stance 

— Atul Nath Tripathi 


Definition One partof trigonometry is to find the 
distance between points; or the heights of objects 
without actually measuring these distances or these 
height is known as ‘Height and Distance*. 

Angle of Elevation:- 

The angle MNP is called 
the ‘angle of elevation' 
of the point P as seen 
from N. 

N M 

Angle of Depression The angle QPN is known 
as the ‘angle of depression’ of the point N as seen 
from P. 



Example 1 A person wants to know the height 
of a tree which stands on a horizontal plane, at a 
point on this plane he finds the angle of elevation 
of the top of the tree to be 45°, on walking 30 metres 
towards the tree he finds the corresponding angle 
to be 60°; deduce the height of the tree and the 
distance of the person from the base of the tree. 
Soln Let P be the top of the tree and 
A and B the two points at which the 
angles of elevation are taken. PM 
perpendicular to AB produced 
(draw) and let MP be x, 

Given that:- 
AB = 30 metres 
ZMAP = 45° 
and ZMBP = 60° 

then; = cot60 () = JL- 



Hence AM = x and BM = 

V3 

.\ 30 = AM - BM = x - = 

V3 


xV3 - 1 


• X = 30V3 = 30, V3(V3 + 1) = 3 ^ 

V3 - i 3-1 


= 15(3 + 1.73205....] = 71 metres 
AM = x; so that both of the required distances are 
equal to 71 metres. 


Example 2 From the top of a cliff; 160 metres 
high, the angles of depression of the top and bottom 
of a tower are observed 45° and 60°. Find the height 
of the tower. 

Soln.: Let P be the point 
of observation and QP 
the height of the cliff; 
and let NM be the tower. 

Draw PR horizontally. 

So that ZRPN = 45° and ZRPM = 60° 

Let x metres be the height of the tower and MN to 
meet PR at E. 

So that NR = QP - x = 160 - x 
Since ZPMQ = ZMPR = 60° 



MQ = PQ cot PMQ = 160 cot 60° = ] 42- 

V3 


Also 


160 - x 


NR 

RP 


MQ 

=> MQ = 160 - x 
160 - x = 16Q. 

V3 

=> xV3 = 160(V3 - 1) 

=>x= 160(V3 - 1) 

V3 

=> x = 67.5 metres. 


= 7777 = tan45° = 1 


-xV3= 160- V3 • 160 


Some Geometrical Properties:- 

(i) Any perpendicular to a plane is perpendicular 
to every line lying in the plane. 

(ii) In a triangle the internal bisector of the angle 
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aspect of hotel management, food preparation, service, 
maintenance, accounting, engineering, interior design, 
and sales and marketing in the hotel premises. 

The Oberoi School of Hotel Management has 
recently rechristened itself as the Oberoi Centre of 
Learning and Development. According to Bernard 
Martyris, vice-president, training and manpower, 
Oberoi Group of Hotels. “This shift from training 
to learning is a result of change in focus from entry 
level executive training to overall learning continuously 
imparted to all employees of the organisation.” 
Forevery level of promotion, the employee would 
undergo learning to facilitate his role change and 
add value to his enhanced responsibility as well as 
individual career development. According to Martyris, 
“The focus is going to be on people instead of the 
product, personalisation instead of standardisation, 
value-seeking instead of profit-seeking and growth 
through quality rather than volume.” 

The Oberoi school offers four key programmes 
to graduates and hotel management students: The 
three-year hotel operation and management training 
programme; the two-year house-keeping executive 
training programme; the three-year senior kitchen 
training programme; and the two-year Mercury Travels 
management training programme, recently included 
in the curriculum. Theschool demand for trainees 
varies between 80 and 100, depending on their 
manpower requirement. Selection to these various 
programmes is through campus recruitment. The 
Oberoi centre does not advertise. 

Nirulas, the fast food chain of restaurants with 
branches all over Delhi, have their own training cell 
at NOIDA on the outskirts of the capital. They take 
25 to 30 trainees every year from hotel management 


In the government sector, the National Council 
for Hotel Management and Catering Technology at 
New Delhi organises a three year diploma programme 
at 18 centres in the country. 

Most training programmes by hotel groups offer 
stipends ranging from Rs, 4,000 to Rs 7,500 On 
successful completion of training, students are 
absorbed in managerial positions for frontline 
operations with starting salaries ranging between 
Rs. 5,000 and Rs. 11,000 plus perks. Of course, 
there is no stopping bright and hardworking young 
men and women. As Asani says, “In the hotel industry 
the sky is the limit. Since professionals manage the 
company, depending on their merit and competence, 
they can reach the corporate track to the top — to 
the position of GM and above.” The current vice 
president of Welcomgroup Maurya in Delhi began 
his career as a management trainee with the same 
group. B 


Contd. from page No. 3 1 

= j • i) + i t since | . j is even for i *■ 0, 2 l 

=» 1 = X" 2 + X” 2 -" 

= X" 2 -" (X n + 1) 

= X" 2 -"(X" + 1) 

5 X" 2 - "X" • 1 s X" 2 • 1 
(c) If n = 2 k + 1, we need to show that 
X" 2 • “ + ' s 1 

X" 2 - 1 = (X"* 1 )"' 1 = ( x • x ”) n -' 

= (X (X"- 1 + 1))"-' = (X + X")"' 1 
sX" 1 + X" 2 -" 

= X" 2 ' " + X" 2 ' 1 3 X" ' 1 
3 X" 2 " (X" ' 1 + 1) = X" - 1 
= X" 2 • “ • X" 3 X” • 1 
= X* 2 » + ' 3 1 
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CAREER 
FOR YOU 


rIOTcL MANAGEMENT 


m he hospitality industry is on the fast track. By 
the turn of the century, it hopes to have another 
70,000 rooms to meet the target of five million 
tourists. To keep peace with this expected rate of 
growth, the hospitality industry will require 70,000 
trained personnel by 1997, as against the current 
base of 31,000. 

Little wonder then that this shortage of skilled 
staff ensures jobs for all hotel management students. 
Says Lalit Nirula, honorary secretary of the Federation 
of Hotel and Restaurant Associations of India. “There 
is not a single person coming out of the 1 8 catering 
institutes who goes without a job.” 

And as supply of trained manpower increases, 
what is going to count more in this sector is quality 
service. Says Nakul Anand, vice president and general 
manager, Welcomgroup Maurya Sheraton Hotel and 
Towers, “The need for quality hotel personnel is 
going to increase by four to five times in the next 
10 years.” 

Since hotels are service organisation, those who 
have initiative and a charming personality, great 
stamina for hard work and the ability to remain calm 
under trying situations are the right people for this 
career. According to Anil Asani, training manager 
with Welcomgroup Maurya sheraton Hotel and 
Towers. “Those who want to join hotels should have 
aptitude for the industry, good inter-personal skills, 
an outgoing personality and be willing to serve 


people.” 

Training : Though the Oberoi group was the first 
to establish its training school in 1966, all major 
hotels chains have since introduced in-house training 
facilities. The Welcomgroup, for instance, has its 
own Graduate School of Hotel Administration at 
Manipal, Karnataka. This is, perhaps, the only institute 
which offers a three-year bachelor’s degree course 
in hotel management. Further, the welcomgroup 
conducts a two-year in house training programme 
for hotel management graduates (also for their recruits 
from Manipal) to train as frontline managers. 

Their training institute at Manipal takes 100 

9 

trainees per year. Admission announcements are 
normally advertised in April after the 10 plus two 
exams. Established in collaboration with ITC- 
Welcomgroup by the Dr. G.M.A Pai Foundation the 
institute is affiliated to Mangalore University. 
Eligibility is at least 50 per cent marks in aggregate 
in the 10 plus two exam in any discipline. 

The Taj Group of Hotels have their three-year 
training programme at the Indian Institute of Hotel 
Management, Aurangabad, where students with a 
minimum of 45 per cent marks in class 12 are 
eligible to apply. 

In addition, since the last two years, the Taj 
Group have started a two-year graduate management 
training programme which imparts skills in every 
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INTERNATIONAL 
OLYMPIAD PROBLEMS 


1. For what values of the variable x does the 
following inequality hold: 

fo 2 --— , < 2x + 9? 

(1 - Vl + 2x) 2 

Soln.: The left side of the given inequality is defined 
if x * 0 and real x > - l A. Assume that x satisfies 
these conditions. We multiply numerator and de- 
nominator of the left member by (1 + Vl +2x) 2 and 
obtain the equivalent inequality 

(1 + Vl + 2x) 2 < 2x + 9 

Putting y = Vl + 2x, we have ( 1 + y) 2 < y 2 + 8, which 
simplifies to y < 7/2. Hence 1 + 2x < 49/4, and 
x < 45/8. The complete solution of the problem 
thefore consists of all x satisfying 
-Vi < x < 45/8, x * 0. 


2. Solve the system of equations: 
x + y + z = a 
x 2 + y 2 + z 2 = b 2 
xy = z 2 . 

where a and b arc constants. Give the conditions that 
a and b must satisfy so that x, y, z (the solutions 
of the system) are distinct positive numbers. 
Soln.: First solution : The given equations are 


x + y + z = a ...(1) 

x 2 + y 2 + z 2 = b 2 ...(2) 

-xy = z 2 ...(3) 

In (2) we substitute xy for z 2 from (3), obtaining 
x 2 + xy + y 2 = b 2 ...(4) 

We rewrite (1) in the form (x + y) - a = -z, square 
it, substitute xy for z 2 from (3) and obtain 
x 2 + xy + y 2 - 2a(x + y) = -a 2 ...(5) 

We subtract (5) from (4) and find that 
x + y = (a 2 + b 2 )/2a; • ...(6) 

hence z = a - (x + y) = (a 2 - b 2 )/2a ...(7) 


By (3) and (7) xy = (a 2 - b 2 ) 2 /4a 2 ...(8) 

We solve the system (6) and (8) by considering x 
and y as roots of a quadratic equation with coeffi- 
cients determined by the sum (6) and the product 
(8) of the roots: 


= 0 


...(9) 


w 2 - ‘‘L+b? w + = 

2a 4a 2 

The requirement that x, y, z be positive implies, by 
(1), that a > 0, and by (7), that a 2 > b 2 . Moreover, 
the requirement that x and y be real and distinct 
forces the discriminant of (9), 


A = -Xt (3a 2 - b 2 )(3b 2 - a 2 ), 

4a z 

to be the positive. Since 3a 2 - b 2 > 0, it follows that 

3b 2 - a 2 > 0, so that 3b 2 > a 2 . All these inequalities 

can be summarized as 

|b| < a < V3 |b|. 

and if they hold, the roots of (9), 

a 2 + b 2 ^ VA „ _ a 2 + b 2 T VA 

4a 2 ’ y 4a 2 

2 _ b 2 

together with their geometric mean, z = Vxy = — — , 

2a 

yield positive distinct solutions of the problem, (z is 
distinct from x and y since the geometric mean of two 
distinct numbers lies between them.) 

Our knowledge of the relations between the roots 
and the coefficinets of a quadratic equation led us to 
use the sum (6) and the product (8) of x and y to write 
the quadratic equation (9) satisfied by x and y. The 
symmetry in x, y, z of the given equations (1) and (2) 
encourages us to try solving the problem by regarding 
x, y, z as roots of a cubic, as follows : 


Second solution : Let x, y, z be the roots of 
p 3 + Sjp 2 + s 2 p + s 3 = 0 ...(10) 

then x + y + z = - s,, xy + yz + xz = s 2 , xyz = -s y 
Using (1) and (2) and (3), we obtain 


MATHEMATICS today December 1996 


55 




Sj = -a, (x + y + z) 2 = a 2 = b 2 + 2s 2 , xyz = z 3 = -s 3 , 

respectively, so that 

Sj = -a, s 2 = Vi (a 2 - b 2 ), s 3 = -z 3 . 

The cubic (10) may therefore be written as 
p 3 - ap 2 + Vi (a 2 - b 2 )p - z 3 = 0 —(11) 

Since z is a root, we find on substituting p = z into (11), 
that 

-az 2 + Yi (a 2 - b 2 )z = -z[az - V 2 (a 2 - b 2 )] = 0, 
so z = 0 or z = (a 2 - b 2 )/2a. If z = 0, then the 
corresponding solution x, y, z would not consist of 
positive numbers, as required. But if z = (a 2 - b 2 )/2a, 
then by (1) x + y = a - z = (a 2 + b 2 )/2a, and by (3), 
xy = (a 2 - b 2 ) 2 /4a 2 . We solve these for x and y by the 
method given in the first solution. 

Note: The necessity of the conditions 
|b| < a < V3 |b| 

for x, y, z postive and distinct may be seen in these two 
ways: 

(i) The distance from the plane x + y + z = a to the 
origin is a /V3, and the radius of the sphere x 2 + y 2 + z 2 
= b 2 about the origin is |b|. These surfaces have points 
in common if and only if |b| £ a/V3. If equality holds, 
the sphere is tangent to the plane at a point with equal 
coordinates, so 0 < a < V3 |b| is necessary for x, y, z 
distinct and positive. 

(ii) To the two positive numbers x and y, apply the 
arithmetic-geometric mean inequality 

V 2 (x + y) > Vxy, 

using relation (6) and (8) above. The result is 
(a 2 + b 2 )/4a > a 2 b 2 /2a, where the inequality is strict 
since x * y. This simplifies to a 2 < 3b 2 , or since a is 
positive, to 0 < a < V3 |b|. 

3. Find all real roots of t he equ ation 
Vx 2 - p + 2Vx 2 - 1 = x, 
where p is real parameter 
Soln.: If p <0, we ha ve 
Vx 2 - p + 2 Vx 2 - 1 > Vx 2 - p > x. 

So in order for the equation to have a solution, we must 
have p > 0. Now write it in the form 
2 Vx 2 - 1 = x - Vx 2 - p 
and square, obtaining 
2x 2 + p - 4 = -2 xVx 2 - p 


Squaring again, and solving for x 2 , we get 

2 _ (P - 4 > 2 

" 8(2 -p) • 

Hence in order for a solution to exist, we must have 
0 < p < 2, and then the only possible solution is 
X = (4 - p)/V8(2 - p), we obtain 
|3p - 4| + 2p = 4 - p; i.e., |3p - 4| = -(3p - 4) 
Clearly this holds if and only if 3p - 4 < 0, i.e. p ^ 4/3 . 
Therefore the equation has solutions only when 
0 £ p < 4/3, and then x = (4 - p)/V8(2 - p). 

4. Determine all values x in the interval 0<\<2n 
which satisfy the inequality 
2cosx < |Vl + sin2x - Vl - sin2x| < V2 
Soln.: We observe that the. inequality between the 
middle and right members holds for all x, since the 
absolute value fo the difference of two positive num- 
bers is at most equal to the larger. Moreover, the 
inequality between the left and the middle members 
certainly holds for those x for which cosx ^ 0, i.e. for 
n/2<x£ 37t/2. To find all other x for which it holds, 
we note that if cosx > 0, the left inequality is equivalent 
to the one obtained by squaring both sides, i.e. 
4cos 2 x < 1 + sin2x - 2Vl - sin^2x + 1 - sin2x 
= 2 - 2|cos2x|. 

Since cos 2 x = 1 + cos2x ^ ^ s j s equivalent to 
2 

2 + 2cos2x < 2 - |cos2x|, 
or finally |cos2x| < - cos2x 

Evidently this holds if and only if cos2x ^ 0, i.e. 
when x is in either of the intervals [ rc/4 , 3nJ4] or 
[4rc/4, 7rc/4]. Combining these intervals with the ear- 
lier one [tc/ 2, 37i/2], we find that the complete solution 
set is [7t/4, ln/4]. 


5. Let a, b, c be the lengths of the sides of a triangle 
and a, P, y , repsectively, the angles opposite these 
sides. Prove that 


a + b = tan^I (a tana + b tanfJ) 


the triangle is isosceles. 

Soln.: In the given equation, we replace tanx by 
sinx/cosx; then multiply both sides by 
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cosa cosB cos^ . The result is 
2 

(a + b)coscxcosPcos-y = asinacosPsin-^ 
^ z 


which is equivalent to 


+ bsinP cosa sin , 


these two imply [g(x) + 2a)] 2 = [g(x)] 2 . Since g(x) £ 0 
for all x, we can take square roots to get 
g(x + 2a) = g(x), whence f(x + 2a) - x h = f(x) - Vi, 
and f(x + 2a) = f(x) for all x. 

This shows that f(x) is periodic with period 2a. 


a cosP^cosa cos - sina sin -|j 

+ bcosa^cosP cos ~ sinp sin y) = 0 
This, in turn, is equivalent to 

acosP cos|a + -^J + bcosa cos|p + = 0 

Since a+ y + P+ -| = a + P + y=7t, we have 


(b) To find all solutions, we set 

h(x) = 4[g(x)] 2 - Vi and writes (1) in the form 

h(x + a) = -h(x) ...(2) 

Conversely, if h(x) > Vi and satisfies (2), then g(x) 

satisfies (1) 

An example for a = 1 is furnished by the function 
h(x) = sin 2 ^x- -j 

which satisfies (2) with a = 1. For this h, 


cos (p + = -cos(a + jj 



i 

. n 

o 

II 

Hcn 

+ 

f(x) = ~2 

sin y x 


g(x)= |sin(7cx/2)| and 

1 

+ 2 


If cos(a + y/2) = 0, then a + y/2 = n/2, so P + y/2 = 7i/2, 
and we conclude that a = p. If acosP - bcosa = 0, then 
we use the law of sines a sinP = bsina and divide it by 
a cosp = bcosa to deduce tana = tanp. From this it 
follows that a = P, and the triangle is isosceles. 

6. Let f be a real- valued function defined for all real 
numbers x such that, for some positive constant a, the 

equation 

f(x + a) = J + Vf (x) - [f(x)] z 
holds for all x. 

(a) Prove that the function f is periodic (i.e, there 
exists a postive number b such that f(x + b) = f(x) for 
all x). 

(b) For a = 1, give an example of a non-constant 
function with the required properties. 

Soln.: 

(a) The given equation shows that f(x + a) £ Vi, and 
so, f(x) £ Yi for all x. Hence if we put g(x) = f(x) - Vi, 
we have g(x) £ 0 for all x. The given functional 

equation now becomes 

g(x + a) = Vg(x) + Vi - [g(x)] 2 - g(x) - Va = <Va - [g(x)] 2 . 
Squaring we get 

[g(x + a)] 2 = Va - [g(x)] 2 for all x, ...(1) 

and hence also [g(x + 2a)] 2 = Va - [g(x + a)] 2 


Acutally h(x) can be defined arbitrarily in 0 ^ x < 
a subject only to the condition |h(x)| ^ Vi\ then (2) 
defines h for all x. 

7. Let a and b be real numbers for which the 
equation x 4 + ax 3 + bx 2 + ax + 1 = 0 
has at least one real solution. For all such pairs 
(a, b), find the minimum value of a 2 + b 2 . 

Soln.: First consider the equation 

x + ~ = y, for y real ...(1) 

This equivalent to x 2 - yx + 1 = 0, a quadratic in 

x which has real roots if and only if its discriminant 

y 2 - 4 is £ 0. i.e. if and only if |y| £ 2. 

Now to solve x 4 + ax 3 + bx 2 + ax + 1 = 0, we divide 

it by x 2 , then set y = x + (1/x) obtaining 

y 2 + ay + (b - 2) = 0. The roots of this quadratic 

equation are 

1 -a ± Va 2 - 4(b - 2) 

y = x + — = — 

x 2 

and the condition that at least one of them be £ 2 
in absolute value is then that 

|a| + Va 2 - 4(b - 2) £ 4 . 

This is equivalent to Va 2 - 4(b - 2) £ 4 - |a|. After 
squaring both sides and subtracting a 2 , we have 
8|a| £ 8 + 4b; dividing this by 4 and squaring again 
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yields 4a 2 > b 2 + 4b + 4. Adding 4b 2 to both sides, 
we have 4a 2 + 4b 2 £ 5b 2 + 4b + 4, so 



The minimum value of the right member occurs 
when b = -2/5 and is 4/5. Thus the minimum value 
of a 2 + b 2 is 4/5. 

8. Determine all possible values of 

s= 5 + b + c + d 

a + b + d a + b + c b + c + d a + c+d 
where a, b, c, d are arbitrary positive numbers. 
Soln.: Clearly 

S > + ^ 

a+b+c+d a+b+c+d 



a+b+c+d a+b+c+d 


Suppose for definiteness that d is the largest of the 

four numbers a, b, c, d. Then 

„ ^ a b c d 

Sfa 7 + » + , + "T 

a+b+c a+b+c b+c+a a+c+d 


= 1 + ^ — - <1 + 1=2 

a + c + d 

Then 1 < S < 2. 

We shall show next that S actually assumes all 
values in the open interval (1,2). First we observe 
that S varies continuously with the positive numbers 
a, b, c, d. Hence if we can show that S takes values 
arbitrarily close to the endpoints 1 and 2 of this 
interval, it will follow that S assumes all values 
between 1 and 2. 

Set a = 1 , b = e, c = d = e 2 , where £ > 0. Then 

s = ! + § + £ 2 . £ 2 

1 + e + e 2 1 + e + e 2 e + e 2 1 + 2e 2 

i 

As e -+ 0, the first term approaches 1, the others 
approach 0, so S — » 1. Next, set a = c = 1, b = d = 
e; then 


S = 


1 

1 + 2e 


+ 


£ 

2 + £ 


+ 


1 


1 + 2 £ 


£ 

2 + £ 


As £ — ► 0, the first and third fractions approach 1, 


while the second and fourth approach 0; hence 
S -+ 2. 


9. A rectangular box can be filled completely with 
unit cubes. If one places as many cubes as possible, 
each with volume 2, in the box, so that their edges 
are parallel to the edges of the box, one can fill 
exactly 40% of the box. Determine the possible 
dimensions of all such boxes. 

Soln.: 

Since unit cubes fill the box completely, each of its 
dimensions is a natural number, say ai, a 2 and a 3 . 
The volume of the box, then, is a!a 2 a 3 . Now let bj 
be the largest number of cubes with volume 2, hence 
with edge length 2 1/3 , that can be placed along the 
edge of length aj of our box. Thus the integer bj 
satisfies the inequalities 

a, - V2 <'V2b, < ^ 

i.e. 


VS 


l< bj <; 


V2 


...( 1 ) 


In other words, bi is the largest integer not exceed- 


ing Jj^, and this is usually denoted by brackets: 

bi = * 12 ] ...(2) 

The volume occupied by these cubes is 

^3b! • V2t>2 • V2b 3 , and this, we are told, is 40% of 
the box volume. Thus 2bib 2 b3 = (2/5)aia 2 a 3 , whence 


aia 2 a 3 _ 
bib 2 b 3 


...(3) 


To find all positive integers aj, a 2 , a 3 subject to 
conditions (2) and (3), we observe that a» > 1 
(otherwise bj = 0) and tabulate a few values of a, 
b = [a/V2]. and a/b: 


a 

2 

3 . 

4 

5 

6 

7 

8 

... 

b 

1 

2 

3 

3 

4 

5 

6 

... 

a/b 

2 

1.5 

1.33... 

1.66... 

1.5 

1.4 

1.33... 



We claim that for a > 8, a/b < 1.5. To prove this 
we need only use the estimate b > (a/ V2) - 1» see 
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(1), from which it follows that 



As a increases, the denominator in the last member 
increases, hence the fraction decreases 


a V2 L26 

For a - 8 ’ b < ~W = 7M 

1- T 8 


< 1.5 


...(4) 


This together with the table above yields that 


a 5 

for a > 3, 7- £ — ....(5) 

b 3 

If ai, a 2 , a3 were at least 3, 
then aia 2 a3/bib 2 b3 < (5/3) 2 would violate (3); so we 
conclude that at least one of the a's, say aj, must 
be 2. Consequently by (3) 




<t 2 ^3 5 

b^ b^“ 2 

Next we show that both other dimensions of our box 
are greater than 2. We accomplish this by demon- 
strating that for i = 2, 3, a/bj < 2, from which a* > 


2 will follow. By (1), bi < aj /V3, SO bi/aj < 1/^2*. 
and by (6), with i = 3, 


jj2. _ £ ^3 c . 9 

t>2 2 a 3 2 V 2 

Similarly, with i = 2, (1) and (6) yield a 3 /b3 < 2. 
Finally, we note from the table and (4) that a/b < 
3/2 unless a = 2 or a = 5. Since (3/2) 2 = 9/5 < 5/2, 
we see that (6) would be violated unless one of a 2 , 
a 3 , say a 2 , is 5. Then a 2 /b 2 = 5/3 and (6) yields 
5 aj _ 5 £3 = 3 

3 b 3 2’ b 3 2* 

Thus a3 is either 3 or 6. So the dimentions of the 
box are either 2x3x5 or 2x5x6. 


10. Four real constants, a, b, A, B are given, and 
f(0) = 1 - a cosG - bsinG - Acos20 - Bsin20. 
Prove that if f(0) > 0 for all real 0, then 
a 2 + b 2 < 2 and A 2 + B 2 < 1 . 

Soln.: Let Va 2 + b 2 = r. Then (a/r) 2 + (b/r) 2 = 1 , and 


there is an angle a such that 

a b 

— = cosa, ~ = s,not 

We use these expressions to write 

a cos0 + b sin0 = r|-^- cos0 +-— sin0j 

= r(cosacos0 + sinasin0) = rcos(0 - a). 
Similarly, letting Va 2 + B 2 = R, and A/R = cos2p, 
B/R = sin2p we find 

Acos20 + Bsin20 = r(^- cos20 + sin20) 

= R(cos2pcos20 + sin2psin20) 

= Rcos2(0 - P) 

Now f may be written in the form 

f(0) - 1 - rcos(0 - a) - Rcos2(0 - p) ...(1) 

For 0 = a + 45° and 0 = a - 45°, (1) yields 

f(a + 45°) = 1 - r/V2 - Rcos2(a - p + 45°) ...(2) 

and 

f(a - 45°) = 1 - r/V2 - Rcos2(a - p - 45°) ...(3) 

If r > V2, then 1 - r/V2 < 0; and since the angles 

2(a - P) + 90° and 2(a - P) - 90° differ by 180°, 

their cosines have opposite signs. Therefore one of 
the expressions 

Rcos2(a - p + 45°), Rcos2(a - p - 45°) 
is positive, so that the right side of one of the 
equations (2), (3) is negative. This means that at 
least one of the values f(a + 45°), f(a - 45°) is 
negative, contrary to the hypothesis. We conclude 
that 

r 2 = a 2 + b 2 < 2. 

Similarly, we evaluate f at p and at P + n: 
f(P) = 1 - rcos(p - a) - RcosO # - 

= 1 - rcos(p - a) - R ...(4) 

and 

f(P + n) = 1 - rcos(P - a + tc) - R cos27t 

= 1 - rcos(p - a + k) - R ...(5) 

If R > 1, then 1 - R < 0; and since p - a and 
p - a + 71 differ by n their cosines have opposite 
signs. It follows that the right side of one of the 
equations (4), (5) is negative, i.e. that at least one 
of the values f(p), f(p + n) < 0, contrary to the. 
hypothesis. Hence R 2 = A 2 + B 2 < 1. 
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Differential Calculus 


I. Prove that / (x) = |x| is continuous at x = 0 but not 
differentiable at x = 0. Where M means the numerical 
value of the absolute value of x. 

So In.: 

We have /(0) = |0| = 0 

/(0+0) = Lt J(0+h) = Lt /(A) 

J V ' fc -»0 h-*0 

= Lt |A| = 0 
— >0 

and /(0 - 0) = Lt /( 0 - A) = Lt |-A| = 0 

h — >0 h—HJ 

/(0 + 0) = /(0 - 0) = /( 0) 

Hence / is continuous at x = 0. 

Also we have 

. /( 0 + A) - /(0) 

* /'(0) = Lt ^ 1 l— 

h-¥ 0 « 

u /(A) • /(0) = Lt = t = l 

/i — »o A h-*0 A A 

(A being +ve) 

R /'(O) = 1 


f(0 - A) - /(0) 

0 - A 

. Lt = -1 


and L /'(0) = Lt 

h-*0 

/(-A) - /(O) _ _ 

h->o -A h->o -A 

(A being +ve) 

Since R /'(0) + I /'(0) 

/(x) is not differentiable at x = 0. 

2 . Discuss the applicability of Rolle s Theorem to 


/(x) = log 
So In.: 

I 


x 2 + ab 


(a + A)x 


Given /(x) = log 
/(a) = log 


in the interval [a. A]. 


+ ab 


(a + b)x 
i 2 + ab 


a~ + aA 
/(A) = log 1 =0 
Thus /(a) = /(A) = 0 


= log 1 = 0 


Also R fix) = JLt Q 


/(x+A) ■ /(x) 


Tf 1 

’ f (x+A) 2 +ab 

- log 

x 2 + ab 

a-+o A 

8 {(a+AXx+A) 


ia+ b)x 


Lt I 

b-»0 A 


• logjl + 


2 Ax + A 2 

+ a A 
1 


x 

'2x 


- log 1 + — 

^ X 


x 2 + ab 


x 

.2 


since log(l +y) = y - ~ + 


Again L fix) - IX q 


/(x-A) - /(x) 


Lt 

fc— »o 


_ L [2x(^J L A^ + Al ceAby-A 

*a[ x 2 + ab xj*^ 

Lt — ‘ “1 

ft— >0 |_jf + ob 

Since R fix) = L fix), /(x) is differentiable for all 
values of x in [ab]. This implies/(x) is continuous for 
all values of x in [ab\. Thus the conditions of Rollc’s 

theorem are satisfied. Hence fix) = 0 for at least one 
value of x is in open interval (a A). 

Now fix) = 0 

2 * . -L = 0 

aA+x 2 x 

2x 2 - (x 2 + ab) = 0 x = 4ab. 

which is the geometric mean of ‘a’ and ‘A’ in the open 
interval (a. A). Hence Rolle’s Theorem is verified, 

3. If/(x) and gix), and A(x) are functions such that 
(i) all the three are continuous in [a A] 

(u) all the three are differentiable in (a A) Then 


fic) g'ic) A '(c) 
fib) gib) hib) 
fia) gia) A(a) 


- o where a < c < A. 
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...( 1 ) 


Sola: 

Let us consider the function 

/(*) *(*) K*) 

<K*) = m g(b) Kb) 
f( a ) g( a ) b(a) 

On expanding the determinant we see that the function 
/(x) is of the form A fix o) + Bg(x) + Chfy) 
where A, B, C are some real numbers. 

In view of the condition (i) and (ii),/(x) is continuous 
on [ab] and differentiable on (ab) also /(a) = f(b) = 0 
because two rows of a determinant become identical. 
The/(x) satisfies all the conditions of Rolles theorem. 
Hence there exist a value C lying between a and b such 
that /'(c) = 0. 

f\c) g'(c) h'(c) 


i.e 


..( 2 ) 


m g(b) h(b ) 

/(a) g(a) -h(a) 

Note : If we take b(x) = * a constant Then h '(c) = 0; and 
h(a) = h(b) = k. 

/'(c) g'(c) 

/(b) g(b) 

/(<*) g(a) 

On simplification given us 

mena value theorem 

m - f(a) _ Ac) 

’ g\c) 


Then (2) becomes 


0 

k 


a < c < b 


g(b) - g(a) 

Note 2 : If we take b(x) = k, g(x) 
then h\x) = 0, A(a) = Kb) - * 
g'( x ) = 1> gib) — b, gia) — a. Then (2) becomes 
/'(c) 1 0 
fib) b k = 0 

/(a) a k 

which on simplification given Lagranses mean value 
theorem. 

* /'(c) where a < c < b 

b • a 

Note 3 : If we take b[x| = k, g(x) = x 
/(«) ~/(b) then (2) becomes 

/'(c) 1 0 

fia) b k = 0 

fia) a k 

which on simplification gives Rolles Theorem/'(c) = 0 
where a<c<b. 


4. Prove that — + — < sin‘ , 0.6 < — + 2 
Sola: ‘ “ 6 * 

Let/(x) * sin-'x [ab] where a > 0, b < jc/2 
/is m i nimum and derivable on [a 6] 

1 


alao /'(x) 


V x 6 (a b) 


By Mean value theorem C € (a b) 

such that —■ - = /'(c) 

b - a 

sin' 1 b - sin' 1 a 



a<c<b 


n - Vl 

put b = 3/5, a = 1/2 

V3 . . -i 3 ..,11 

15 5 ’ 0,1 2 8 

~ < sm^O^ - — < 2 
15 6 8 

— + -^r < sin^O.fi < — + 2. 

6 15 6 8 

3. Find ‘c’ of Cauchy’s mean value -theorem for 

fix) = 4x and #(*) = -Lr in [a b ] where 0<a<b. 
So In.: * x 

Since x“, is continuous on A*, / g, are continuous oq 
[ abJCR* 

in- * ,( * > ' nh 

f,g are derivable on (a 6) CR+ 
further g'fx) # 0 V x € (a b) C A* 

/(h) - /(*) _ f(e) 


since f\x) 


•*. 3 e € (a b) such that 
>/h - Va _ 1/2 Vc 


g(b) - g(a) g'(c) 


_L . -1/ c 3 /2 

Jb va 

c = ^ since a > 0, b > 0, sfab is in. 

we have a < < b. Hence c = Vab e (a b). 

fly T. Rari Bobu, Dept of Mathematic*. 
N aland a Group of I nstitu tions, njetyawada. 
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INTERNATIONAL MATH 
OLYMPIAD PROBLEMS 


1. Let x be a real number with 0 < x < it. Prove that, 
for all natural numbers n, the sum 

sin3x _ sinSx _ sin(2/i-l)x 

_ 4 * 4 * 4 " — 

3 5 2/t -\ 


sinx + 


is positive. 

So In.: We use mathematical induction. Let 


$„(*)=£ 


*- 1 


sin(2A - l)x 

(2*-l) 


5|(x) = sin x > 0 for x e (0, x). Thus the proposed in- 
equality is true for n- 1. Let S£x) > 0 for r = 1, 2, 

n - 1. We will deduce that S,(x) > 0 for* e (0, it). Sup? 
pose that S„(x 0 ) £ 0 for some x 0 e (0, it), and that S„(x) 

, i d 

attains its minimum at* =x 0 . Hence — [S^x)]*.. = 0 . 

ax ^ 


That is 

S', (-*o) = £cos((2* - IK) = 0, 

A*l 

so that 


2sinx 0 S',,(x 0 ) = £2cos((2 k - IK) sin Xq, 

km 1 


= £ [sin(2K) - sin((2* - 2K)] 
= sin 2nxo. 


Thus S'„(x 0 ) = 


sin2/ix 0 

2sinx 0 


= 0 


implying 2/rxo ■ 0. Hence 


x t e 


n 2x 3w 
2n 2n ’ 2 n’ 


(2/t - 1) 

2n 


}• 


It is easily verified that at each of these values Sjfo) > 
0, a contradiction. Hence Sj(x) > 0 for x € (0, x). 

2. Let A, B and C be non-collinear points. Prove that 
there is a unique point X in the plane of ABC such that 

XA 2 +XB 2 +AB 2 -XB 2 +XC 2 +BC I -XC t +XA 2 +CA 2 . 



First solution : 

From the hypothesis we have 
AX 2 * AB 2 - CX *+ CB 2 

•...(» 

If Si is die midpoint of BX, 
applying the first 
theorem of the me- 
dian in the triangles AABX, A CBX we get 


2AB X + 2 BB\ = 2 CB 2 + 2BBf or 

AB X = CB X (2) 

This indicates that the perpendicular bisector of the side 
AC passes through the point B x . Let A x , C, be the mid- 
points of AX and CX, respectively. 

Similarly, we obtain that the perpendicular bisec- 
tors of BC and AB pass through the midpoints A x and C, 

respectively. (3) 

Furthermore we obtain AB || A X B X , AC || A X C X and 


BC\\B X C X . .....(4) 

From (3) and (4) we get the circumcentre O of ABC is 
the orthocentre H x of A X B X C X . .....(5) 

Also from (4) the triangles ABC and A X B X C X are similar 
with X the centre of similarity and ratio $. ....(6) 

So, their orthocenrtres H and H x lie in the same straight 
line with the point X and HH X = H x X. .....(7) 

Combining (5) and (7) we get HO = OX; that is the point 
X is known (constant), because X is symmetric to H with 
respect to the orthocentre O of ABC. 

Second solution 
The conditions of 
the problem are 
equivalent to the sys- 
tem of equations 



XB 2 -XC 1 = AC 2 -AB 2 (1) 

XC 2 - XA 2 = BA 2 - BC 2 .(2) 


Now, taking equation (1) gives a locus of points X sat- 
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isfying the condition. The relation reminds us of the 
second theorem of the median in a triangle. 

Let AA j, XA 2 be the altitudes of the triangles ABC 
and XBC respectively on side BC (extended). Let A/be 
the midpoint of the side BC. If we suppose 

AB < AC < BC, (3) 

for illustration, we get 

XC < XB < XA, 

and furthermore the point A/ lies between the points A } 


andA 2 (4) 

But XB 2 - XC 2 = 2BC MA 2 and 

AC 2 - AB 2 = 2BC\iA x . 


Hence MA X = MA 2 and A 2 is a constant point on BC 
because it is symmetric to A x with respect to the mid- 
point M 

Consequently, if (1) holds, the point A" lies on the 
line £j perpendicular to BC at A 2 . Similarly, if (2) holds, 
the point AT lies on the line e 2 perpendicular to AC at B 2 
(where BB l ± AC and AB ] = CBJ. 

Hence, the required point AT lies at the intersection of £j 
and £ 2 . 


3. Four dice are thrown. What is the chance that the 
product of the numbers equals 36? 

Soltu: There are four different kinds of outcomes in which 
the product is 36: each of {1, 1, 6, 6} and {2, 2, 3, 3} 

. 41 * 

can occur m ° ways; (1, 4, 3, 3); can occur in 

4! 

— -12 ways; and {1, 2, 3, 6} can occur in 4! = 24 

ways. Hence the probability that the product equals 36 
48 1 

is !f = ln' 

4. The incircle of ABC touches BC , CA and AB at D, 
E and F respectively. AT is a point inside ABC such that 
the incircle of XBC touches BC at D also, and touches 
CX and XB at Y and Z respectively. Prove that EFZY is 
a cyclic quadrilateral. 

So In.: A 

Let P be the intersection of EF 
with BC. Then by Menelaus’ 

Theorem we 
BP CE 

pc' ea' 



Since CE = CD, EA = AF, and FB = BD, we get 
BP CD 
PC BD~ 

so that 

BP BD 

PC - CD (2) 

Since XZ = XY, BZ — BD and CY = CD, we have from 

( 2 ) 

BP CY XZ BD CD XY 

PC YX ZB ~ CD YX BD ~ 1 
Hence by Menelaus’ Theorem P, Z and Y are collinear. 
Since PFPE = PD 2 and PZPY = PD 2 we have 
PFPE = PZPY. 

Hence EFZY is a cyclic quadrilateral. 

Comment : If AB = AC then BD = DC and then it can 
easily be proved that AD is the perpendicular bisector of 
EF and YZ so that EFZY is an isosceles trapezoid, and 
is a cyclic trapezoid. 


5. For non-negative integers n, r the binomial coeffi- 

(V) 

cient I denotes the number of combinations of n objects 

chosen rat a time, with the convention that 

= 0 if n < r. Prove the identity 





for all integers n , r with 1 <r <n. 

Soln.: We use a combinatorial argument to establish the 
obviously equivalent identity 



where k — min{r, n - r + 1 } . It clearly suffices to dem- 
onstrate that the left hand side of (i) counts the number 
of ways of selecting r objects from n distinct objects 
(without replacements). Let |iS 2 | = r - 1. For each fixed 

d= 1,2, , k, any selection of d objects from S x (SXSy 

together with any selection otr-d objects from S 2 would 
yield a selection of r objects from S. The total number 


of such electrons is 



. Conversely, each 


selection of r objects from S clearly must arise in this 
manner. Summing over d = 1,2, (♦) follows. 
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3 


1. Define the sequence of functions .... by 
/ 0 (x) = 8, for all x € R, 

/-•(*) = V* J + 6/.(x) 

forw = 0, 1, 2 and for all x e R. For every positive 

integer n, solve the equation fjx) = 2x. 

- San jay Sharma, Hissar. 

Sobu: Since f M ( x) is positive, /X*) - 2x has only posi- 
tive solutions. We show that, for each w,/X x ) = 2x has 

a solution x = 4. Since /(x) = J x 2 + 48 , x * 4 is a so- 
lution of J 2 (x) = 2x. Now /^i(4) = ^4 a +6/.(4) 
_ ^4 2 + 6*8 = 8 = 2 • 4, which completes the inductive 


circumcentre of A PAB we get 02? *= OP and ABOP = 
2ZBAP, so that 

ZOP£ = 90° - iZPOP = 90° - ZA4P ....(2) 
Let £ be the intersection of OP with CD. Then 

ZEPD = Z0P£ ....(3) 

From (1), (2) and (3) we have 

ZEPD = 90° - Z.CDP. 

Thus ZEPD + ZEDP = Z£PD + ZCDP = 90°. There- 
fore OP1CD. 

Comment : Generally if i4, B 9 C, D are concyclic, we 
have OP JL CD and this theorem is an extension of 
Brahmagupta's theorem. 


step. Nejct, induction on n gives us that for each n 9 “ , 

decreases as x increases in (0, «>). It follows that/X x ) = 
2x has the unique solution x = 4. 

2. Prove that, for every natural k y the number (fc 3 )! is 
divisible by (A:!)** 4 k * *. 


4. Determine all functions /defined on the set of posi- 
tive rational numbers, taking values in the same set, which 
satisfy for every positive rational number x the condi- 
tions. 

A x + 1) =Ax) + 1 and A*) = my- 

- Kajan Kohli, Ludhiana 


- Vivtk Dixit, Obra. 

Sobu: Applying the well known fact that (afc)! is divis- 
ible by (a!)* • b\ yields (it 3 )! = (A-* 2 )! is divisible by 
(Art)* 2 • (A 2 )! and (A*)! = (A • A)! is divisible by (A!)* + 1 
from which the required result follows immediately. 

3. Segments AC and BD intersect in point P so that 
PA = PD, PB = PC. Let O be the circumcentre of tri- 
angle PAB. Prove that lines OP and CD are perpendicu- 
lar. 

- Sanjttv Salmi, Jamthtdpur 

Sol tu: Because PA - PD, PB = PC 
and ZAPB = ZDPC 
we get APAB s BP DC, so that 

ZBAP = ZCDP (1) 

At least one of ZPAB and ZPBA' is 

B 

acute, so we may assume without loss 
of generality that ZPAB is acute. Since O is the 



Sobu: Let N and Q* denote the set of positive integers 
and the set of positive rational numbers respectively. 
We show that_/(x) = x, for all x e Q*, is the only func- 
tion satisfying the given conditions. First of all, by the 
first condition and an easy induction we see that^x + 
n) =A X ) + n, for all x € Q*, and for all n e N. Now for 


arbitrary ~ € Q*, where p,qeN, we have 


/ 


+3p I + 3/»j 3 +j j 


(t \A 

P 


....( 1 ) 


On the other hand 

f 
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Twenty Five 
Challenging Problems 


TRIGONOMETRY 


1. If cota + tana = m and - cosa = n, then (d) cosa . cos p = 


(a) m(mn 2 ) ]/y - n(nm 2 ) m = 1 

(b) n(mn 2 ) m - m(nm 2 ) m = 1 

(c) m(m 2 ri) m - n(mn 2 ) m = 1 

(d) n(m 2 n) m - m(mn 2 ) m = 1. 

So In.: cota + tana = m => 1 + tan 2 a = wtana 

=> sec 2 a = wtana ...(1) 

and — - — - cosa = n => sec 2 a - 1 = n sec a 
cosa 

=> tan 2 a = wseca => tan 4 a = w 2 sec 2 a 
Now from (1) tan 4 a = n 2 m tana 
=> tan 3 a = n 2 m => ( rt 2 m ) 1/3 = tana 
and sec 2 a = m(n 2 m) m 

Now sec 2 a - tan 2 a = 1 => m(n 2 m) m - (a 2 /?/) 273 = 1 
=> m(mn 2 ) m - n(nm 2 ) m = 1 Ans : (a). 

2. (m + 2)sin0 + (2m - l)cos0 = 2m + 1, if 

(a) tan0 = l (b) tan0 = 3 

A 2m . 2m 

(C) 13110 = ^5—f (d) 


tan0 = 


Ttl *+* 1 


So In.: The given relation can be written as 
(m + 2)tan0 + (2m - 1) = (2/w + l)sec0 

=> (m + 2) 2 tan 2 0 + 2 (m 1 2)(2w - l)tan0 + (2m - 1) 2 
= (2m + 1) 2 (1 + tan 2 0) 

=> [(m + 2) 2 - (2m + l) 2 ]tan 2 0 + 2 (m + 2)(2/w - l)tan0 
+ (2m - l) 2 - (2m + l) 2 = 0 
=> 3(1 - /// 2 )tan 2 0 + (Am 2 + 6m - 4)tan0 - 8 m = 0 
=> (3tan0 - 4)[(1 - ;;; 2 )tan0 + 2 m\ = 0 
2m 


i.e. tan0 = 3 or ^0 ~~ 


m 2 — 1 


Ans : (b) and (c) 


3. If jc cosa +y sina = x cosP + ysinP = 2a then 
A&x 

(a) cosa + cos (3 = — j 

+ y 

„ v . . n Aa^-x 2 

(b) sina • sinp = — ^ =- 

x +y 

. n Aay 

(c) sina + sinp - — j 

x fc + v 


4a 2 -y 2 

x 2 +y 2 


So In.: From given relations we fmd that a and P are the 
roots of the equation 

xcos0 +y sin0 = 2 a ...(1) 

=s> (x cos0 - 2a) 2 = (-y sin0) 2 

r=> x 2 cos 2 0 - 4ax cos0 + Act 2 —y 2 sin 2 0 = y^l - cos 2 0) 

=> (r 2 + y 2 )cos 2 0 - 4 ax: cos0 + Act 2 - y 2 = 0 

This being a quadratic in cos0, has two roots cosa and 

cosP such that cosa + cosP = y and 

x z + V 

A 2 2 
n 4a -y 

cosa • cosp = — ^ — y- • 
x +y 

Similarly, we can write (1) as a quadratic in sin 0 giv- 
ing two values sina and sinp such that 

• q 4 ay , . n 4a 2 -x 2 

sina + sinp = y and sina sinp = 


x + y 


2 2 ' 

x + y 

Ans : (a), (b), (c) and (d). 


4. The value of cosy cos^y “ x j “ cos^y “ y j 

+ cosr sin (f i 

(b) y = 0 


cosx 


is zero if 


+ siny-co: 

(a) x = 0 
(c) x =y 

So In.: The given expression is equal to 
cosy sinx - siny cosx + siny sinx + cosx cosy 

= sin(x -y) + cos(x - y) 


(d) nn - — + y (ne I). 


which is zero if 


y ) + -^COS(x-y) 


= 0 


sin^ + (JC-y)j = 0 => J^j + (x-y)j = 


or x-y = Ml - — . Thus Ans : (d). 


nn 
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5. If tan* = 


2b 


a-c 

+ c cos 2 x and z - a sin 2 x - 2b sinx cosx + c cos 2 x then, 
(a) y-z (b) y + z = a + c 

(c) y - z = a - c (d) y - z = (a - c) 2 + 4 b 2 . 

Soln.: Adding the expressions for y and z we get 
y + z = a(cos 2 x - sin 2 x) + 4 b sinx cosx 

+ c(sin 2 x - cos 2 x) 

= a cos2x + 2b sin2x - c cos2x 
= (a - c) cos2x + 2b sin2x. 

Now, cos2x = = (fi-c)]-4b 2 


(a*c), y = a cos 2 x + 26sinxcosx 


1 + tan x 


(a-c) 2 + 4b 2 


and sin2x 


_ 2tanx _ 4 h(a - c) 


1 + tan x 


(a-c) 2 + 4b 2 


(a-c)\(a-c) 2 -4b 2 ] + %b 2 (a-c) 


y-z 


(a-c) 2 + 4b 2 


. (a-c)[(a-cf + 46 2 ] 


(a-c) 2 + 4b 2 


~ a-c. .\ Aim: (b)and(c). 


6. If ^4 lies in the second quadrant and 3tan/I + 4=0, 
the value of 2cot4 - 5cos/4 + sin/I is 
(a) -53/10 (b) 23/10 

(c) 37/10 (d) 7/10. 

Soln.: From 3 UinA + 4=0 we get tan A = -4/3 


tan /I 



so that sin ^ = ±-p 


Vl + tan 2 A 

[Y sin id is +vc in quandrant II] 
1 = 3 

V 1 + tan* id ^ 

[v cos A is -vein quadrant U] 
Hence 2cot A - 5coSid + sin/I 


cos id = ±- 


= 2 ("4) ' K's) + 5 ‘ IQ' • %Ans; 


(b) 


7. The values of 0 lying between 0 = 0 and 0 = nJ2 
and satisfying the equation 

4sin40 
4 sin 40 


1 + sin* 0 
sin 2 0 
sin 2 0 


cos 2 G 


1 + cos 0 


cos‘0 l+4sin40 


are 


(a) 


7rt 

24 


- x 5 k 
( b) 24 


11 * 
( °) ~24 


(d) 


It 

24* 


Sobi : Applying R t -+ R } - R 3 and R 2 -+R 2 - R y on the 
RHS, tfee y given equation can be written as. 


1 0 -1 

0 1 -1 

sin 2 9 cos 2 6 l+4sin40 

Expanding the LHS along R } we get, 

1 + 4sin40 + cos 2 0 + sin 2 0 = 0 


= 0 


4sin40 = -2 => 

40 = — or 
6 


sin 40 = -— 
2 

lift 

6 


[••• 


0 < 0 < ^ 0 < 40 < 2* 


a _ 7 * 11 * 

0 — — or 

24 24 


8. The value of the determinant 


Ans : (a) and (c). 


1 a a 2 

cos(w — l)x cosnx cos(« + l)x 
sin(« - l)x sinwx sin(n + l)x 


a^il 


is zero if 
(a) sin x = 0 

(c) a = 0 


(b) cos x = 0 


(d) cosx = 


1+g 

2a 


Soln.: Applying C, -+ C, + C 3 - 2cosx C 2 , the given 
determinant is equal to 

2 2 

l+a — 2# cosx a a 

0 cosnx cos (n + l)x 

0 sinnx sin(« + l)x 

= (1 + a 2 - 2acosr)[cos rvc sin(w + l)x 

- sinnx cos(/i + l)x] 
= (1 + c? - 2crcosx) sin(n + 1 - w)x 
= (1 + a 2 - 2acosx)sinx 


which is zero if sinx = 0 or cosx = 


1+cr 

2 a 


As a*±l 


1+a- 


2a 


> 1, 


1 +a* 


COSX la * s not P 088 ^®* 

.*. Ans : (a) 
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„ „ Vl-sin4^ + 1 

* “ y Vl + sin4^ - I* 1116110116 of the values 
of y is 

(i) -tanA (b) cotA 


(c) 


tan (f‘ M ) (d) - co (f + ^) 


y\ 


So In.: y = + 1 

^(cos2A + s'm2A) 2 - 1 
_ ±(cos2/4 - sin24) + 1 
±(cos2/) + sin24)-l 
which gives us four values of y, say 
y\, y 2 , y 2 and y 4 . We have 

_ cos2/)-sin2/) + l _ (1 + cos24) - sm2A 
cos2/) + sin2,4-l (cos2/I-l) + sin2/l 

_ 2 cos 2 A - 2 sin .4 cos .4 _ cos/)(cos/)-sin/f) 
-2 sin A + 2 sin /I cos /I sin4(cos/l-sin.4) 

= cot4. 

= -(cos2.4-sin2/0 + l _ (l-cos2/Q + sin2.4 
-(cos2^ + sin2^)-l -(l + cos 24 )-sin 2 ^ 

2sin 2 _A + 2siny4cos^ 

-2cos 2 A — 2sin^cos^ ^ arL ^' 
y _ (cos2/)-sin2/Q + I = (l + cos2^)-sin2/f 
3 -(cos2/l + sin2/Q-l ~(l + cos2.4)-sin2/I 

_ 2 cos 2 <4 — 2 sin /I cos /l _ cos/) — sin/) 

—2 cos 2 ,4 — 2sin/)cosy) cos) + sitv) 

1-tan/I 


>-2 




l + tanv4 

^ = -(cos2^-sin2^)-hl = (l-cos2/f) + sin2;4 
(cos2^4 + sin2>4) — 1 — (1 — cos2A) + sm2A 

2 

2sin A + 2 sin /I cos A cos>4 + sin/l 

2 — ~ 

-2 sin A + 2sinAcosA cos^-sin^ 

- |±as4 - 

l-tan .4 \4 y 

••• An* : (a), (b), (c) and (d). 

10 . ( 2 ->/ 3 + 4 )sin* + 4 cos* lies in the interval. 

(a) (- 4 , 4 ) (b) (-2 Vs, 2 -Jl) 

(c) (—2 + -Js, 2 + ■Js) 

(d) (-2(2 + V5), 2(2 + V5)). 

So in: The given expression is equal to 


+ 2)sinx + 2cosjc|. 

Put V3+2 = rcos0 and 2 = r sin0, so that 

r 2 = (V3+2) 2 +2 2 = 11 + 4^3. 

Then the expression can be written as 
2(rcos0 sin* + rsin0 cosx) = 2 r sin(0 + *) = y (say) 

since 11 + 4^3 < 9 + 4^5 we have 

Vl l+4>/3 < ^9 + 4^5 => Vll+4V3 < 2 + ^5 

....( 1 ) 

Also, since -1 £ sin(0 + x) £ 1 

-2r £ sin(0 + x) S 2r 

=* -2Vll+4V3 S jv S 2-J\\+aS 

=> -2(2 +V5) <>» < 2(2 +V5) [from (1)] 

.*. An* : (d). 

11. If tana = i, sinp = where 0 < a, B < — 

7 VlO K 2 

then 2f) is equal to 


(a) f-o 
Jt a 

<c) IT 

So In.: 


/ 


3it 

(b) T -a 

(d) ~ 
w 8 2 

osp = Jl - -L 

V 10 


3 

Tio 


sinB st ■■ : 

VlO 

=>tanP=I tan2P = = lA. = 1 

3 l-tan 2 p 1-1 4 

tan(a + 2P) = jg a + ten2 P = All = 25 = 
l-tanatan2P 1-1-1 25 

Since 0 < p < 1 and tan2P = ^ > 0, we get 

0 < 2p < — — . Also 0 < a < — . 

2 2 

Hence, 0 < a + 2p < jt and tan(a + 2P) = 1 so 

.'. An* : (a) 


that a+2P = - =* 2p = - - a. 
4 4 


12. If (x - a) cos0 +_ysin0 = (* - a) cos <J) +y sin$ = a 
and tan0-j - tan^jj = '2 b, then 
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(c) f = 2bx-(\- aV (d) = ^0' + **)- 

So In.: Let tan— =aand tan-^=p so that a-$ = 2b. 

2 \ 2 

Jl 


Also cos0 = 


sin0 = 


l-tan 2 f 
l + tan 2 |- 
2tan^ 


1-g- 
1 + a 2 

= 2a 

l + tan 2 § 1 + a 2 


_2p_ 

1 + P 


1__ 

Similarly, cos<)> = -r and sinp = 

1 + P‘ 

Thus from the given relations we have 

+ yf-^r) = a 

1 + a U + a J 


2 * 


=> xa? - 2ya + 2a - x = 0 
Similarly *P 2 - 2>>P + 2a - x = 0 

We see that a and P are the roots of the equation 
xz 2 - 2yz + 2a - x = 0. 

We see that oc and P are the roots of the equation 
xz 2 - 2 yz + 2a - x = 0, so that 

(X + P = ^ and «P = (2a '^ . 

X X 

Now (a + P) 2 = (a - P) 2 + 4ap, we get 

(if J - <“> 2 + “t* 

=> y 2 = 2 ax - (1 - fc 2 )* 2 
Also a + p = — and a - P = 2b, we get 

X 

a = — + b and P = — - b 
x x 

=*tan— = — ( v + bx) and tan^- = — (y-bx) 

2 x 2 x 

Ans. (a), (b) and (d) 


2 a+P . a-P a+p 

=> 4 cos^ — — 4 cos cos + 1—0 

2 2 2 

=> cos^iP =lf4cos^ ± Jl6cos 2 ^P-16 N 

2 8 1 2 V 2 j 

( 1 ) 

Since the radicand is equal to -16sin 2 ^ — and 

rcx + Pl . . , . a 

COSI — - — J 1S real, we have sin I — 2) = 

Also, since 0 < a, P < n, we have a = p. Therefore, 

from (1) we get coscx = 5, so that a = p = y. 


15. Two rays are drawn through a point A at an angle 
of 30°. A point B is taken on one of them is at a dis- 
tance a from the point A A perpendicular is drawn from 
the point B to the other ray, and another perpendicular 
is drawn from its foot to AB. The length ot the resulting 
infinite polynomial line 

is A 

Soln.: Let B x , B 2 > By, B 4, — be , 

the feet of the respective perpen- ^ a / 

diculars. Then/?/?! = a sin0, BB X = 

a sin30 [v 0 = 30°]. slB x — a cos30. 


B X B 2 = a cos30 x sin30, AB 2 = cr cos 2 30, 

B x B y = cf cos 2 30 sin30, ABy = a cos 3 30 and so on. There- 
fore, the length of the infinite polynomial line is 
BB X + B X B 2 + B 2 By + ... 

= a sin30 + a sin30cos30 + a sin30 cos 2 30 + .... 



13. The value of tanl° tan2° .... tan89° is 

Soln.: The given expression can be written as 
(tanl 0 tan89°) (tan2° (tan44° tan46°)tan45° 

= (tanl° cot 1°) (tan2° cot2°) ... (tan44° cot44°) tan45° 

= 1. (Ans.) 

14. If 0 < a, P < n and cosa + cosP - cos(a + P) = \ 

then a = and P = 

Soln.: The given equation can be written as 


= -2-= = a(2 + V3). 

2-S 

16. If sm 2 A - x, then sin.4 • sin2 A • s'm3A • sin4^ = ? 
Soln.: The given expression is equal to 
= sia4 • 2sin.4 • cos.4 (3sirL4 - 4sin 3 y4) • 2sin2^4 cos2.4 
= 2sin 2 ^4 • cos/1 • sin/l(3 - 4sin 2 A 4sin.4 • cos/l(l - 2sinvl) 
= 8sinM cos 2 /l(3 - 4 sinl4) (1 - 2sinl4) 

= 8 sin 4 .4 • (1 - sinvl)0 - 4shA4)(l - 2sinl4) 
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= Ml - x)(3 r 4ac)(1 -lx) = &t 2 [3 - 13x + lSx 2 - S* 3 ] 

= 24x 2 - 104JC 1 + 144x 4 - 64x 5 

. sinB , siny 
17. If COS0 = cos<{> = and 

sin a sin a 

cos(0 - (()) = sin p • siny , then 

tan 2 a - tan 2 P - tam^y = 

So In.: From the third relation we have 

cos0 • cos<|) + sin0 • sin<|) = sinP • siny 
=* sin^ • sin 2 (|) = (cos0 • cos<|) - sinp • siny) 2 

( • 2r 


1- 


sin"P 
sin 2 a 


1- 


sin 2 y ^ 


sin 2 a 


= rsin^sinY_ s . np s . ny 

V sin a 


[From the 1st and Ilnd relations] 

=> (sin 2 a - sin 2 P)(sin" a - sin 2 y) 

= sin 2 P sin 2 y(l - sin 2 a) 2 

=» sin 4 a(l - sin 2 P • sin" y) 

-sin 2 a (sin" P + sin 2 y - 2 sin 2 P • sin" y) = 0 

. 2 sin 2 P + sin 2 y - 2 sin 2 P • sin" y 

sin a = - 

1 - sin" P • sin y 

. 2 1 - sin 2 P - sin 2 y + sin" P • sin 2 y 

1 - sin" P • sin y 

2 sin 2 P - sin" P • sin 2 y + sin 2 y - sin" P • sin" y 

— tan (x — ^ ^ ^ 

cos" [3 - sin" y (1 - sin" p) 

= = ian~ p + tan" y 

cos" p • cos" y 

=> tan 2 a - tan" p - tan" y = 0. (Ans.) 


14 , . o //sina cosa . . . 

18. 11 tanp = — — , then prove that 


Soln.: 


tanP = 


1 - //sin" a 
tan(a-P) = l-//tana- 

//tana //tana 


(1 - ri) tana(l + tan" a) 

= 5 = (1 - /z)tana. 

1 + tan 2 a 

19. If sina + cosa = ///, then. 


true for all real val- 


1 + tan" a - n tan" a 1 + (1 - n) tan 2 a 


tana-- 


//tana 


tan(a-P) = 


1 + 


1 + (!-//) tan" a 
tana// • tana 
1 + (!-//) tan 2 a 


tan a + (!-//) tan 3 a -//tan a 
1 + ( 1 - //) tan 2 a + // tan" a 


. . 6 6 4-3(/w - 1)" 

is sin a + cos a = — 

4 

ues of m. 

Soln.: False. It is not true for all values of ///. 
sina + cosa = ///=> 1 + 2sina • cosa = m 2 
=> sin2a = m 2 - 1 

which is possible if m 2 - 1 < 1 or m 2 < 2. Again 
sin 6 a + cos 6 a = (sin 2 a + cos 2 a) 3 

- 3sin 2 a • cos 2 a(sin 2 a + cos 2 a) 

= l-3sin 2 a cos 2 a = 1 - -^-(sin2a) 2 

= , _ V.-tf = i=Uadz!£. 

4 4 

But this is true only when m 2 <2. 


, sin 4 a , cos 4 a 
20. Given that + — : — 


a+b 


prove that 


sin 8 a cos 8 a 

a 3 * 3 

Soln.: We are given that ( a+b ) 

A • 

a 


(a + b) 


( • 4 A \ 

sin a cos a 


a b 


= i 


.4 4 0.4 a 4n , 

=> sin a + cos a + —sin a + —cos p = 1 

b 


But 1 = (sin 2 a + cos 2 a) 2 

b . 4 a 2 ~ 2 2 n 

— sin a + — cos a-2«sin a cos a = 0 
a b 


JI s ,„=a-^ccra) - 0 


b . 4 a 4 

— sin a = —cos a 
a b 

. 4 4 

sin a cos a 


= k (say). 


. 4 4 

_ sin a , cos a 
Since + — : — 


1 


ak + bk = 


1 


a + b 
k = — 


, we obtain 
1 


a+b (a+ bY 

. sinl« + coAc = = 2 ^ 

3 l 3 ~ 3 I. 3 


a 


= (a+b)k~ = (a+b) 


1 


1 


(a+b) (a+by 
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ax 




21. If o • n 
cos0 sin0 

axsinO by cos0 _^ 


and 


cos 2 0 


sin 2 0 


> show that 


(ax)™ + (by)™ = (a 2 - a 2 ) 2 ". 
So In.: From second relation we have 

ax sin 0 = by cos 0 


i.e. 


cos 3 0 


ax 


sin 3 0 

by 


= * 3 (say) 


=> cos0 = k(ax) ]n and sin© = k(by) V3 
Squaring and adding we get 

cos 2 0 + sin 2 0 = *V ) 2/3 + k 2 (by) 1 ' 3 


=> k = 


1 


(a*) 2 / 3 +(ty ) 2/3 


( 1 ) 


Substituting the values of sinO and cosO in the first given 


relation, we have 


** - Jl— = a 2 -b 2 


k(ax) 


1/3 


km 


1/3 




= a —b 


2/3 

(ax)™ + (by)™ = kid 2 - ft 2 ) i e k = ^ +W 

r L 

j [(a*) 2/3 + (^f 

(axf 3 + (by) 2 ' 3 (a z -b 2 ) 2 

(a 2 -b 2 ) 2 = (m / 3 H byf 3 f 

i.e. (ax)™ + (^v) 273 = (a 2 - J* 2 ) 2 ' 3 . 

22. If cosx = tany, cosy = tanz and cosz = tanr, 
Prove that sinx = siny = 2sinl8° = sinz. 

So In.: We have cos 2 x - tan 2 y = sec^y - 1 = cot 2 z - 1 


2/3 


a -b 
|2 

from 1 


=> l + cos 2 x = cot 2 z = 


cos 2 z 


tan 2 * 


2 -sin 2 * = 


1-cos z 1-tan * 

• 2 .2 
sm x sm x 


cos 2 * - sin 2 * 


1 — 2 sin * 
=* (2- sin 2 *Xl -2sin 2 *) = sin 2 * 

=> 2 sin 4 * - 6 sin 2 * +2 = 0 
=> sin 4 * - 3 sin 2 * +1= 0 

sin 2 x = = 1(3 ±VJ) 

Since 1(3 + V5)>1, we get sin 2 x = l(3- ^5) 

=> sin 2 x = 1(6— 2 Js) = l(,/5-l) 2 
4 4 


V 5-1 , . 

sin* = =9 ci 

2 


= 2sinl8° 


Similarly siny = 2 sinl8° and sin z = 2 sin 18°. 

23. If P n = cos"0 + sin"©, Prove that 2 P 6 - 3 P A + 1=0 
and hence or otherwise prove that 

6P 10 - 15P 8 + \0P 6 -1=0. 

So In.: 

2 P 6 - 3 P A + 1 = 2(cos 6 0 + sin 6 ©) - 3(cos 4 0 + sin 4 ©) + 1 
= 2[(cos 2 © + sin 2 ©) 3 - 3SU1 2 © • cos^cos 2 © + sin 2 ©)] 

- 3[(cos 2 © + sin 2 ©) 2 - 28m 2 © • cos 2 ©] + 1 
= 2[1 - 38m 2 © • cos 2 ©] - 3(1 - 28m 2 © • cos 2 ©) +1=0. 
6P 10 - 15P 8 + 10 P 6 - 1 

= 6(P 10 -/ > 8 )-9(P 8 -P 6 ) + (P 6 -/> 4 ) + P 4 .p 2 

(v J> 2 =1) 

= -sin 2 © • cos 2©(6P 6 - 9P A + P 2 + P Q ) 

= Osin 2 © • cos 2 ©(2 P 6 - 3 P A ) - sin 2 © • cos^l + 2) 

(v/W) 

= Osin 2 © • cos^-l) - 3 sin 2 © • cos 2 © = 0 

[V 2 P 6 - 3 P A + 1 = 0 as proved]. 


24. Prove that 

1 


(cosec 2* - co sec 4*) = — 


cos 3* 


2sin* ' sin2*sin4* 

and hence find the sum upto n terms of the series 
cos3x , cos5* cos7* 


sin 2* sin 4* 
Sokn.: L.H.S. = 


sin4* • sin 6* 
l 


sin 6* • sin 8* 
1 


2sinxsin2x 2sin*sin4* 
sin4x-sin2* 


2sin*sin2*sin4* 

2cos3* 


cos3* 


2sin*sin2*sin4* 

Now, 
cos3* 

sin2xsin4x 
1 


sin2xsin4x 
cos5* cos7* 


= R.H.S. 


2 sin* 
1 


2 sin* 


sin 4* • sin6x sin6* • sin8x 
[cosec2x - cosec4* + cosec4* - cosec6x 

+....+ cosec2 nx - cosec(2n + 2)x] 
[cosec 2* - cosec(2 n + 2)*]. 


25. Prove that 4sin27 # = (S + JS) V2 - (3 - -Jsf 2 

Sohv: We know sin54° = cos36° = — ■ 
4 

=> cos 54 ° = p-j = IV10-2V5 

=> 1 - 2 sin 2 27° = 1^10-2 Js 
4 
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2 sin 2 27° = 1 - ^10-2^5 


16sin 2 27° = 8-2>/l0-2>/5 

= [(5 + V5) ,/2 -(3->/5) 1/2 ] 2 
4sin27° = [(5 + >/5) 1/2 - (3 - V5) ,/2 ] 

[v sin27° is + ve]. 


PROBLEMS FOR PRACTICE 


1. If A, B and C are angles of a triangle, show that 

tan 2 — + tan 2 — + tan 2 — > 1. 

2 2 2 

2. If A y B and C are angles of a triangle such that A is 
obtuse, prove that tani? • tanC < 1 . 

3. Prove that sin— + sin— + sin— = 

7 7 7 2 

4. cot 0 cot 20 + cot20 • cot 30 + 2 = cot 0(cot 0 - cot 30). 

5. If tan^-j- + ^ j = tan 3 ^ + ~ then prove that 


sin y = sinx- 


6. Prove that 
l + sin>4 + cos£ 


3 + sin 2 x 
l + 3sin 2 x 


2sinA-2sinB 


cos A 1 - sin B sin( A-B) + cos A - cos B 

7. If /wsin(a + p) = cos(a - P) , 

1 . 1 = 2 
prove that 1 _ maia 2 a i- m *' 

8. Prove that x 2 - x cos (A + B) + 1 is a factor of 
2x 4 + 4X 3 sin/I • sin/? - x 2 (cos2/I + cos2 B) + 

4x cos A • cosi? - 2 and also find other factor(s). 

[Ans.: lx 2 + 2x cos(<4 - 2?) - 2]. 

9. Prove that sin0 sec30 = y(tan30-tait0) and 
hence or otherwise find the sum to n terms of series 
sin 0 sec 30 + sin(30) sec(3 2 0) + sin(3 2 0) sec(3 3 0)+... 

[Ans.: ?(tan3"0 - tan0)]. 

10. If a sin 2 © + b cos 2 © = m y b sin 2 <J> + a cos 2 ty = n and 

a tan© = b tand) then ~ + ~- 

n m a b 


Contributed by : K. Anand A K. Sridkar 
Secunderabad. 
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Test \bur 


CALCULUS 


for JEE & Other 
Engineering Entrance. 


8. If /(x) is differentiable and /'( 4) = 5 then find 

lim mziiii, <3lMrks) 

x->2 X-2 


9. If fix) = a In x + bx? + x has extremum at x = 1 and 

x = 2 then fmd a and b and test for extremum at x = 1 and 
x-2. (4 marks) 

10. Test the following function for extremum 

fix) = x 2 3 + x + 1, x< 1 

= x 2 - 4x + 6, x > 1. (4 marks) 


Time : 90 min. Marks : 40 

State True/False (4 x 1=4 marks) 

1. Greatest and least values of the function 
_i 71 K 

/(x) = tan x are y and — respectively. 


11. If 2/(x +y) =f(x)f(y) -/(x) -f(y) + 3 Vx,y 

f'iP) = 6 and /(l) = 2e y + 1, 
then test the differentiability of /(x) and fmd /'( 1). 

(4 marks) 

12. Differentiate /(x) = x* by definition. (3 marks) 


2. /(x) = tanx has infinite critical points. 

3. All the critical points of the function fix) = sinx are 
stationary and extremum points. 

4 . / (x) = sin* * l x has no extremum. 

Fill in the blanks 


13. Find the greatest and least value of the function 

fix) = e^x 2 + x - 5) in the interval [-4, 4]. (3 marks) . 

14. Given /(x) = sinx - sin^x, test x = 0 for extremum. 

(3 marks) 

15. If / (x) =[sin -, (>/x)]\ find f(x). (5 marks) 

ANSWERS 


5. If f(x) =1, x>0 

= a, x = 0 

= -1, x<0then 

(i) x = 0 is a point of maxima when a e 

(ii) x = 0 is a point of minima when a e 

(iii) x = 0 is not an extremum point when a e 

(3 marks) 


6 . Given /(x) = x 2 , x * 0 

= a, x = 0 then 

(i) x = 0 is a point of extremum when a £ 

(ii) x = 0 is a stationary point when a e 

(2 marks) 


7. If /(x) = sinx, x * 0 
= a } x= 0 

then x = 0 is a critical point when a e 

(2 marks) 


1. F 2. F 3. T 4 T 


5. (i) (I,-) (ii) (—.-I) (iii) [-1,-1] 

6. (i) R (ii) [0] 

7. R - [0] 8. -20 

9. a = b = ~— x = 1 is minima, x = 2 is maxima 

3 * 6’ 

10. Maxima at x= 1, minima atx = -5,2 

1 1 . f(x) is diff. V *,/'( l) = 6e> 

12. /'(x)=x*( lnx+1) 

13. 7e 4 5 6 7 , -3e 2 14. no extremum 


m.j- 


; X€(-l, 0) U (0, 1) 


= 1, x = 0 


Prepared by : Sanjiva Dayal, 
ATSA Educational Pvt. Ltd., Kanpur 
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since any odd number has the form 2 m k - 1 for some 
smaller odd number k. Take a f * 2K(2 m - \)k - 1) for 
i * 0, 1, ... , m - 1. Then 2a { + 1 - 2 /+ \2 m -r 1)6 - 
(2 /+ 1 - 1) and a, + 1 « 2 / (2 w - 1)6- (2'- 1). So the 
product of the (2 a, + l)’s divided by the product of 
the (a, + l)’s is 2 m (2 m - 1)6 - (2 m - 1) divided by 
( 2 m - 1)6, or ( 2 m k - l)/k. Thus if we take these a t s 
together with those giving 6, we get 2 m k - 1, which 
completes the induction. 

4. Determine all pairs (a, b) of positive integers such 
that ab 2 + b + 7 divides <&b + a + b. 

Soln.: Answer: (a, b) * (11, 1), (49, 1) or (76^ 76). 
If a < b, then b £ a + 1, so ab 1 + b + 7 > ab 1 + b £ 
(a + 1 )(ab+ 1) * a*b+ a + abt a 2 b+ a + b. So there can 
be no solutions with a < b. Assume then that a £ b. 
Let 6 - the integer (a^b + a + bVCab 2 + b + 7). We 
have (a/b + 1 /bXab 2 + 6 + 7) = ab 2 + a + ab + la/b 
+ 7/ b + 1 > ab 2 + a + b. So 6 < a/b + 1/b. Now if 
b £ 3, then (6 - 7/b) > 0 and hence (a/b - 1/b) 
(ab 2 + b + 7) = ab 2 + a - a(b - 7/b) -1-7 /b < 
ab 2 + a < ab 2 + a + b. Hence either b = 1 or 2 or 
& > a/b - 1/b. 

If a/b - 1/b < 6 < a/b + 1/b, then a - 1 < 6b< a + 1. 
Hence a = 6b. This gives the solution (a, b) * (7#, 7k). 
It remains to consider b * 1 and 2. If b - 1, then 
a + 8 divides a 2 + a + 1 and hence also o(a + 8) - 
(a 2 + a + 1) = 7a - 1, and hence also 7 (a + 8) - 
(7a - 1 ) = 57. The only factors bigger than 8 are 19 
and 57, so a =* 11 or 49. It is easy to check that 
(a, b) - (11, 1) and (49, 1) are indeed solutions. 

If b - 2, then 4a 9 divides 2 a 2 + a + 2, and hence 

also o(4a + 9) - 2(2a 2 + a + 2) ■ 7a - 4, and hence 
also 7(4a + 9) - 4(7a- 4) * 79- The only factor greater 
than 9 is 79, but that gives a = 35/2 which is not 
integral. Hence there are no solutions for b ° 2. 

5. Let /be the incenter of triangle ABC. Let the incircle 
of ABC touch the sides BC y CA and AB?X K } L and M 
respectively. The line through B parallel to MK meets 
the lines LM and LK at R and S, respectively. Prove 
that angle RIS is acute. 

Soln.: We show that RI 2 + SI 2 - RS 2 > 0. The result 
then follows from the cosine rule. 

BI is perpendicular to MK and hence also to RS. So 
IR 1 - BR 1 + BI 2 and IS 2 * J3/ 2 + BS 2 . Obviously 
RS m RB + R9, so RS 2 « £/? 2 + BS 2 + 2 BR - BS. Hence 
*/ 2 + SI 2 - RS 2 - 2BI 2 - 2 BR- BS. Consider the AB/tf. 

The angles at B and M are 90 - — and 90-—, so 

2 >1 2 
C cos — 

the angle at/? is 90-—. Hence (using 

Z BA/ 


the sine rule). Similarly, considering the 


ABKS, 


BS 

BK 



So BR - BS - BM - BK = Btf 2 . Hence /?/ 2 + 57 2 - /?5 2 
* 2(BI 2 - BAT 2 ) - 2IK 2 > 0. 


6. Consider all functions /from the set Nof all positive 
integers into itself satisfying /(/ 2 /(s)) =* s(f(i)¥ for all 
s and / in N. Determine the least possible value of 
/( 1998). 

Soln.: Let /( 1) * k. Then f(kt 2 ) « // ) 2 and /(//)) - 

k 2 t. Also /6/) 2 - i -f(kt) 2 = /6V) = jn 2 f(f(km - 

k 2 fikK) =* 6 2 //) 2 . Hence /60 = 6/(/). 

By an easy induction k l flf** 1 ) m f(t) u * l . But this implies 
that k divides Jit). For suppose the highest power of 
a prime p dividing k is a > b, the highest power of 
p dividing Jit). Then a> Kl + 1/w) for some integer 
n. But then na>(n+ l)b, so 6” does not divide /Z) 11 * 1 . 
Contradiction. 


Let g(/) ~f(t)/k. Then f(t 2 /ls)) =f(t 2 kg(s)) « kfCfgCs) 
= b 2 ^/ 2 ^)), whilst s /(r) 2 * ^ 2 s /(/) 2 . So ^(/ 2 ^(s)) - 
sg(f) 2 . Hence ^ is also a function satisfying the conditions 
which evidently has smaller values than /(for k> 1). 
It also satisfies gC 1) 35 1. Since we want the smallest 
possiole value of /(1998) we may restrict attention to 
functions /satisfying /Cl) * 1. 

Thus we iia/e /(/(/) = / and /(/ 2 ) ■ fit) 2 . Hence f(si) 2 

- Mi 2 ) » Mfcfcm - fcsy/ct 2 ) - f(s) 2 f(ty 2 . 
so /rso - /tj) yro. 

Suppose pis a prime and f(p) = m • n. Then fCm)f(ri) 
= f(mri) * /C/(p)) = p, so one of Jlni), Jin) * 1. But 
if /(m) =* 1, then m * /CAm)) " /(l) " 1. So /Cp) is 
prime. If /(p) = </, then fCq) *= p. 

Now we may define /arbitarily on the primes subject 
only to the conditions that each /prime) is prime 
and that if fCp) - q y then fCq) * p. For suppose that 
s * p x a \ ... p r a r and that /(p,) - q { . If /has any additional 
prime factors not included in the q h then we may 
add additional p’s to the expression for s so that they 
are included (taking the additional a’s to be zero). 
So suppose /= qfi i ... q r K. Then / 2 /s) » q 1 2b x ^-a l ... 
qr2b r + « ra nd hen ce fCt 2 fCs)) * p,2b, + a| ... p2b r +a r 

- sfit) 2 . 

We want the minimum possible value of/1998). Now 
1998 = 2 • 3 3 • 37, so we achieve the minimum value 
by taking / 2) = 3, /( 3) = 2, /37) = 5 . 

(and / 37) - 5). This gives/1998) - 3 • 23 • 5 - 120. 
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1. In the convex quadrilateral ABCD , the diagonals 
AC and BD are perpendicular and the opposite sides 
AB and DC are not parallel. Suppose that the point 
P, where the perpendicular bisectors of AB and DC 
meet, is inside ABCD. Prove that ABCD is cyclic 
quadrilateral if and only if the triangles ABPand CDP 
have equal areas. 

Soln.: Let AC and BD meet at X. Let H , AT be the feet 
of the perpendiculars from Pto AC , PD respectively. 
We wish to express the areas of ABP and CDP in 
terms of more tractable triangles. There are essentially 
two different configurations possible. In the first, we 
have area PAB — area ABX + area PAX + area PBX , 
and area PCD = area CDX - area PCX - area PDX. 
So if the areas being equal is equivalent to: 
area ABX- area CDX + area PAX + area PCX + area 
PBX + area PDX. ABX and CDX are right-angled, so 

AX BX , CX DX 

we may write their areas as 2 ancl 2 

We may also put AX - AM — MX - AM — PN , 
BX - BN - PM, CX » CM + PN, DA' = DN + PM. 
The other triangles combine in pairs to give area ACP 
+ area BDP - AC • PM + BD ■ PN. This leads, after 
some cancellation to AM BN = CM - DN. There is a 
similar configuration with the roles of AB and CD 
reversed. The second configuration is area PAB - area 
ABX+ area PAX - PBX , area PCD = area CDX+ area 
PDX- area PCX. In this case AX - AM + PN, BX * BN 
- PM, CX = CM - PN ; DX = DN + /W. But we end up 
with the same result: AM • PN ■ CM • DN. 

Now if ABCD is cyclic, then it follows immediately 
that P is the center of the circumcircle and AM = CM, 
BN = DN. Hence the areas of PAB and PCD axe equal. 
Conversely, suppose the areas are equal. If PA > PC, 
then AM > CM. But since PA * PB and PC = PD (by 
construction), PB > PD, so BN > DN. So AM • BN > 
CM • DN. Contradiction. So PA is not greater than PC. 
Similarly it cannot be less. Hence PA * PC. But that 
implies PA - PB = PC - PD, so ABCD is cyclic. 

2. In a competition, there are a contestants and b 
judges, where b > 3 is an old integer. Each judge 
rates each contestant as either “pass” or “fail”. Suppose 
k is a number such that, for any two judges, their 
ratings coincide for at most k contestants. Prove that 

k_ > b- 1 
a “ 2b 


Soln.: Let us count the number Nof triples (judge, 
judge, contestant) for which the two judges are distinct 

b(.b — 1) 

and rate the contestant the same. There are 

pairs of judges in total and each pair rates at most k 

, k t ^ kb(b- 1) 

contestants the same, so N < — — . 

Now consider a fixed contestant Xand count the number 
of pairs of judges rating Xthe same. Suppose x judges 

pass X, then there are ***— - pairs who pass X 

and (& ~ x)(b - x - 1) w h Q fa ii X, so a total of 
2 

(*(*-! )(&-*-!)) = {2x l -2bx + b L - b) pairs rate 
2 2 

X the same. But (x(x-\) + (b- xXb - * , - _ !) ) = 


(2x‘ - 2 bx 


±bt_zbl-(x^b)‘ + kL_b > bL_b 
~{ 2 ) 4 2 " 4 2 


b 1 (b- lV 


But 


is an integer 


4 2 4 4 ' 4 

(since b is odd), so the number of pairs rating X the 

(b-lY rr Ar ^ a(b-l ) 2 
same is at least — ^ — • -Hence N> 

Putting the two inequalities together gives 

k > (6-1) 

n 7h 


3« For any positive integer n, let cKri) denote the 
number of positive divisors of n (including 1 and n 
itself). Determine all positive integers k such that 

- k for some n. 

d(n ) 

Soln.: Let n * p x a v ..p r a r 

Then d(n) - ( a l + 1 )U 2 + 1) ... ( a r + 1), and 
d(n 2 ) = (2 a x + l)(2tf 2 + 1) ... (2 a r + 1). So the *, must 
be chosen so that (2 a x + 1)(2* 2 + D ••• (2a r + 1) * 
Ka x + l)(fl 2 + 1) ». + 1). Since a11 ( 2a i+ are 

odd, this clearly implies that k must be odd. We show 
that conversely, given any odd k , we can find a t . 
We use a form of induction on k. First, it is true for 
k - 1 (take n — 1). Second, we show that if it is true 
for k, then it is true for 2 w k - 1. That is sufficient, 
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- coeff. of ** in (1 - xr* - - * *' 'C*. 

So the probability that the sum of the digits is k 


10 " -1 

(H) Probability that the sum of the digits is almost 9 

ri+A-l^ 

*J» 1 l n ^ . rt+l. 


= I 

*=l 10' 


b— \ . / , 

—£l = —L— ( n c, + n *'c- t 

i" - 1 10” - 1 1 


+....+ " +8 c 9 ) 


= — -<" +9 Ct) - 1), using the result of 9(a). 

10. Number of elements in A is n 
Total number of subsets of A is 2" 

The number of ways of selecting 2 subsets - 2 ”C 2 . 

This is the total number of ways for the event in question. 
No. of r-element subsets of A (a £ r £ n) m n C r 
But ”C 0 - 1, n C„ - 1 and ”C r £ 2 for 1 £ r ^ n - 1 
so there are n- 1 groups having atleast two members 
The number of ways in which 2 subsets of A belong to the 

rtf' n/~> ns- 

same group “ 'C, + t C l + .... + ""'Cj 

= s' nC ’Ci 

r=l 

This is the number of ways favourable to the event. 


Hence the required probability = 


’s 
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... contd. from page 27. 

gained nearly a stone in weight.... There has never 
been any sign of any diminuation in bis extraordinary 
mathematical talents. He has produced less, naturally , 
during his illness but the quality has been the 
same 

He will return to India with a scientific standing 
and reputation such as no Indian has enjoyed before, 
and I am confident that India will regard him as the 
treasure he is. His natural simplicity and modesty has 
never been affected in the least by success - indeed 
all that is wanted is to get him to realise that he really 
is a success. 

Ramanujan sailed to India on 27 February 1919 
arriving on 13 March. However his health was very 
poor and, despite medical treatment, he died there 
the following year. 

The letters Ramanujan wrote to Hardy in 1913 
had contained many fascinating results. Ramanujan 
worked out the Riemann series , the elliptic integrals, 
hypergeometric series and functional equations of the 
zeta function. On the other hand he had only a vague 
idea of what constitutes a mathematical proof. Despite 
many brilliant results, some of his theorems on prime 
numbers were completely wrong. 

Ramanujan independently discovered results of 
Gauss, Rummer and others on hypergeometric series. 
Ramanujan’s own work on partial sums and products 
of hypergeometric series have led to major development 
in the topic. Perhaps his most famous work was on 
the number pin) of partitions of an integer n into 
summands. MacMahon had produced tables of the 
value of pin) for small numbers n, and Ramanujan 
used this numerical data to conjecture some remarkable 
properties some of which he proved using elliptic 
functions. Other were only proved after Ramanujan’s 
death. 

In a joint paper with Hardy, Ramanujan gave an 
asymptotic formula for pin). It had the remarkable 
property that it appeared to give the correct value of 
pin), and this was later proved by Rademacher. 

Ramanujan left a number of unpublished notebooks 
filled with theorems that mathematicians have continued 
to study. G N Watson, Mason Professor of Pure 
Mathematics at Birmingham from 1918 to 1951 published 
14 papers under the general title Theorems stated by 
Ramanujan and in all he published nearly 30 papers 
which were inspired by Ramanujan’s work. Hardy 
passed on to Watson the large number of manuscripts 
of Ramanujan that he had, both written before 1914 
and some written in Ramanujan’s last year in India 
before his death. 

m 
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= M (a i_ b i ) > 0 

b 

fix) has a local minimum at x = sin” 1 — 

a 

and * = n-sin -1 ^. 

The minimum value - a \^] + = 2ab 

(at both places). 


Thus, [x 1 - 3x + 31 - 


0 for 1 < x < 2 

• 1 for — ■ < x £ 1 and 2<,x < 

2 for 0 < x < ^ ^ and — <, x < 3 

3 

Hence / lx*-3x + 3)dx = 
o 


Case III : Let a - b 

Then f'(x) - 0 at x - -j only. 

\i this point, f'(x) = - a 2 + b 2 = 0 

We now go for fix) and / (4) (x). From (1) 
fix) - -a 1 cosx- 3b*cosec\r cotx - 2 b' cosec**cotx 

-^cot'x cosec x 

- - c? cos* - 6 b 1 cosec\x cotx + Pcosecx cotx 
which is 0 at x - -j 

and f i4) (a:) = a 1 sinx + 18& 2 cosec\x cot 2 x + 6b* cosec 5 x 
- b 1 cosec\x - ^cosecx cot 2 * 

We have .^’(f ) - & + (>& - b‘-a‘ + 'ib‘-6tf 

which is positive. 

. . fix) has local minimum at x - ^ 
and the minimum value - a 2 + U*. 


3+7? 3-7? 

2 1 2 2 3 

JO dx+ J \ etc + J 1 <£v + J 2 dx + J 2dx 
1 3-7? 2 « 34-75 

2 2 


= 0 + 




2 2 
y \ 


2 + 




= 5-V5. 


9(a). We use induction on m. Let m - 0. 

We know that"C r _ , + *c r = n,| c r => "C = n "c r - m c r . 

So the result is true for m - 0. 

Assume the result for m. 

i.e. n C r + ” * 1 C r t ( + .... + m * m C r . m 

- l C r . m - n C r . x 




8. We observe that x 2 - 3x + 3 is positive for all 
x e R 


It attains the minimum value 


4ac-b 2 _ 3 




= 4 3t * = 2 


and the graph is a parabola. 

x 1 - 5x + 3 - 1 when x 2 - 3* + 2-0, 


x 2 - 3x + 3 - 2 when x 2 - 3* + 1 - 0, L<? x 

* - 3* + 3 - 3 

when x 1 - 3x - 0, 

i.e. x - 0, 3. 2.. 

The function x 2 - 3-* + 3 has the 
following graph: 1 +" 


i.e. when * - 1, 2 

}±S 



T 

3 


Adding n * m * l C r . m . l on both sides, 
”C r + ” * 1 C r + , + .... + n * m * x C r + m + \ 


m n ♦ m * 2/~ - n r 

W ♦ m ♦ 1 u r- I 

The result is true for m + 1 

.'. By induction, the result follows for any non-negative integer 


(b) (i) Number of pages in the book 10 n - 1 - 999... 

in times) 

We express each page number as an n— bit decimal number 
by pre-fixing suitable number of zeros. 

For example, 1 is written as .000. ..01 (0 repeated w-ltimes) 
We observe that the sum of the digits in a page number is 
k if the sum of the digits in the corresponding n bit decimal 
number is k. 

Number of pages in which sum of the digits is k 

- No. of the non-negative integral solutions of the equation 
*, + *,+ .... + x n - k 

- coeff. of x* in (1 + * + x 2 + .... + x*)" 

- coeff. of x* in (1 - x* * •)" (1 - xY n 
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(2) there are results which , so far as I know, are new 
and interesting, but interesting rather from their curiosity 
and apparent difficulty than their importance; 

(3) there are results which appear to be new and 
important... 

Ramanujan was delighted with Hardy’s reply and when 
he wrote again he said:- 

I hare found a friend in you who views my labours 
sympathetically. ... lam already a half starting man. 
To presene my brains I want food and this is my first 
consideration. Any sympathetic letter from you will be 
helpful to me here to get a scholarship either from the 
university or from the government. 

Indeed the University of Madras did give Ramanujan 
a scholarship in May 1913 for two years and, in 1914, 
Hardy brought Ramanujan to Trinity College, Cambridge, 
to begin an extraordinary collaboration. Setting this 
up was not an easy matter. 

Ramanujan was an orthodox Brahmin and so was 
a strict vegetarian. His religion should have prevented 
him from travelling but this difficulty was overcome, 
partly by the work of E H Neville who was a colleague 
of Hardy’s at Trinity College and who met with 
Ramanujan while lecturing in India. 

Ramanujan sailed from India on 17 March 1914. 
It was a calm voyage except for three days on which 
Ramanujan was seasick. He arrived in London on 14 
April 1914 and was met by Neville. After four days 
in London they went to Cambridge and Ramanujan 
spent a couple of weeks in Neville’s home before 
moving into rooms in Trinity College on 30th April. 
Right from the beginning, however, he had problems 
with his diet. The outbreak of World War I made 
obtaining special items of food harder and it was not 
long before Ramanujan had health problems. 

Right from the start Ramanujan’s collaboration 
with Hardy led to important results. Hardy was, however, 
unsure how to approach the problem of Ramanujan’s 
lack of formal education. He wrote:- 
What teas to be done in the way of teaching him modem 
mathematics? The limitations of his knowledge were 
as startling as its profundity. 

Littlewood was asked to help teach Ramanujan 
rigorous mathematical methods. However he said:- 
... that it was extremely difficult because every time 
some matter , which it was thought that Ramanujan 
needed to know , was mentioned , Ramanujan 's response 
was an avalanche of original ideas which made it almost 
impossible for Littleuxxxi to persist in his original intention. 

The war soon took Littlewood away on war duty 
but Hardy remained in Cambridge to work with 
Ramanujan. Even in his first winter in England, 


Ramanujan was ill and he wrote in March 1915 that 
he had been ill due to the winter weather and had 
not been able to publish anything for five months. 
What he did publish was the work he did in England, 
the decision having been made that the results he 
had obtained while in India, many of which he had 
communicated to Hardy in his letters, would not be 
published until the war had ended. 

On 16 March 1916 Ramanujan graduated from 
Cambridge with a Bachelor of Science by Research 
(the degree was called a Ph.D. from 1920). He had 
been allowed to enrol in June 1914 despite not having 
the proper qualifications. Ramanujan’s dissertation was 
on Highly composite numbers and consisted of seven 
of his papers published in England. 

Ramanujan fell seriously ill in 1917 and his doctors 
feared that he would die. He did improve a little by 
September but spent most of his time in various nursing 
homes. In February 1918 Hardy wrote:- 

Batty Shaw found out, what other doctors did not 
know, that he had undergone an operation about four 
years ago. His worst theory was that this had really 
been for the removal of a malignant growth, wrongly 
diagnosed. In view of the fact that Ramanujan is no 
worse than six months ago, he has now abandoned 
this theory - the other doctors never gave it any support. 
Tubercle has been the provisionally accepted theory, 
apart f‘om this, since the original idea of gastric ulcer 
was given up. ... Like all Indians he is fatalistic, and 
it is terribly hard to get him to take care of himself. 
On 18 February 1918 Ramanujan was elected a 

fellow of the Cambridge Philosophical Society and 

then three days later, the greatest honour that he would 
receive, his name appeared on the list for election as 
a fellow of the Royal Society of London. 

He had been proposed by an impressive list of 
mathematicians, namely Hardy, MacMahon, Grace, 
Larmor, Bromwich, Hobson, Baker, Littlewood, 
Nicholson, Young, Whittaker, Forsyth and Whitehead. 
His election as a fellow of the Royal Society was 
confirmed on 2 May 1918, then on 10 October 1918 
he was elected a Fellow of Trinity College Cambridge, 
the fellowship to run for six years. 

The honours which were bestowed on Ramanujan 
seemed to help his health improve a little and he 
renewed his efforts at producing mathematics. By the 
end of November 1918 Ramanujan’s health had greatly 
improved. Hardy wrote in a letter:- 

I think u>e may now hope that he has turned to 
comer, and is on the road to a real recovery. His 
temperature has ceased to be irregular , and he has 

... contd. to page 32. 
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1. Solve the equation 

(4 + >/l5) 2r " " 3 + (4 - Vl5 ) 2x ‘ ' 5 = 7VlO. 

2. In a A ABC, prove that tanA : tanfl : tanC m p : q ■ r 
iff a : b . c - JjXq + r') : Jqir+p) : Jr<p + q). 
Deduce that a 1 , c* are in AP iff tarvl, tanB, tanC 
are in HP. 

3. If p, q, r are of the same sign, show that • 

cot -1 + cot -1 + cot -1 = n or 2a. 

p-q q~ r r ~P 

4. In a triangle ABC\ the vertices A and B are (x v 
and (x 2 , y 2 ). Prove that the circumcentre of triangle 

( x\ + x 2 ± cot C(y, - y 2 ) y\ + y 2 * CQt & x i ~ x i 1 \ 
ADCis y— 6 2 • 2 ) 

Hence obtain 1) the third vertex of an equilateral tri- 
angle two of whose vertices are (x v y x ) and (^, y 2 ). 
2) the right angle vertex of a right-angled isosceles 
triangle when the ends of the hypotenuse are (*„ yj 
and (jc 2 , y 2 ). 

5. (a) Prove that a circle is orthogonal to every point 
of the circle, regarded as a point circle. 

vb) All the circles passing through >1(3, 1) and inter- 

3 

secting the circle x 2 + y 2 + 4x - 6y - 2 “ 0 orthogo- 
nally, pass through another point B. Find B. 

6. For an ellipse, prove that there are exactly two 
points pf the curve the normals at which pass through 
any focus. 

7. Discuss the local maxima or minima of the func- 
tion a 2 sinjc + b 1 cosecx where x e (0, 7t). 

3 2 

8. Evaluate the integral -3* + 3k& where 1 ] 

0 

denotes the greatest integer function. 


9. (a) Prove that ”C r + » 4 1 C r * x + "* 2 C r , 2 + .... + 
« ♦ "*c r + m - n + m * 1 C r + m - n C r _ x for any non-negative 

integer m. 

(b) A book contains 10“ - 1 pages. If a page is se- 
lected at random, find the probability that the sum 
of the digits of its number is (0 fc, where 1 ^ k £ 9 
(ii) atmost 9. 

10. A set A has n elements (n > 1). Subsets of A 
having the same number of elements are grouped 
together. If two subsets of A are chosen at random, 
Find the probability that they belong to the same group. 

SOLUTIONS 


1. We have (4 + Vl5)(4 - Vl5) = 1 

put (4 + 7l5) 2jf2 ” 3 = f. Then 3 = 7* 


=> / + j = 7-JlO 

t = 7Vl0±V490-"4 


>/ 2 -7>/io/ + i = o 

(Vs ± V3) 3 

2^2 


= ^ 8 ± 2 j/ujS_ ( 4 ± ^ 5 j»/a 
(4 + V? 5) ±3/2 • Hence(4 + Vl ?) ir2-3 = (4 + ^ 5) ±3/2 


2^-3 


*! 


SO * 


! - 1 


*2 or * 4 - 


2. tan/1 : tanB : tanC - p : q : r 


tan ^ 
P 

sin A 


tan B 
<7 


tanC 

r 


sin 2* 


pcosA qcosB 
a/2R 


sin C 

rcosC 

b/2R 


c/2R 


(b 2 + c 2 -a 2 ) (c 2 +a 2 -b 2 ) (a 2 +b 2 -c 2 ) 

2 be ‘ 0jmh 


2 ca 
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abc 


pib 2 + c 2 - a 2 ) 


abc 1 

R q(c 2 + a 2 -b 2 ) 


_ abc 


pib 2 +c 2 -a 2 ) q(c 2 + a 2 -b 2 ) ria 2 +b 2 -c 2 ) 




b 2 +c 2 - a 


n> 


c 2 +a 2 -b 2 


JZL 


a 2 +b 2 - c 2 


rp + pq _ pq + qr 


La 2 


qr + rp 

a 2 Lb 2 Lc 2 

<£>(& : b* : c* - piq + r) : qir + p) ; rip + q) 

<Z> a \ b : C - Jp(q + r) : Jq(r + p) : lr(p + q) 

Deduction : a 1 , b 1 , c* are in AP 

<=> piq + r), cp r + p), Kp + <7) are in AP. 

c > qir + p) - piq + r) - rip + <7) - ^Cr + p) 

<z> qr - pr - pr - pq 

2 pr 

« 2 pr- q(p+ r)o 4 = ^77 
o p, <7, rare in H.P. tam4, tan£, tanC are in 1 *fP. 

3. Note that tan _, A : R -► C-Tt/2, tc/ 2) and 
cor'jc : /?-►((), 7t) 

If x is positive, then cor*A ■ tan 1 ~ 

If x is negative, then cor'x - n - cor 1 (-a) 

Also, if a and yare both positive or both negative , we have 

-1 -1 _i x - v 

ran 'a- tan 1 y = tan - — *— 

1 + x>’ 

Since p. q. r are of the same sign 
pq + 1, qr+ 1, rp + 1 are all positive. 

We observe that ip - q) + iq- r) + (r- p) * 0. 

.\ All o fp-q, q-r, r - p can not be positive or can not 
be negative. 

Two cases arise 

(i) two are positive, one is negative 

Let p- q, q- r, be positive and r - p be negr tivc . 

Then cot -1 M- --- - ran" 1 - ~ = tan -1 p- ran 1 <7...(1) 

P-q pq + 1 


q-r 

CO.' 1 

r-p 


q - r -i -i 

lan — — r = tan <7 -tan r 
qr + 1 


...( 2 ) 


-i rp + \ 


n -tan” 1 ^ ~ r 

rp + 1 


p-r 

- 7t - (tan -, p - tan~‘r) 
Adding (1), (2), (3) we get 


) 


-i ££±1 + CO.-5LL1 


cot 


i ;p+ I ^ ^ 


<?-r r-p 

(ii) One is positive and two are negative 


Let p - q be positive and q - r, r-p are negative 

P‘7+1 

p-q 

- 3 7i-(tan“ 

q-r 


_ | AO +1 _i _ | 

s before, we have cot — = tan p-tan q 


coT^il * Tt-Clan 1 r-tan _l <7> 


and 


oot _, ~— = n-(tan _l p-tan' 1 r) 
r-p 


Adding, we get £ cot 
Hence the result. 


-i Pill 

p-q 


271. 


4. Let c * (a v y*) 

Equation of the line AB is 

(.v- x x )iy 2 - y,) - iy - y x )ix t - a,) - 0 ...Cl) 

The equation of the circle on AB as diameter is 
(a - a,)(a - a 2 ) ♦ (y - y,Xy - y 1 ) - 0 ...(2) 

From (1) and (2) 

The equation of any circle through A, B is given by 

S+ XL- 0 

=> (A - a,)(a - a 2 ) + iy - y,)(y - y 2 ) 

+ X{(a- A,)(y 2 - y,) - (y- y,)(A 2 - a,) - 0 ...C3) 

This passes through <Xx y yj if 

-{( A3 ~ A | )( A^ - X 2 ) + ( Vj ~ ,V| X }\s ~ .v*2 )} 


X = 


( A* - A, )( v 2 - V| ) -(.V3 - v, Xa 2 - A, ) 

(a 2 - aQU, - Ai) + (y 2 -r.sK.Vi -y.O _ 1 


( a 2 - A, Xy> - y, ) - Cy 2 - y, Xa a - a, ) k' sa y 

We observe that / = CB • CA = abcosC 
and k - ± cib sinC 

according as the orientation of /l, £. C is anticlockwise or 
clockwise. 

ab co sC 


X = 


= ±cotC. 


± ab sinC 

Now, circumcentre of A ABC - centre of the circle (3) 


f At + A 2 ♦ X( Vi - y 2 ) V| + .v 2 — X( A j - a 2 ) "| 

l 2 ' 2 J 

( *, + jc 2 ± cot C( V| - V 2 ) ,V| + V'2 T cotCC.r, - 

l 2 


r s d'j 


...(4) 


(i) Take C- 30°. 

Then Z>455 - 60° where 
S is the circumcentre of A ABC 
Also, SA - SB 

Z SAB - ZSBA - 60° 

:. ABS is an equilateral triangle 
and 



5 = 


a, +a 2 ±V3(.Vi -,y 2 ) Vi ^>’2 ^ V3(a, — a 2 ) 
2 * 2 


, from (4) 
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(ii) Take C- 45°. 

Then ZASB - 90°, 

Also SA * SB. 

ABS is right angled isosceles triangle 
and S - 



^ ■Y, + ± (,V| - v,j> V| ^(.V| -x 2 )j from (4) 

5. (11) Take the circle x* + 3/ + 2g* + 2/y + c - 0 ...(1) 
and a point Ax,, y,) on it. 

Then we have x\ + vf + 2g*i + 2fy\ + C = 0 - (2) 

The equation of H*,. y ,) as a point circle is 
(.v- a ,) 2 + (y- }\) 2 - O' 

=> a: 2 + v 2 - 2*j* + 2 Vi V + x\ + V 2 = 0 ...(3) 

The condition of orthogonality for (1) and (3) is 

2g(-*,) + 2/(-y,) - c + *f+.yf " 0 

which is same as (2). So (1) and (3) nre orthogonal. 

(b) The given circle is xt + y* + 4*- 6y - ^ ® 

Any circle passing the /!(3, 1) is orthogonal to the point 
circle A. If it is orthogonal to (1 ) as well, then it is orthogonal 
to the coaxal system determined by (1) and A( 3, 1). Hence 
it must pass through the limiting points of the system. The 
other limiting point B is the inverse point of /t(3, 1) w.r.t. 
the member (1) of the system. It is enough to find this B. 
The centre of (1) is Ct-2, 3) 

The equation of the line AC is 2* ♦ 5y - 11 . (2) 

The polar of A w.r.t. (1) is 

3 

3.v + y + 2(.v + 3) - 3(.V + 1) - 2 * ^ 

=> 5a* - 2.y - - *2 —^3) 

Now B is the point of intersection of (2) and (3) 
solving, we get B - 2). 

This is the required point. 

6. Consider the ellipse 2 

a u 

The normal at any point (a*,, .y,) of the curve is 


b L y 

V| 


- a 2 -b l - a l e l 


=> a 1 y,.v - btx y y - r7^.v,y, 

Taking (.v,, y t ) - (ncosG, bs in0), the equation of the normal is 

a-b sinO* - PacosBy - c^c^abcosQ sinO 

=> a sinO.v - be os0 y - a 2 & sinO cos0 ...(1) 

Take the focus S(ac, 0). If the normal (1) passes through S 
then we have 

r/sinO no - 0 - n* c* sin0 cosO 
=> sin()( 1 - c cos0) - 0 


But cos0 - — is impossible since 0 < e < 1 
So we have sinO -O=>0-Oor7t 

The corresponding points on the ellipse are the vertices ( a . 
0) and (- a , 0). 

Instead, if we take the other focus S'i-ae, 0) then also we 
get the same points (a, 0) and (- a , 0). 

Hence there are exactly two points on the ellipse, the normals 
at which pass through S or S'. 

7. Let fix) » tf 2 sinjc + b 2 cosec* 

We may assume that a and b are positive. 
fix) « at cos* - bt cosec* cot* 
and f”ix) - -a 1 sin* + b*icosec*x + cosec* cot 2 *) ...(1) 

- n 2 cin v 4- b 2 (\+C OS 2 *) 

— — a sin x + . 


b 2 cos * 

fix) - 0 when a 2 cos* - . 2 

J sin * 


i.e. cos* *0 or sin* 
Case (i) : Let a < b 




The sin* - ± ^ is impossible 


So cos* - 0, which gives * - -j (given that * € (0, it)) 

At *« -j. /''(*) - b* - a 2 which is positive 

fix) has local minimum at * - j 
and has no maximum. Also the minimum value 
- a 1 + b 2 . 

Case (ii) Let a > b. 

Then fix) - 0 if * - j or sin” 1 ^ or 7t-sin _1 ^ 

At * - j , /"(*) - bt - a 1 - negative 
So fix) has local maxima at * - y 
and the maximum value -a 2 +b 

n -sin” 1 — , we have sin*- ~ and so 


At * - sin" 1 — or 


/'(*) 






. 2 a'-ab* .. la' -lab 1 

= - ab + r - 7 

b b 
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Binomial Theorem 

& 

Mathematical Induction 


1 . If S n denote the sum of the first n natural numbers, 
prove that 

(i) (1 - x )~ 3 = 5, + $2* + s y* 3 + + s„x?~ x + .... 

x (2/14*4)! 

(ii) 2 (s^ + ,52^ . , + + 5*5, + ,) - 5!(2 ^ 1 “. 

Soln.: (i) 5 rt = 1 + 2 + .... + n = ^"(" + 0. 

In the expansion of (1 -x)“ 3 . 




= I (r+|)( , + 2)l - 

/. Coefficient of x r = ^-(r 4- l)(r + 2) = 5 ;<+1 

Hence, (1 - x) -3 = 5, 4- s^x + 5>x 2 + 4- s„x?~ x 4- .... 

(ii) Squaring both sides of the expression proved in 
part (i), we have 

(I - jc )- 6 = [*, + S 2 x + .... + S„x r"-' + X" 

+ ....+ J 2 w _, JC 2 — 2 + J 2 bJ C 2 -'+....] 2 ....( 1 ) 

Now coeff. of x 271 " 1 in R.H.S. 

= 2(5,52* + ^2»-l + + 

Also coeff. of x in L.H.S. 

_ (~6X~7)(- 8)....{ - 6 - (2/> - 1) -h 1} ( 1)2 n-, 


=(-l) 


(2/i-D! 

2n-2 5! 6 • 7 • 8. ...(2/i 4- 4) (2/i + 4)! 


5!(2/i-l) 5!(2/i-l)! 

Hence equating the coefficient ofx 277 ” 1 on both sides of 
( 1 ), we get 


2(5,52*+ ^2/1-1 + + V»+|) = 


(2/14-4)! 


5! (2/i-l)! • 

2. Find the term independent of x in the expansion of 

(1 + x + 2x 3 ) 

Soln.: We have 
(l + x + 2x 3 ) 

9 


[( 3a 1 ] 

.±1 


3,J 


= (1 + X4-2X 3 ) 


(f, »-f) = 




Term independent of x in the expansion 
= l*a 0 + + 2 *a_ 3 . 

where a m is the coefficient of x m in the second bracket 
[ ] of (1). 


Now 


= 9 c r 


r + l)th term in [ ] of (1) 

9-r, 




0 , 8 - 3 r= coefficient of x 1 


18 -3r 


*3 A 9 ” r 1 
r I 3 I 1 


=(-irq - 


3 r 


Now for a 0i 1 8 - 3r = 0 => r = 6 

for a.,, 18 - 3r = -1 => r = 19/3 which is fractional, 
.*. a_, = 0 and for a_ 3 , 18 - 3r = -3 => /* = 7 

■■■ 

Hence from (2), the required term 


= 1 — + 0 + 2 
18 


(--]=-• 
l n) 54 


3. Let w, = 1 , u 2 = 1, w *+ 2 = w*+, + w* for /i > 1 . Prove 


,ha, 


l + </5 


/ r\ n 
1-V5 | 


Soln.: w, = 


7 s 


1 + V5 1-V? 


a, = 


7 ? 


i+VJ 


2 2 

\2 r. rz\ 2 


1-VJ 


/ 




1 

= 7 F 


Thus w, = 1 and w 2 = 1 are verified 
Assume the result for 2 <> n <> k 
Now w*+, = u k + w*_,. (given) 


H- 

....( 2 ) 


: 7 T 
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N*-J 


t-VJY" 
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\*-l 

[ 3 + 7 ?] 

A 

fi+TJf 1 

B-TTl 


< 2 > 


* J 

2 J 


v *- 1 


i-7s 


\2| 


1 f 1 + V5 

= 7?|l . 

1 f(i + v?nv5 + iY fi-v? 

= VJ{1 2 l 

jjfi+Tsf 1-V5 

= ^{l 

From ( 1 ), (2) and (3) we have the result by mathematical 
induction. 


nA 44 


- W A+1 


4. Prove that 






cos{/f+l)0sin n+1 0, 


„«+i 


where a ~ x tan 0 . 

Soln.: Since x = acot0, dx/dQ = -tfcosec 2 0 

dft/dx = -(l/tf)sin 2 0 ....( 1 ) 

a: 


crcot 0 1 . 

A Icn — _ _ — . _ •*” Sin 40 . 

x 2 +a 2 a 2 cosec 2 0 2 a 

For « = 1, 


....( 2 ) 


L.H.S. = 


<&Vjc +a 

= —•2 • cos 20 
2a 

(- 1 )' 1 ! 


1 d . dQ 

= (sin 20 )- — 

2a dd dx 


B) si 


sin 2 0 


cos 20 sin 0 = R.H.S. 
a" 

The result is true for n = 1. 

Now assume the result for n - k 9 


...( 2 ) 


5. Use the principle of mathematical induction to prove 


.hat }— 7 —^ = 0 VaaM 

0 sinx 

,, , *sin( 2 rcc) 

Soln.: Let /( w ) = f . * 

0 smx 

/(l) - jill l^L dx = 2 fcos* dx- 0 

0 sin* 0 

...a) 

as cos(n - x) - -cos* 

....( 2 ) 

The result is true for n = 1 . 


Now assume the result for n = k 


*sin 2 fo 

i.e. /(*) = / . -*»0 

0 sin* 

..••(3) 


xt i-/# ?sin(2* + 2) 

Now /(/; + l) = j dx 

0 smx 


=i 


* sin 2kxcos2x + cos 2 tasin 2x 


dx 


0 sin* 

2 


=[ 


* sin 2kx{\ - 2 sin *) + 2 cos 2 A*sin *co $ x 


dx 


sin* 


* sin ^ kx * 

S 3 J — - — dx + 2 J (cos 2 /brcos x - sin 2 A*sin *)<ix 
0 sin* 0 

= 0 + 2 J cos( 2 A + 1 )* dx [using ( 3 )] 

0 


= 2 


sin(2£ + l)* 


(2A + 1) 


= 0. 


....(4) 


Hcncc the result is true for n = k + 1 . 

By the principle of mathematical induction 
/(*) = 0 VneN. 

6 . Prove that 


i.e. 


dx \x +a 


( ]) A 'cos(* + 1)0 sin * +, 0 


a+i 


(3) 


jk + 1 


For n = k + 1, L.H.S. - ^*+i 


(to 


ait 


(-1)**! 


cos(A + 1)0 • sin i+l 0 


[using (3)] 


= + l)sin* 0 cos9 cos(A + 1)0 


„ . 

~(k + 1 ) sin(Jt+l )0 sin* +l 0 ] — 

- — li — ~ + ^' -sin ** 2 0 [cos(£ + l) 0 cos 0 - sin(£ + 1)0 sin 0 ] 

a k * L 


(-l)* +, (Jt + 1)! 


cos(* + 2 ) 0 sin * +2 0 


„*+2 


....(4) 


The result is true for n = k + 1 . 

Hence by induction the result fol lows e N. 


^2+ J 2 + V 2 + V 2 T to n radicals = 2 COS- 


71 

,«+i * 


Soln.: 


P(n) : ^2 + ^2 + 1 / 2 + 72 + to n radicals = 2cos-^y 

P( 1) : L.H.S. = 'll, 

R.H.S. = 2cos— pr = 2cos— = 2x -]= = -Jl 
2 4 S. 

The result is true for n = 1 . Let the result be true 
for n = m. 

Pjm) : 

^2 + ^2+^ 2 + V 2 + to m radicals = 2 cos~— ... (!) 

Now, to prove the result for n = /w + 1 

P(m+1) : 

^2 + ^2 + 72 + 727... .. to (m +1 ) radicals= 2 cos 


2(w+i)+i 
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REMARKABLE RESULTS*^ , 


203 out ot 384 j 


315 out of 450 
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40% Rebate in fee 






>^2 + -y/2 + V2 + -^+ 


. to ( m +1 ) radicals = 2 cos 


2*n+2 

..( 2 ) 


L.H.S. = 


2 + - 


= 2 + 2cos 


2 + V2 + V2+ to (/w+1) radicals 

(Using (1)) 


= i 2 (' +co$ # r ) = 1 f 

-i 


( \ 

71 


^m+1 ^ 


= 2cos- 


>m+2 


sjnce {1 + cos0 = 2cos 2 (0/2)} 
which is equal to the R.H.S. the result is true universally 
for n. 

7. Given that / {a + n) = / {a) • / (n)\ prove that 
f{a) = /(a-w) * [/‘(l)]" (a is a constant) VneN . 
Soln.: />(«) : /(*)=/ (a - /^(l)]" 

/>(1) : L.H.S. =/(*) 

R.H.S. =/(a-l)|y (l)] 1 =/(a-I)/ (1) 
/(a - 1 + 1) = /(a) (Using given condition) 
The result stands true for n = 1 . 

Let the result stands true for n = m. 

P(m):f(a)=f(a-m)[fO)] m (U 

Now, to prove the result for n = m + 1 . 

P(m+\): f(a) =f(a -(m + l)]/'(l)]*’ + l ....(2) 

R.H.S. -/(«-«- 1HT(1)]-/(1) 

=f(a-m-l + l>[f(l)r 

(using given condition) 
=/(a- m)-[f (l)] m = f (a) = R.H.S. 

(using (1)) 

The result is true universally for n. 


+ 2n V/7 e N. 

+ In 


(V + n 

| 2 x 2n -\ 

V n+2 +f 

r yJ 

1 x 2 -\ 

JC 2W 

k ^ y 


Soln.: P(n) : I 

R(l) : L.H.S. = 
\2 


2 - 2 " -'V" + 2 +i N ' 


r * + ±f m iL± 

x k ) x 2 -\ 


y 2n 

\ * y 


. 'I 2 1^1 2 1 „ 

* +— = JC +-T + 2 — x = x +-T + 2 


JC 2 1 - 1 f JC 2 ‘ ,+2 + 0 . 

rhs - — b?-J +2(1> -— ■ * 2 

= ~~2 — "jjr + 2 = X 2 H — “ + 2. 

JC JC JC 


.*. The result stands true for n = 1. Let the result be 
true for n = m. 


2 2m - 1 

fjc 2m+2 + 0 

jc 2 -! 

2m 

* J 


p{m) ■ B* vj ■ * 2 -i 

Now to prove the result for n = m + 1 
P(m + 1) : 
m+l f 1 n2 

I **+- 
*=1 

=> 


+ 2m 




x 2(m+1) -l 

(x 2 ^ +2 + \ 

^ 2 -l 

x 2(nt+ 1) 


I’fy+T.) =^r~r 

*=iV x ) x-\ 


x 2m+4 + 1 ^ 
2m+2 


L.H.S. = 


= l,(** + 7) 

rj 


+ 2(/w + l) 

...( 2 ) 

2 


JC 2m — 1 

fjc^ + ll 

jc 2 -1 

JC 2m 

^ A y 

x 2m -l 

'jc 2m+2 +r 

jc 2 — 1 

x 2m 

x J 

x 2m -1 

(x 2m+2 + \) 

x 2 -l 

- 2m J 


(• 


+ 2m + \ jc m+1 + 


,m+i I using (1) 


+ 2m + jc 


+ jc 2 ( m+1 > -f- - 


2(m+l) . 


1 


2(m+l) 


+ 2 


1 


,2(m+l) 


+ 2(m + l) 


JC 2m - 1 1 

fx 2m+2 + 1^ 

^(2m+2)+{2m+2) 

* 2 -l 1 

l J 

^2m+2 


jc 2m -l 


^jc 2w+2 +1^ 


- + 2(m + l) 


jc 2 -1 


Jim 


4m+4 


x 2 m x 2 


+ 2(m + 1) 


(x lm - \)(x 2m+1 + \)x 2 + (x Am+A + l)(x 2 - 1) 

(JC 2 -l)(jc 2m -jc 2 ) 

(xJJ - x 2 )(x 2m * 2 + 1) + x 4m * 6 - x 4m * 4 + xj-l 

tf-Wx^x 2 ) 

x 4m + 4 + x 2m+2_ Jm+4 _ % 2 + ^m+6 _ ^m+4 + ^2 _ j 


+ 2(w + 1) 


+ 2(m + l) 


(jc 2 -l)(jc 2m+2 ) 


+ 2{m + 1) 


x 2m + 2 _ x 2m +4 + x 4m+6 

(x 2 -\)(x 2m+2 ) 

x 2 m+ 2 +x* m+ 6 -x 2m+A -\ 


+ 2(m + 1 ) 


. + 2(m + 1) 

(a: 2 — l)(jt 2m+2 ) 


* 2m42 (l + * 2m44 )-l(l + x 2m+4 ) 

(JC 2 -l)(jc 2m+2 ) 

(* 2m+2 -l)(l+Jt 2m+4 ) 


+ 2{m + 1) 


i 7 7 + 2 (m + 1) 

(jc 2 -1)(jc 2/w+2 ) 
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To reach the top of the medical: 
profession, working wftiii: 
pioneering teams at the best 
hospitals, you will first need to- 
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(x 2m+2 -l) 


Or-1) 


I + x 


.2m+4 


_2m+2 


+ 2(m + l) = R.H.S. 


.*. The result is true universally for n. 

9. 

Z— (-!)* +— 7— = ~{( _ 0 n - 1 } + ~(2 2 "-l) VneW 
*=|5 5 5 

Soln.: P(n) : 

l7(-l)*+^-=7{(-0"-l}+^(2 2 "-l) 

*=|5 5 3 

IV) : L.H.S. 

8, ,*1 22-3 8 1 ~ 16 + 1 _ 3 

-y(- + 5 " 5 + 25 JO 2 

R H S — 

|{(-D'-i} + > 2 -i)~^=f + i V = 4 

The result stands true for n = 1 . Let the result be 
true for n = ni. 

:■ P(m) : 

f V,)* + 2!!l = i { (-, r _ , }+ ± (2 ^_ ,) ... (1) 

*=i 5 5 5 5U 

Now prove the result for n = m + 1 . 

P(m+ 1) : 

"Z —(-0* +— -^=-“{( - 0 m+ * -1}+-~(2 2m+2 ~1) 

A=l 5 5 5 -30 


m+l 8 t 2 2 * -3 

L.H.S. = I -(-D*+— 
t=i 5 5 


..( 2 ) 


2 2 «-i 




= z|(-i)*+^-+f(-') m+, + 

A= i 5 5 5 5 

= i !( -,y" _ u + i-(2 2 »' - i> + £(-ir , +^— 

:> 30 5 5 

(using (1)) 

= j«-D" - 1} -i)+ {^(-t - f^-} 

3-2 2m 


The result is true universally for rt. 

» k I -u-K *-i 1-*" l-3" x” l-2"-x" 

,ai(i + 3‘-'-2* v '-r 7 + TTr-TTr 

VneN - 

Soln.: P(n) : 

« '~x n l-3 w *x w l-2”*x w 

S l+3 - 2 v =T7 + TTT-TTr 

/>(!) : L.H.S. = (1 + 3 1-1 - 2 l_l )x M - (I + 1 - 1)1 = 1 

— - 

The result stands true for n = 1 . Let the result be 
true for n = m. 

P(m) : 

» 1 k-i l-* w l-3 m *x w 

1(1 + 3* '-2* V =“ + 

*=i l-x l-3x 


1 -2x 


Now, to prove the result for n = m + 1 . 
P(m + 1) : 

j __ ^m+l 1— 3 m+ ** i x m+ * 1 _2 m+, *jc m+l 


..( 1 ) 


! — JC 1-3x 

m-f-l 


l-2x 


••( 2 ) 


L.H.S. = I0 + 3 “ 2 )* 

*=i 

-Z(1 + 3*-' - 2*"' )**-' + (1 + 3” - 2" )x m {using (})] 

**l 

<>/n „/n i r%m „flt 


l-x m l-3 m x m l-2 m x" 


1 — x l-3x l-2x 
\-3 m x m I -2 m x m 
l-2x 


1 -x 
1 -X l-3x 
l-x 




+ (l + 3 m -2 m )x m 
+ x m +3 m x” -2 m x m 
+ 2" , x'" 


= ^l(_ 1 )'''_i-| ( -|) w [ + j^ : (2 2 "-l) + - 


■{ 


30 



■ _ 


l-x 


-x"+x m -x m+l )| [ 1 -3 m x w + 3 m x m - 3'"*' x mtl 


=-4{(-m-n-i}+ 


30 
4-2 2m - 1 


30 


= £{(-l)^'-l} + 


12 


■»2m+2 


30 


= R.H.S. 


l-3x 

I-2 m x M + 2 m x m -2" +1 x m+1 


l-2x 


l-x 


,w + l 


l-3 m "x m " l-2 m "x 


,m+\ w + 1 


l-x 1 - 3x 1 - 2x 

The result is true universally for n . 


= R.H.S. 
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35. The length of latus rectum of the ellipse 


oof 


= : is 


(b) 


72 

7 


(c) 


72 


14 

36. lim [" 


, H , 98 
(d) 12- 


1 + 


-].V+.3 


X-lJ 


IS 


(a) 1 
(c) e ' 


37. « - log^l2, b 
1 + al>c is 
(a) lab 
(c) 2ac 


(b) e* 

(d) *■. 

log 36 24, c = log <18 36, then 

(b) 2fcc 
(d) 0. 


38. If * - log rt 6c , v * logfcCtf, z « log c tf6, then 


1 + A* 1 + V 1 + Z 

(a) 0 
(c) abc 


is 


(b) 1 

(d) ab + be + ca. 


39. Integral part of (V2 + l) 6 is 

(u) 198 (b) 197 

(c) 196 (d) 163. 

40. The real part of ^ — r—rr is 

r 1-cosG + jsmO 


(a) 

(c) 


1 


1 - cos 6 
tanG 


(b) \ 

(d) none of the above. 


41. If tan _ 'jc + tan"'y + tan’'z »y , 
then Ary + yz + zx » 

(a) 1 (b) xyz 

(c) x + y + z (d) 0. 

42. If y » log,. (Iog t Xlog t Jc)J, then y' is 
1 1 


(a) 

(c) 


log,, (log,, x) 
1 


(b) 


x log,, x log,. (log,, x) 
(d) none of the above. 


44. J sec bx dx = 


(a) |+1 


(b) f 


(c) n (d) 1. 

45. If x - log t and y - t l - 1, then y "(1) at / ■ 1 
is 

(a) 2 (b) 3 

(c) 5 (d) 4. 

46. The principal value of sin -1 ^sin-^-j is 


X log,. X log,. X 

43. The maximum value of 

f(x) = jlogx, 0 < x < 3 

(a) e (b) e ' n 

<c> Me (d) 2/e. 


, . 2rt 
(a) — y 

, . 4jt 
( c) — 


47. J 


cos 2x 


cos 2 at sin 2 jc 


«f 

(d) j. 
is equal to 


(a) cotA;- tanA:+ C (b) cotA: + tan.v + C 
(c) -cotJc+ tana:+ C (d) -cotA:- tanA: + C. 

4 2 + >/J+ 2 cos 4a; = 

(a) cosa; (b) cos2a: 

(c) 2 cosjc (d) 2cos2x 


49. If .y = 7c 
cosa: 


cos x + yfcos a* + Vcos a* oo , then y' is 


■J 


(a) 


(c) - 


1 ~ 2 v 
sin jc 


(b) 

(d) 


sin a: 
1 - 2 V 
co sx 


1 - 2 v 2 v - 1 

50. If x is real and k = x * 1 , then 


(a) 

(c) £ < 0 


+ X + 1 

(b) k> 5 

(d) none of the above. 


ANSWERS 


1 . 

(b) 

2 . (c) 

3. Cc) 

4. 

(c) 

5. 

(b) 
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7. (a) 

8 . (c) 

9. 

(b) 

10 . 

(c) 

11 . 

(c) 
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13. (d) 

14. 

(b) 

15. 
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19. 

(c) 

20 . 

(b) 

21 . 

(c) 
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23. (d) 

24. 

(a) 

25. 

(a) 

26 . 

(a) 

27. (a) 

28. (a) 

29. 

(c) 

30. 

(b) 

31. 

(b) 

32 . (b) 

33. (b) 

34. 

(a) 

35. 

(a) 

36. 

(d) 

37. (b) 

38. (b) 

39. 

(b) 

40. 

(b) 

41. 

(a) 

42. (b) 

43- (c) 

44. 

(c) 

45. 

(d) 

46. 

(d) 

47. (d) 

48. (c) 

49. 

(b) 

50. 

(a) 
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10 Best Probtatt 


for Competitive Exams 


does not take any value in 


1. Determine all values for c so that 

x-1 

F(x) - 
interval l-l , -1/31* 

2. (a) q * no - (1 ♦ c o)p and p y q y r are real then 
show that p • r ■ q. 

(b) a y b , c are cube roots of p (p < 0), then for 
any permissible value of x, y t z which is given that 

| xa + yb + zc L (a * _ 2 b . 1 to + © 2 ([xl + 1 yl + 1*1) = 0 • 

I xb + yc + za | 

where co is the cube root of unity and a t and b x are 
positive numbers, then find the value of 
lx ♦ a, 1 ♦ [ y + 6,1 ♦ [zl. 

3. Solve the following system of equation: 

1 , 1 , 1 , 1 y .J--H 

TT9T 3! 7! 5! 5! 7! 3! 9! 1! &! 

where a and b are positive integers. 

(a) Value of x from given expression 
(COSA*)""’" - (sin bx)"*' m - 1 ; w, n e /. 

(b) Area enclosed by maxi.( I jc! l.yl ) - b - a and 

m 2 th ~ rtl,V 

4. 2/(x) = (-2) ( 2 _cosx)(2-cos2x) 

(t^cosTx) (2-cos2“‘ l x) 


where « > 1, then prove that 

nk 


/"'( 1 / 2 ) = 


V 4? € / 


2 ’"' ±( 1 / 2 ) 

5. (a) j cosec 2 xlog(cosx + cos2x)dx 

(b) \ 


dv 

V(x-l>\x + 2)’ 

6. Let A h /( x) «/(x + A) -/(x) using mathematical 

induction show that 


a;/(x): 


£(- D* "C 4 /lx-(«-fe>bl 

A-u 

[//(«/ : a; » a* (aV ) = a; - ' (a*) ) 

7. Find all possible integral values of xand show 
that x 1 + 19x + 88 is a perfect square. 

8 . If the perpendiculars from two vertices B and 
C to the opposite faces of a tetrahedran ABCD 
intersect, then BC is perpendicular to AC and 
perpendiculars from A and Dto opposite faces also 
intersect. Prove this. 

(a) Given I to I - 1, then show that 
I© - II £ larg(<o)l. 

(b) Prove I z - i I £ I I z\ - 1 1 

+ Izl l(*/2) - arg(z)l. 

10 . If ST and S')" be the perpendicular from the 
foci upon the tangent at any point Pof the ellipse, 
then Y and V lie on the auxiliary circle, and 
SY ■ S'Y’-b*, prove CKand S' Pare parallel, where 
C is the centre of auxiliary circle. 

1 


SOLUTIONS 


1. F (x) - 
Take y 


x - 1 


i.e. y 


x — 1 

r-x 2 + 1 


c-x 2 + 1 

-I, where t € 11/3, 11 

and given function assume the values (-1) at some 

x m Xo then ll/3, 11 • -<• 

, , x — 1 

X 2 - c- 1 - -J- 

Now, we have to just make sure that this quadratic 
in x does not give any real value of x for the 
discriminant of the quadratic must be repeat. 


Also useful for HT-JEE, Roorboo REE, Bihar CEE. 
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Now t € [ 1 / 3 , 1 ) ; -1 £ y “2 £ 1 

-7 s -7(H' so 

Hence c e (-oo, - 1 / 4 ]. 

2. (a) <7 ♦ no - (1 + © )p 

q + m m -<o*p 

q + n o + © 2 /> *0 or p + qa + no 2 - 0 

Equating real and imaginary part 


or 


(b) 


p m q m r. 
x a + yb+zc 


p- L + 1 

y 2 2 


xb + yc + za 
real 


+ (« 1 2 -2tf)a> V 

real 

+ © 2 (Ul+^J + [z]) = 0 


So from above given condition, 

\xa+ yb + zc\ 2 .,.2 ,1 f , , r , 

— : — = ^-26, =[jc] + [^] + [z] 

|jc6+yc + ztf| ^ 1 

and we know a, 6, c are roots of (p) ,/5 . 

Let roots a m t, b m ta>, c m f© 2 


I xa+ yb + ze 


xt + ytco + tco 1 -z 

1 jc b + yc + za 


jc • /© + y • /© 2 + zt 


x + y© + z©^ I 

IJM 

jc© + y© 2 + z 1 

1 w 1 


Now 


So *, 2 - 26, 2 ■ 1 . ; *i 2 ■ 1 ♦ 2 6, 2 (odd) ... (i) 

а, can be write in (2 n + 1) form. 

=> (2w ♦ l) 2 - 1 ♦ 2 6, 2 

4 W 2 + 4 n - 26, 2 ; 6, - 2 n(n + 1). 

б, 2 - 2 ttin + 1) - even and given 6, is prime. 

So 6, 2 is also prime. 

So 6, - 2 [because 2 is the only even prime number]. 

а, 2 - 9 => - 3 from (i) 

б, - 2, a, - 3 

W ♦ IjH ♦ [z] • 1 from above. 

So lx ♦ a,] + [y + b x \ + Id - [jc ♦ 3 ) + Iv + 2 ] ♦ lz] 
<1 - 5 + M ♦ W ♦ lz] ■ 6. 

10!( 1 1 1 1 1) 2 rt 
* 10! 1! 9 ? 3 ! 7 ! 5 ! 5 ! 7 ! 3 ! 9 ! 1 ! J 6? 


10! I 


J2L + 

J2L+ 

10! 

+ ^L + 

10! 'I 

1! 9 ! 

3 ! 7 ! 

5 ! 5 ! 

7 ! 3 ! 

9 ! l!j 


10! 


= —■ => a - 9, b - 10. 


odd term 


[ v ,0 C, + l0 C 7 , + ,0 Ci + 10 Cj + ,0 G> « 2 (,0 “ l) « 2 9 .] 

(1-h jc) m -CI-jc)” 

2 

Put jc - 1 , we get 2 n ~ 1 * 2 9 . 

Now, 

(a) (cos**) 100 " - (sin6x) 100m - 1 
Let /, • (cosax) 1000 and f 2 - (sin6x) I00m 
and the maximum value of / and f 2 is 1. 

/ - h m 1, fi m 0- 

So, sin6x - 0 ; bx « tot, & is an integer. 

••• *“£*• 

(b) max 1 1 jd , I yl I - b - a - 1 and y - 2 X 
If x - - 1 , then 
y - 2" 1 or y - 1/2. 

*y - 1 =>1-2* 

x - 0. 

Now area of 
QRNMPQ 
- 3 x area of 
073 fP + OPQ 5 

- 3 0 * 1) + Jf 2 x dx 


(-1. 1) 

1 

p 

1 

M 



(-1, 0) 

s 0 

(0.0) 

r (- 1 , 0 ) 

i 

< 


N 


- 3 ♦ 


log t . 2 


‘3 + : 


21og^2 

4. 2/(x) = (-2)" - cos - cos2xj 

...(i-cosr-x) 

2/(jc) - (2cosjc- 1)(2cos2jc- 1)(2cos2 2 jc - 1) .... 

2(2cosx + 1) / (jc) - ( 4 cos 2 jc - 1 )( 2 cos 2 jc - 1 ) 

2(2co sx + 1) / (jc) - (2cos2jc + 1)(2cos2jc - 1) 

Like this / (jc) - (2cos2jc + 1 X 2 cos 2 jc - 1) ... 

(2cos2 0 " l x - 1) 


f( . 1 (2cos2 m jc + 1) 

JKX) m 2 (2COSJC + 1) 




71 k 


; \2"±1/ 2 


2"-’ ±(1/2) 

If we take /(jc) - 1 / 2 , then after solving, jc will 
2 nk 

L*“ FIT' 


Now let / (jc) - 1 / 2 , then 2 cos 2 0 jc ♦ 1 - 2 cosjc + 1 
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or, (2 n ± 1)* - 2 kn ; * - 

So ±(i/2)) ” 2 

=> /-'(!)»_** — 

J \ 2 / 2"“ ±(1/2) ' 


ku 


2”- , ±(l/2) 


5. f cosec 2 log(cos* + cos2x)dx 
= -cot*log(cos* + >/cos2*) 

■fJcotJC 


COSJC + 


yJcOSlX 


(-* 


•sin* + 


2rJcos2x 


(-2sin2x) W 


- cot x log(cos * + vcosZx 


sin x>Jcos2x+s\n2x 




• dbc 


*+ 2 


l-r 


/- 12 f 


f 3 ( l -/ 4 ) 2 


^ Vcos2* Icos* + Vcos2*J 
Multiply Vcos2* Icos* + >Jcos2x I to numerator 
and denominator, 

/■ - cot x logCcos x + V cos 2 a: ) 


-I 


cos jc>/ cos2* - cos 2 x cos 2x 

cos 2* sin 2 * 


-cot JC log(COS X + yJcOs2x ) 


-J 


COSJC 


sin 2 *Vcos2* 

/, 


dbc + Jcot 2 * 


/. - J 


COSJC 


sin 2 jcvcos2* 


^jc = J“ 


COSJC 

cVl - 2 si 


r <tc 


sin 2 jc 


(say) 

dv/it 


Put sinjc - t ; dt m cosx dx 
/. - f — and now t “ l/t», 

' / 2 Vl-2/ 2 

j _ j — 4cosec*x~-2 

' V//-1 

= Jcot 2 x/ix “ fcosec 2 x<ix- Jdx = -cotx - x 
So / = -cotxlog(cosx + Vcos2x ) + vcosec^.x - 2 

- cotx - x + C. 
ate r dx 


(b) I 


-J 

= 1 


VU-1/U + 2)' U-l^ 4 U + 2)' 

dx 


fi/'i 


( i \V4 

#3 1 


(x + 2) 2 


= / ; X 


- 2/ 4 -1 

/ 4 — 1 


c/.v 

32 


jc + 2 

8 ( l -/ 4 )/' + 4 /'( 2/' 1 + 1 ) 

( l -/ 4 ) 2 


12/' 

(1-/V 


dt 


( l -/ 4 ) 2 


,>■9 


4/x-l\ l/4 
3 \ x + 2 / 


+ C. 


6. A* / (x) = / (x + h) — f (x) 

Let AJ /(x) = I (-1)* "C t /[x -(«-*)*>] 

4f=<) 

Let for rt “ 1, A h fix) = C 4 /[x + (1 - &)^] 

L.H.S - A*/(x) - /(x + 6) -/(x) 

R.H.S. - I C-D* ‘<Vl* + (1 ■ " k)b] 


- /(x+ hi) - f (x) 

So for n ■ 1, this is true. 

Let this is true for n - n and we want to show for 
n - n + 1. 

Aj* +, /(x) = "l (-D* H+1 C* /lx + (« + !- 6)6] 


/?=() 


L.H.S. - Aj,' +1 /(x) = A(AJI/(x>) 


*] 


K-i)*”c t /ix + («-6)6l 

.*=» J 

; n C„ /(x + «6) - fix + in- 1)6) 

+ n C 2 f (x + ( n — 2)6) ... (-l)'/(x)l 

- "q, A/(x + nh) - "C, A/(x + (n - 1)6) 

+ "C; A/ (x + (m - 2)6) + ... 
= n q, (/•(x + in + 1)6) -/(x + m6)1 

- "C, I / (x + «6) - /Cx + (rt - 1)61 + .... 

- » ♦ 'Cu f(x + in + 1)6 - ("q, + ”C,) /(x + «6) 

+ ("C, + ”C 2 ) /(x + (m - 1)6) + ... 

+ (-1)"* 1 fix) 

- " ♦ ‘q,/(x + (m - 1)6) - " * ‘C, fix + «6) 

+ " * ‘C 2 fix + in - 1)6) + ... 
+ (-l)» tl ” * x C n * i /(x) 

- z'(-l)*” +, q*/(x + (n + 1-6)6) = R.H.S. 

/? = (> 

This is also true for n * n + 1. 

7. jc 2 + 19* +88 = m 2 

.x 2 + 19* + 88 - m 2 = 0 

Equation must have integral roots. 

(19) 2 - 4(88 - m 2 ) * kt 
( k - 2m)(k + 2m) * 9 

k - 2m * 3 and fe + 2m - 3 => ^ * 3, m * 0 
k - 2m = -3 and ^ + 2m - -3 => ^ * -3, m “ 0 
^ - 2m = 9 and & + 2m *1 => k = 5, m = -2 
^ - 2m - 1 and A? + 2m « 9 => ^ - 5, m - 2 
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(b-b)’C = 0 
(b-b)d = 0 
(b-c)b=* 0 
(b-c)'d = 0 


if w 2 - 6, a 2 + 19* ♦ 88 - 0 

(x+ 11X* + 8) - 0 ; *- -8, -11. 
if «H - 4, x 1 * 19a: +88-4-0 

(x + 12X* + 7) - 0 ; x - -12, -7. 

Possible values of * are -7, -8, -11, -12 

8. Take A as the origin of reference. 

Let AB = b , AC = C , AD-d 
Let the perpendicular from 
B and C to opposite faces 
A CD and /IBDmeet at point A 
//whose position vector is 

b. 

Titus we have 

BH LAC 
BH LAD 
CH LAB 

CH LAD 

These gives 

b e °b c , b -d = 6 d , bb - be , b d <*c d 
=> bd-c-d => (b e)- d - 0 => BC L AD. 
Let K be the foot of the perpendicular from A to 
opposite face BCD and let k be its position vector. 
As AK is perpendicular to the plane BCD, we Itave 
£.(c-6) = 0 ; 
k ■? = k •& = k- d . 

We shall show that there is a point L on AK such 
that DL is perpendicular to the face ABC, if X4 be 
the position vector of this point, the two equations 
(Xib-<5)f> = 0. (XA-<?)c«0 must be consistent 
in relation to X. 

These equations are really the same for 

k- b - kc and b-d^c-d 
so that X is determined. Hence the result. 

9. (•) I (i>l-l, then le> - II £ larg <ol 
Take u> - r(cos0 + / sin6) l<ol - 1, r - 1 
I r cos 0 + ir sin8 - 1 1 

” rcos0 - l) 2 + r 2 sin* 8 “ Vr 2 + 1 - 2rcos8 

“ >/2-2cos8 <v r - 1) 

- I2sin(0/2)l 

< 12(8/2)1 < 181 (vs»n8S8) 

It® - II 5 larg o»l . 


2 

-2 

Geometrical representation of (a), 
to i • 1 is a unit circle. / 

~X M 


Centre at origin. / 

/\ 


Now Ito - 1 1 \ ° 

r 


- AP £ Arc AP £ a/1 

Ito - 1 1 £ larg (ol . 



(b) I OBI - I ft 

\PB\ - I Z - i I 
I FBI £ IBCI + l«7l ... (0 
As PC < arc PC 
_y-axis refers imaginary 
values. So / on y-axis. 

=> \z - i\ 

Z I Izl - I/I I + larc PC\ 
I z- /I S I Izl - II 



*jr 


I z- /I £ I Izl - II 


from (i) 

♦ I z\ (x/2 - arg zl 

/* lfCI \ 

(““■'"•nr) 

♦ Izl lx/2 - arg zl. 


10 . 


The equation to any tangent is 
x coso + y sina “ P 


(0 


where p - Vo 2 cos 2 o+ 6* sin 2 a 

The perpendicular SY to (i) passes through the 

point (-ae, 0) and its equation 

(x + ae) sina - y coso - 0 ... (i0 

If Y be the point < [b , k) then since T lies on both 

(i) and (ii), we have 

b coso + k sino - Vo 2 cos 2 a + ~b l sin 2 a 
b sino - h coso - -oesino - -,/a 2 -b‘ sina 
Squaring and adding 
these equations, we 
have b 1 + ** - o 4 so that 
Y is on the auxilliary 
circle * 1 + y* - a 2 . 

Similarly it may be proved 
that Y‘ lies on that circle. 

Again Sis the point (-ae, 0) and S’ (ae, 0). Hence 
from (i), 

SY - p + ae coso and S' Y' - p - aecoso 
SI'S' Y' m p 1 - cos^o 
- o'Cos 2 /* ♦ fi'sin^ - (fl 2 - ftOcos^ - 6* 

CT- o'/CJV 
and therefore S'T m 
CT a 
ST ” 



CJV 

CY 


a(a-eCN) 

CN 


a-eCN S'P 
Hence CY and S’P are parallel. Similarly CY' and 
SP are parallel. 

Prepend by : Ra|wv Kumar ML 
Varanasi. 
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Understanding Concepts & 
Solving Problems 


Complex Numbers 

Learnfast will aid students in quick understanding of concepts on the above topic. Exercises are given 
at the end of the topic so that application of concepts can be made. Remember it is not the number of 
problems that you have solved that counts, but your level of understanding. 


= ( ac - bd) + i(ad + be). 


Definition : A number which can be written in the form a + ib, 
where a and b are real numbers and /= V-T, is called a com- 
plex number. 

A number of the form a + ib, where a and b are reals and 
b* 0 is called an imaginary number. 
e g. J-3 = V3 V-T = J 3 i , 3 + V-4 = 3 + V4 V— T =3+2/ 
are imaginary numbers. 

We use the following : i = V-T 
By definition, / 2 = -1 

Note that i 2 = / x / = * V-F =VH)H) = VT = 1 is 

wrong. 

Because Ja x Jb = Jab , if and only if, at least one of 
or $ is real. 

P = P x j = (-1 ) X (/)= -i ; = p X ,2 = (_1 ) (_1 ) = 1 etc. 

In general, P" = + 1 , where n is an integer. 

Now = P x fi = (1) (-/) = -i ; 

P i = P* X / = (l)(/) = / ; 

,197. = / .m x ,s = (1) ( _i )= _i . 

H ) 7 = (i 5 ) 7 = i 21 = / 20 x / = (!)(/) = t. 

Conjugate complex numbers 

Definition : a + bi and a - bi , where a and 6 are real 
numbers, / = V-T and b * 0 are said to be complex conju- 
gate of each other. (Here the sign of / is changed to ob- 
tain complex conjugate). 

Note that, sum = (a + bi) + (a - bi) = 2 a which is real, 
and product = (a + bi) ( a - bi) = (a 2 ) - (bif 
= a 2 - b 2 i 2 = a 2 - b 2 (-1 ) 

= a 2 * b 2 which is real. 

The set of complex numbers does not possess the prop- 
erty of order. 

the statement 5 + 3/ > 2 + / is false. 
i.e . a + ib < or > c + id are false where b and d * 0. 

Algebraic operations with complex numbers 

I . Addition : (a + ib) + (c + id) = (a + c)+ i(b + d) 

II. Subtraction : ( a + ib) - (c + id) = (a - c) + i(b - d) 

III. Multiplication : (a + ib) (c + id) 

= ac + iad + ibc + i 2 bd = ac + i(ad + be) + (-1 )bd 

34 


a+ib 

IV. Division: (c*0,d*0) 

To simplify this case, we always multiply and divide by 
the conjugate qf the denominator. 

a+ib (a + ib) (c-id) ac + ibc-iad -i 2 bd 
1111,8 c+id ~ (c+id) X (c-tf) ~ c 2 -i 2 d 2 

ac + i(bc - aJ) - (-\)bd 
c 2 -(-\)d 2 

a + ib = (ac + - i(bc - a</) 

c + /</ c 2 + d 2 

a + ib _ (ac + &</) - /(be - a<f ) 

** c + id c 2 + d 2 

a + ib _ (ac + bd) . (be- ad) 

c+id c 2 +d 2 + 1 c 2 +d 2 

How to represent a complex number 

Method (I): 

A complex number Z = x + iy can be represented by a 
point on the plane ( known as Argand plane) by the or- 
dered pair(jc,y). 

Consider a line segment joinong O and P. 

Its length = J x 2 +y 2 and it makes an angle 

y 

0 = tan* 1 — with the axis of x. 
x 

Definition : The absolute length OP = <Jx 2 +y 2 is called 
the modulus of the complex number x + iy which is de- 
noted byz. i.eZ=Jc + /yand|Z|= -Jx 2 +y 2 the length of 
OP. 

Similarly the amplitude (or argument) of the complex 
number is defined as the angle made by OP with the axis 
ofx 

y 

0 = amplitude Z = amplitude (x + iy) = tan" 1 — 

Note: Z, = Z 2 <=> |Z,| = |Z^| and amplitude Z, = amplitude 
Z 2 . There exists a one - one correspondence between the 
points of the plane and the members of the set of com- 
plex numbers, i.e. for every complex number Z there ex- 
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- *>33715 crore - Rs. 53371500 

Investment in State-issued bonds 

- 26% of Rs. 53371500 - Rs. 13876590. 

67. (b) : In (a), Rs. 2.988804 crore. 

In (b), Rs. 1.387659 crore 

In (c), Rs. 5.33715 crore. 

68. (a) : Investment in Municipal Bonds - 56% of 53371500 

- 29888040 (from Q. 66) 

(a) Investment in Municipal Bonds * (7% - 9%) “ 65% 
of 29888040 - 19427226. 

(b) Investment in State-issued Bonds ■ 13876590. 

(from Q. 66) 

(c) Investment in High Risk Stock ■ 9834500. 

(from Q. 65) 

(d) Investment in Municipal Bonds (above 9%) “ 35% of 
29888040 - 10460814. 

69. (c) i 35% of 919 - 32.165 * 32 lakh. 

7a (c) t 21% of 25.5 - 10% of 29-2 

- 5.355 - 2.920 - 2.435 lakh 

71. (b) : Slum population in 

Kolkota - 32.165 lakh; Mumbai - 31.312 lakh 
Delhi - 17.190 lakh; Chennai - 13 728 lakh 

Ahmedabad - 6.630 lakh; Hyderabad - 5.355 lakh 
Bangalore • 2.920 lakh. 

72. (d) 73. (•) 

74 (d) : Slum population (total) - 109-3 lakh. 

Mumbai + Ahmedabad - 107.9 lakh. 


2.92 

292 


75. (b) : Let - * * 

76. (d) 

77. (c) : Percent increase in investment 


k - 3 5. 


For SAIL 


372 


5933 
For Coal India - 


x 100 

811 

4730 


- 6.27% 
x 100 - 17.15%. 


For NTPC 


For ONGC 


1401 

3119 

428 
' 2432 

308 


x 100 - 44.92%. 


*100 - 17 . 60 %. 


For REC - ^ xl0 ° - 20.24%. 
117 


For NTC 


933 


* 100 - 12.54%. 


78. (*) 79- (c) 

8a (c) t Investment in 1995-96 increased from 
1994-95 by 22108 - 18669 

- Rs. 3439 crore - -^ xl0 ° * 18.42% - 18%. 


^Admission Notice 


Dhirubhai Ambani 

Institute of Information & Communication 
Technology, Gandhinagar, Gujarat 
4- Year Programme in 

Information & Communication Technology 


For 10+2 candidates. 


Hie Dhirubhai Ambani Institute of Information and 
Cocnmnnicatton Technology (DA-DCT) invites application 
for admission in its 4-year Programme in Information 
andCommtmicatJon Technology starting in the academic 
year 2001-2002 which will be of same duration and content 
as that of a regular BE/B.Tech programme. Admission to 
its Postgraduate Programmes and Certificate Course will 
be announced later. 

Admission Procedure 

Admission shall be based on merit drawn on the basis of 
an all-India Entrance Examination conducts in one session 
from 9.30 AM to 12.30 PM at a number of centres in the 
country. The Examination will consist of objective type 
questions with mukiple choice answers covering Physics, 
Mathematics, Chemistry, English and Logical Reasoning. 
Eligibility Criteria 

Candidates who have completed or expected to complete 
by June 2001, 10+2 years of schooling with Physics, Chemistry 
and Mathematics are eligible to appear in the Entrance 
Examination. Only those candidates whose date of birth 
falls on or after October 1, 1980 are eligible. 
Entrance Examination 

The Entrance Examination will be held on Saturday, the 
23nftJunc, 2001 at Ahmedabad, Bangalore, Baroda, Bhopal, 
Bhubaneshwar, Chandigarh, Chennai, Delhi, Guwahati, 
Hyderabad, Jaipur, Kolkata, Lucknow, Mumbai, Nagpur, 
Patna, Rajkot, Ranchi, Surat and Thiruvananthapuram. 
Information Brocbure-Cum-AppUcation Form 
The Information Brochure-cum- Application Form can be 
obtained by sending a non-refundable Demand Draft of 
■a. 600/- drawn in favour cf “Educational Consultants 
India Limited" and payable at New Delhi. Please write 
your complete address (in capital, letters) including phone 
number, if any, on the back of the demand draft. Please 
send your request for Information brochure-cum-Application 
Form to 

The Project Manager 
Educational Consultants India limited 
“Ed. CIL House”, 1S-A, Sector 16-A 
Noida - 201301 (U.P.) 

Important Dates 

• Sale of Information Brochure-cum-Application 


Starts on April 16, 2001, Closes on May 19, 2001 

Last date for receiving completed Application 

Form : May 21, 2001 

Date of Entrance Examination : June 23, 2001. 
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Challenging Problems from 
World Mathematics Championship 


1. Show that the polynomial 

x? - 1994x* + (1993 + m)x* -11 x + m, m e Z. 
has at most one integral root. 

Solnj Consider 

x* - 1994.x 3 + (1993 + rri) jc 2 - llx + m ... (1) 
Suppose the given polynomial has two integral roots. 
Then neither can be odd for otherwise 

(x* + 1993.x 2 ) - (1994**) + m (** + 1) - 11* 
will be odd (as each of the terms in brackets is 
even) and hence non-zero. 

Suppose jc, » 2 r i a, r x > 0 and a odd is a solution. 
Considering the polynomial (mod 2 2r 0, we then 
have that m m 1 lx (mod 2 2r 0. 

Hence m = 2 r i(ll<z) (mod 2 2r 0, and since a is odd, 
m must be of the form 2 r i/,, l x odd. 

If x z - 2 r *b t b odd, is also a solution, then m - 2 r ^, 
l L odd, so we must have r, = r 2 . 

Thus, if there are two integral roots, both must be 
of the form 2 r k , r> 1, k odd. The product of the 
two roots must be a multiple of 2 2r . The quadratic 
which has these two roots as zeros is 

x* + px + 2 lr q, where p t q are integers. 

Now the given polynomial (1) can be factorized 
into two quadratics. 

Ox 2 + px + 2 2r qXx? + sx + 0. 

If s were not integral, then the coefficient of x 5 
would not be integral in the quartic, and if / were 
not integral, the coefficient of x 1 would not be integral 
in the quartic. Thus s and t must be integers and 
m = 2 lr qt. But the highest power of 2 dividing m 
is 2 r , so r > 2r giving r = 0, a contradiction. 
Hence the given quartic cannot have more than 
one integral root. 

2. Find the smallest number n > 4 such that there 
is a set of n people with the following properties: 

(i) any two people who know each other have 
no common acquaintances; 

(ii) any two people who do not know each other 
have exactly two commom acquaintances. 

Note : Acquaintance is a symmetric relation. 
Solnj Choose one of the people A, and suppose 
A knows x u x z , ..., x r Then by (i) no x t knows an 
x f for i * j. Therefore, by (ii), for each pair Oq, xp 


there must exist an X {j who knows both x t and x y 
in order that x { and Xj have two common 
acquaintances A and X {J . Now A cannot know any 
of the Xfj. Thus by (ii) each Xy can have only two 
acquaintances among x lt x it ..., x rt namely x t and 
Xj so all the X {J are distinct. 

Any person who is not A, nor an acquaintance of 
A must by (ii) be an Xy. Thus the total number of 

people must be [ ^ 1 + r + 1 . 


Now r > 2 and n > 4. 

If r * 3, then n » 7 ... (A) 

If r * 4, then n * 11 ... (B) 

If r = 3, then n = 16 ... (C) 

Let us label the people 1, 2, ..., ti. 

Case (A) : Without loss of generality suppose 1 
knows 2, 3 and 4 and that 5 knows 2 and 3, 6 
knows 2 and 4 and 7 knows 3 and 4. 

Now 5 must have three acquaintances, so he must 
know one of 6 and 7. But he has common 
acquaintances with both 6 and 7, contradicting (i). 
Case (B) s Without loss of generality, suppose 1 
knows 2, 3, 4 and 5 and 6, 7, 8, 9, 10, 11 know 
pairs 12, 31, 12, 41, {2, 51, (3, 4), 13, 5) and 14, 51 
respectively. 

Then 6 cannot know 7, 8, 9 or 10 as he has common 
acquaintances with each of them. So 6 can only 
know 2, 3 and 11, while he must know v r = 4 popple, 
a contradiction. 

Case (C) s We claim that n * 16 is the smallest 
number of people required in such a set, by noting 
that cases (A) and (B) fail and that the following 
acquaintance table satisfies (i) and (ii). 


Person Acquaintances Person Acquaintances 


1 

2 

3 

4 

5 

6 

9 

2 

5 

1 1 

13 

2 

1 

7 

8 

9 

10 

10 

2 

6 

jr 

12 

3 

1 

7 

11 

12 

13 

11 

3 

4 

9 

10 

4 

1 

8 

11 

14 

15 

12 

3 

5 

8 

10 

5 

1 

9 

12 

14 

16 

13 

3 

6 

8 

9 

6 

1 

10 

13 

15 

16 

14 

4 

5 

7 

10 

7 

2 

3 

14 

15 

16 

15 

4 

6 

7 

9 

8 

2 

4 

12 

13 

16 

16 

5 

6 

7 

8 
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KRISHNA’S Ladder of Knowledge 


You can climb to any heights with KRISHNA’S Books. 

( Text Books for CBSE ) 


1. KRISHNA’S Chemistry for IX Class 

A. Dhawan 

72.00 

2. KRISHNA’S Physics for IX Class 

M.K. Gandhi & Naresh Kumar 

75.00 

3. KRISHNA’S Biology for IX Class 

Saxena & Sinha 

70.00 

4. KRISHNA’S Maths for IX Class 

V.K. Sehgal 

100.00 

5. KRISHNA’S Chemistry for X Class 

A. Dhawan 

75.00 

6. KRISHNA’S Physics for X Class 

M.K. Gandhi & Naresh Kumar 

75.00 

7. KRISHNA’S Biology for X Class 

Saxena & Sinha 

75.00 

8. KRISHNA’S Maths for X Class 

V.K. Sehgal 

160.00 

9. KRISHNA’S Science Practical and Projects 

Gandhi, Naresh, Dhawan & Sinha 50.00 

10. KRISHNA’S Physics for XI Class 

P.K. Agarwal 

270.00 

11. KRISHNA’S Chemistry for XI Class 

Bahadur & Bahadur 

270.00 

12. KRISHNA’S Elementary Statistics for XI Class 

K.K Sharma 

40.00 

13. KRISHNA’S Physics for XII Class 

P.K. Agarwal 

340.00 

14. KRISHNA’S Chemistry for XII Class 

Bahadur & Bahadur 

340.00 

15. KRISHNA’S Analysis of Financial Statements - XII Class 

T.D. Malhotra 

60.00 

16. KRISHNA’S Accountancy for XII Class 

T.D. Malhotra 

70 

17. KRISHNA’S National Income Accounting - XII Class 

S.K. Sohanta 

90.00 

18. KRISHNA’S English Core for XII Class 

S. Kumar 

115.00 

19. KRISHNA’S Introductory Economic Theory - XII Class 

S. K. Sohanta 

In Press 

( KRISHNA’S Books for Medical & Engineering Entrance Exam ) 

1. KRISHNA’S Objective Pre-Engineering Chemistry 

B.K. Sharma 

200.00 

2. KRISHNA’S Objective Pre-Engineering Physics 

Shobhna Sharma 

225.00 

3. KRISHNA’S Objective Pre-Engineering Mathematics 

R.K. Gupta & J.P. Arya 

250.00 

4. KRISHAN’s Screening Plus Mathematics 

R.K. Gupta & J.P. Arya 

90.00 

6. KRISHNA'S IIT Mathematics 

R.K. Gupta & J.P. Arya 

450.00 

6. KRISHNA’S IIT Chemistry 

P.B. Saxena 

495.00 

7. KRISHNA'S IIT Physics 

P.K. Agarwal 

490.00 

8. KRISHNA’S JEE Chemistry 

P.B. Saxena 

220.00 

9. KRISHNA’S JEE Physics 

P.K. Agarwal 

220.00 

10. KRISHNA’S Objective Q.B. in Chemistry 

B.K. Sharma 

450.00 

11. KRISHNA’S Objective Q.B. in Physics 

Shobhna Sharma 

450.00 

12. KRISHNA’S Objective Q.B. in Zoology 

S.K. Sharma 

400.00 

13. KRISHNA’S Objective Q.B. in Botany 

N.P. Saxena 

430.00 

14. KRISHNA’S Objective Q.B. in Mathematics 

R.K. Gupta & J.P. Arya 

315.00 

( KRISHNA’S Reference Books for High Grade Competitive Exams ) 

1. KRISHNA’S General Studies Digest 

R.C. Gupta 

550.00 

2. KRISHNA’S Current Events 

R.C. Gupta 

60.00 

3. KRISHNA’S Objective English for Competitions 

Malti Agarwal 

190.00 

4. KRISHNA’S Mathematics for MCA 

Gupta & Shastri 

In Press 

KRISHNA PRAKASHAN MEDIA (P) LTD 


Goel Publishing House, 1 1 , Shivaji Road, Meerut - 250 001 , Phone : 0121-642946, 644766 

Fax : 0121-645855 (Please send Rs. 100 by Money Order as advance for V.P.P) 




3. Prove that there does not exist a function 
/ : Z -+ Z, for which /(/(*)) - x + 1 for every 
x e Z. 

So/m -• Suppose that there is such a function. 
Then /(/(/(*))) - /(x) + 1. 

Since /(/Tx)) « x ♦ 1, we get /(x + 1) - /(x) + 1. 
By induction /(x + «) -/(x) + n for every n e N. 
Also /(x) - /(x - n + n) - /(x - n) + «. 

So, /(x - n) » /(x) - n for every n e N. 

Finally fix + .v) - /(*) + .V for x, .v e Z. 

For x - 0, /(y) - /( 0) + .V- 
For y - /(0), /(/(0)) - /(0) + /( 0). 

But /(/(0)) - 1; thus 2/(0) - 1, a contradicUon. 

4. Put a natural number 


is a perfect square (in every number there are n 
fours, n - 1 eights and a nine). 

Sofa.* Let 4,8 2 9 denote the number 444889 and 
6 2 7 denote the number 667. 

We shall show that (6, _ , 7) 2 ■ 4*8* . , 9 
for each positive integer n. 

f 6 ( 10 " - 1 ) 

9 








74 








186 



103 



0 






(0 


Because (6„_,7) 2 


in every empty field of the 
table so that you get an 
arithmetic sequence in 
every row and every 
column. 

So/m.* Let us say the numbers adjacent to 0 are % 
and a,. with a„ in the row and a, in the column. We 
know that in an arithmetic sequence every term 
is the arithmetic mean of the term before and after. 
Therefore, we can put numbers in the chart as follows*. 


52 

82 

112 

142 

172 

39 

74 

109 

144 

179 

26 

66 

106 

146 

186 

13 

58 

103 

148 

193 

0 

50 

100 

150 

200 


5. Prove that every number of the sequence 
49, 4489, 444889, 44448889, ... 


.f«sj=a«y.. 


suffices to 


establish that 


r«a£=£ +1 J .4.8..,, 

for each positive integer n. 
Let n be an arbitrary positive integer. Then 

\2 


fsaj=a*iJ . 


(2*10” +1) Z _ 

9 

40 B .,40 n .,l _ , o 
- x - 4„8 


410 2 " + 410** +1 

9 


i - i 9- 






i 

3*. 

74 



] 

2a, 

a t - do + 103 



186 


i (a, + 103) 

103 

i(309 - «,) 

206 - a, 

0 

*0 

2^i 

3a, 

4<0 O 



Now, i(180 + 4ao) ■ 206 - 
=> 93 ♦ 2a,, - 206 - a, 

=> 2a> + &\ “ 

and 74 ♦ $(a, + 103) - 2(103 + a, - aa) 

=> 3a, - 4a,, - -161 ••• 00 

Solving (i) and (ii) gives an “ 50 and a, • 13- 
So we can easily put numbers in every field as 
si town. 


Let Q be the mid- 
point of the side AB of 
an inscribed quadrilateral 
ABCD and 5 the 
;rsection of its diagonals, 
note by F and R the 
hogonal projections of 
on AD and BC 
respectively. Prove that 
I PQ\ - 1 QR \ . 


to P, and let F be the point symmetric to B with 
respect to R. Then we have 

SE - &4, ZSEA m ZSAE 
and SF - SB, ZSFB, ZSBF. 

A s A, B, C, D are concydic we get Z CAD • ZCBD. 
Thus, ZSEA - ZSAE - ZSBF - ZSFB. 
Consequently we have ZASE “ ZBSF. 

Thus we get, ZBSE “ ZBSA * ZASE 

- ZBSA + ZBSF - ZFSA. 
Since SB - SF and SE - &4, we have 

tsSEB 2 bSAF. (SAS) 

Thus we get EB- AF. Since P, Q, tfare mid-points 
of AE, AB, BF respectively, we have 

PQ - EB and QR - ~AF. 

Therefore we have PQ - QR 
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Sequence & Progression 


t. Let a„ a t , a, a„ be in AP where - 0 and 

common difference * 0. Show that 


, + £L + fL + + -&_ 


a — a i— + - + } 


c 2a. =l+_£l_ 






».' Here f, ■ a x * 0; 

common difference • * 2 - *j “ *2 - 0 ■ * 2 
IMS. 

a \~ a i ~ *2 t J ^n-l ~ ff i. + -gg- 


#«-2 * 2 w-l 


+ + £^ + . 


fl] *3 ^4 ^»-2 

(v t H - common difference » t„_ jl 

a„_, <*,+(« -2)^ 

| v a 2 • common difference! 

*(w-3) + - — - (v *i • 0) 


RHS 


fi — 2 
n l 4>(Fi-2>a i t 


*,+(«- 2)* 2 
1 


.(„_2) + -J— »(« -3)+l + “3)+~4 

fi - 2 n- 2 n-2 

LHS - RHS. 

2. The sum of squares of three distinct real num- 
bers which are in GP is S 2 . If their sum is a • S, show 

that a 2 c ( *r , 1) u Cl, 3). 

* 

Sotm •• Three numbers in GP are ~ , * , *r. As they are 
distinct, r# 1, -1. 


Let r + — *x. So x # 2, -2 as r * 1, -1 
r 


a 1 

or a 2 


(''vH- 1 ' 


(given) 


2 5 2 2 , S 2 

jr - 2 + 1 = — or ■* - 1 = — 
^ 2 * 


a 2 


... (1) 

(given) 


or ax + * - a • 5 or x ♦ 1 * a • ... (2) 


a 2 + 1 

V * — 

a 2 -1 


from (1) and (2) 


or r + — *= 


1 a 2 4-1 


a 2 - 1 


or (a 2 - Dr* - (a 2 + l)r + a 2 - 1 - 0 
As r is real, D £ 0 
or (a 2 + l) 2 - 4(a 2 - l) 2 £ 0 
or (3a 2 - 1X3- a 2 ) * 0 


either 3a 2 - 1 £ 0 
and 3 - a 2 £ 0 


and 


1 

either a 2 £ ~ 

a 2 £ 3 
1 

«> * 3 


or 3a 2 - 1 £ 0 
and 3 - a 2 <x 0 

and a 2 i 3 
and a 2 £ 3 


From (5), a 2 * 3, “ because * # 2, -2 


Also a 2 * 1 for otherwise 


x + 1 
x-1 


* 1 , which implies 


1 - -i. — < a 1 < 1 and 1 < a 2 < 3 


So 


ai e (? 2 ) 


u (1, 3). 


3. Given a GP and an AP with positive terms a , *,, 
a 2 , *, ** and b. K fe, b n respec- 

tively where the common ratio of the GP * 1. Prove 
that there exists a positive real number x such that 
log,**- b M m log,* - b for all n € N. Also find that 
x 

Sohi.: Let the common ratio of the GP be r and the 
common difference of the AP be d. As the progres- 
I sions have positive terms. 
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a > 0, r > 0, a n > 0, b > 0, b n > 0, d > 0 for all n. 
Now, a tl * ar" and b n ** b + rd 


— - r and b n - b = rd 
a n 


log,— = log „r" 
a 

log x - = b„-b if log r" = rd 
a 

rd 

n log*r - rd => log x r = — 

rd n 

X n = r ■=> X = T rd > 0 


log* ( a n - 6„) - log x (a - b) where x = r"* > 0 

4. Find the coefficient of* 08 in the continued prod- 
uct (x + IX* + 2)(* + 3) .... (* + 100). 

Solnj We know that (x + a x Xx + a^(x + aj ( x + a „ ) 

- *" + (Zaj)*"* 1 + G.a l a 2 )x n - 2 + (Zo^o^x" ~ 3 

+ + (*1^2*3 .... a„) 

the coefficient of x 08 in the product of 100 linear 
factors will be sum of the products of 1, 2, 3 ..... 100 
taking two at a time. 

Now (1 + 2 + 3 + .... + 100) 2 

= l 2 + 2 2 + 3 2 + ... + 100 2 

+ 2 x (required sum of products) 
the required coefficient 

--[(1 + 2 + 3 + + 100)* - (1* + 2* + 3* + + 100*)] 

2 


'lOOxlOlY 100x101x201 

,2 J 6 


= 12582075. 


5. If there be m quantities in a GP whose common 
ratio is rand 5„ denotes the sum of the first n terms 
of the GP, prove that the sum of their products (two 
r 

by two) is — j- S m • S^. 


Solnj Let 5„ « a + ar + ar 2 + + ar" - 1 


q(l - rT 
1 - r 


= 


q(l-r m ) 


S m - 1 _ 


q(l - r m_1 ) 


1 - r 1 - r 

Let the sum of the products of a , ar , ar 2 , ar"* -1 
taken two at a time be 5. 

Now (a, + a 2 + a 3 + + a m ) 2 

- a x 2 + a 2 2 + a 3 2 + + a m 2 + 25* 

(a + ar + ar 2 + + at™- 1 ) 2 

= ar + atr 2 + a V + + aV (m- 0 + 25 

2 /7 

+ 25 


or 
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[ a(l - r m ) ] a 2 (l -r 2m ) 

j 1-r J 1-r 2 


25 = 


a 2 (l-r m ) 2 a 2 (l -r 2m ) 


(1-r) 2 


1-r 2 


= a 


2(r 2m -r m +' -r m +r) 
(1 -r) 2 (l + r) 


. r . 7 2 r m (r ,n - l)-r(r m -l) 2 (r m -lXr'"-r) 
(l-r) 2 (l + r) ° ' (1 -r) 2 (l + r) 
a(r m - 1) a(r m - r) 1 

1+7 


(1-r) 


1-r 


a(l-r m ) «(l-r ra_1 ) r 


1-r 

6. If log e ■ 


1-r 


1 + r 1 + r 




1 


, t be expanded in ascend- 

1 + X + X* + X 3 

ing powers of x, show that the coefficient of x" is 
-1 /n if n is odd or of the form 4m + 2 and 3 /n if 
n is of the form 4 m. 

1 . 1 


SolftJ log e - 


■ = log.. - 


l + X + A^+X 3 ^ (1 + JfXl + X 2 ) 

“ -log<J(l + xXl + JC 2 )) = -log(l + x) - log(l + X*) 

-H'S* 3 - } 

Let n be odd. Then there is no term containing x " in 
the second series. 

coefficient of x" - -1 /n. 

Let n = 4m + 2. Then 
coefficient of x Jl - coefficient of x* m 4 2 
1 1 1 1 

4m + 2 2m + 1 4m + 2 n ' 

Let « ■ 4m. Then 

coefficient of x ?' * coefficient of x? m 

= ^ + j_ =3 .j_=a. 

4m 2m 4m n 

7. If a it 02 , , a n are in A.P., with common dif- 

ference d, then 

1 2 

X a r a s = -n(n-l)[a, +(n-l)a,^ 

r<5 2 

+— ( W-7n + Z)d 2 ] 

12 

ti 2 n 

Solnr (a { + ^ 2 + .... + a n ) 2 * a h + 2 2 a r & 5 ....(1) 

A=1 r<5=l 

Za*=-(2fl 1 +(«-l)rf ] ] 

i 2 

i >* 2 = z«.+(*-ixfl 2 

1 1 

= Z[«, 2 + 2a,a - 1W + (k - 1) 2 </ 2 ] 

1 

.2 t ^j («-!)«,! .2 


= na, + 2a x d • 


+ 7^ (n-l)«(2n-l) 
2 6 


Substituting in (1), we get the required result. 
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8. If x 2 , ..... x n are n non-zero real numbers such 

that (V + x 2 l + + x^flCx, 2 + a;, 2 + + jc m 2 ) 

^ (.*,*2 + + .... + x n _ iX n ) 2 t then prove that x u 

..... x„ are in G.P. 

Solnj From the question, 

<V + X/+ .... + X l ^Xx 2 2 + *, 2 + .... + X 2 ) 

- (x, Xi + x 2 x ) + + x )Hl x„y <1 0 

Using Lagranges Identity, this gives, 

(*1*4 - x 2 x 2 Y + (x 2 x 4 - x 5 x^ 2 + .... 

+ ^n- 1-^u-l^ + (■X n _ \X 2 — JT yr X|) 2 ^ 0 ...Cl) 
Since x h x 2 .... are real numbers (1) gives 

” X 2- *2*4 m V X lt _ 2 X„- ,J: 2 - *„*, 



so, x 2t x are in G.P. 


9. If 5,, S 2 , ^ .... are the sums of infinite geomet- 
ric series whose first terms are 1, 2, 3, n and 

, .111 1 

whose common ratios are — > — , 

2 3 4 n + 1 

respectively, then find the value of S, 2 + + SJ + 


SobtJ Here S tt = 


n + 1 

S„ 2 - Oi + l) 2 


+ 1 ) 
w + 1 - 1 


tt + 1 


So V + S 2 2 + 4.-1 = 2 2 + 3 2 + + (2 m ) 2 

“ (1/6X2m)(2m + 1)(4m + 2 - 1) - 1 

-•|[»(2m + 1X4m + 1)-31. 


10. The sum of an infinite geometric series is 2 and 
the sum of the geometric series made from the cubes 
of this infinite series is 24. Then find the series. 
Soittj Let first term ® a , common ratio = r 

where -1 < r < 1. Then T— = 2 and --- ■ = 24 
1-r 1 -r 3 

1-r 3 1 

= 3 *• 1 - 2r + f 2 = 3d + r + r 2 ) 

or 2r* + 5r + 2 « 0 

r = -2 or -1/2. As -1 < r < 1, 
we have r * -1/2. 

Putting this value of r, we get a - 3. 


The series is 



3 

4 



^y . Pro/ ,456is£ Sharma, Meerut (UP). 
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Mahaviracharya - A Great Jain Mathematician 

S. N. Singh, P.G. deptt. of Mathematic*. Maharaja College, Arrah (Bihar) 


M ahaviracharya, briefly known as Mahavira was 
the most celebrated Jain mathematician of the 
9th century. He glorified the court of Amoghavarsha 
Nriptunga, a famous king of Rashtrakoota dynasty 
which flourished in a part of the present state of 
Karnataka. His book ‘Ganita Sara Sangtabef (G.SS.) 
was written in 850 A.D. and was discovered some 
50 years ago. The book has been translated to English 
and edited by M. Rangacharya of the Madras 
University, and published by the Government of 
Madras. 

Mahavira was not an astronomer and his work 
was confined to pure mathematics only. The G.S.S. 
is the first arithmetic text book in the present-day 
form, except for the fact that there is no chapter 
on decimals. Mahavira's work does not include any 
profoundly fundamental discoveries. His main 
contributions are essentially improving and extending 
the results of his predecessors. His contributions 
of arithmetic, algebra and geometry are the following: 


remain in vakul trees. What is the total number of 
birds?) If x is the total number of birds, this gives 
the equation 

x = —+— + ■£ + 7-Jx + 56 => x = 576. 

4 9 4 

(iii) Value of a? : The following formulae of cubing 
was given by Mahavira: 

a' • <*a* b)(a - » + Wfl - 0 + & 

• a + 3« + 5a + upto a terms 
-<*»♦(«- 1X1 + 3 + 5 + ... upto a terms) 

* 311 • 2 + 2 • 3 + 3 • 4 + * (a - 1)<*1 + a 

(iv) Four different sums of money equal to 40, 30, 
20 and 50 respectively are lent out at the same rate 
of interest of 5, 4, 3 and 6 units of time respectively. 
The total interest is 34. What is the interest that 
each amount fetches? 

Let the rate of interest be rand x t , x 2 , x v aq be the 
interests earned by the given amounts. 



Arithmetic and Algebra 

CO Garland product .; The following products 
resemble a garland i.e. they give the same numbers 
read from left to right or right to left. 

139 x 109 - 13151 

27994681 * 441 ■ 123456 54321 

12345679 * 9 - 111 111 111 

333333 666667 * 33 - 1 10000 110000 11 etc. 

00 Problem on Quadratic Equation 

. TTTT *^T% *[l'U-i'RT 

^cfCfq-jxrT ‘Tnrl' 

^fH’RTwrrr*; 


x, + *2 + + X\ 34 L 

“ 200 + 120+^ + 300 " 680 20 

=* x,- 10, 6, x»- 3. 15. r- jg. 

(v) Mahavira is the world’s first mathematician to 
give the genera! formula 

n(n - lXn - 2)....(w - r + 1) 

m 1-2-3* *r 

(vi) Unit fractions : A unit fraction is one whose 
numerator is unity. The most interesting results in 
Mahavira’s work are his methods of obtaining unit 


fractions for any given fraction. He gives the following 


(a) 1 


^ ^ ^ yn - 2 + 2 . 3"“ 2 


^Tvi u fTAVr ffP»TT?[ ? Thus for n - 5, 1 J + 9 + 27 + 54 


(Out of certain number of Sarasa birds, 1/4"' the 
number are moving about in lotus plants; 
l/9"‘ coupled with; 1/4'" as well as 7 times the 
square root of the number move on a hill, 56 buds 
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A/eui exceptional 

Problems 


Problem 1 : Determine all possible integral solutions 
of the following equation: 
xf + X 2 6 + xf + xf + xf + Xfi 6 + xf - 2699999 
So In.: First we prove two Lemmas. 

Lemma-1 

Prove that 

^*(*-1) _ ^ (mod ) if O, k) = 1 1 

= 0 (mod A 2 ) if Cx, k) = k\ 

Proof: We know that in terms of the Fermat Theorem: 
x k-i s ^ (mod A) for Gx, A) = 1 j 

= 0 (mod A) for ( x , A) = OJ 
Then, substituting y = .x*, we have 
(.x, k) = 1 => (x*, A) * 1 => (.y, A) * 1 
& (x, A) = A => (y, A) = A. 

y = 1 (mod A) for (y, A) = 1 1 
= 0 (mod A) for Gy, A) = OJ 
Case - 1 : If y h l (mod A ) 

Then, + ,v*“ 2 + + / + 1 

= I' V =5* (say) 

/=<) * 

But, y = l(mod A) => y* = l(mod A). 
k-\ 

S* = 2 y 3 1 x A - A(mod A) = (Xmod A) 

i=0 * 

i.<?. there exists an integer ref * 
y* _1 , 

S* m k r => yry “ 

=0 y*~ 1 = AKy — 1) + 1 
But, y - Is OCmod A) 

=> y - 1 = tk for some t e I* 

.\ y k ~ 1 = (kr)(tk) + 1 = rfA 2 + 1 
=> y 1 = l(mod A 2 ) 

But, y = x* (by assumption) 

=> x*(A - 1) s 1 (mod A 2 ). 

Case II : If y = 0(mod A), where A is prime 


=> y = mA for some m e V 
=> y* = ( mA)* = m* • A* 

But since, A is a prime number. 

=> A > 2 A* is divisible by A 2 
=>y* = O(mod A 2 ) 

=> jc**- n = 0(mod A 2 ) 

x k(k - v = l(mod fe 2 ), if (x, k) = ll 

= 0(mod /b 2 ), if (x, k) = k) 

Lemma 2 : Prove that for x e I* : 

x (> m (Xmod 9) if (x, 3) - 3l 
s l(mod 9) if (x, 3) ■ 1 J 
Proof : Method 1. 

Putting k - 3 in Lemma 1. 

We have JK* - 1) - 3 x 2 - 6 & A 2 - 3* - 9. 
Hence the result. 

Method 2 : Case I . 

If (x, 3) - 3, => a: = 0(mod 3) 

=> x = 3 r (say) for some f e / + 

=> yf * 729 / 6 = 9 x (81 r 6 ) => x 6 = OCmod 9). 

Case II : If (x, 3) = 1 

Then clearly, x= 1 or 2 (mod 3) 

=> x= 1 or -1 (mod 3) 

=> 'x - 5t ± 1 for some f € 7 + 

Now, (3/ ± l) 2 = 9^ ± 6f + 1 = 3(3^ ± 6/) + 1 
* 3 m + 1 where m * 3^ ± 6 r. 

Hence, (3t ± l) 6 * (3^ + l) 3 
= 27 m 5 + 27m 2 + 9m + 1 
= 9(3 m 5 + 3m 2 + m) + 1 
= 9/7+ l, where /V s3 3m 3 + 3 m 2 + m. 

=> (3f ± l) 6 = l(mod 9) => yf = l(mod 9) 

Hence, by combining cases (I) and (II) 

jt 6 s 0(mod 9) if (x, 3) * 3 j 
= l(mod 9) if (x, 3) * 1 J 
Hence, by Lemmas 1 and 2, 
we must have 

xf sOorl (mod 9) where x t el* v i ■ 1 (D 7 

... (iii) 

45 
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Now, taking - X-*/ ...(iv) 

/*i 

We have if 

jc/‘ a p (mod 9) V i “ 1 d) 7 ...(v) 

Then, by (iii), (iv), (v) 

0 </>< 1 *7 => 0 < p<7 ...(vi) 

But, we know that for any number 

N = X lO^x* => N 3 Z a: . (mod 9) 

y=o j=o 

In the given problem, 

Digit sum of 2699999 ”53 & 53 s 8(mod 9) 

=> 2699999 a 8(mod 9) 

By the problem, we must have 

I */’ s 8 (mod 9) ‘ 

f*1 

But, clearly by (iii) - (vi) 

X x t ' a p (mod 9) where 1 < p <> 7. 

/=i 

But as 8 > 7. This is a contradiction. 

Hence, no integral solution exists for the problem 
under reference. 

Problem 2 s Determine all possible positive integral 
solutions to the following equation 
a + b + c - abc.. 

So In.: Case A . If a - 6 - c (« k, say) 

Then a + 6 + c - abc 

& m }k => k 1 m 3 since k - 0 is inadmissible as 
0 is not a positive integer. 

=> k m V 3 . 

But V 3 is an irrational number and hence is not an 
integer. Hence, no solution is possible. 

Case B : If exactly two numbers among a, b , c are 
equal without any loss of generality. Let us take 
a - b (- /, say) 

Then, a + b + c - <z6c => 2/ + c * l 2 c 



Now (/, / 2 - 1) - 1 

and l 2 - 1 divides 2 only if / 2 - 1 - 1 or 2 
=> / 2 - 2 or 3 => / “ ^2 or V 3 . 

=> <3 - 6 - >/2 or - 6 - V 3 , but V 2 and V 3 £ /* 
which is a contradiction. So, no solution is possible. 
Cfcse C . If <3 * 6 * c. 

Then, let (Oq, 6b, <*) be such that Oq< bo< & 
(Oo, 6b, c«) satisfies a + b + c - *6c ...(•) 

46 


Then clearly all possible solutions for the 
equation (•) is satisfied by permuting the triplet 
(tfo, bo, Co). Hence, we can take, without any loss 
of generality: a < b < c. 

=> for three non-negative integers a it 6,, c t we 
can assume that 

a - 1 + a t , b - 2 + 6, and c - 3 + c,. 

Now, abc - (a + b + c) 

- (1 + *,)(2 + 6,)( 3 + c,) 

- 1(1 + a,) + (2 + 6,) + (3 + c,)l 

■ (6. + 6a x + 36, + 2cj + 3^,6, + 2a, c, + 6,c,) 

- (6 + a, + 6, + c,) 

■ 5a, + 26, + c, + 3a, 6, + 2 a, c, + b x c x 

■ a,(5 + 36, + 2c,) + 6,(2 + c,) + c, 

/. a-6*c-a+6+c 

=> a x • (5 + 36, + 2c,) + 6,(2 + c,) + c, - 0 
which is possible only if a x - 6, * c, * 0 
where a,, 6,, c, are three non-negative integers. 
=> a - 1 + a, -1+0-1 
6 - 2 + 6 , ■2 + 0*2 
c-3 + c, - 3 + 0-3. 

Hence there is only one basic solution for the equation 
a + 6 + c - a6c given by (a, 6, c) s (1, 2, 3) and 
the other solutions are permutations of (1, 2, 3). 
Hence the required solutions to the problem under 
reference are given by 

(a, 6, c) s (1, 2, 3); (1, 3, 2); (2, 1, 3); (2, 3, 1); 
(3, 1, 2) and (3, 2, 1). 

Problem 3 : Show that no positive integral solution 
is possible for the equation 

a 3 + 2 6* - at/. 

Soln.: Case I Wheji a - 6. 

We take, a - b m k (say) 

Then, a 3 + 26* - 3# and <^6 
Clearly, 3 fc 5 > fc 3 

=> a 3 + 26* > a, which is a contradiction. 

Hence, no solution exists for case - I. 

Case II : When a * 6 

a 3 + 26* - at/ ...0) 

For, a < 6 

=> R.H.S. < 6 • 6* - 6* and L.H.S. - 26* + a 3 > 6* 
* 

which is a contradiction. 

In terms of Case-I, no solution exists for a - 6. 
For, a > 6 

=0 there exists f, > 0, f, is a non-negative integer, 
a - 6 + /, 
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Then from (i), 26 * ♦ (6 + /,>* - 6*(6 ♦ /|) 

=> 6 * + (6 + /,)*- 6 * f , .00 

Again, f, <* b 

=> R.H.S. - If t x £ 6* • 6 - 6* 
and L.H.S. - 6* ♦ (6 + /,*)' > 0 1 
which is a contradiction. /. /, > 6. 

=> there exists a non-negative integer t z such that 
t> - k+ t z 

from (ii), 6 1 + (26 + ^ * 6 5 + If • t 2 
=> (26 + / 2 )* - 6* • t 2 ...(iii) 

Clearly as L.H.S. of (iii) is a perfect cube. 

=» there exists a non-negative integer f 5 such that 
tft t - .(iv) 

6 divides / 5 / 3 - 6 • t A ...(v) 

Hence, from (iv) and (v) 

6* • # r< 5 

=> / 2 - 6 • tf .(vi) 

By (iii) & (vi), 

=> (26 + 6 • tf? - 6V => + 2 - /< 

which is not possible for any non-negative integer 
t A as with equality tj - occuring at 

t A - 1 implying interaction, /*•* + 2 > t A , which is a 
contradiction. 

Hence no positive integral solution is possible for 
the problem under reference. 

Prepared by : K. Sengupta, 
Kolkata. 
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< How 

Boolean L ogic 

Works 



you do care then you might 
rewrite your equations to 
always include 2 bits of 
output, like this 


0 


1 


1 


+_i_ 4_i_ 

00 01 01 10 
From these equations you 
can form the logic table: 


H ave you ever thought about how a computer 
can do something like balance a check book 
or spell-check and grammar-check a document? These 
are things that, just a few decades ago, only humans 
could do. Now computers do them with apparent 
ease. How can a “chip” made up of silicon and 
wires do something that seems like it requires human 
thought? 

If you want to understand the answer to this 
question down at the very core, the first thing you 
need to understand is something called Boolean 
Logic. Boolean logic, originally developed by George 
Boole in the mid 1800’s, allows quite a few 
unexpected things to be mapped into bits and bytes. 

The great thing about Boolean logic is that, once 
you get the hang of things, Boolean logic (or at 
least the parts you need in order to understand the 
operations of computers) is outrageously simple. 

We will first discuss simple logic “gates”, and then 
see how to combine them into something useful. 

Simple Adders : We assure that you have knowledge 
of binary addition. Now you will learn how you 
can create a circuit capable of binary addition using 
the gates. 

Let’s start with a single bit adder. Let’s say that you 
have a project where you need to add single bits 
together and get the answer. The way you would 
start designing a circuit for that is to first look at 
all of the logical combinations. You might do that 
by looking at the following four sums: 

0 0 11 
+0 +1 +0 +1 

o” r i io 

That looks fine until you get to 1 + 1. In that case 
you have carry bit to worry about. If you don’t 
care about carrying (because this is, after all, a 1 
bit addition problem), then you can see that you 
can solve this problem with an XOR gate. But if 
„ „ MATHEMATICS TODAY 
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1-bit Adder with Carry-Out 


A 

0 

0 

1 

1 


B 

0 

1 

0 

1 


Q , 

0 

1 
l 
0 


CO 

0 

0 

0 

1 


Simply by looking at this table you can see that 
you can implement .Qwith an XOR gate and CCXcarry- 
oi ^ v,ith an AND gate. Nothing could be simpler. 
Wnat if you want to add two 8-bit bytes together? 
This becomes slightly harder. The easiest solution 
is to modularize the problem into reusable 
components and then replicate components. In this 
case we need to create only one component : a 
full binary adder. The difference between a full 
adder and the previous adder we looked at is that 
a full adder accepts an A and a B input pius a 
carry-in (CD input. Once we have a full adder then 
we can string 8 of them together to create a 
byte-wide adder and cascade the carry bit from 
one adder to the next. 

The logic table for a full adder is slightly more 
complicated than the tables we have used before 
because now we have three input bits. It looks 
like this: 

1-bit 8 Strings Full Adder with Carry-In and 
Carry-Out 


Cl 

0 

0 

0 

0 

1 

1 

1 

1 


A 

0 

0 

1 

1 

0 

0 

1 

1 


B 

0 

1 

0 

1 

0 

1 

0 

1 


Q 

0 

•1 

1 

0 

1 

0 

0 

1 


CO 

0 

0 

0 

1 

0 

1 

1 

1 


There are many different ways that you might 
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implements this table. I am going to present one 
method here that has the benefit of being easy to 
understand. If you look at the Q bit, you can see 
that the top four bits are behaving like an XOR 
gate with respect to A and B , while the bottom 
four bits are behaving like an XNOR gate with respect 
to A and B. Similarly, the top four bits of CO are 
behaving like an AND gate with respect to A and 
B and the bottom four behave like an OR gate. 
Taking those facts, the following circuit implements 
a full adder: 


A B Cl 



This definitely is not the most efficient way to 
implement a full adder, but it is extremely easy to 
understand and trace through the logic. If you are 
so inclined, see what you can do to implement 
this logic with fewer gates. 

Now we have a piece of functionality called a 
“full adder”. What a computer A B 

engineer then does is “black- 
box” it so that he/she can 


Full 


Cl 


stop worrying about the CO — Adder 
details of the component. A 
black box for a full adder 
would look like this: 2 

With that black box it is now easy to draw a 
4-bit full adder: 


CO 


A B 

1 1 

A B 

J L 

A B 

J L 

A B 

1 1 

Full 

Adder 


Full 

Adder 


Full 

Adder 


Full 

Adder 

Q 

Q 

1 

Q 

1 

Q 


In this diagram the carry-out from each bit feeds 
directly into the carry-in of the next bit over. A 
zero is hard-wired into the initial carry-in bit. If 


you input two 4-bit numbers on the A and B lines, 
you will get the 4-bit sum out on the Q lines, plus 
one additional bit for the final carry-out. You can 
see that this chain can extend as far as you like, 
through 8, 16 or 32 bits if desired. 

The 4-bit adder we just created is called a 
“ripple-carry” adder. It gets that name because the 
carry bits “ripple” from one adder to the next. This 
implementation has the advantage of simplicity but 
the disadvantage of speed problems. In a real circuit, 
gates take time to switch states (the time is on the 
order of nanoseconds, but in high speed computers 
nanoseconds matter). 32-bit or 64-bit ripple carry 
adders might take 100 to 200 nanoseconds to settle 
into their final sum because of carry ripple. For 
this reason, engineers have created more advanced 
adders called “carry-lookahead” adders. The number 
of gates required to implement carry-lookahead is 
large, but the settling time for the adder is much 
better. 

Flip Flops 

One of the more interesting things that you 
can do with Boolean gates is to create memory 
with them. If you arrange the gates correctly, they 
will remember an input value. This simple concept 
is the basis of RAM (Random Access Memory) in 
computers, and also makes it possible to create a 
wide variety of other useful circuits. 

Memory relies on a concept called feedback. 
That is, the output of a gate is fed back into the 
input. The simplest 
possible feedback 
circuit using 2 
inverters is shown in 
the figure: 

If you follow the feedback path, you can see that 
if Q happens to be 1 , it will always be 1 . If it happens 
to be 0, it will always be 0. Since it’s nice to be 
able to control the circuits we create this one doesn’t 
have much use, but it does let you see how feedback 
works. It turns out that in "real" circuits you can 
actually use this sort of simple inverter feedback 
approach. 

A more useful feedback circuit using 2 NAND 
gates is shown in the next page. 

This circuit has 2 inputs ( R and S) and 2 outputs 
(Q and Q ')• Because of the feedback, it’s logic 
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r-O 


table is a little unusual 
compared to the ones 
we have seen 
previously: 

R S Q Q' 

0 0 Illegal 

0 110 
10 0 1 

1 1 Remembers 

What the logic table shows is that, if R and S 
are opposites of one another, Q follows S and Q' 
is the inverse of Q . If both R and S are switched 
to 1 simultaneously, then the circuit remembers 
what was previously presented on R and S. There 
is also the funny "illegal" state. In this state R and 
S both go to 1, which has no value in the memory 
.sense. Because of the illegal state, you normally 
add a little conditioning logic on the input side to 
prevent it, as shown here 



Q 


In this circuit there are 2 inputs (D and E). You can 
think of D and "Data" and £as "Enable". If £ is 1 
then Q will follow D. If £ changes to 0, however, 
Q will remember whatever was last seen on D. A 
circuit that behaves in this way is generally referred 
to as a "flip-flop". 

A very common form of flip-flop is the n J-K 
flip-flop". It is unclear, historically, where the name 
*J-JC came from, but it is generally represented in 
a black box like this: 

In this diagram £ stands for 
"Preset", C stands for "Clear" and 
” Clk 1 stands for "Clock". The logic 
table looks like this: 


P C 


J — 

K — 


J L 


— Q 
-Q 


Clk 


k q g 

0 1 0 
1 0 1 

1 Toggles 
X 0 1 
X 1 0 

Here is what the table is saying. First, Preset 

and Clear override J, K and Clk completely. So if 
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Clk 

l-to-0 

l-to-0 

l-to-0 

X 

X 


/ 

1 

0 

1 

X 

X 


Preset goes to 0 then Qgoes to 1, and if Clear goes 
to 0 then Q goes to 0 no matter what /, K and Clk 
are doing. However, if both Preset and Clear are 
1 then / K and Clkc an operate. The "l-to-0" notation 
means that, when the clock changes from a 1 to 
a 0, the value of /and K are remembered if they 
are opposites. At the "low-going edge" of the clock 
(the transition from 1 to 0), J and K are stored. 
However, if both J and K happen to be 1 at the 
low-going edge, then Q simply "toggles". That is, 
Q changes from its current state to the opposite 
state. 

You might be asking yourself right now, "What 
in the world is that good for?" It turns out that the 
concept of "edge triggering" is very useful. The 
fact that J-K flip-flop only "latches" the J-K inputs 
on a transition from 1 to 0 makes it much more 
useful as a memory device. J-K flip-flops are also 
extremely useful in counters (which we will use 
extensively when creating a digital clock). Here is 
an example of a 4-bit counter using J-K flip-flops: 



i i 
i i 


1 1 
IL 


i i 

J L 


i i 

4-4 


P c 


P c 


P C 


P c 

1 — 

J Q 


1 — 

/ Q 


1 — 

J Q 


1“ 

J Q 

1 — 

K Q 

■ 

1 — 

K Q 



1 — 

K Q 

— 

1 — 

K Q 


Clk 



Clk 



Clk 



Clk 

nn 







A B C 

The outputs for this circuit are A, B , C and £>, 
and they represent a 4-bit binary number. Into the 
clock input of the left-most flip-flop comes a signal 
changing from 1 to 0 and back to 1 repeatedly (an 
oscillating signal). The counter will count the low- 
going edges it sees in this signal. That is, every 
time the incoming signal changes from 1 to 0, the 
4-bit number represented by A, B } C and D will 
increment by 1. So the count will go from 0 to 15 
and then cycle back to 0. You can add as many 
bits as you like to this counter and count anything 
you like. For example, if you put a magnetic switch 
on a door, the counter will count the number of 
times the door is opened and closed. If you put an 
optical sensor on a road, the counter could count 
the number of cars that drive by. And so on. 

Another use of a J-K flip-flop is to create an 
"edge-triggered latch", as shown here: 

In this arrangement, the value on D is "latched" 
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c 
/ Q 

K Q 
Clk 


— Q 


? 

Clock 


when the clock edge 1 1 

goes from low to J — L 

high. Latches are />- 
extremely important 
in the design of 
things like Central 
Processing Units 
(CPUs) and peripherals in 
computers. 

Implementing Gates 

In the previous sections we saw that, by using 
very simple Boolean gates, we can implement adders, 
counter, latches and so on. That is a big achievement, 
because not so long ago human beings were the 
only ones who could do things like add two numbers 
together. With a little work it is not hard to design 
Boolean circuits that implement subtraction, 
multiplication, division... You can see that we are 
not that far away from a pocket calculator. From 
there it is not too far a jump to full-blown CPUs 
used in computers. 

So how might we implement these gates in real 
life? Mr. Boole came up with them on paper, and 
on paper they look great. To use them, however, 
we need to implement them in physical reality so 
that the gates can perform their logic actively. Once 
we make that leap, then we have started down the 
road toward creating real computation devices. 

The easiest way to understand the physical 
implementation of Boolean logic is to use relays. 
This is, in fact, how the very first computers were 
implemented. No one implements computers with 
relays anymore - today people use sub-microscopic 
transistors etched onto silicon chips. These transistors 
are incredibly small and fast, and they consume 
very little power compared to a relay. However, 
relays are incredibly easy to understand, and they 
can implement Boolean logic very simply. Because 
of that simplicity, you will be able to see that mapping 
from "gates on paper" to "active gates implemented 
in physical reality" is possible and straightforward. 
Performing the same mapping with transistors is 
just as easy. 

Let’s start with an inverter. Implementing a NOT 
gate with a relay is trivial. What we are going to 
do is use voltages to represent bit states. Wo will 

define a binary 1 to be 6 volts and a binary 0 to 
be zero volts (ground). Then we will use a 6-volt 



battery 
power 
circuits. 

NOT 

would therefore 
look like this: 

This figure will make 
sense to you if you have 
knowledge of relays. 

You can see in this circuit that if you apply zero 
volts to A then you get 6 volts out on Q , and if you 
apply 6 volts to A you get zero volts out on Q. It 
is very easy to implement an inverter with a relay! 

It is similarly easy to implement an AND gate 
with two relays: 



Here you can see that if you were to apply 
6 volts to A and B , Q will have 6 volts. Otherwise, 
Qwill have zero volts. That is exactly the behaviour 
we want from an AND gate. An OR gate is even 
simpler - just hook two wires for A and B together 
to create an OR. You can get fancier than that if 
you like and use two relays in parallel. 

You can see from this discussion that you can 
create the three basic gates - NOT, AND and OR 
- from relays. You can then hook those physical 
gates together using the logic diagrams shown above 
to create a physical 8-bjt ripple-carry adder. If you 
use simple switches to apply A and B inputs to the 
adder and hook all 8 Q lines to light bulbs, you 
will be able to add any two numbers together and 
read the results on the lights (light-on ■ 1, 
light-off - 0). 

In this article you have seen that Boolean logic 
in the form of simple gates is very straightforward. 
You have seen that from simple gates you can create 
more complicated functions, like addition. You have 
also seen that physically implementing the gates is 
possible and easy. From these three facts you have 
the heart of the digital revolution, and you understand, 
at the core, how computers work. 

By Smrltl Aron, Ludhiana. Punjab. 
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Mathematics in China 


A brief outline of the history of Chinese 
mathematics 

Primary sources are Mikami’s The Development of 
Mathematics in China and Japan and Li Yan and 
Du Shiran’s Chinese Mathematics, a Concise History. 

1. Numerical notation, arithmetical computations, 
counting rods 

• Traditional decimal notation — one symbol for 
each of 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 100, 1000, and 
10000. Ex. 2034 would be written with symbols 
for 2,1000,3,10,4, meaning 2 times 1000 plus 3 times 
10 plus 4. Goes back to origins of Chinese writing. 

• Calculations performed using small bamboo 
counting rods. The positions of the rods gave a 
decimal place-value system, also written for long- 
term records. 0 digit was a space. Arranged left to 
right like Arabic numerals. Back to 400 B.C.E. or 
earlier. 

• Addition: the counting rods for the two numbers 
placed down, one number above the other. The 
digits added (merged) left to right with carries where 
needed. Subtraction similar. 

• Multiplication: multiplication table to 9 times 9 
memorized. Long multiplication similar to ours with 
advantages due to physical rods. Long division 
analogous to current algorithms, but closer to “galley 
method.” 

2 . Zhoubi suanjing (The Arithmetical Classic of 
the Gnomon and the Circular Paths of Heaven ) (c. 
100 B.C.E. -c. 100 C.E.) 

• Describes one of the theories of the heavens. 
Early Han dynasty (206 B.C.E -220 C.E.) or earlier. 
Book burning of 213 B.C.E.. 

• States and uses the Pythagorean theorem for 
surveying, astronomy, etc. Proof of the Pythagorean 

* theorem. 

• Calculations including with common fractions. 

3 . The Nine Chapters on the Mathematical Art 
(Jiuzhang Suanshu) (c. 100 B.C.E.-50 C.E.) Collects 
mathematics to beginning of Han dynasty. 246 
problems in 9 chapters. Longest surviving and most 


influential Chinese math book. Many commentaries 

• Chapter 1, Field measurement: systemati< 
discussion of algorithms using counting rods fo 
common fractions including alg. for GCD, LCM; area 
of plane figures, square, rectangle, triangle, trapezoid 
circle, circle segment, sphere segment, annulus — 
some accurate, some approximations. 

• Chapter 2,3,6 on proportions, Cereals 
Proportional distribution, Fair taxes. 

• Chapter 4, What width?: given area or volume 
find sides. Describes usual algorithms for squan 
and cube roots but takes advantage of computation 
with counting rods 

• Chapter 5, Construction consultations: volume 
of cube, rectangular parallelepiped, prism frustums 
pyramid, triangular pyramid, tetrahedron, cylinder 
cone, and conic frustum, sphere — som< 
approximations, some use pi m 3 

• Chapter 7, Excess and deficients: false positioi 
and double false position 

• Chapter 8, Rectangular arrays: Gives eliminatioi 

algorithm for solving systems of three or mor 
simultaneous linear equations. Involves use o 
negative numbers (red reds for pos numbers, blac! 
for neg numbers). Rules for signed numbers. 

• Chapter 9, Right triangles: applications o 
Pythagorean theorem and similar triangles, solve 
quadratic equations with modification of square roc 
algorithm, only equations of the form 

x* + a x - b, with a and b positive. 

4 . Sun Zi (c. 250? C.E.) Wrote his mathematica 
manual. Includes “Chinese remainder problem” c 
“problem of the Master Sun”: find n so that upo: 
division by 3 you get a remainder of 2, upon divisio: 
by 5 you get a remainder of 3, and upon divisio: 
by 7 you get a remainder of 2. His solution: Tak 
140, 63, 30, add to get 233, subtract 210 to get 2? 

5. Liu Hui (c. 263 C.E.) 

• Commentary on the Nine Chapters 
Approximates pi by approximating circles polygon; 
doubling the number of sides to get bette 
approximations. From 96 and 192 sided polygon; 
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ie approximates pi as 3.141014 and suggested 3-14 
s a practical approx. States principle of exhaustion 
or circles Suggests Calvalieri’s principle to find 
ccurate volume ot cylinder 

Haidao suanjing (Sea Island Mathematical 
lamial). Originally appendix to commentary on 
Chapter 9 of the Nine Chapters. Includes nine 
urveying problems involving indirect observations. 

Zhang Qiujian (c. 450?) Wrote his mathematical 
nanual. Includes formula for summing an arithmetic 
equence. Also an undetermined system of two linear 
quations in three unknowns, the “hundred fowls 
>roblem” 

r. Zu Chongzhi (429-500) Astronomer, 
nathematician, engineer. 

• Collected together earlier astronomical writings. 
Aade own astronomical observations. Recommended 
lew calendar. 

• Determined pi to 7 digits: 3.1415926. 
Recommended use 355/113 for close approx, and 
>2/7 for rough approx. 

> With father carried out Liu Hui’s suggestion for 
volume of sphere to get accurate formula for volume 
)f a sphere. 

Liu Zhuo (544-610) Astronomer Introduced 
quadratic interpolation (second order difference 
nethod). 

>. Wang Xiaotong (fl. 625) Mathematician and 
istronomer. Wrote Xugu suanjing (Continuation 
if Ancient Mathematics ) of 22 problems. Solved 
ubic equations by generalization of algorithm for 
*ube root. 

10 . Translations of Indian mathematical works. 
3y 600 C.E., 3 works, since lost. Levensita, Indian 
istronomer working at State Observatory, translated 
wo more texts, one of which described angle 
neasurement (360 degrees) and a table of sines 
or angles from 0 to 90 degrees in 24 steps 
3j degree) increments. Hindu decimal numerals 
also introduced, but not adopted. 

H. Yi Xing (683-727) tangent table. 

I 

^2. Jia Xian (c. 1050) 

Written work lost. Streamlined extraction of square 
jnd cube roots, extended method to higher-degree 


roots using binomial coefficients. 

13 . Qin Jiushao (c. 1202 - c. 1261) 

Shiushu jiuzhang (Mathemtaical Treatise in Nine 
Sections ), 81 problems of applied math similar to 
the Nine Chapters. Solution of some higher-degree 
(up to 10th) equations. Systematic treatment of 
indeterminate simultaneous linear congruences 
(Chinese remainder theorem). Euclidean algorithm 
for GCD. 


14 . Li Chih (a.k.a. Li Yeh) (1192-1279) 

Ceyuan haijing (Sea Mirror of Circle Measurements), 
12 chapters, 170 problems on right triangles and 
circles inscribed within or circumscribed about them. 
Yiguyanduan (New Steps in Computation ), geometric 
problems solved by algebra. 

15 . Yang Hui (fl. c. 1261-1275) 

Wrote sevral books. Explains Jiu Xian’s methods 
for solving higher-degree root extractions. Magic 
squares of order up through 10. 

16 . Guo Shoujing (1231-1316). 

Shou shi li (Works and Days Calendar). Higher- 
order differences (i.e., higher-order interpolation). 


17 . Zhu Shijie (fl. 1280-1303) 

Suan xue qi meng (Introduction to Mathematical 
Studies ), and Siyuanyujian (Precious Mirror of the 
Four Elements). Solves some higher degree 
polynomial equations in several unknowns. Sums 
some finite series including (1) the sum of n l and 

(2) the sum of n ^ n * + — • Discusses binomial 

coefficients. Uses zero digit. 
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PROBLEMS 


1 . Find all ordered triples of real numbers ( jc , y, z) 
such that x + y + z > 2, and jc 2 3 + y 2 = 4 - 2 xy, 
x* + z 2 = 9 - 2jcz, and y 2 + z 2 = 16 - 2yz. 

Soln.: (a: + y) 2 = 4 => jc + y = ±2; 

Similarly, x + z = ±3 and y + z = ±4. Then 


jc + y + z = 


±2 ± 3 ± 4 

2 


Since jc + y + z > 2, we can only use 
2 + 3 + 4: -2 +^3 + 4 


and 


•. Thus 


jc + y + z = 9/2 or x + y + z * 3/2 
Successively subtracting Successively subtracting 


x + y = 2 


jc + y = -2 

z + z = 3 


jc + z = 3 

y + z = 4 

from 

y + z = 4 from 

jc + y + z 

= 9/2 gives 

jc + y + z = 5/2 gives 

(1 3 5^ 

| and 

(-4, i a) 

V2’ 2’ 2; 


V 2’ 2’ 2/ 


Soln.: Graphically, the equation (jc - 2) 2 + y 2 = 1 
represents a circle of radius 1 and center (2, 0). 
The quantity jc 2 + y 2 represents the square of the 
distance from any point to the origin. For points 
on the circle, the maximum distance to the origin 
is from the point (3, 0) and the minimum distance 
is from (1, 0). Thus M - m = 9-1 =8. 

4. The function f jc) is defined for all real x. If 
f(a + b) - f(ab) for all a , b t and /(-£) * -£, compute 
/(1984). 

Soln.: Let /0) = fc. Letting <3 = 0 gives fib). = /0) 
= letting b = 0 gives fa) = fO) = k. Thus 
fa) = fb) for all real a } b. Then fx) must be all 
the constant function, so /( 1984) also equals 

-i 


2. The graphs of x 2 + y 2 + 6* - 24jy + 72 = 0 and 
a 2 - y 2 + 6jc + l6y- 46 = 0 intersect at four points. 
Compute the sum of the distances from these four 
points to the point (-3, 2). 

Soln.: The intersections must lie on [add the equations! 
2JC 2 + 12 jc - 8y + 26 = 0, which is the parabola 
(x + 3) 2 = 4(y-l). This parabola has vertex (-3, 1), 
focus (-3, 2), and directrix y - 0. Thus the sum of 
the distances to (-3, 2) equals the sum of the distances 
to the X-axis, which is the sum of the ordinates of 
the intersection points. Those points must also satisfy 
[subtract the original equations] y 2 - 20y + 59 = 0, 
so the sum of two of the ordinates is 20, and the 
sum of all four (this is a hyperbola crossing a circle, 
producing pairs of points with the same ordinates) 
is 40. 

3. Let xand ybe real numbers satisfying the equation 
a 2 - 4 x + y 2 + 3 = 0. If the maximum and minimum 
values of x 1 + y 2 are M and m respectively, compute 
the numerical value of M - m. 


5. A circle and a semicircle 
are tangent to one another 
and to two parallel lines that 
are 1 unit apart, as shown 
(the line of centres of the 
two figures is perpendicular 
to the parallel lines). Compute the maximum possible 
product for the areas of the circle and semicircle. 
Soln.: Let the radii of the semicircle be a and b 
respectively. Then the product called for is 





Then y = V? = +a) 

2V2 2v2 


Getting maximum P => getting maximum y. This 
parabola has its maximum at a = Vfc, so 


P = - = y^>g • Note how each figure 

occupies x /z the distance between the parallel lines. 
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The same occurs for an equilateral triangle atop a 
square, or a circle atop a square. 

6. Prove that, for all non-negative integers n, 
ViM <, n & 2m. 

So In.: Let / be the set of i such that a, * 0. Then 

n + n = I a, 3' =31 a, 3' < 31 3' < 3 « . with equality 
»€/ /€/ / 

holding if and only if n has all 0’s and l’s as digits. 
Subtracting m from both sides of the inequality 

m + m S 3m yields n < 2m. 

Similarly, m + m = •|Z2-3 < ^ t so m>^-m. 

7. For how many positive integral values of 
x < 100 is 3 X - x 2 divisible by 5? 

So In.: Set up a chart of units digits. 


X 

3 r 

x 1 

1 

3 1 

i • 


2 

9 

4 

<- 

3 

7 

9 


4 

1 

6 

<- 

5 

3 

5 


6 

9 

6 


7 

7 

9 


8 

1 - 

4 


9 

3 1 

1 


10 

9 

0 


11 

1 

' 1 ■ 


12 

1 , 

4 


13 

3 ' 

9 


14 

9 

6 


15 

7 

5 


16 

1 - 

6 

<r- 

17 

3 

1 9 


18 

9 

4 

<r- 

19 

7 

' 1 


20 

1 

. 0 



then [2x\ + [2y\ ^ W + foi + U + .vh 
Soln.: (a) Note that [H = [si = 0. 

Method I : If both r and s are < Vi, then both sides 
are 0 and the relationship holds. 

It either is > Vi, then the left side is > 1, whereas 
the right side is at most 1, and the relationship 
holds. 

Method II : Suppose r> s. Then 2r > r + s and 
[2H < [r + s). Then the relationship clearly holds, 
(b) Let x = a + r and y = b + s, where a and b are 
integers and 0 ^ t < 1 and 0 ^ s < 1. Then 
[2*i + (2_y) = [2a + 2H + [2b + 2s] = (by la) 2 a + 2b 
+ [2H + [2s] £ (by 2a) 2a + 2b + [r] + [s] + [r + s] 
= (by la) [a + H + [b + s] + [a + b + r + s] 
= [jc] + [yl + lx + .vl- 

9. If log 5ln .<cosx = Vi, and 0 < * < Jt/2, compute 
sinx 

Soln.: 

Vsinac = cosx => sin 2 x + sinar — 1 = 0 
=> sin* = — ^ — • 

10. If * and y are real, and x i + y 1 = 1, compute 
the maximum value of (* + .v) 2 - 

Soln.: Let * - sin6 and y - cos6 (since clearly neither 
* nor y can exceed 1). 

Then (x + y) 2 = 2sin0 cos0 + 1 = Sin20 + 1. The 
maximum value of this is 2. Note that the greatest 
height of the graph of z - sin© + cos0 is V2. 


In our future issues 
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(cycles now repeat) 

The arrows indicate where the units digits differ 
by 0 or 5. Thus there are 4 values of * that work 
in each set of 20. Thus the answers is 4 x 5 = 20. 

8. (a) If 0 < r < 1 and 0 < s < 1, then 
[2r] + [2s] > [H + [s] + [r + s]. 

(b) If * and y are real numbers, 
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National Science Olympiad Awards 


T he Prize Awarding Ceremony of the 2 nd National 
Science Olympiad was held at Chinmaya Centre 
of World Understanding Auditorium, New Delhi on 
28 ,h April, 2001 . Five Hundred science students from 
classes 8 to 1 2 from all over the country were awarded 
with various medals, Cash Prizes, Discount Coupons 
and Certificates for their achievements in the 2 nd 
National Olympiad conducted in January/July 2000. 
The National Science Olympiads are conducted 
annually by the Science Olympiad Foundation(SOF), 
a registered non-profit Organization. It is the brainchild 
of leading academicians, scientists and media persons, 
was set in 1 998 to identify and nurture science talents 
among school boys & girls. 

Speaking at the occasion, the Chief Guest Shri 
Y.S. Rajan, Scientific Secretary to the Principal Scientific 
Advisor to the Government of India, said that there 
were several areas in which India's economic, business 
or technological strengths are not world class. The 
country has made tremendous achievements in the 
past five decades but it was not enough and we have 
to do a lot more, he said. While the older generation 
had a tremendous role to play in the realization of 
the Vision, the real task belonged to the young people. 
If young people became bold and determined they 
could make India the most desired place to live in 
the world, he said. 

Shri Bachi Singh Rawat, Minister of State for Science 
and Technology in his message commended the Science 
Olympiad Foundation for its efforts to improve the 
quality of science education and promoting scientific 
temper among children. He hosted a dinner on 
29 ,h April to honour the meritorious students. 


Science Olympiad Foundation 

Pfli* AwordinQ-C^romony 

Second National Science Olympiad 


^ \\ 



Shri. Y.S. Rajan, Scientific Secretary to the Principal Scientific 

Advisor to the Govenment of India, presenting the award. 

Mr. V.S. Ramamurthy, Secretary, Department of Science 
& Technology and Shri Y.S. Rajan were also present 
at the occasion. 

The Foundation will conduct the 4 ,h NSO in 
January, 2002. The detailed information will be sent 
to the schools all over the country in July/August. 

The Foundation is also introducing the National 
Cyber Olympiad which will be a National Level exam 
to test students aptitude for taking up careers in 
computer. The first Cyber Olympiad is scheduled 
for 3 ,d October, 2001. 

Besides the annual Olympiads, the Foundation 
conducts seminars, workshops and teacher training 
programmes in the various State capitals. 


How To Succeed in 

AFMC Interview 


CHAT with 
Dr. Piyush Mathur, 

AFMC Graduate, 
on Sunday, 10th June 2001, 

between 4 to 5 p.m. only at 
www.pcmbtoday.com 


O Go to www.PCMBtoday.com and click on the ‘Chat’ 
button. 

© Wait for Java applet to load (usually takes one minute) 

© In the new window that appears, fill your name (for 
eg. Ashok) and then click on ‘ENTER ROOM’. 

O On entering the ‘PCMBToday Chat room’ on the left 
side you will see who’s chatting what and on the right 
side there will be a list of people including Dr. Piyush 
Mathur who are present in the chatting room. 

© Type your message in the white rectangular box and 
click Enter happy chatting 
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International 

Math Olympiad Problems 


1. Let pOc) - x 5 + x and q(x) - z 5 + z 2 . Find all 
pairs (to, z) of complex numbers with co * z for 
which pi to) “ p(z) and gia>) “ <j(z). 

p(x) - piy) 

Solti.- Let Pix, y) - x -y 

. x 4 + x?y + z 2 / + xy 5 + y + 1 

qp^giy} 

and Q(x, >) - x - y 

= jS + x?y + z 2 .)' 2 + z^ + y + z+ >> 

We need those pairs which satisfy 
K< o, z) “ Q(“. = °- 

From P — <2 “ 0, we have to + z = 1. Let c ” coz. 
A short calculation shows that c 2 -3c+2-0, 
which has solutions c = 1 and c = 2. 

From the system © + z = 1, coz = c, we obtain the 
following pairs: 

(i±Si i*&i\ . f lA^Zi l±JZi) 

— ’ 2 and 2 ’ 2 )■ 


Thus, 1 £ F ia k ♦ 1 ) - F («*) ^ Sf(X') 

i + / c ^,)-/ ( ^ 2 ... OH ) 

f( a k' 

Summing (iii) over fe and subtracting F (&„) = », 
we have 

F(b„) < n + Z 7 («o) ^ F (« n ) 

<Fib„) + F (flo) + I yx^) - ° V 

From the first two inequalities, we already have 
«„ > b n and = °° - 

Let e > 0. Choose an integer F, such that 
f(a K ) > He. If n is sufficiently large, we have 

= "y 1 

K« 0 ) + I yx^) 

f r . . v* a**, )-/(«*)' V v 

= I ^ )+ 1 — J 4 /(«*) 


2. Let /*. /?-> (0, oo) be an increasing differentiable 
function for which linn fix') = <*> and / ' is bounded. 

,v-+® 

Let F (x) = I /COrff . Define the sequence la„l 
0 

inductively by «o “ 1. a « * i = a » + J\a v ) ' ^ 

and the sequence 1£>„I simply by b„ = P'(ti). 
Prove that lim (a„ - b,} = 0 . [Ed. The original said 

n-*ac 

oo, but the solution proves 01. 

Solti.- From the conditions, it is clear that F is 

increasing and that lirn = °° • 

By Lagrange’s theorem and the recursion in (i), 
for all non-negative integers k, there exists a real 
number i, s (n*, #<• ♦ i) such that 

ML 

F(a „. ,) -Fiat)- /(£> (**♦,-«*>" /(**) 


By the monotonicity, f (a} ^ /(£) - /(*** ♦ i)- 


GO 


< 0 .( 1 )+ 


4=0 

1 


/(«*,) 4=*, 


I (/(«4 + l)-/(«4» 


< 0,(1) + |(/(<a„ )-/(«*:.)) < «/(«»)• ••• (v) 

Inequalities (iv) and (v) together imply that for 
any positive e, if n is sufficiently large, we have 
F(a} - Fib} < ef (a}. 

Again, by Lagrange’s theorem, there is a real number 
\ 6 (b m a } such that 

F(fl tl ) -Fib}- fiQia H - b}> fib}ia„ - b} 

... (vi) 

Thus, f(b}(a„ -b}< ef ( a } . ... (vn) 

Let B be an upperbound for /'. 

Apply f(a} < fib } + Bia„ - b} in (vii). 
f(b}(a„ - b } < e (fib} * B(a„ - b}) 
(f(b„) - eB)(a„ - b}< ef ib}. 

Because of lim fib,} — 00 , we see that the first factor 

w-»® 

is positive and we have, 

fib,} 


a „~ b n < <?y (bn) _ eB) 
for sufficiently large n. 


< 2e. 
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Thus, for arbitrary positive e, we have proved that 
0 < a n - b n < 2e if n is sufficiently large, and the 
proof is complete. 

3« There are a series of 9 coloured plastic figures 
of decreasing sizes, alternating cube, sphere, cube, 
sphere etc. Each figure may be opened and the 
succeeding one may be placed inside, fitting exactly. 
The largest and the smallest figures are both cubes. 
Determine the ratio between their side lengths. 
Solnj If a sphere with 
radius R is circumscribed 
to a cube with edge a 
then the sphere and the 
cube have the same 
centre, and the vertices 
of the cube are points 
of the sphere. 

From Pythagoras’ theorem, 

r 2 = d 2 +^. = 

4 4 

Thus, R - ^ a .... (i) 

If a sphere with radius R is inscribed in a cube 
with edge b, then the sphere and cube have the 
same centre, and the centres of the sides of the 
cube are points of the sphere. Then 

R * b/2 .... (ii) 

From (i) and (ii), it follows that the ratio between 
the side-lengths of the "outside cube" and the "inside 
cube" is 

b/a = yj 3 • 

Since there are 5 cubes, the ratios between the 
side-lengths of the largest and the smallest figures 
is (V3) 4 = 9 • 

4. In a ballroom 7 gentlemen A, B, C, D, £, Fand 
G are sitting opposite 7 ladies a , b, c , d , e , /and 
g in arbitrary order. When the gentlemen walk across 
the dance floor to ask each of their ladies for a 
dance, one observes that at least two gentlemen 
walk distances of equal length. Is that always the 
case? 

The figure shows an example. In this example 
Bb - Ee and Dd * Cc. 




Solnj Note first that the observation is only correct 
if we assume that the 7 gentleman are ’’evenly” 
spaced. 

We show that in general, if there are n gentleman 
and n ladies, then the same conclusion holds when 
n = 2, 3 (mod 4). 

Suppose the n ladies are situated at ( k , 0) and the 

n gentlemen, at ( k , 1) ; k - 1 , 2, n. Suppose 

that the gentlemen at ( k, 1) walks a distance of d k 
to the lady at 0), a k e 11, 2, ..., n\. Then 
(a lt 02 , ..., aj is a permutation of (1, 2, ..., n) and 

thus, X (a k - k) = 0 . 

k=\ 

Since d k - (1 + (a k - &) 2 ) 1/2 , we have 
d k 2 = 1 + Ca k - kf. 

We show that the values of the d b 's cannot all be 
distinct. 

Note that a k - k e 10, ±1, ±2, ..., ±(n- 1). Suppose 
to the contrary that (a h - k) 2 * ( Oj - j) 2 for all 
J*K] t k- 1, 2, n. Then we have 
1 1 “ k\ : k - 1, 2, n) - 10, 1, 2, ..., n - 11 

and thus 


t \a k -k\ = Z ite 


... (i) 


On the other hand, since I fl - / must be even for 
all integers /, we have 


1 1 a k -k I = 2rf+ £ da h - fc) = 2^ 
*=1 1 


for some ineger ... (if) 

Comparing (i) and (ii), we get n(n- 1) * 4<rf which 
implies that ns 0, l(mod 4). 

Therefore, if n s 2, 3(mod 4) then we must have 
dj - d h for some j * k. 


5. Let .PCx) ■jc 4 + ^c 3 + jc 2 + ^+1. Show that there 
exist polynomials Q(y) and R (y) of positive 
degrees, with integer coefficients, such that 
Q(y) • R(y) - P(5)F) for all y. 

Solnj Since P( 5/) - 5 4 / + 5 3 ^ + 5V + 5^ + 1, 
we try factors of the form 

(25y + ay? + by 2 + cy + 1) 

(25y - ay? + by 2 - cy + 1). 
On expanding out, these are factors : 

= 25, b = 15 and c - 5. 
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6. Let a } b } c be distinct real numbers and P (x) 
a polynomial with real coefficients, if 

• the remainder on division of P (x) by x - a 
equals a , 

• the remainder on division of P dx) by * - b 
equals b , 

• and the remainder on division of P (x) by 
x - c equals c; 

determine the remainder on division of P (x) by 
Cx - a)dx - b)dx - c). 

Solnj As is well known, the remainder on division 
of Pdx) by x- a is Pda). So, the hypothesis imply: 

Pda) = a } Pdb) = b, Pdc) = c. 

Let R ( x ) be the remainder on division of Pdx) by 
dx - a)dx - b)dx - c), so that the degree of R Cx) 
is < 2 and Pdx) - Cx- tf)(x- 6)(x- c) QCx) + /?(x) 
for a polynomial QCx). 

We remark that R da) ^ P da) = and similarly 
Rdb) = b and (c) * c. From this observation, we 
may conclude through one of the three following 
ways: 

(i) The polynomial R(x) - * has degree < 2 and 
three distinct zeros a, b, c. Hence R dx) - x is the 
zero polynomial and Rdx) = x. 

(ii) Rdx) has the form ux* + vx + w where (w, v, 
w) is the solution of the system 


ua 2 + va + w = a 

nb 2 + vb + w = b ... (S) 

uc 2 + vc + w = c 


The determinant of (S) is a Vandermonde determinant 
and is not zero (since a , b } c ar$ distinct), so (S) 
has a unique solution, which clearly is u = 0, 
v ■ 1, w = 0. Thus R(x) = x again. 

(iii) Rdx) is the Lagrange’s interpolation polynomial. 


Rdx) = * 


(x-bXx-c ) 
da-bXa-c ) 


+ 6 


dx-a)dx-c ) 
db-aXb-c ) 


Ax- aXx - 6 ) 

dc-aXc-b ) 


Multiplying out and grouping similar terms, a lengthy 
but easy calculation provides /?(x) = x again. 
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Attention XI, XII & XII 


What a tutor teaches in 1 
INTERACTIVE PH 
teaches in three w 
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Mathematical 

Challenges 


1. The length of the sides of a right triangle are 
three consecutive terms of an arithmetic progression. 
Prove that the lengths are in the ratio 3:4:5. 

2 . Alice, Betty and Carol took the same series of 
examinations. For each examination there was one 
mark of x, one mark of y and one mark of z, where 
x t y, z are distinct positive integers. The total of 
the marks obtained by each of the girls was : Alice- 
20, Betty - 10, Carol - 9. If Betty placed first in the 
algebra examination, who placed second in the 
geometry examination? 

3. A father, mother and son decide to hold a family 
tournament, playing a particular two-person board 
game which must end with one of the players winning 
(i.e. no tie is possible). After each game the winner 

then plays the person who did not play in the game 

just completed. The first player to win two games 
(not necessarily consecutive) wins the tournament. 
It is agreed that, because he is the oldest, the father 
may choose to play in the first game or to sit out 
the first game. Advice the father what to do: play 
or not to play in the first game. 

4 . During an election campaign n different kinds 
of promises are made by the various political parties, 
n > 0. No two parties have exactly the same set 
of promises. While several parties may make the 
same promise, every pair of parties have at least 
one promise in common. Prove that there can be 
as many as 2”~ 1 parties, but no more. 

5. Let a u ^ ..., a n be n positive integers. Show 
that for some i and k (1 < i < i + k ^ n), 

a t + .... + + k is divisible by n. 

6. A boy lives in each of n houses on a straight 
line. At what point should the n boys meet so that 
the sum of the distances that they walk from their 
houses is as small as possible? 

10 


7. If 21og(x - 2 y) = log* + logy, find x/y. 

8. Two flag poles of heights h and k are situated 
2 a units apart on a level surface. Find the set of 
all points on the surface which are so situated that 
the angles of elevation, at each point of the tops 
of the poles are equal. 

Show that 2>Jn + 1 -2 <S n < 2 yjn - 1 . 

10 . A triangle has sides of lengths a , b , c and 
respective altitudes of lengths h a , h b} h c . If 
a > b > c show that a + h a £ b + h b > c + h c . 

SOLUTIONS 

1. The three lengths are of the form a - d, a, 
a + d with (a - d) 2 + a 2 - (a + d) 2 . This reduces 
to a(a - Ad) = 0, or a = Ad. Thus the sides are 
3 d } 4d, 5 d 

2. We may assume that x > y > z> 1. Letting N 
denote the number of examinations, we have 
N > 1 (implied by the word series in the statement 
of the problem) and 

Oc + y + z)N « 20 + 10 + 9 - 39. 

Since x + y + z ^ 3 + 2 + 1- 6, we know that 
N< 6, and since N divides 39, we deduce 3, 
so that x + y + z - 13- The solutions Cx, y t z) of^ 
the equation x + y + z m 13 with x, y, z> 1, and 
x, y, z distinct integers, are: 

(x, y, z) = (10, 2, 1), (9, 3, 1), (8, 4, 1), (8, 3, 2), 
(7, 5, 1), (7, 4, 2), (6, 5, 2), (6, 4, 3). 

Except for (8, 4, 1), all these possibilities are eliminated 
by the fact that Alice's marks sum to 20. Now we 
know that Betty’s algebra mark is 8 (the largest of 
8, 4, 1) and the problem is to fill in the table so 
that each row is a permutation of 8, 4, 1 and the 
column sums are 20, 10, 9. 
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Alice 


Betty 

8 


algebra 
geometry 
other subject 


20 


Carol 


10 9 


The only solution is easily seen to be 

Alice Betty Carol 
algebra 4 8 1 

geometry 8 14 

other subject 8 T 4 

Thus, Carol placed second in geometry. 


3. Advise him to play in the first game. We show 
that father wins the tournament with greater 
probability when he plays in the first game than 
he does by sitting out of the first game. 

Let F, M and S denote father, mother and son 
respectively and let X > Y denote that X wins the 
game playing against Y. 

If F and M plays the first game, then F wins the 
tournament in the following three sequences. 

(i) F> M, F > S 

(ii) F> M, S> F, M> S, F> M 

(iii ) M> F, S> M, F> S, F> M. 

If Fand S play the first game, the winning sequences 
for F are the same as those above with M and S 
interchanged. 

If M and 5 play the first game, then F wins the 
tournament in the following two sequences. 

(iv) S> M, F> 5, F> M-, 

(v) M> S, F> M, F> S. 

Let ~AB denote the probability that A > B. Note 
that AB + BA = 1 . 

If Fand M play the first game, the probability P FM 
that Fwins the tournament is 

P m = ~FM ' ~FS + ~FM SF ~MS ■ ~FM + MF ■ SM FS ■ FM 
If Fand 5 play the first game, the probability P FS 
and Fwins the tournament is 

P^ = FS ■~FM + FS - MF - SM ■ FS + SF ■ MS ■ FM ■ FS 

If Mand S play the first game, the probability P MS 
that Fwins the tournament is 
P MS =SM FS FM + ~MS FM -FS 

= (SM + MS')-(FS FM) = FS FM ■ 

It is clear that P FM > P MS and P K > P MS - 


4. Suppose there are N parties, and their promises 
are the sets S„ .... S N . We know that no two of 
these sets are equal (because no two parties make 
exactly the same promises). Furthermore 

5, n Sj* 0 for i* j (because every pair of parties 
make a promise in common). Thus, no S t in the 
complement of an'Sy, and hence there are at most 

A 2” =2”-' subsets (of the set of all promises) in 

the list S„ Si, ..., S N , i.e. N< 2 n ~ l . 

Let p,, pi p n be the n promises, and let A , , 

i = l, 2, .... 2" -1 , be the subsets of Ip,. Pi> PJ- 
The 2”" 1 sets lp,l u A, show that there can be as 
many as 2"~ 1 parties. 

5. Consider the ti sums. 

S\ “ «i. $2 “ a \ + a 2< s 5 “ a i + a 2 + a i< •’ 
s„ = + (h + ... + a n . 

Let s, leave a remainder of r, on division by n, i.e. 
s, = q,ti + r„0Sr ( <B-l, i m 1, 2, ..., n. 

If for some i, r, - 0, then s, has the desired properties. 
If rj *■ 0 for j - 1, 2, ..., n then we have n integers 

r, r„ all in the set II, 2 n- II, which contains 

only n - 1 integers. By the Pigeonhole principle 
two of the r/s must be equal, say r, - r m with 
m > l ; in this case 

a/M + *- + ^ a ^- 5 / = - qi)n • • 

6. Observe that the meeting place should be 
between the first and last houses. For, given any 
point beyond either end house, the sum of the 
distances would exceed the sum of the distances 
to the closer end house. Now note that for all points 
chosen between the first and last houses, the sum 
of the two distances from the meeting place is 
constant, so we can remove these houses from funher 
consideration and minimize the sum of the distances 
to the remaining houses. Repeating the above 
argument, we deduce that the meeting place should 
be between the second and second-last house, 
between the third and third-last house, and so on. 
Thus, if n is even, the boys should meet anywhere 
between the two middle houses; if n is odd, at the 
middle house. 

An analytic version goes as follows. On a coordinate 
line, let the houses have coordinates a u ..., a n 
with 0 < a x < 02 < ... < a n * 
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§ B 2.il/DC-01/P-6 
Prob.20/DC-01/P-31 
Prob.1/DC-01/P-43 
§ 2.13/IC-03/P-4 
§ 2.20/1 C-03/P-9 
Q. 1 1/NQB/1C-03/P-2 
Prob. 1/VC-02/P-20 
§ 4.2/VC-02/P-1 2 
Prob.6(iv)/AL-03/P- 1 5 
Prob.34/AL-01/P-25 
§ D.6/AL-01/P-14 
§ 7.2/AL-08/P-6 
Prob.8/AL-13/P-14 
Prob.6/AL-13/P-22 
Q.5/T.B./AL-06 
Q.1/T.B./DC-03 
Prob.3/TR-02/P-22 
§ 19/TR-01/P-19 
Q.5/TB/EC-06 
§ 1.7/EC-06/P-5 
Prob.15/EC-01/P-16 
§ 8/EC-01/P-4 
Q.3/TB/EC-06 
Q.5/NQB/EC-04/P-1 
Prob.14/EC-06/P-17 
Prob.3/EC-02/P-1 1 
Q.15/TB/EM-01 
§ 3/EM-01/P-2 
Ex.3/HT-03/P-5 
§ 11/HT-03/P-8 
EX.7/MP-03/P-7 
Q.9/TB/MP-03 
Prob.3/HS/MP-04/P-15 
§ 8/MP-04/P-6 
Ex 3/MP-04/P-5 
Prob. 23/LT-01 /P-27 
Prob.6/LT-04/P-9 


49. Prob.3/LT-01/P-19 
§ A.10/LT-01/P-4 

50. Prob.8/PR-03/P- 1 9 

51. § 10/ME-06/P-5 

52. § 20/ME-03/P-12 

53. Q.7/NQB/ME-03/P-1 1 

54. Prob.22/ME-04/P-27 
§ 6/ME-04/P-4 

56. Prob.1/SD-04/P-12 
§ 2.1/SD-04/P-5 

57. Q.4/TB/SD-03 

§ 10.4 (iii)/SD-03/P-11 

58. § 21.2/ME-06/P-12 

59. Prob. 1 0/ME-05/P- 1 6 

60. Prob.9/EC-03/P- 1 6 
§ 8/EC-03/P-7 

61. Ex.5/GEN-01/P-4 
§ 2/GEN-01/P-3 

62. § 6/GEN-01/P-13 

63. § (iii), (iv)/ORG-03/P-56 

64. § 11.2/ORG-02/P-29 

66. § 2.5.4/1NORG-03/P-5 

67. Q.106/NQB/INORG-01/37 
§ 4.3/INORG-01/P-5 

68. § 11.2/GEN-02/P-18 

69. Table 1/GEN-03/P-29 

70. § 10.1/ORG-02/P-23 

71. § 1(ii)/ORG-03/P-14 

72. § (2)/ORG-02/P-13 

73. § 4/ORG-03/P-20 
§ 2/ORG-03/P-7 

74. § (ii)/GEN-03/P- 1 4 

75. § 1/ORG-03/P-44 
§ 1 0/ORG-03/P-46 
§ 7/ORG-03/P-46 

76. Prob.3/ORG-04/P 41 

77. §Ex.1(i)/MIS-03/P-19 

79. § 5.1/GEN-02/P-7 

80. § 10/GEN-02/P-17 

81. Q.10/TB/PHY-01 

82. Ex. 1 4/PH Y-04/P-20 

83. § (vi)/GEN-03/P-21 

84. § 12/PHY-05/P-13 

85. Prob.4/HS/PH Y-02/P- 1 9 

86. § (iv)/MIS-01/P-5 

§ (iii)/1NORG-03/P-63 

87. § 5/1NORG-05/P-8 

88. § (v)/INORG-02/P-6 

89. § 44(i)/INORG-03/P-60 

(Total 240/270 = 88.8%) 
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and let the point Pwhere they meet have coordinate 
x. then the total distance walked is 

DO) - I x — a x \ + \x- a 2 \ + ... + I*- <*J- 
If n is even, say n - 2m, then 

D - £(\x-a, I + \th m+l .,-*D 

i=\ 

(and by the triangle inequality) 

D £ t\x-a l + a 2m ^.,-x\ = I 

<-l 

“ ♦ 1 + ••• + ^2^ “ ^ + + a M ^ } 
with equality if a m £ x £ a m + \ a 
If n is odd, say m m 2m + 1, then 

£) - l + l«2„ + 2-<-* l)+ IJC-O m *,I 

<«1 

- b<h m . 2 _ t -a l \ + \x-a m . l \ 

m X (thmti-l — O t ')+ \ X — O m +i I 
(-1 

£ ♦ 2 + ••• + ♦ 1 " + — + 
with equality if x m a m + j. 

If one plots the graph of DO) against x, 
0 £ x < a„, one gets one of the two unbounded 
polygonal figures in the figure. 



7. We have x > 0, y > 0, x - 2y > 0, and 
2 logO - 2 y) - log* + logy, 
so, logO - 2y) 2 - log xy, 



x - 4y or x - y. 

The latter situation is impossible, for then 
x - 2y < 0. Hence x/y m 4. 

8. Set up a coordinate system so that the pole of 
height A is based at (— a, 0) and the pole of height 
A at (a, 0). Then a point O, y) subtends equal 
elevations if 

A h 

^/O + «)* + / J(x - a) 2 + y 2 

or, A^* 2 - lax + a 1 + y 2 ) - #(** + 2ax + a 2 + y 2 ), 
or, jftA 2 - A 2 ) + lax (A 2 + A 2 ) + y^A 2 - A 2 ) 

+ ^(A 2 - A 2 ) - 0 

If A - A, the equation becomes * ■ 0, so the locus 
is the y -axis. 

If A * A, say A > A, then 

^ + 2 “(Fr £) +/t<,!=0 

and the locus is a circle with a diameter joining 
the two obvious points on the x-axis with equal 
elevations. 

9. For A - 1, 2, 3, ... we have ^A + 1 - VA 

c>/aTT - VaxVa+T f VA) _ 1 

V A + 1 + Va VA + 1 + vA 

so that - < yfk + \^Jk < -K~. 

2VA + 1 2vA 

Adding the left inequalities for A - 1, 2, ..., n - 1 
and the right inequalities for A - 1, 2, ..., » yields 
the desired inequalities. 

10. Let A denote the area of the triangle ABC. Then 

A = i<?A a ~\ C K 

Thus, a + A a £ b + h b is equivalent to 
a - b 2. h b - h a 

- 

or, (tf - - 2A) £ 0. 

Since 2A - abs/nCZ ab it 
follows that ab - 2A > 0; 
this with a — b'Z. 0 yields 
the desired inequality. 
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International 

Math Olympiad Problems 


1990 2 , . k 

1. Let nO + «^ ) = l + «i^ +fl 2 x* 1 +... + a m x* m 

n=\ 

where a ]t a 2 , ..., a m are non-zero and 

k } < kt < ... < k m . Find a 1996 . 

Solti; In general, if k - 2 a i + 2 a 2 + ... + 2 a />, then 
a k = cq + a 2 + ... + ap. 

In particular, tf 1996 * 10 + 9 + 8 + 7 + 6 + 3 + 2 = 45. 


2. In a 

parallelogram 
ABCD with m 
(A) < 90°, the 
circle with 

diameter [AC 1 
intersects the 
lines CB and 
CD at E and F besides C, and the tangent to this 
circle at A intersects the line BD at P. Show that the 
points P, F, F are collinear. 

Solti; Since AC is a diameter we get 
ZAEC * ZAFC - 90°. 

Since AP is tangent to the circle with diameter AC 
we have AP_L AC. 

Let AT and Fbe the intersections of AP with FC and 



CD , respectively. 

Since ZXAC - 90° and AF _L XC t we have 
AX 2 = XE • XC and AC 2 = EC- XC. 


So, AX 2 : AC 2 - XE : EC ... (0 

Similarly, we have AK 2 : AC 2 = YF : FC ... (ii) 
It follows that, from (i) and (ii), 

XE CF _ AX 2 AC 2 _ AX 2 . 

FCFF ,4C 2 AF 2 AF 2 ’ 

Since AB\\CY and AD \ \ XC, we get 


AX XB . AX _ CD 

AY BC AY DY ‘ 

Hence, we have 

AX 1 = XB CD 
A y * BC ' DY 

By Menelau’s theorem for triangle CXY, 


... (iv) 
we have 


YP XB CD _ x 
PX' BC‘ Dy 


Thus, we obtain from (iii), (iv) and (v), 

YP XE CF 
PX ' EC ' FY 

Therefore, P, F, Fare collinear, by the converse of 
Menelau’s theorem. 


3. Given real numbers 

0 - x, < *2 < ... < ^2„ < , = JL 

with jc, + ! - x { £ h for 1 £ / £ 2n, show that 
l-h ” . w 1 + /j 

— r — < Z * 2 / (*2f+l X 2i-0 ^ y 

Z 1=1 ^ 


Solti; This is equivalent to showing that 

n 1 

Z x 2i ( X 2i+\ ~ X 2i- 1 ' " o' 

/=! ^ 


<1 


Now Z* 2 i(* 2 /+i 7 is the difference 

<=i + 

between the area of 
the rectangles formed 1 “ 
by the four lines 

X ~ X 2 i _ i, = -*2rf ♦ l» 

y = 0 and y - x 2 , and ^ 
the triangle formed by 
the three lines x - 0, 

= 1, jc- jy. The area 
contained in the rectangles but not in the triangle 
(respectively contained in the rectangle but not in 
the rectangles) is a union of triangles of total base 
less than 1 and height < h. Hence, we have the 
required inequality. 



4. In a convex quadrilateral ABCD , area ( ABC) = 
area ( ADO and [AC] n [BH * I E). The parallels 
from F to the line segments [AH, [DC], [CF], [FA] 
intersect [AF], [BC], [CFfl, [DA] at the points K, L, M, 

Area (KLMN) 

TV respectively. Compute the ratio Area (ABCD) ■ 

Solti; We denote the area of polygon AjA 2 ... A„ by 
[AjA 2 ... AJ. Let F\ £>' be the feet of perpendiculars 
from F, D to AC t respectively. 

Since [AFC] = [ADC], we get BB' = DD\ so that 

BE : ED = FF' . DD' -1:1. 
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Thus, we have 
BE = ED. 

Since EK \ \ DA, we have N 
BK: KA = BE : ED 
= 1:1. 

Hence, BK = KA. 

Similarly, we have 
BL = LC, CM = MD 
and DN = NA. 

In triangle ABD, 
note that K, £and TV are the mid-points of AB, BD 
and DA respectively. Thus 

[ENK] = \{ABD] . 

Similarly, we have [EKL] = -i[ ABC ] , 

I ELM] = \[BCD] and lEMN) = \[CDA] . 

4 4 

Hence, 

[KLMN\ = [ENK] + [EKL] + [ELM] + [EMN] 

- i [ABD] + -i- [ABC] + ^ [BCD] + \ [ CDA ] 

4 4 4 4 

= i([ABD] + [BCD]) + i([ABC] + [CDA]) 

4 4 

= \[ABCD] + \[ABCD] = i[ABCD] . 

4 4 2 

. . [KLMN] _ 1 

Therefore, we obtain {ABCD \ = j ■ 



5. For which ordered pairs of positive real numbers 
{a, b) is the limit of every sequence (x„) satisfying 
the condition 

lim (ax n ^ - bx n ) = 0 ... (i) 

n-Kxs 

Solnj If b> a, then, for x n - ib/d) n , we have 
ax n + 1 - &x n = 0, but lim (6/ a) n - oo . 

oo 

If - a, we have the well-known example: 


Xft * 1 + 2 +,, ‘ + n ’ 

for which we have lim 0c n+1 - ) = 0 , but 1 x n ] does 


not converge to a finite limit. 

Let us assume that b < a. We shall prove that 

lim x n = lim x n = 0 • 

Denote by m (resp. M), the lim (resp. lim ) of IjcJ. 
By (0, we have M <—m and since m < M, we 

deduce that M<—M and consequently that 

m, M<t 0. Similarly, by (i), we have M — < m and 


since M > m, we deduce that m>—m and 

a 

consequently that m, M> 0; whence, m = M- 0 and 

= 0 . 

6. Let ABCDE be a 
convex pentagon such 
that BC= CD = D£and 
each diagonal of the 
pentagon is parallel to 
one of its sides. Prove 
that all the angles in the 
pentagon are equal, 
and that all sides are 
equal. 

Solnj As shown in the figure, we label the 
intersections of diagonals. 

Since BE \ \ CD and AC\ \ ED, SCDEis a parallelogram, 
so that CS = DE = CB. 

Hence, ZCBE = ZCBS = ZCSB = ZDEB. 

Since ZCBE = ZDEB and £C= ED, it follows that 
BCDE is an isosceles quadrilateral, so that B, C, D, 
£are concyclic. Since AB \ \ CE, AC\ | DE, we have 
ZBAC = ZACE = ZCED = ZCBD = ZBDC. 
Thus, A, B, C, D are concyclic, giving that A, B, C, 
D, E are concyclic. Since BC\ \ AD, we get AB= CD, 
and since AC \ \ ED, we have AE = CD. Therefore, 
AB = BC - CD = DE = £4. 

Consequently, corresponding minor arcs /!£, £C, 
CD, DE and ZL4 are equal, and also corresponding 
inscribed angles are equal. 

We put ZBAC = a. Then we have 

Z£4£ - ZZ£C = ZBCD = ZCD£ = ZD£4 = 3a. 



7. LetpOc) be a cubic polynomial with roots r x , r 2 , 

l . p(l/2) + p(-l/2) 
r 3 . Suppose that — = 1000 . 


Find the value of 


r,n nn nr, 


5o/n«- p (0) is supposed non-zero, so that r x , r 2 , r 3 
are non-zero. 

Let p(.r) = a* 3 + bx 1 + cx + d. 

The hypothesis is : 

(M-HK-H-H- 10 ™ 

that is, b “ 1996 d. Now 


-±- + -L + ± 

r,r 0 nr, nr, 


~~ y 7 • =-7= 1996. 
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8 . A number of tubes 
are bundled together 
into a hexagonal form. 
The number of tubes in 
the bundle can be 1,7, 
19, 37 (as shown), 61, 
91, .... If this sequence 
is continued, it will be 
noticed that the total 


OOOO 

00000 

000000 

0000000 

000000 

00000 

OOOO 


number of tubes is often a 
number ending in 69- What is the 69th number in 
the sequence which ends in 69? 


So Inj The number is 1417969- Note first that the 
sequence \a n \ is given by the formula 
a n ■ 1 + 6(1 + 2 + 3 + ... + (n - 1)) 

- 1 + 3 rtin - 1) where n £ 1. 


Clearly, a n ends in 69 if and only if 100 I a n - 69, 
and a n > 69 ; that is, 

100 I in (n - 1) - 68 ... (i) where n £ 6. 

In particular, 5 | 3 n(n - 1) - 68 and so 
3 n(n - 1) 5 68 2 3 (mod 5). 

Since (3, 5) - 1, we have n(w - 1) * 1 (mod 5), 
which holds if and only if n 3 3 (mod 5). 

Hence, n ■ 5k + 3 for some integer * > 1. Then 
«0i - 1) - (5* + 3X5* + 2) - 25# + 25* + 6. 
and (i) becomes 100 I 75# + 75* - 50, 
or 4 I 3# + 3* - 2. 

Thus, we have 3* (* + 1) * 2 s 6 (mod 4). Since 
(3, 4) - 1, we have * (* + 1) * 2 (mod 4), which 
holds if and only if * « 1, 2 (mod 4). Thus, 
* * 4/ + 1 or 4/ + 2, and n m 20 / + 8 or 20/ + 13 
for some non-negative integer /. 

Conversely, if n - 20 / + 8, 

then in (n - 1) - 68 * 1200/ 2 + 900/ + 100, 


and if n - 20/ + 13, 

then 3n(n - 1) - 68 - 1200/ 2 + 1500/ + 400. 

In both cases, (i) holds. Therefore, we conclude 
that a n ends in 69 if and only if n * 20/ ♦ 8 or 
20/ + 13 for / - 0, 1, 2, .... To find the 69 th such 
number, we put / * 34 into n m 20/ + 8 to obtain 
n ~ 688 and 0 $ gg * 1 + 3 x 688 x 687 ■ 1417969- 


9. For which positive integers n can we rearrange 
the sequence 1, 2, ..., n to a u 02 , — > a n in suc ^ a 
way that I a k - *1 ■ I a x - 1 1 * 0 for * * 2, 3, •••, n? 
So Ins The required permutations exist if and only 
if n is even. First of all, since a x - 1 * 0, we have 
«! > 1 and so 1^-11 ■ a, - 1* 

Partition 5 - II, 2, ..., nl has S m A B where 
A - U € SI*,- i £ 01 and £-{/€$! aj-j< 0}. 
Since a, - 1 - - 1 for all i e A and 

dj - j - 1 - for all j e B, we have 


K*,-0+I (*,-/> - 1 4 1(0, -1)+ 1 £1(1-0,) 

/e/4 <€fl 


- (IAI - l£l(0,- 1) 


Since - I**-I* = 0, 

<6/1 <€fl *65 

we conclude that (Ii4l - l£l)(0, - 1) - 0, 
and so, that I A\ m \B\ . 

Hence, n - 1 51 - Ii4l ♦ I B\ - 2 1 A I , showing that 
n must be even. 

Conversely, if n - 2* is even, then the permutation 
a below clearly has the described property: 



3 

4 


4 

3 


2*-l 2* 'J 

2* 2*-lJ 


that is, o - (1, 2)(3, 4) ... (2*- 1, 2*) is the product 
of * disjoint transpositions. 


10. Let 0 ,, 02 , ... 0 n be real numbers and s, a non- 
negative real number, such that 
(i) a, £ 02 £ .... £ a* ; 00 0! + 02 ♦ ... ♦ a n - 0; 

(iii) I I + 1 02 1 ♦ ... ♦ ItfJ ■ 

25 

Prove that a n - 0, £ — . 

Solnj The result is clear when 5 - 0, so we will 
suppose s > 0. This implies that at least one of the 
0 /s is non-zero. Since 0 , + 02 a n * 0, the 0 /s 
cannot all be non-negative, or all be non-positive. 
Thus: 0 ! - min ( 0 *) < 0 and a n - max ( 0 /) > 0. 
There exists * € II, 2, ..., n - 11 such that 
0 , £ 02 £ ... £ 0 * * 0 < a k . , £ ... £ 0 ,,. 

Then 0 ** 0 * - -(0i ♦ *2 + — 4 **) 

- 1 0,1 ♦ 1 02 1 +... ♦ 1 0*1 -5-(l0* 4l l \a n \) 

- S - (0* **♦...♦ 0j 

Hence, 0 ** , + ... + 0 „ - s/2 - -( 0 , + 02 + ... ♦ 04 ) 
For / € II, 2, ... * 1, j € I* + 1, ..., nl, we have 
0 y - 0 , £ 0 „ - 0! (- 6, say) so that 
0 W “ 0j ^ 5, ” ^2 ^ •••» ^ 


Adding up, we get ka n +-£ k& . 

Substracting successively .... a*. , for a*, we 
get similarly 

ton - 1 + 1 £ 5 *8 • 

Adding up again, we obtain 

kia„ +....a* +1 )+(«-*)|s(n-*)A! 5 

or, + 

which leads to 8 ^ 2k(n- k ) ' But ( n ~ ® + k m ti-, 

. s n 2 , ns ^ 2s 
hence, k(n-k)* T and goT^kj • 7T' 

Thus, 
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Second and Higher Order Derivatives 
from First Principle 

By : Dr. Asim Kumar Mookhopadhyaya 
Ex. Reader in Mathematics, Charuchandra College, Calcutta. 


The evaluation of second and higher order derivatives from first principle i.e. by limit, can hardly be 
seen in text-books of calculus. Here, in this article, the present author intends to advance the said principle 
for the second and higher order derivatives. 

Let fix) be a bounded and continuous function defined for every value of x in the closed interval 
la, U and let * » a be an interior point in the interval, then the second and higher order derivatives 
of fix') at x - a are defined as : 

(0) 0, 

provided o + 2 h e la, U and the limit exists, 

[0] „ rw _ £ /(« ♦ Hi) - 3/(q * a> ♦ 3/(q . ») - /(.) 


provided a ♦ 3A e la, A) and the limit exists, and finally 



. , /(a + nA) - C,/(a + « - 1 A) + C^fia + « - 2 A) - 

or /"(a)* Lt - 

*-*o A" 


.. 1 .- 1 / 




provided a + nh e la, A) and the limit exists. 

Moreover, we may recall the following definition of first order derivative: 



or 


y(a)= u /<***> -/<*> 


provided a + h e [a, ft and the limit exists. 


Example : Obtain 


—2L 

dx 2 


, when y » jfi. 


soUt • d * y = it c** 2 *) 5 -#** 
dx 2 ~ *-*> H 2 


^ 6 A^x + A) 

*-*> A 2 


= Lt 6 (x + A)- 6x 

k -¥0 


h * 0 


Above formulas are of theoretical importance no doubt, because, in practice, it is wise to apply the 
results of first order derivatives successively and to get higher order derivatives without going through 
the troublesome and manipulative steps involved in the said formulas. 

Like first order derivative, be it noted that second and higher order derivatives have also some geometrical 
significance. Apart from maxima and minima, these are closely related to concavity, convexity, inflexibility 
and even curvature of a curve at a point on it. 
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International 

Math Olympiad Problems 


1. Let k > 1 be an integer. Show that there are 
exactly 3 k ~ 1 positive integers n with the following 
properties. 

(a) The decimal representation of n consists of exactly 
k digits. 

(b) All digits of n are odd. 

(c) The number n is divisible by 5. 

(d) The number m= n/ 5 has kodd (decimal) digits. 
Soln -• Call a natural number ideal if it satisfies 
conditions (a) - (d). 

We show that n * a k a k _ , ... € iVis ideal if and 

only if a { e 15, 7, 91 for all i = 1, 2, ... k and 
a x = 5. This is clearly true when 1, and thus, 
we assume that k > 2. 

If n is ideal, then (c) implies that a } - 5. We show 
that none of the <z/s can equal 1 or 3. 

Let w/5 ■ b k b k _ x ... b, and consider the process of 
long division of n by 5. 

Clearly, a k * 1, 3 for otherwise nl 5 would have 
only k - 1 digits. If a t = 1 or 3 for any i, 
2 < i < - 1, then clearly b { = 0, 2, 4, 6, or 8, 
depending on whether the remainder carried oi>er 
when dividing a t + x by 5 is 0, 1, 2, 3 or 4, respectively. 
This is a contradiction to (d). 

Conversely, suppose n = a h a k _ x .... where 
g 15, 7, 91 for all i = 1, 2, ..., and a x * 5. To 
show that n is ideal, it clearly suffices to verify (d). 
Since a k > 5, m = n/ 5 has ^digits, and we can write 
m = b k b k _ , ... b v Clearly, b { is odd. If b t is even for 
some i, 2 < i < k, then from n * 5 m t we see that 
^ = 0, 1,2, 3 or 4 depending on whether they carry 
(when b { _ ! is multiplied by 5) is 0, 1, 2, 3 or 4 
respectively. This is a contradiction. Hence, all the 
bis are odd. This completes the proof of our claim. 
Finally, since a x * 5 and each of the a/s 
O' = 2, 3, ..., k) can take on any one of the 3 values 
5, 7, or 9, the total number of ideal integers is 
3*~ >. 


2. A convex hexagon ABCDEFs atisfies the following 
conditions. 

(a) The opposite sides are parallel (that is, 
AB (I DE, BC\ \ EF, CD 1 1 FA). 

(b) The distances between the opposite sides are 
equal [that is, d(AB , DE) = d{BC, EF) = d(CD } FA), 
where d(g y h) denotes the distance between lines 
g and h] 

(c) /.FAB and /CDF are right angles. 

Show that diagonals BE and CFintersect at an angle 



of 45°. 

Soln- Let X, Kbe the 

feet of the 
perpendiculars from 
C to AF , EF 
respectively. 

Since AF \ \ CD , it 

follows that 

CA> d(AE ; C!D) 

Since ) | EF , it 

follows that CY® diBC \ EF). 

Since (AF, CD) = ^(BC, £F), we have CX = CY. 
Thus CF bisects /AFE. Similarly BE bisects ZDEF. 
Let T be the intersection of AF and DE. Since 


AB 1 1 DE and Z/l = 90°, we get /FTE = 90°. 
Then, Z AFE+ /DEF= (ZT+ ZTEF) + (Z7+ ZTFE) 
= 2ZT+ {ZTEF + ZTFE) * 90° x 2 + 90° = 270°. 
Thus, we have ZPFE + ZPEF 

= 3 (ZAFE + ZDEF) = 135°. 
Hence, we get ZEPE = 180° - (ZPFE + ZPEF) 

- 180° - 135° = 45°. 


3. The polynomials P„(x) are defined recursively 
by P 0 (x) = 0, P } (x) = x and 
P„(x) = xP„ . , (x) + (1 - x)P„ . 2 (x) for « > 2. 
For every natural number « > 1, find all real numbers 
x satisfying the equation P„ (x) = 0. 

Soln.- We will prove that for n > 1, the only real 
solution of P„(x) = 0 is x = 0. 


26 


MATHEMATICS TODAY 

FEBRUARY 2002 


For n > 2, 


P n (x) - P n _ ^x) - (x - 1)[(P„ _ ,)(x) - P n _ 2 (x)] 
Then an easy induction leads to 
P n (*) - Pn- lC*) = (X - 1)" " 1 (P,(x) - P 0 Od) 

= x (jc - 1)” - 1 

That is, P„ (jc) = P w _j(jc) + x(x- 1)"" 1 for « > 2, and 
we note that it remains true for n = 1. 

We deduce that, for n > 1, 

P„(x) = x(x- l)" -1 + x(x- l) n ~ 2 + ... + x + /^(x) 
= * [(x- 1 )”“ 1 + (x- l)"' 2 + ... + 1) 
Then, if x = 2, P w (2) = 2n * 0 and if jc * 2, 


x - 2 

Thus, P„(x) = 0 if and only if x = 0 or (x- 1)" = 1 
for x* 2. 

If n is even, Oc - 1)" = 1 if and only if x = 0 or 
x = 2. Then P„(x) ® 0 if and only if x = 0. 

If n is odd, Oc - 1)" = 1 if and only if x = 2. Then 
/V*) = 0 if and only if x = 0. 

Thus, for n > 1, P w (x) = 0 if and only if x = 0. 


4. The real numbers x, y, z, t satisfy the equalities 
x+y+z+Z= 0 and x* + y + z* + t*=l. Prove 
that -1 < xy + yz + zt + tx < 0. 

Solti j First we have 

xy + yz + zZ + Zx = (x + z)(y + Z) = -(jc + z) 2 < 0 
(since y + Z = -Oc + z). Then 
I xy + yz + zZ + Zxl < Oc 2 + y 2 + z 2 + Z 2 ) 172 

(y 2 + z 2 + z 2 + x 2 ) 172 = 1 
(by the Cauchy-Schwarz inequality). The conclusion 
follows. 

Remark : Equality xy + yz + zZ + Zx = 0 holds if and 
only if x + z = y + t = 0. Therefore, inequality 
xy + yz + zZ + Zx < 0 becomes an equality for the 
quadruplets (x, y, z, Z) = (#, b , -Z?) where <z, b 
are real numbers such that a z + b* = 1/2. 

If equality xy + yz + zZ + Zx = -1 holds, then we 
have equality in the Cauchy-Schwarz inequality so 
that (x, y, z, Z) and (y, z, Z, x) are proportional. 
Since at least one of the numbers x, y, z, Zmust be 
non-zero, this leads to x = y = z = t or y = -x, 
z= x, Z= -x. The first case is incompatible with the 
hypothesis, and the second case provides only the 
quadruplets. 

fi _i i _r 1 I _I ll 

U’ 2’ 2’ 2 J and t 2' 2’ 2’ 2 ) 

Conversely, these two quadruplets satisfy 
xy + yz + zt + Zx = -1 and we may conclude : 


xy + yz + zZ + Zx = -1 holds if and only if 


(x, j/, z, Z) = 



_1 _1 
2 ’ 2 ’ 





5. Natural numbers &, n are given such that 
1 < k < n. Solve the system of n equations 
x? (x 2 + x 2 ,* J+... + x 2 ,* ,) = x 2 ,. ! for 1 < i < n, 

with n real unknowns x h x 2 , ..., x„. 

Note : Xq = x w , x„ + , = x,, x„ + 2 = x 2 and so on. 
5o/w-* We prove that there are two solutions, 
x, = x 2 = ... = x n = 0 and 



First, suppose that (x,, ...., x„) is a solution. 

FzreZ : There is i e 11, ... n ,) such that x, = 0. 
From the cyclic symmetry', we suppose, without loss 
of generality, that x, = 0. Then 
x, 3 (x/ + ... + x k 2 ) = 0 = x„ 2 . 

Thus, x w = 0. 

Continuing, we deduce that x, = 0 for all i. 
Second case .• x, * 0 for all i. 

Since x, 3 (x, 2 + ... + x 2 ,-* k _ i) = x* t _ u we deduce that 
x, > 0 for all i. 

From cyclic symmetry, without loss of generality, 
we have 

x, = min lx, : i = 1, 2, ..., n). 

Then x, 3 < x 2 3 and x, 2 < x* k + ,. Thus 

JC, 2 + x/ + ... + X k l < X 2 l + JC, 2 + ... + X i h t ,. 

We deduce that x„ 2 = x, 3 (x, 2 + ... + x k z ) 

< JC, 3 O, 2 + ... + JC 2 *. ,) = JC, 2 . 

Thus, x n < x,. 

What we have actually shown is that if 
x, = min (x t , ..., x ;i l, then x,_ , = x,(= minlx,, ..., x /; l. 
An easy induction leads to x, = x 2 = ... = x„. 

Let a denote the common value. Then 

a\ka 2 ) = a 1 ; that is a - 

Conversely, it is easy to verify that (0, 0, ..., 0) and 
are solutions. 



6. Show that there do not exist non-negative integers 
fcand m such that &! + 48 = 480^ + l) m . 

Solnj Suppose the given equation holds for some 
non-negative integers &and w. Then 48 I k\. Since 
48 = 2 3 x 3, we must have k > 6. If k = 6 or 7, the 
equation becomes 16 - 7 m or 106 = 8 U \ respectively. 
Clearly, neither is possible. Hence, k > 8 and the 
given equation can be rewritten as 


MATHEMATICS TODAY 

FEBRUARY 2002 


27 


3x5x7*8x... * (jfe - i) x jfe + l = (jfe + l) m ... (0 
Suppose k + 1 is a composite. Then it has a prime 
divisor g. Since q< k, we have g I £!, which implies 
^ 1 48. Since k > 8, the left side of (i) is odd and 
thus, # must be odd. Hence, g= 3, which is clearly 
impossible in view of (i), since 3/fl. 

Therefore, k + 1 = p is a prime. Then 
k \ = (p- 1) ! 5= -1 (mod p) 
by Wilson’s theorem ; that is p I & ! + 1. 

Rewriting the given equation as k \ + 1 + 47 = 48p m , 
we infer that p 1 47 and so p = 47. Then we have 
46! + 48 = 48 x 47 w or 46! - 48(47 m - 1). Since the 
prime divisors of 46! include 5, 7, 11 which are all 
coprime with 48, we have 47 m » 1 (mod 5, 7, 11). 
Now, straightforward checking reveals that 
ord s (47) = 4 (that is, the least positive integer n 
such that 47" = l(mod’5) is n = 4), ord 7 (47) = 6 and 
ord n (47) * 5. Hence, m is divisible by 1cm {4, 6, 5); 
that is 60 I m. So m > 60 and we have 
48 x 47™ > 48 x 47 60 . Clearly, 48 x 47 60 > 46! + 48 
and we have a contradiction. 


7. For an acute triangle ABC \ k lt k 2 , k 5 are the circles 
with diameters [56], [CA], [AB] respectively. If K is 
the radical centre of these circles, [AK] n k x = \D I, 
[BK\ n k 2 = {£1, [CK] n & 3 = IP) and areaG456) = w, 
area(£)56) = area(56A) = y and area (FAB) = z , 
show that - jc 2 -i- y 1 i- z 2 . 


Solnj Let P, Qand R 
be the feet of the 
perpendiculars from 
A, B and <7to BC, CA 
and AB respectively. 

AP } BQ and CR are 
common chords of k 2 , 
k$ ; k 3, k x and k u k 2 
respectively. Thus, K 
is the orthocentre of 
tsABC. Since ZBDC - 

DP 2 = BP * CP ... (0 

Since BK 1 AC and AP 1 BC } we have 
ZBKP - ZACP. Further, we have A BKP ~ tsACP. It 
follows that BP : AP = KP : CP, that is 



AP'KP^BP'CP ...00 

From (i) and (ii), we have 

DP 1 = AP - KP 


Hence, we have Z7P 2 - BC 2 = (AP - 50 x (KP - BO 
From this we get x 2 = « x area CK50 ... (iii) 
Similarly, we have y 2 - « x area (ATCy4) ... (iv) 
and z 2 = ii * area(/C45) ... (v) 


Therefore, we obtain from (iii), (iv) and (v), 
ji^ + y + j 2 ?»mx {area (ASO + area (/fOl) + area (AA5)I 
- u x area 0450 = u 2 . 


8. Let TV denote the set of positive integers. Let A 
be a real number and (<3„)°° n be a sequence of 
real numbers such that a x = 1 and 

1 < i?2±L < ^4 for all n e N. 

(a) Show that there is a unique non-decreasing 
surjective function k: N-> Ns uch that 1 < — - — < A 
for all n e N. 

(b) If k takes every value at most m times, show 
that there exists a real number C > 1 such that 
C n < Aa n for all n e N. 


A k(tl) 

Solti j (a) The condition 1 < < A is equivalent 


to A* n) ~ 1 < a n < A Kn) or k(ri) - 1 < 


In (a n ) 
\n(A) 


< k(n) . 


Hence, k is necessarily the function given by 
In (a u ) 

\n(A) 


k(n) = 1 + 


= l + |_l°g for all n € N. 


This shows the unicity of k. Since \a n \ is increasing 
and a x = 1, we have a n > 1. We also note A > 1. 
!n(< z.) 


Hence, 


InC/i) 


is a non-negative real number and 


1 + [_\og A(a„)\ is a positive integer. Thus, we can 
define a function k : TV -> by the formula 


fc(n) = 1 + |_l°g A(a n ) J . For all n g TV a n < a n + ,, 
so that log^M,,) < log A(a n + 1) and Kn) < k(n+ 1). 
Thus, k is non-decreasing. 

Now, let us remark that, for se N, h(ri) = s is equivalent 
to A s ~ 1 < a n < A 5 . Therefore, if \a n \ is bounded 
above, say a n < M for all n, as s satisfying 
A s ~ l > M (such an s exists since A > 1) cannot be 
an image under k. Thus, if l«„l satisfies the hypothesis 


and is convergent (for instance a n 



the surjectivity of cannot be obtained. Consequently, 
we will henceforth assume that \a n ) is not bounded 
above. 

Given s e N } we prove that the equation kin) = s 
has at least one solution. For s = 1, n = 1 is obviously 
a solution, so now we suppose that s> 2. From the 
supplementary hypothesis, there exists n e N such 
that a n > A 5 ~ Let r be the least of these n’s, so 
that a r _ , < A s ~ 1 < a r Then a r < Aa r _ } < A s so that 
A s ~ 1 < a r < A s and r is a solution. The function k 
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fulfills all the demands and (a) follows. 

(b) For each s e N, denote by jV(s) the number of 
n such that &ri) « s that is, such that A s ~ 1 < A n < A s . 

By hypothesis, we have /V(s) ^ w for each s. 

We will show that (b) holds with C = A Um > 1. 

Let n be an arbitrary integer. If &ri) = 5 , then 
n = W(l) + N(Z) + ... + (5 — 1) + j 

where j e 11, 2, ... TV 0)1 
(because there are N (1) + N(Z) + ... + N (s - 1) 
terms of the sequence l<z„l which are < A s ~ 0. On 
the one hand, a n A > A s ~ l A = A s » C™ 5 and on the 
other hand, 

n = W(l) + AT (2) + ... + AfO- 1) + j 

< N (X) + W(2) + ... + A^O- 1) + W($) < 5m. 

Hence, C" < C™ and we obtain C" < a n A. 

9. In a triangle ABC with I ABI ^ I AC\ , the internal 
and external bisectors of the angle A intersect the 
line BCat Dand £, respectively. If the feet of the 
perpendiculars from a point F on the circle with 
diameter [DB to the lines BC, CA } AB are K, L f M 
respectively, show that \KL\ =* \ KM\ . 
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Solnj Since the 
circle with 
diameter DE is 
the Apollonius 
circle, we have 
FB_ = AB 
FC AC 
By the law of 

Sines, we have 



AB 

AC 


sinC 


.. 00 


sinB 

From (i) and (ii), we get 
FB _ sinC 
FC sin B 

that is FB sin B = FC smC ... (iii) 

Since the circle with diameter BF passes through K 
and M , we have 

KM - FB sinB . 

Similarly, we have KL - FC sinC. 

Therefore, we obtain from (iii), 

KL - KM. 




Challenging problems 
With solutions 



1. (a) : A railroad numbers its locomotives in order, 
1, 2, N. One day you see a locomotive and its 
number is 60. Guess how many locomotives the 
company has. 

(b) You have looked at 5 locomotives and the 
largest number observed is 60. Again guess how 
many locomotives the company has. 

Solnj While the questions as stated provide no 
“right” answers, still there are some reasonable 
things to do. According to symmetry principle when 
one point is dropped, on the average the two 
segments will be of equal size, and so you might 
estimate in part (a) that the number is 119, because 
the segment to the left of 60 has 59, 2(59) = 118, 
and 118 + 1 = 119- 

Similarly in part (b), you might estimate that the 
5 observed numbers separate the complete series 
into 6 pieces. Since 60 - 5 = 55, the average length 
of the first 5 pieces is 11, and so you might estimate 
the total number as 60 + 11 or 71. Of course, you 
cannot expect your estimate to be exactly right 
very often. 

i j li | 1 1 ] n ] 1 1 \ n 

(A) 

The method just described makes sure that in many 
such estimates you average close to the correct 
value. That is, imagine many problems in which 
the unknown number N is to be guessed. Follow 
the estimation program described above each time 
(draw a sample, make an estimate). Then the set 
of estimates will average close to the true value 
in the long run. 

On the other hand, you might not be interested 
in being close in the long run, or in averaging up 
well. You might want to try to be exactly right 
this time, however faint the hope. Then a reasonable 
strategy is iust to guess the largest number you 
have seen. If you have seen 2 locomotives, then 

30 


the chance that a sample of 2 contains the largest 
is (N - l)/(*2") or . 

The method of confidence limits is often used to 
make an interval estimate. If the company has N 
locomotives and we draw a random one, then the 
probabilities of the numbers 1, 2, ...., N are each 
1 /N. Therefore we can be sure that the chance 
that our locomotive is in some set is the size of 
the set divided by N. For example, let n be the 
random number to be drawn, then for even values 

of N t P(n> N/ 2) *= \ , and for odd values of N 

the probability is slightly more. Then we can read 
the statement n > N/2 and say that the probability 

is at least that it is true when n is a random 

variable. If we have observed the value of n and 
do not know N t but wanted to say something about 
it, we could say 2 n > N t and that would put an 
upper bound on N. The statement itself is either 
right or wrong in any particular instance, and it is 
right in more than half of experiments and statements 
made in this manner. If one wanted to be surer, 
then one could change the limits. For example, 

p[n > ~ /vj > -- . The confidence statement would 

2 

be 3n>N, and we would be at least j sure it was 

correct. In our problem, if we wanted to be at 
least 2/3 sure of making a statement that contains 
the correct value of N, we say N is between 60 
and 180. 

Another method of estimation that is much in vogue 
is maximum likelihood. One would choose the 
value of N that makes our sample most likely. 
For example, if N = 100, our sample value of 60 

would have probability ; but if N * 60, its 

probability is . We can’t go lower than 60 because 

if N * 59 or less we can’t observe 60, and our 
sample would have probability 0. Consequently, 
if n is the observed value, the maximum likelihood 
estimate of N is n. 

2. Labour laws in Erewhon require factory owners 
to give every worker a holiday whenever one of 
them has a birthday and to hire without 
discrimination on grounds of birthdays. Except for 


MATHEMATICS TODAY 

FEBRUARY 2002 



these holidays they work a 365-day year. The owners 
want to maximize the expected total number of 
man-days worked per year in a factory. How many 
workers do factories have in Erewhon ? 

Solttj With 1 worker in the factory, the owner 
gets 364 man-days, with 2 he usually gets 
2(363) = 726, and so we anticipate more than 2 
workers to maximize working days in a factory. 
On the other hand, if the factory population is 
enormous, every day of the year is practically certain 
to be someone’s birthday, and the factory never 
works. Consequently, there must be a finite 
maximum. 

If we can get the expected total number of days 
worked, we are a long step forward. Each day is 
either a working day or it isn’t. Let’s replace 365 
by N so that we solve the problem generally, and 
let n be the number of workers. Then the probability 
that the first day is a working day is (1 - 1/AO", 
because then every worker has to have a birthday 
on one of the other N - 1 days. The expected 
number of man-days contributed by the first working 
day is 



Every day contributes this same number, and so 
the expected number of man-days worked by n 
workers is nN(l - 1/AO n. To maximize this function 
of n t we must find n so that increasing or decreasing 
n reduces the total, or in symbols ; 

and („.iw(l--i)”'snw(l-i)\ 

The first inequality reduces to : 

(n + l)(l-j)sn, N< n + 1. 

The second inequality reduces to : 

n-l<«(l — n < N. 

Combining these results gives us n < N < n + 1, 
and so either n = N or n = N - 1. When these 
values are substituted for n in the formula for the 
expected man-days, we get 7V 2 (1 - 1/A0 a ' and 
(N- 1)M1 - \/N) N ~ x , which are equal. Since the 
Ath man adds nothing, N- l must be the factory 
size. Since (1 - 1/A0 A » we get at last N 2 e~ x 
as the approximate expected number of days 


worked. If all N men worked every day, they would 
work N 2 days, and so tf" 1 is the expected fraction 
that the actual man-days worked is of the potential 
N 2 man-days. Thus the fraction is about 0.37. The 
factory size is 364, and the man-days worked are 
roughly 49,000, assuming no other absenteeism. 
The 364th worker adds only 0.37 days to the total 
expectation! 

3. (a) : If a stick is broken in two at random, 
what is the average length of the smaller piece? 
(b) : What is the average ratio of the smaller length 
to the larger ? 

Solnj (a) : Breaking “at random” means that all 
points of the stick are equally likely as a breaking 
point (uniform distribution). The breaking point 
is just as likely to be in the left half as the right 
half. If it is in the left half, the smaller piece is on 
the left; and its average size is half of that half, 
or one-fourth the length of the stick. The same 
sort of argument applies when the break is in the 
right half of the stick, and so the answer is 
one-fourth of the length. 

(b) : We might suppose that the point fell in the 
right-hand half. Then (1 - x)/x is the fraction if 
the stick is of unit length. Since x is evenly distributed 

from j to 1, the average value, instead of the 
1 . 

intuitive j, is 

2\^—^dx = 2)[^-\)dx . , n2a , 

\ x /. 35 2 log^ - 1 a 0.386. 

2 2 

4. Player M has $1, and Player N has $2. Each 
play gives one of the players $1 from the other. 
Player M is enough better than Player N that he 

2 

wins j of the plays. They play until one is bankrupt. 

What is the chance that Player M wins ? 

Solnj This problem is a special case of the general 
random walk problem with two absorbing barriers. 
Historically, the problem arose as a gambling problem, 
called gambler’e ruin. Let us restate the problem 
generally. 

Start 

I 

— ♦ — I — I 1 — I > t ♦ 

0 1 2 .... i- 1 / 1 rn m ♦ n 

Schematic representation of Gambler s ruin 
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Player M has m units; player N has n units. On 
each play of a game one player wins and the other 
loses i unit. On each play, the probability that 
player M wii)s is p } that TV wins is q - 1 - p. Play 
continues until one player is bankrupt. The figure 
represents the amount of money Player M has at 
any time. He starts at x - m. When x - 0, he is 
bankrupt; when x - m + n, Player TV is bankrupt. 
We know that, had Player M played against a bank 
with unlimited resources, he would have become 
bankrupt with probability ( q/p) m . In the course of 
a trip of bankruptcy, either he attains an amount 
of money m + n (n is now finite), or he is never 
that well off. Let the probability that he loses to 
Player /V be Q (that is equivalent to the infinite 
bank winning without Player M ever reaching 
m + ri). Then 

( q/p) m - Q + (1 - GKq/p) m ' n ... (i) 
because Q is the fraction of the sequences that 
are absorbed before reaching m + n , and of the 
fraction 1 - Q that do reach m + n, the portion 
(q/p) m * n is also absorbed at 0 if the game is allowed 
to proceed indefinitely. Then P - 1 - Q is the 
probability that player M wins. Making substitution 
into equation (1) and solving for P gives 

1 -te/pr 


P = 


1 -(q/pr+ H 

For our players p - j , q 


m 


(ii) 


1, n * 2, and 


P - y . So in this instance it is better to be twice 
as good a player rather than twice as wealthy. 

If q - p - y, then P in equation (2) takes the 
indeterminate form 0/0. When L’Hospital’s rule is 
applied, we find 


P = 


m 


(iii) 


p - q « 1/2. 


m + n » 

Thus, had the players been evenly matched, Player 

M's chance would be y and his expectation would 
1 2 

be y(2) + y(-l) = 0 . Thus the game is fair, that 
is, has 0 expectation of gain for each player. 


5. How thick should a coin 
be to have a 1/3 chance of 
landing on edge ? 

Solnj This problem has no 





-edge 


definite answer without some simplifying conditions. 
The elasticity of the coin, the intensity with which 
it is tossed, and the properties of the surface on 
which it lands combine to make the real life question 
an empirical one. 




-edge 


The simplifying conditions that spring to mind are 
those that correspond to inscribing the coin in a 
sphere, where the center of the coin is the center 
of the sphere. The coin itself is regarded as a right 
circular cylinder. Then a random point on the surface 
of the sphere is chosen. If the radius from that 
point to the center strikes the edge, the coin is 
said to have fallen on edge. 

To simulate this in reality, 
the coin might be tossed 
in such a way that it fell 
on a thick sticky substance 
that would grip the coin 
when it touched, and then 

the coin would slowly settle to its edge or its face. 
A key theorem in solid geometry simplifies this 
problem. When parallel planes cut a sphere, the 
orange-peel-like band produced between them 
is called a zone. The surface area of a zone is 
proportional to the distance between the planes, 
and so our coin should be 1/3 as thick as the sphere. 
How should the thickness compare with the 
diameter of the coin ? 

Let R be the radius of the sphere 
and r that of the coin. 

The Pythagorean theorem gives 



sphere 


or 


R 2 

8 


r l + 


— D2 

9 


fi>2 = .- 2 

R r . „ - g 


i7? = ^r*0.354r. 

3 4 

And so the coin should be about 
35% as thick as the diameter 
of the coin. 



Cross section showing 
relation between radius 
/?of sphere and radius r 
of coin 
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_ 13 19 26 

39. (b) : Since OP has projection “ 5 "’ “ 5 " and ” 5 " on 

the coordinate axes, therefore 

ft. 

Suppose P divides the join of Q(2, 2, 4) and P(3, 5, 6 ) 
in the ratio \ : 1. Then the position vector of Pis 

3 X + 2 _ 13 5X + 2 _ 19 6 X + 4 _ 26 
=* X + l 5 • X + l 5 ’ X + l 5 
=> 2X = 3 => X = 3 / 2 . 

Hence, P divided QP in the ratio 3 : 2. 

40. (b) : Let OA and OB be two lines with DCs /,, m u 
n x and / 2 , m 2 , n 2 . 

Let OA = OB - 1. Then the coordinates of A and Pare 
(/,, m ]t >z,) and (/,, m 2 , ti 2 ) respectively. 

Let OCbe the bisector of ZAOB. Then Cis the midpoint 
of AB and so its coordinates are 

f /, + 1 2 m, + m 2 n, + 

[ 2 ' 2 + 2 



= |^(/, 2 + m,Z + n i 2 ) + (^ 2 + n h + n 2 2 ) + 2UJ 2 + m ] m 2 + n ] n 2 ) 

= i V2 + 2cos0 (cosO = /j/ 2 + w,m 2 + «,n 2 (given)) 

* i>/2(l + cos0) = cos^|j 

— . /, + / 2 m, n, + n. 2 


DCs of OC are 


2(OCY 2 (OC) ’ 2(OC) 


/, + / 2 m, + m 2 + n 2 
OT ' 2 cos 0 / 2 ’ 2 cos 0 / 2 ’ 2COS0/2’ 
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Mathematical 

Challenges 


1. Show that among any seven distinct positive 
integers not greater than 126, one can find two of 
them, say x and v, satisfying the inequalities 


2. Show that if m is a positive rational number 
then m + ~ IS an integer only if m « 1. 

3. Four distinct lines Z,, Z 2 , Z 3 , Z 4 are given in 
the plane, with Z, and Z 2 respectively parallel to 
Z 3 and L a . Find the locus of a point moving so that 
the sum of its perpendicular distances from the 
four lines is constant. 


4 . Show that if n is a positive integer greater than 
1, then 

1 + 4 + T + ... + — 

2 3 n 

is not an integer 

5 . Prove that if 5 pins are stuck onto a piece of 
cardboard in the shape of an equilateral triangle 
of side length 2, then some pair of pins must be 
within distance 1 of each other. 

6. Let/ be a function with the following properties: 

(1) fin) is defined for every positive integer n\ 

(2) fin) is an integer; 

( 3 ) /( 2 ) « 2 ; 

(4) fimri) « fim) fin) for all m and n\ 

(5) fim) > fin) whenever m > n. 

Prove that fin) « n for n * 1, 2, 3, ... 

7 . You are given 6 congruent balls, two each of 
colours red, white, and blue, and informed that 
one ball of each colour weighs 15 grams while the 
other weighs 16 grams. Using an equal arm balance 
only twice, determine which three are the 16-gram 
balls. 


8. What is the maximum number of terms in a 
geometric progression with common ratio greater 
than 1 whose entries all come from the set of integers 
between 100 and 1000 inclusive. 


9. Let fix) - a „x" + a n _ l x n ~ 1 + ... + a x x + be 
a polynomial of degree n > 1 with integer coefficients. 
Show that there are infinitely many positive integers 
m for which 

fim) = a n m n + a n _ ,m M_1 + ... + a, w + is not prime. 

10 . If a , b , c, d are positive integers for which 
ab = cd , show that « 2 +^ + c 2 + ^is composite. 

~ SOLUnON~ 

1 . If the integers 1, 2, 3, 126 are split into 6 

sets, then by the Pigeonhole Principle one of the 
sets will contain two (or more) of the seven chosen 
integers. Thus, the problem is to arrange the splitting' 
so that in each of the 6 sets the largest integer is 
at most twice the smallest. Clearly, the following 
splitting does the trick: 

11. 21, 13 , 4 , 5, 61, 17, 8, ..., 13, 141, 115, 16, 29, 

301, 131, 32, ..., 61, 621, 163, 64, ..., 125, 1261. 


2. First solution : Let m - p/q, where p and cj are 
positive integers having no common prime factors. 


Then 


. 1 p 2 +< 7 2 

m + — = — — 

m pq 


so that, if this is an integer, then pand q both divide 
p l + q 2 . But then p divides q 2 and q divides p 2 . 
Since p and q have no common prime factors this 
means that P = q - 1 and m = 1. 

Second solution . It suffices to show that the only 
positive integer k for which the equation 


x+ = fchas a positive rational root is k- 2. This 

equation, namely 

x 2 - kx + 1 = 0 has roots 
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k + yJk 2 -4 k-ylk 2 - 4 
2 ’ 2 

If these roots are rational, then & - 4 must be a 
square. But 

(k - l) 2 < fc 2 - 4 < fc 2 when fc > 3, 
so k l - 4 cannot be a square when k > 3, and, 
when k = 1, fc 2 - 4 is negative and so cannot be a 
square. Thus the only possible value for k is 2. 


3. Let <3 be the distance between and Z 3 ; let b 
be the distance between Z 2 and L A . Clearly, the sum 
of the distances from a point to the 4 lines is at 
least a + b. Now let A' be positive, and let L denote 
the locus of points 
whose sum of 
distances (from 
the four lines) 
equals K. 

Case 1 : K< a + b. 

Then L is empty. 

Case 2 . K = a + b. 

Then L is the 
parallelogram ABCD 
and its interior. 

Case 3 K > a + b. Then 
L is a centrally symmetric octagon, as in figure. 
This is an immediate consequence of the following: 
If P is any point on the side BC of the isosceles 



triangle ABC ( a = AB = AC) 
then the sum of the distances 
from P to AB and AC is a 
constant. For if these 
distances are ci } and d ly then 

the area of tsABC equals 
+^ad 2 = + d 2 ) t 



as in figure. 


4. Express each term of the sum as a fraction with 
denominator equal to the least common multipleof 
2, 3, ..., n. All numerators will be even except for 
the single term whose original denominator was 
the highest power of 2 not exceeding n. Thus the 
sum of the numerators is odd while the common 
denominator is even. 

Remark : It can be shown that, when a , d > 0, 


l + -L- 

a a + d 


+ ...+ 


1 


a + (n-l)d 


(the 


sum of the 


reciprocals of an arithmetic progression) is never 
an integer. A proof depends on Bertrand’s Postulate: 
There always exists a prime between m and 2m. 

5 . Partition the triangle into 4 equilateral triangles 
of side 1 (figure). By the Pigeon Hole principle, 
one of these four triangles must contain 2 (or more) 
of the 5 points, and these 2 points are within distance 
1 of each other. 


6. First solution: First observe that 
2 - /( 2) = /(I • 2) = /(l) ./12) = /(l) 2 , 
so / (1) * 1. Furthermore 
/( 2 2 ) = /( 2 • 2) = /(2)/(2) = 2 • 2 = 2 2 
Ji 2-') = /( 2 • 2 2 ) = f{2) fa 1 ) = 2 • 2 2 = 2* 
and so on, i.e. t /(2*) = 2 k for k - 0, 1 , 2, ... 

Now consider successive powers of 2 and the integers 
between: 

2* < 2 k + 1 < 2 k + 2 < ... < 2 k + 2 k - 1 
- 2* + 1 - 1 < 2* 4 ] . 

Their / values satisfy 

2 k <fa k+ 1 ) </( 2 k + 2)< ... <f[2 k + 1 - 1 )< 2 * +1 . 

Thus, between 2 k and 2* + 1 we have 2 k - 1 distinct 
integers f( 2 k + j)J= 1, 2, ..., 2 k - 1. Since there are 

exactly 2 b * 1 — 2 b — 1 - 2* — 1 integers between 2 b 

and 2 k + \ it follows that 

/( 2* + j) = 2 * + /,/- 1, 2, ... 

Second solution: As before, we observe that 
fa*) - 2 k for k - 1, 2, ... From property (5) we see 
that /(m + 1) > /(m), i.e., /(m + 1) > /(m) + 1; 
hence /(m) > w and /(w + k) £ /(m) + k. It 
remains to show that for no ti is f(n) > n. Suppose 
that /(n) > n for some n. Then 2 n > n and 
2" = fa n ) - /(« +2 n - n)> /(n) + 2 n - /z 

> n + 2 n - n = 2 n y which is absurd. 

Third solution (by induction): First we observe 
that /(l) * 1. 

Now assume that f(k) - k for k = 1, 2, .., rc. 

We show that /(n + 1) ■ n + 1. 

If n + 1 = 2f then 1 < j < rc and 
/(n + 1) - faj) - 2/ - n+ 1. 
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If n + 1 - 2j + 1, then 1 < j < n and 

2/ « /(2 j) < f(2j + 1) < /(2/ + 2) 

= yi20* + D) » 2/ty + 1) - 2(J + 1) - 2j + 2 
Thus 2j < f(2j + 1) < 2j + 2, 
so /(2/ + 1) « 2/ + 1 - n + 1. 

7. Let the two red balls and /? 2 weigh rj and r 2 
respectively, and use analogous notation for the other 
colours. First, balance R x and W x against R 2 and B x . 
If r x + w x * r 2 + b x , then either: r x < r 2 and > b Xt 
or q > r 2 and w l <b x . These cases can be distinguished 
by then balancing W x against W 2 . 

If r, + w x > r 2 + b x , then certainly r x > r 2 and one 
of these possibilities occurs: 

(i) w x > u> 2 and b x > b 2 , 

(ii) u\ > w 2 and b x < b 2 \ 

(iii) w x < w 2 and b x < b 2 . 

for the second weighing, balance R x and B x against 

W 2 and B 2) and deduce: 

if r x + b x > waj + then b x > b 2 and w x > w 2 , 

if r x + b x = w 2 + b 2t then b x < b 2 and tv x > w 2 , 

if r x + b x < w 2 + b 2 , then b x < b 2 and w x < w 2 . 

The final case r x + w x < r 2 + b x can be disposed of 

similarly. 


8. Let us try to construct the longest possible 
geometric progression. Suppose it has n terms, that 
is common ratio (necessarily rational) is p/q in its 
lowest terms and its smallest term is a. The common 
ratio should be as small as possible p should be 


q+ 1. In addition, the last term 


ap 


n - 1 


n-\ 


is an integer, 


so q n ~ 1 divides a. Thus a is divisible by a large 
power. Since 3 6 * 729 we see that a sequence with 
at least 7 terms must start with 729 or a multiple of 
26 * 64. A little thought suggests that the best that 
can be done is to start with 128, take a common 


a 

ratio — and be content with 6 terms 1128, 192, 288, 
432, 648, 9721. 

A more formal proof follows. The geometric 
progression 

128, 192, 288, 432, 648, 972 

3 

with common ratio — shows that the longest sequence 
is at least of length 6. Consider now the geometric 


progression 

100 < a < ar < ar 2 < ... < ar n ~ 1 < 1000, 
where the n terms are all integers and r> 1. Clearly 

r must be rational, say r = ^ with p > q > 1, 

( p , q). = 1. Because ar n ~ 1 = a yq) is an inte 8 er . 

cf x ~ 1 divides a. We may take p * q + 1, for the 
progression. 


100 <a< < •• < - 


1000 


has length n and the entries are all integers (since 
q n ~ l divides a ) in the required range. If q> 3, then 


1000 > 1 > (<7 + 1)”" 1 £ 4”'\ 

i.e. n < 5. If q = 1, then 

1000 > ^ • 2 ”" 1 , 
i.e. n < 4. If q - 2, then 

,000 =«(!)”" sioo(l)"". 

i.e., n< 6. Hence the longest sequence has length 6. 

9. If |db| * 1, a solution is obvious. For if m is any 
multiple of Oq then /(m) is divisible by In fact, 
infinitely often Jim) is a proper multiple of a Q , since 
/(m) can assume the values Oq and -a^ only a finite 
number of times. To find a solution when |^o| * 1, 
proceed as follows. Choose any integer k for which 
/(fc) is not equal to 1 or -1. (This is always possible. 
Why?) Let p be any prime divisor of f(k). Then 
f(k + rp) s f(k) (mod p). Furthermore, since a 
polynomial can assume any value only a Finite number 
of times, f(k + rp) is a multiple of p distinct from 
± p for all but finitely many values of r. 

10 . Let m be the gcd of a and c, and suppose that 
a = mu and c = mv. The ub = vd. 

Since gcd (u, v) = 1, u must divide d. 

If d * HM, then b = nv and 

cf + fr 2 + c 2 + * (w 2 + n 2 )(u 2 + t^). 
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x 2 +x+2 

4x+l 


-Urn [it ,<*♦» | 
*-**Ll x + x + 2) 

= lim[(l + y ) Uy ] 4 , where y = 


4x £ +x 


x 2 +x+2 


4x + 1 

x 2 + x + 2 


1+J- 

v lim , 4 * + 1 = lim *, ■ * '— = o and 


.r-*«o x +x + 2 T -*® i + _L + _fL 


* AT" 


4 + — 


lim 4 ** + — = lim- , 

.*-*00 X T JC + 2 - x-> ® ^ | 1 


X - 


= 4 


X x l 


e \ 


, _-i ( 2 cos x - 3 sin x ) 

40. (b) : We have y = cos ^ j J 

Let 2 = rcos 0, 3 ■ r sin 0. Then r = Vl3 and tan 0 = y 


V = cos"'[cos(jc + 0)] = x + 0 = x + tan 
dy/dx - 1. 


"(i) 


41. (b) : Let y = sec" (-^j— j-),* = Vl - jc 2 . 
Putting x * cos 0, we get 

, dy 

y = sec" 1 (sec20) - 20 * 2 cos -1 x -£■ - — 


Diff. z = Vl-x 2 w.r.t. x, we get = - —=£=■ 

^ -Jl-X 1 

Hence £ = -A^eL = 2 . Thus , (^) =4. 

<iz X x \azix.\n 


/I - x 2 


42. (b) : We have fly 2 - x 3 . Differentiating with respect 


dy 2 
to x. we get 2 ay -~r = 3x 

Let (x,, y x ) be a point on ay 2 * x 3 . 


• = 3x 2 

dx 2a y 

.. (i) 


Then ay, 2 * x, 3 

The equation of the normal at (x lf yj) is 
2ay, . 

3Xj 

This meets the coordinate axes at 

+ ^T’°) and 

Since the normal cuts off equal intercepts with the coordinate 
axes, therefore 

3x, 2 2 ay, (2a + 3*,) (3x,+2 a) 

=> 3x, 2 - 2 ay, 

From (i) and (ii) 9*/ = 4a 2 j =5 x, = 

43. (b) : Since y - a log x + bx 2 + c has its extremum 
at x - -1 and x - 2, therefore = 0 at x - -1, 2 


1 2 a 3* 

=> 9x, 4 * 4 a 2 y , 2 ... (ii) 


We have -4- = — + 2bx + 1 
dx x 


[&\ =0 => -a - 2b + 1 = 0 and 

V dX /at x — 1 

(iL) =0 =>f + 4fc + l = 0 

\ ax lx- 2 2 1 

Solving these two equations, we get a = 2 y b = --r* 
f 1 j [ -t dt 

44. (c): J / ** = f 7—” 

d + x 2 )vi- x 2 a 2 + iWr 2 -i 

Putting x = — ,dx = -~^ 

/ r 

f 

(u 2 + 2)Vw 2 ^ + (V2) 

Putting f 2 - 1 - u 2 , tdt = udu 



1 

7 T n 


Vix 


x 

Wl-x 2 


+ C, where C - K - 


2 V 2 


■vtan; 


— — dx = f tanA sec 2 x dx 
sinxcosx tanx 


tan x 


45. (a): /=/ 

= J dt ' w here t 

/ = 2t' n + C = 2Vtanx + C7 

46. (d) : Let / = J 


0 x + 2xcosa + l 


Then 


/ - j L i — /tan— 2L+COSaV 

o(x + cosa) +sin a sinaV sin a Jo 

I = -i-ftan- 1±£^S- - tan" S22SL1 
sinaL sin a sinaj 

7^— tan' 1 fqot ~) - tan'^cot a) 
maL v 2/ J 


sin 
J. 

sin a 


47. (a) : The given equation when expressed as a 
polynomial in derivatives is 




Clearly it is a second order differential equation of degree 2. 


dy . 1 

48. (b) : We have ^ - 1 ” “ 

(* 3 . 


y = x + — + C 
x 


This passes through 
=> C- 1 

Thus the equation of the curve is 

y = x + — + 1 orxy = x 2 + x + l 
* x ' 


therefore ~ = 2 + — + C 
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Junior High School Mathematics 
Contest (British) Problems 


| PART - A 1 

1. The last (ones) digit of a perfect square cannot 
be : 

(a) 1 (b) 4 (c) 5 

(d) 6 (e) 8. 

2. Suppose a string art 
design is constructed by 
connecting nails on a 
vertical axis and on a 
horizontal axis by line 
segments as follows: The 
nail furthest from the ori- 
gin on the vertical axis 
is connected to the nail 
nearest the origin on the 
horizontal axis. Then proceed toward the origin on 
the vertical axis and away on the horizontal axis as 
shown in the diagram. If this were done on a project 
with 10 nails on each axis, the number of points of 
intersection of line segments would be : 

(a) 45 (b) 46 (c) 47 

(d) 48 (e) none of these. 

3. Assume there is an unlimited supply of pen- 
nies, nickels, dimes, and quarters. An amount (in 
cents) which cannot be made using exactly 6 of 
these coins is : 

(a) 91 (b) 87 (c) 78 

(d) 51 (e) 49. 

4. Given x 2 + y - 28 and xy ** 14, the value of 
x 2 - y equals : 

(a) -14 (b) 0 (c) 14 

(d) 28 (e) 42. 

5. Given that 0 < x < y < 20, the number of integer 

solutions (jc, y) to the equation 23* + 3y ■ 50 is : 
(a) 16 * (b) 9 (c) 8 

(d) 5 (e) 3. 

6. The numbers 1, 3, 6, 10, 15... are known as 
triangular numbers. Each triangular number can be 

expressed as - where n is a natural number. 

The largest triangular number less than 500 is : 



(a) 494 (b) 495 (c) 496 

(d) 497 (e) 498. 

7. An 80 m rope is suspended at its two ends from 
the tops of two 50 m from flagpoles. If the lowest 
point to which the mid-point of the rope can be 
pulled is 36 m from the ground, then the distance, 
in metres, between the flagpoles is : 

(a) 6>/39 (W 36VT3 fc) 12V39 

W) 18Vl3 O) 12-726. 

8. At a certain party, the first time the door bell 

rang 1 guest arrived. On each succeeding ring two 
more guests arrived than on the previous ring. After 
20 rings the number of guests at the party was : 
(a) 39 (b) 58 (c) 210 

(d) 361 (e) 400. 

9. An operation * is defined such that 

A • B ■ 

The value of 2 * (-1) is : 

(a) -3 (b) -1 

(d) 0 (e) f. 

10. Three circles with a 

common centre P are 
drawn as shown with 
PQ - QR » RS. The ratio 
of the area of the region 
between the inner and 
middle circles (shaded 
with squares) to the area 
of the region between the middle and outer circles 
(shaded with lines) is : 

(a) j (b) f (c) j 

(d) f (e) f. 

| PART - B 

11. (a) How many 3-digit numbers can be formed 
using only the digits 1, 2 and 3 if both of the fol- 
lowing conditions hold : 

(i) repetition is allowed; 

(ii) no digit can have a larger digit to its left. 
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(b) Repeat for a 4-digit number using the digits 1, 
2, 3 and 4. 

12 . The square 
ABCD is inscribed in 
a circle of radius one 
unit. ABP'xs a straight 
line, PC is tangent to 
the circle. Find the 
length of PD. Make 
sure you explain 
thoroughly how you got all the things you used to 
find your solution ! 

13 . If a diagonal is 
drawn in a 3 x 6 rect- 
angle, it passes through 
four vertices of smaller 
squares. How many 
vertices does the diagonal of a 45 x 30 rectangle 
pass through ? 

14 . Let a and b be any real numbers. Then 
(« - b) is also a real number, and consequently 
fa - b) 2 > 0. Expanding gives cP - 2 ab + & > 0. If 

we add 2 ab to both sides of the inequality, we get 
cP + tP 2: 2 ah. Thus, for any real numbers a and 
b , we have a 2 + b 2 Z 2 ab. 

Prove that for any real numbers a , b, c, d : 

(i) 2 abed <, tPcP + cPcP. 

(ii) 6abcd< a 2 tP + cP<P + cPcP + tPcP + tPcP + c 2 */ 2 . 

15. A circular coin is placed on a table. Then iden- 
tical coins are placed around it so that each coin 
touches the first coin and its other two neighbours. 

(a) If the outer coins have the same radius as the 
inner coin, show that there will be exactly 6 coins 
around the outside. 

(b) If the radius of all 7 coins is 1, find the total 
area of the spaces between the inner coin and the 
6 outer coins. 

SOLUTIONS 

Part - A 

1. (e) : If we square the digits from 0 to 9 and 
consider the final digit of the square we get only 
the digits 0, 1, 4, 9, 6 and 5. Since there are no 
others, we see that 8 is NOT the final digit of any 
square. 

2. (a) : Each of the 10 straight lines intersects each 
of the others exactly once. This makes for 90 inter- 
sections; however, each of the intersections is counted 
twice in this approach, depending upon which of 




the two lines we consider first. To get the correct 
number of intersections we simply divide 90 by 2 
to get 45. 

3. (c) : Let us try successively to make up each of 
the given amounts using 6 coins : 

91 35 1 + 5 + 10 + 25 + 25 + 25, 

87 * 1 + 1 + 10 + 25 + 25 + 25, 

78 * 1 + 1 + 1 + 25 + 25 + 25, 

51 - 1 + 10 + 10 + 10 + 10 + 10 . 

Thus each of the first 4 choices can be made up 
with 6 coins. In order to make up 49 we would 
need to use 4 pennies. This would require us to 
make up the total of 45 cents with only 2 coins, 
which is clearly impossible. 

4. (b) : First observe that 

(x - y) 2 - oP + y - 2xy - 28 - 2(14) « 0. 
This means that x - y = 0; that is, x - y. In that 
event we clearly have x 2 - y 2 m 0. 

5. (e) 

6. (c) : We are seeking the largest integer n such 
that 


>t( ~rc + ^ £ 500 or n (w + 1) <. 1000 

Since 32 2 ** 1024 we see that n < 32. Checking 
n * 31 we find 31.32 * 992. Thus the integer ?/we 
seek is 31. The triangular number associated with 


so m 


this value of n is (992) = 496. 

7. (c) : In or- ^ 

der for the 
rope to be at 
the lowest pos- 
sible point, that 
point must be 
the middle of 
the rope. Thus we are faced with solving a right- 
angled triangle with hypotenuse 40 m and one side 
of 50 - 36 * 14 m. 

By the Theorem of Pythagoras the third side Cx in 



the diagram at the right) is V 40 2 -l 4 2 = V1404 
« 6>/39 • The distance between the two flagpoles 
is 2x - i2>/39 • 

8. (e) : Let a n be the number of people who 
arrive at the n' h ring of the door bell. Then 
a„ = 2n - 1. Let b„be the number of people who 
have arrived after the n' 11 ring of the door bell. Then 
we have 

6, - i, 

= b„+ a„., for n £ 1, 

= b n + 2ti + 1 
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This can be rewritten as 

*, ■ i 

bn* I - b„ = 2 n + 1 for n > 1. 

If we write out the first 20 of these we get 
b t = 1, 

b,-b, = 3, 

bn - h = 5, 

^20 - b n = 39. 

When we add all 20 of the above equations to- 
gether we get 

b« t = 1 + 3 + 5 + • • + 39 - | (20) (21 + 19 2) 

= 400, 

where we have used the well known formula for 
the sum of an arithmetic progression with n terms, 
having first term a and common difference d : 

^ n (2a + (n - 1) d). 

9. (c) : According to the definition of the opera- 
tion *, we have 

2 * (-D = 2-' - (~iy = ^ - i = - \ 

10. (d) : Let a be the length of PQ , QR , and RS. 

Then the radii of the 3 circles are a, la, and 3 a. 
The area between the inner and middle circles is 
then 7 t (2 a) 2 - na l - and the area between the 

middle and outer circles is n{$aV - n(2a) z = 5na 2 . 

Thus the ratio we want is 3rca 2 : 5?ta 2 = ^ . 

Part - B 

11. (a) For this part of the question, the simplest 
method is simply to list all the possible numbers. 
In increasing order they are : 

111, 112, 113, 122, 123, 133, 222, 223, 233 and 
333, for a total of 10 numbers. 

(b) Again, most junior students will simply try to 
list all the possible integers. In increasing order they 
are : 

1111, 1112, 1113, 1114, 1122, 1123, 1124, 1133, 1134, 
1144, 1222, 1223, 1224, 1233, 1234, 1244, 1333, 1334, 
1344, 1444, 2222, 2223, 2224, 2233, 2234, 2244, 2333, 
2334, 2344, 2444, 3333, 3334, 3344, 3444 and 4444 
for a total of 35 numbers. 

A more sophisticated approach (which can be gen- 
eralized) follows: We first define n ( k , d) to be the 
number of fc-digit integers ending with the digit d 
and satisfying the two conditions (i) and (ii) in the 
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| problem statement. Since a fc-digit number ending 
with the digit d consists of appending the digit d 
! to all (fc- 1) digit numbers ending with a digit less 
than or equal to d , we have 

n(k, d) - ? i(k - 1 , 1 ) + n(k - 1 , 2 ) + ••• + 
n(k - 1 ,d) (*) 

Furthermore, we also have n{\,d) = 1 for all digits 
d and n(k, 1) = 1 for all integers k. The relationship 
(*) allows us to create the following table of values 
for n( k, d) : 


X 

(N 

1 

2 

3 

•1 

1 

1 

1 

1 

1 

2 

1 

2 

4 

4 

3 

1 

3 

6 

10 

4 

1 

4 

10 

20 


Each entry in the table is the sum of the entries in 
the previous row up to and including the column 
containing the given entry (note the presence of 
Pascal’s Triangle in the table). From that table, the 
answers to parts (a) and (b) are : 

(a) : w(3,l) + 7K3,2) + n (3,3) * 1 + 3 + 6 = 10, 

(b) : 77(4,1) + 77(4,2) + 77 (4,3) + 77 (4,4) = 1 + 4 + 
10 + 20 = 35. 

Clearly this table could have been extended to deal 
with any number k and with any digit d < 9- 

12. Since ABCD is a square, the lines ,4c and BD 
are perpendicular. Since the circle had radius 1 unit, 
the Theorem of Pythagoras tells us that AB = BC - 
CD= DA = V2 • The tangent PC at Cis perpendicu- 
lar to the diameter AC; thus ZPCB = 45°. Since 
PA 1 BC we also have ZCPB = 45°. This makes 
A PBC isosceles, which means that PB * BC- >/2 . 
Applying the Theorem of Pythagoras to AAPDwe 
have 

PD l = AP 1 + AD 2 = AP l + AD 1 

= (2V2) 2 + -J? = 8 + 2 = 10 . 

from which we see that PD = n/10 • 

13. Since the 45 x 30 rectangle has its sides in the 
proportion 3 : 2, we will consider first looking at 
a 3 x 2 rectangle, in which there are 2 vertices which 
lie on the diagonal. In the original 45 x 30 rect- 
angle we need only consider the fifteen 3 x 2 rect- 
angle which straddle the diagonal in question. The 
lower left of these has its lower leftmost vertex on 
the diagonal, and each of these 3 x 2 rectangles 
adds a further vertex to the count for its upper 
rightmost corner. This gives us a total of 
1 + 15 * 16 vertices on the diagonal. 
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14 . (a) We will use the proof in the problem state- 
ment as a model. Consider be- ad. Clearly ( be 

- ad ) 1 > 0 . Expanding gives 

Ifc 1 - labed + aid 1 > 0. 

This is easily rearranged to yield fre 1 + a 1 d 1 > labed. 
(b) We will use part (a) to prove part (b). Since a , 
b , c, and d are arbitrary real numbers, the inequality 
in part (a) remains true for any rearrangement of the 
letters; in particular we have : 
labed < b’c 1 + a l d 1 
labdc < Pd 1 + a 1 c 1 
ladcb < cPc 1 + a 1 b i . 

Recognizing that multiplication is commutative for real 
numbers, we can reorganize the products in each of 
the above inequalities and sum the three inequalities 
to get the desired result. 

15 . (a) Let us place 2 (outer) coins next to the original 
coin so that they touch each other. Then the cen- 
tres of the 3 coins form an equilateral triangle with 
side length equal to twice the radius of a single 
coin. Therefore the angle between the centres of 
the 2 (outer) coins measured at the centre of the 
first coin is 60 °. Since 6 such angles make up a full 
revolution around the inner coin, we can have exactly 
6 outer coins each touching the original (inner) coin 
and also touching its other two neighbours. 

(b) There are 6 non-overlapping spaces whose areas 
we must add; each is found between 3 coins which 
simultaneously touch other, and whose centres form 
the equilateral triangle mentioned in part (a) above. 
This equilateral triangle has side length 2 , since we 
are given the radii of the coins as 1 . Our strategy 
to compute the area of one such space is to find 
the area of the equilateral triangle and subtract the 
areas of the 3 circular sectors found within the triangle. 
The altitude of the equilateral triangle with side length 
2 can be easily found (Theorem of Pythagoras) as 

y /3 . Thus the area of the triangle itself is | - 2 - yfi 

- yfi . The area of a single coin is 7t • l 2 = 7t. The 
circular sectors within the equilateral triangle are 
each one-sixth of the area of the coin; there are 3 
such sectors which gives us a total area of one-half 
the area of a single coin to be subtracted from the 
area of the equilateral triangle. Thus the area of a 
single space is V 3 - (7t/2). Since there are 6 such 
spaces, we have a total area of 6 a/3 - in square 
units. 


Contd. from page 51 

49. (a) : The composition table is as given below 


xlO 

2 

4 

6 

8 

2 

4 

8 

2 

6 

4 

8 

6 

4 

2 

6 

2 

4 

6 

8 

8 

6 

2 

8 

4 


Since the third row coincides with the top most row, 3rd 
column coincides with the left most column and their 
intersection point is 6. Hence 6 is the identify element. 
50. (c) : The composition table is as given below : 



* 

1 

2 

3 

4 

5 

6 


1 

1 

2 

3 

4 

5 

6 


2 

2 

4 

6 

1 

3 

5 


3 

3 

6 

2 

5 

1 

4 


4 

4 

1 

5 

2 

6 

3 


5 

5 

3 

1 

6 

4 

2 


6 

6 

5 

4 

3 

2 

1 

The identity element is 1 

l. In the third row 

the identity element 

1 is obtained from 3 * 

5. Hence 

the inverse of 

3 is 5 


51. (c) 

: Let 

e be the identity 

element. Then 


a • 

e - a for all 

a e G 





=> « + i 

e + 1 

= a for 

all a e ( 

j => 

e = - 

1 


Let x be the 

inverse 

of a. Then a * 

x - e 



=> a + . 

v + 1 

= -1 => .v = -2 

-a. 




52. (c) 

: Triv 

ial. 






53. (c) 

: (3 + 

S' 1 )' 1 = 

(3 + 1 )■' 

a 

= 2 ( v 

4 + „2 

= 0) 

54. (a) 

: a # 

b - b * 

a => (a 

• b)' 

= ( b • 

ar x 



=> b~ l * a~' = a~ l * b *. 

55. (d) : cosec 0 + 2 = 0 => sin 0 = - j => 0 = 210° or 330° 

56. (c) : sin/1 = sin/?, cos/1 = cos/? A ■ 2/m + /?, 

clearly this satisfies both the relations for all n e Z. 

57. (b) : (1 + tan0) (1 + tan<i>) - 2 

=> 1 + tan0 + tan <|> + tan G + tan<|> = 2 

tanG + tan <(> _ , 

tanG + tan<f> « 1 - tanG tan<|> => ^ _ tan 0ian<i> ” 1 


=> tan (0 + <|>) ® 1 =>G + <l>--j 


58. 


( c ) . tan'^-tan^'f^— ^VLon" 1 — -ton~‘( j 1 

v U*+.v; v U +y/xj 

f 1 — - (tan' 1 1 - tan' 1 — ) = tan' 1 — + tan' 1 - -7 
y \ xl y .v 4 


= tan 


, -1 * . -1 x n n n _ n 

■ tan — + cot 7* = -r 7 

y y 4 2 4 4 


59- W = cot [ COS " (i)] = COt [ COr ' (i)] = J4 

60. (a) : 4 sin _J x + cos" 1 .v = n 


> 4 sin* 1 x + -j - sin' 1 x = n 


3 sin 


- I v* = — 




MATHEMATICS TODAY 

APRIL 2002 


55 



Challenging problems 

With solutions 


Probability 


1. Players A and B match pennies N times. They 
keep a tally of their gains and losses. After the 
first toss, what is the chance that at no time during 
the game will they be even? 

Solnj The probability of not getting a tie is (for A r 


odd and N even) 

'N-V 

Pino tie) = v.i , N m 2)i + 1. 


P (no tie) = 



N « 2)i. 


The formulas show that the probability is the same 
for an even N and for the following odd number 
N+ 1. For example, when 4, the second formula 
applies. The 16 possible outcomes are 
* A A A A BAAA ABBA BABB 

' A A A B A A B B BABA * B B A B 

9 A A BA A B A B B B A A * BBB A 

ABAA BAAB ABBB 'BBBB 

where the star indicates that no tie occurs. Since 


the number of combinations of 4 things taken 2 at 
a time is 6, the formula checks. 


For A r “ 2n , the probability of x wins for A is 



If x < )i, the probability of a tie is 2x/N t based on 
the ballot box result, and for .v > )i it is 2( N - x)/i V. 


To get the unconditional probability of a tie, we weight 
the probability of the outcome a* by the probability 
of a tie with x wins and sum to get 



When the binomial coefficients are converted to 
factorials and their coefficients canceled, we find 
that, except for a missing term which is 


(N- 1 )! _ 


N-i\ 


, the sum in brackets would be 


over the possible values of x. 


Consequently, we can rewrite expression (i) as 

fN-1) 

r W-l> n 1- 


00 2 


2 *-i_ 


The complement of expression (ii) gives at last 
the probability of no tie 


1 which a 


little algebra shows can be written 
suggested earlier. 


r N 


as 


2. Akash gets off work at random times between 
3 and 3 P M. His mother lives uptown, his girl friend 
downtown. He takes the fust subway that comes 
in either direction and eats dinner with the one he 
is first delivered to. His mother complains that he 
never comes to see her, but she says she has a 
50-50 chance. He has had dinner with her twice 
in the last 20 working days. Explain. 

Solnj Downtown trains run past Akash’s stop at, 
say, 3:00, 3:10, 3:20, ..., etc., and uptown trains at 
3:01, 3:11, 3:21, ... To go uptown Akash must arrive 
in the 1-minute interval between a downtown and 
an uptown train. 


3. Duels in the town of Discretion are rarely fatal. 
There, each contestant comes at a random moment 
between 5 A.M. and 6 A.M. on the appointed day 
and leaves exactly 5 minutes later, honour served, 
unless his opponent arrives within the time interval 
and then they fight. What fraction of duels lead to 
violence. 

Solnj Let a* and y be 
the times of arrivals 
measured in parts of 
an hour from 5 A.M. 

The shaded region of 
the figure shows the 
arrival times for which 
the duelists meet. 

The probability that they do not meet is (11/12) 2 
and so the fraction of duels in which they meet is 
23/144 * 1/6. 
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4. (a) The king’s minter boxes his coins 100 to 
a box. In each box he puts 1 false coin. The king 
suspects the minter and from each of 100 boxes 
draws a random coin and has it tested. What is the 
chance the minter’s peculations go undetected? 
(b) What if both 100’s are replaced by //? 

/ 1 V 00 

Soln-' (a) P ( 0 false coins) - 100 j * ® ^ 

(b) Let there be // boxes and n coins per box. 
For any box the chance that the coin drawn is good 
is 1 - (1 ///), and since there are n boxes, 

P(S) false coins) - [1 - (1/rt)]". 

Let us look at this probability for a few values of // . 


n 

P (0 false coins) 

1 

0 

2 

0.250 

3 

0.296 

4 

0.316 

5 

0.328 

10 

0.349 

20 

0.358 

100 

0.366 

1000 

0.3677 

00 

0.367879... - 1/e. 


Two things stand out. First, the tabled numbers 
increase; and second, they may be approaching 
some number. The number they are approaching 
is well known, and it is or 1/e, where e is the 
base of the natural logarithms, 2.71828... 

/ l\ w 

If we expand II — — I in powers of 1/w, we get 


or, 


j_// + //(// - 1) 


//(// - 1 ) 0 / - 2 ) 


+ ... 


... (0 


n 2 !// 2 3!w 5 

If we take one of these terms, say the fourth, and 
study its behaviour as // becomes very large, we 
find that it approaches -1/3 ! because 


n(n - 1)(h - 2) ,i 

fi_iv 


»i* " 1 

i n) \ 

n) 


As // grows large, all terms on the right-hand side 
of equation (ii) except 1 tend to zero. Similarly, 
for r ,h term of expansion (i) the factors depending 
on // tend to 1, and the term itself tends except for 
sign to l/(r- 1)! . Therefore, as //grows, the series 

HJ 


for 


tends to 

2! 3! 4! 5! 


This series is one way of writing e~ x . 


Had we investigated the case of 2 false coins in 
every box, we would have found that |l tends 

to e~ 2 as n grows large, and in general that |l - “J 

tends to <r'”. Also (l + —j tends to e”' whether m 

is an integer or not. These facts are important for 
us. 

5. The king’s minter boxes his coins n to a box. 
Each box contains m false coins. The king suspects 
the minter and randomly draws 1 coin from each 
of //boxes and has these tested. What is the chance 
that the sample of n coins contains exactly r false 
coins? 

Solnj Each of the coins in the king’s sample is 
drawn from a new box and has probability ml n of 
being counterfeit. The drawings are independent, 
and so we get the binomial probability for r false 
(and // - /* true) to be 


P (r false coins) 


(s)'(’-f)" 




Let us see what happens when // grows large while 
rand /// are fixed. We write P(r false coins) as 

1 k(/z -!)...(// - r + 1) 
r\ n r 

As //grows 1/r! is unchanged, m r is unchanged, 
n (// - 1) ... ( n - r + 1 )/n r 

tends to 1, tends to &~ m , as explained in 

problem 4 and (l-~) tends to 1 (again because 
/// and r are fixed). Therefore for large // 


P (r false coins) « ■ 


r\ 

These terms add up to 1, that is 
-m ( 1 , m . m 2 , ni } 

The series in parentheses is an expansion of e fU . 

Poisson distribution 

The distribution whose probabilities are 

p{r)= — r f~’ r= °’ 1 ' 2 - - 

is called the Poisson distribution, and it approximately 
represents the probabilistic behaviour of many 
physical processes. 
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Two problems to test your nerves and your preparation for IIT-JEE 
and other Engineering Entrance Exams 


1 . Find all pairs of consecutive integers the difference 
of whose cubes is a full square. 

Solnj Let a , b be two integers. 

( a + 1>* - cP * b* =* 3 a 1 + 5a + 1 * b 2 ... (i) 
=> 3 (4a 2 + 4a + 1) + 1 = 4b 1 
=> (26) 2 - 3(2* + l) 2 = 1 
=> (2a, 2a + 1) is a solution of Pell’s equation 
X 1 - 3K 2 « 1 ...00 

The minimal non-trivial solution of Oi) is (2, 1). It 
is then well known that the solutions of (ii) are the 
pairs (± x„, ± y n ) where jq, * 1, v« * 0 and for all 
« £ 0. 

= 2x h + 3.V„ 

1 V #l+l =2v„+*„ ‘ 

But we want only those with x„ even and y„ odd. 
It is easy to see that if x„ is even and y„ is odd then 
x„ «. , is odd and y„ + , is even, and then .xr„ 4 2 is even 
and y n 4 2 is odd. 

Thus, since x x * 2 and y, - 1, we consider only the 
pairs (x 2n ♦ ,, y ln ♦ ,). Since, for all n > 0. 

(x u , 2 = 7x n + 1 2y„ 

Lv w >2 = 4*„+7.V„ 

Then, the solutions of (i) are the pairs (a, b) of the 

(-i±v„ n\ 

form ^ — 2 ± “fj. where u \ - 2, Vj - 1. 

and for all w > 1, j ^ = 4^+7^ 

For example, we first note that (<3 + 1 )* - a* = b 1 
if and only if (-aV - (- a - l)* - Then we give 
only the first positive values of a and b. 


If 

t/. 


a 

b 

1 

2 

1 

0 

1 

2 

26 

16 

7 

13 

3 

362 

209 

104 

181 

4 

5042 

2911 

1455 

2521 

5 

70226 

40545 

20272 

35113 







2. Let A u A 2 , ..., A„ be a regular H-gon inscribed 
in the circle of radius 1 with the centre at O. A 
point M is given on the ray OA x outside the H-gon. 


Prove that 


1 


*?, i MA k 


law i- 


Soln j 1st method : We may suppose that a system of 
co-ordinates has been chosen so that the complex 
numbers associated to O, A x , A 2 , ..., A,„ M are 
respectively 0, 1, u, ..., u"~\ rwhere u = exp(27t i/n) 
and ris a real number > 1. 

Note that 1, u, ..., u" " 1 are the rt h roots of unity. 
Hence we have the identity 

2"- 1 = (z- l)(z- u) ... (z- 1#"- 1 ) ... (i) 


Now, — X 


1 


rt* = ,l MA k 


1 M-l 


1 


w*=olr-w* I 


1 


1 


I I r -11 


(by AM - GM) 

tbi (using (i)) ' >! J^ = r = 1 


I OM I 


Note that the proof gives a strict inequality. 
Second method: By applying the AM-GM inequality 


it suffices to show that I OM l”> f] I MA k I . 

k=\ 

This will follow from de Moivre’s property that ii 
"if A i) A x A l ... A„_ , is a regular polygon inscribec 
in a circle centre O, radius a and P is a point sucl 
that OP = jc, Z(OA i) , OP) = 0, then 
Z(OA r , OP) = 0 + (2rn/n) 
and PA/ = x 2 + a 1 - 2 xa cos [0 + (2r7t///)| 

Also, PA,, 1 PA ‘....PA 2 ,,., = fl' | Jr 1 - 2xa cos^Q + + 

or, PA „ • PA,....PA„_, = V^"-2xV'cos nQ + a 1 " 

If P lies on OA <) so that 0 = 0, then PA {) , PA X , ... 
PA„_ , = I x" - *"l . If OP bisects ,0/t,, so tha 
0 = n/n, then PA {) • PA X ... /M„_ , * jc" + a". These 
special results are called Cotes properties ". 
Applying this to (i), we get I OM\ n > I OM I n - 
from which the result is now obvious. 

I 
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time, better used in solving other questions. It would 
puncture the confidence leading to a poor 
performance. 

Say your IIT-JEE has 10 questions/120 minutes. 
It means democratically speaking, each question 
can get 12 minutes. But understand that when a 
question paper of IIT-JEE is made, it is assumed 
that the examinee has 2 hours of time for thinking 
as well as writing. If you knew all the questions 
before hand, would you take 2 hours in writing 
the paper. Certainly not. May be just 1 hour or so. 
The rest of the time is the assumed time for thinking. 

Now, if you send in the best question to bat, 
they are as good as questions known before hand. 
So they certainly would not eat that much time. 
(12 minutes). They would give more marks in lesser 
time. That is to say if your choice of the batting 
order is correct, you would be in 108 for 1 kind 
of score. You would have scored about 40 marks 
in the first hour of your writing the paper. 

In the IIT mains, you can get 
through, if you score 40 marks. 

Score 10 more marks, you would 
be within 1500 ranks. Add 10 
more marks to your score, you 
quantum leap to the first 500 
ranks. Scratch in 10 more, you 
are in the la creme da creme of 
top 100. 

Looking at the above statistics, we can conclude 
that if your opening questions score 40 marks in 
the first hour, you are already an IITian. The next 
hour of the exam is being given not by you but 
you the IITian. 

Now, when an IITian solves the question paper, 
it would have a class of its own. You are now 
playing in the positive spiral. The previous batsmen/ 
questions inspire a superlative performance from 
the subsequent batsmen/questions. 

Match temperament 

On the day of the exam, you can maximize the 
mobilisation of your potential. Realise, you don’t 
get marks for what you know, you get marks for 
what you write. 

Irrespective of the score of your past test matches, 
what will count is the score you make in this one. 
This is your world cup finals. 

The ball that you will face now, has never been 


bowled before, it has never been faced before by 
anyone else. It is a fresh ball. Likewise the question 
that you will face is a question that you have never 
faced before and neither has anybody else. So what 
matters, is how well you play the ball that comes 
to you now. 

You are able and capable. You have a solid 
preparation. Bring in the freshness of your attention 
on the question that you face. 

When waters of the lake are calm, the moon in 
the sky will be reflected in the lake, in all its pristine 

glory. Likewise the solutions to the questions 
already exist within you. They will reflect in the 
cool and calm mind of yours as the test progresses. 
Be sure the answers will flow through you. The 
runs will flow from your bat. Just allow them to 
do so. 

Batting order 

It is the day of the match. You are sitting in the 
examination hall. The audience 
is expectant. Your parents, 
well-wishers, friends expect a great 
performance from you. You take 
in their encouragement and 
support but you are not pressured 
by them. You watch the bowlers 
and the kinds of balls they would 
bowl. Based on this you set down your batting 
order. 

Scan the question paper completely, marking 
against each question, the code of the topic to which 
it belongs. Categorise them as 1, 2, 3 or 4 as 
appropriate. 

Again scan the questions and discern the kind 
of ball it is. Mark it as A, B, C, D as per your 
analysis on the left of your numeric codes. 

Thus your entire question paper is now divided 
according to a new sequence, the alphanumeric 
sequence. 

e.g. A\, A2, A3, A4, Cl .... D3, D4. This 

is your batting order. Your batsmen shall play in 
the order, you decide. Attempt the questions in 
this order. 

Thus you can maximize your potential on the 
examination day. Read this letter, atleast 2 times 
to internalize the idea. Be a cool captain, strategise 
the way you have been coached, win your match. 

All the best , Yours affectionately, 

Shyam Sunder 
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If your opening questions score 
40 marks in the first hour, you are 
already an IITian. The next hour 
of the exam is being given not by 
you but you the IITian. 



1. Mr. Smith commutes to the city regularly and 
invariably takes the same train home which arrives 
at his home station at 5 PM. At this time, his chauffeur 
always just arrives, promptly picks him up, and 
drives him home. One fine day, Mr. Smith takes 
an earlier train and arrives at his home station at 
4 PM. Instead of calling or waiting for his chauffeur 
until 5 PM, he starts walking home. On his way he 
meets the chauffeur who picks him up promptly 
and returns home arriving 20 minutes earlier than 
usual. Some weeks later, on another fine day, Mr. 
Smith takes an earlier train and arrives at his home 
station at 4.30 PM. Again instead of waiting for his 
chauffeur, he starts walking home. On his way he 
meets the chauffer who picks him up promptly 
and returns home. How many minutes earlier than 
usual did he arrive home this time? 


with the streets (of zero width) running E - W, the 
avenues N - S. A man wishes to go from one corner 
to another m blocks east and n blocks north. The 
shortest path can be achieved in many ways. How 
many? 

6. 2n + 3 points (n £ 1) are given in the plane, 
no three on a line and no four on a circle. Prove 
that there exists a circle through three of them such 
that, of the remaining 2 n points, n are in the interior 
and n are in the exterior of the circle. 

7. If A denotes the number of integers whose 
logarithms (to base 10) have the characteristic a , 
and B denotes the number of integers the logarithms 
of whose reciprocals have characteristic -b, determine 
(logA - a) - (log£ - b ). (The characteristic of log* 
is the integer [logjci ). 


2. Given a (2m + 1) * (2 n + 1) checkboard in 
which the four corners are- black squares, show 
that if one removes any one red square and any 
two black squares, the remaining board is coverable 
with dominoes ( i.e . 1^2 rectangles). 

3. Let X be any point A B 

between B and C on the 
side BC of the convex 
quadrilateral ABCD (as in 
figure). A line is drawn 
through B parallel to AX c 

and another line is drawn through C parallel to 
DX. These two lines intersect at P. Prove that the 
area of the triangle APDis equal to the area of the 
qudrilateral ABCD . 

4. Find all number triplets (*, y, z) such that when 
any one of these numbers is added to the product 
of the other two, the result is 2. 

5. In a certain town, the blocks are rectangular, 



8 . Is it possible to color the points (*, y) in the 
Cartesian plane for which *and >>are integers with 
three colors in such a way that 

(a) each color occurs infinitely often in infinitely 
many lines parallel to the *-axis, and 

(b) no three points, one of each color, are collinear? 

9. Find an 

expression in terms of 
a and b for the area 
of the hatched region 
in the right triangle in 
the figure. 

10 . Two players play the following game. The first 
player selectes any integer from 1 to 11 inclusive. 
The second player adds any positive integer from 
1 to 11 inclusive to the number selected by the 
First player. They continue in this manner alternately. 
The player who reaches 56 wins the game. Which 
player has the advantage? 
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SOLUTIONS 


1. First solution : In the trip in which Smith got 
home 20 minutes earlier than usual, the chauffeur 
saved 10 minutes on each leg of this trip, and 
consequently picked up Smith at 4.50 P.M. (This 
part is a well-known problem in which we are 
assuming that Smith and the chauffeur walk and 
ride, respectively, at constant rates). Also, it follows 
now that the chauffeur’s speed is five times that 
of Smith. Suppose Smith meets the chauffeur the 
second time / minutes after 4.30 P.M. The chauffeur 
is saved a journey of t/5 minutes from the meeting 
place to the station (which he normally reaches at 
5.00 P.M. Hence /+ t/5 “ 30, so / = 25 and Smith 
arrives at home 10 minutes earlier than usual. 
Second method . We plot the distance vs time for 
Smith and his chauffeur. 20 min 



The chauffeur's world line is ADE, where A and E 
are not known but /.DAE = /DEA. Smith's world 
line after arriving at 4 PM is IB, BG where 
BG\ | DE. Then GE = 20 minutes. Smith's world 
line after arriving at 4.30 P.M. is HC, CF_ where 
HC\ | IB and CF\ \ DE. It then follows that BC = CD 
and GF = ~FE . Thus FE = 10 minutes. 

2. We shall refer to such (2m + 1) * (2 n + 1) 
checkboard with one red square and two black 
squares removed as a deleted checkboard. First, 
we note that the dfcse m - n = 1 is easily handled 
by exhaustion. Owing to the symmetry there are 
only six cases that need to be considered, and these 
are shown below. 






x 






m 






m 





We now proceed by induction. We are given a 
(2m + 1) x (2n + 1) deleted checkboard Cand we 
may assume that any smaller (2k + 1) * (21 + 1) 
deleted checkboard which is contained in C may 
be covered with 
dominoes. Since at 
least one of the two 
dimensions of <7 is the 
length at least five, 

Chas two oppositely 

placed, non-overlapping ends £, and £ 2 of width 
two. 

Clearly, we can choose an end containing at most 
one of the deleted squares of C. Let this end be 
£, and consider the following two cases. 

Case 1 : £, contains no deleted square of C. Then 
C- £, contains all three of the deleted squares. By 
the induction assumption, C7- £, can be covered with 
dominoes. This covering, together with the obvious 
one for £,, yields the desired covering of C. 

Case II : £, contains exactly one deleted square of 
C. In this case, with the deleted square in £,, we 
identify the associated square of the same color in 
C- £, as shown in the following figure. 







4 * 




























Now delete the associated square in C- £,. By the 
induction assumption, there is a domino covering 
of C- £, with this deletion. Now Cwith its original 
deletions, may be covered by making use of the 
covering just found, together with the scheme shown 
in the following figure. 







< c£ '-» 

« £ ' > 




















X 









This procedure would fail only in the case where 
the only choice for the associated square in C— £, 
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was also deleted. This is impossible in the case of 
a red sauare. In the case of a black square, we 
infer that the one deleted red square is in E 2 and 
proceed as before. 


3. Because AX is 
parallel to BP , triangles 
AXP and AXB have 
equal areas. Similarly 
triangles DXP and DXC 
have equal areas. 

Hence area APD * area AXD+ area DXP+ area AXP 
= area AXD + area DXC + area AXB 
= area A BCD. 



4. The system to be solved is : 

x + yz - 2 ; y + zx « 2 ; z + xy * 2 . 
Subtracting the second (third) from the first (second) 
yields 

( x - yXl - z) - 0 ; (y - z)( 1 - x) = 0 
Each of the four cases 

jc - y * 0 - ,y - z } x - y ■ 0 * 1 - x 

l-z=0 = y-z, 1 - z - 0 - 1 - jc 

implies z » y * z * 1 or x = y = z = -2. 


5. Fzrsf method : If (m, «) denote the number of 
paths from ( 0 , 0 ) to (w, ;z), it follows that 
/(m, n) - f(m - 1, «) + / (wz, rc- 1), 
m >1, n > 1, .... (•) 

/(w, 0) - /(0, ;z) = 1. 



Using this recurrence, we can compute / (m, «) 
for small values of m, n. These are indicated in 
the diagram. Along the diagonal joining (1, 0) to 


( 0 , 1 ) the numbers are 1 




Along the diagonal joining (2, 0) to (0, 2) they are 


, 2 * LI ,1- o . Along the next diagonal 


they are : 1 ■ I 3 J , 3 ■ I 2 J 1 1 “ [o J ' These suggests 


that /(m, n) 


r m + n\ 

and it is easy to verify that 

^ fT I 


f m + yC 1 

n J does indeed satisfy the system (*). 

Second method . 

Every path from 
( 0 , 0 ) to (m, n) is 
described by a 
sequence of m 
symbols R and n 

symbols t/arranged r RUU UURRURRU 
in a straight line 

where the /? corresponding to a step right and the 
Uio a step up. For example, the path in the figure 
corresponds to RRUUUURRURRU. 

The number of sequences (of m R’s and n U’s) 
r m + ri\ 

is U )■ 



RRUUUURRURRU 


6 . By considering the convex hull of all the points 
it follows that we can always choose two of the 
points, say A and B, so that the remaining 2n + 1 
points lie on the same side of line AB. Label these 
P v P 2 , .... P 2n + 1 in such a way that 

ZAP } B < ZAP z B < ... < ZAP 2n + } B. 

In fact, these angles are all different; for if say 
ZAP { B * ZAPjB , then the four points A, B , P {} Pj 
would lie on a circle. Hence, the circle through 
AB and P n+ 1 has P v P 2 , ..., P ^ in its exterior and 
p n + 2 ’ F n + 3 > p 2 n + i in its interior. 

7. Since A - 10" + 1 - 10 rt = 9 • 10" 
and B = 10* - 10*" 1 * 9 • 10*" \ 

log^l - log£ * a - (b - 1 ). 

Hence (log/1 - a) - log(B - b) - 1 . 

8 . Such a coloring is possible. Paint Oc, y) red if 
x + y is even, white if x is odd and y is even, and 
blue if x is even and y is odd. Clearly, condition 
(a) is satisfied. Now suppose (x v Vj) is red, 
Cx 2 , y 2 ) is white and (x y v 3 ) is blue. Then x z - x } 
and y 2 - y x have opposite parity ; x 5 - x 2 and 
y 5 - y 2 are both odd. Hence 

0^2 - 7 iXz 3 - xj * (y 5 - y 2 Xx 2 ^r x x ) 

Contd. on page 68 
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1. Let a, b, c be the sides and A, B, Cthe angles 
of a triangle. Prove that for any k <, 1, 

k o 

Y — > — Ya k , where the sums are cyclic. 

A n 

Soln.: Let /(*) = for 0 < x < it. 

Then, for 0 < k < 1, we have 

„ (fexcosx-sinar)sin*“'a: 

/(*> p 

For x > n/2, we have cos* < 0, 

so that kx cosx - sin* £ 0 

For * < n/ 2, we have cos* > 0 and 

tan* > * £ kx, so that kx cos* - sin* £ 0. 

N (&ccos*-sin*)sin 4 " 1 * ^ n 

Therefore /(*) 2 - °* 

* 

Without loss of generality, we may assume that A 
<1 B< C. For 0 < k < 1, we have that Jlx) is a non- 
increasing function, so that f(A) ^ f(B) > f(C). 
Thus, by Tchebyshev’s inequality, we have 

( sin*d + sir **.g + + B + C)Z 

\ A B Cl 

3(sin 4 A + sin 4 B + sin 4 C ) 
By the sine rule, we have a * 2R sim4, b~ 2R sin B 
and c - 2R sinC, where R is the circumradius of 
A ABC Multiply the inequality by (2/9* and substitute 
A + B + C m n to get 

Z^r * -!«*• 

A 71 

For k < 0, we have 

a<b£c=> a k >b k £ c 4 
Thus, by using Tchebyshev’s inequality again, (1) 
holds for k £ 0. 

In conclusion, (1) holds for any k <* 1. 


A B C' 


2. ABC is a triangle with incentre I. Let P and Q 
be the feet of the perpendiculars from A to BI and 
Cl respectively. Prove that 

AP AQ A 

BI + Cl 2 * 

( B\ AP 
~2J = ~AB' 

In AAQQ we have sin(-y) = 

In AABI, we have 


BI 
sinM/2) 
Cl 


sinM/2) cos(5/2) 


In AACI t we have 
so that 

AP_ AQ_ _ sin( B/2) cos(C / 2) 
BI + Cl sinM/2) 


A B 

cos(C/2) 

/1C 


sin(C / 2) cos( £ / 2) 

sin(^l/2) 

- sin(B/ . 2 . H ',f/- - s ^rrM - 

sin(^4/2) sin(i4/2) 

3. is a triangle. Let D be the 

point on side produced 
beyond Bsuch that BD = /L4, 
and let M be the mid-point 
of The bisector of Y s 
ZABC meets DM at P. 

Prove that ZBAP - ZACB. 

Soln.: Let PX be parallel to AC 
with X lying on the line BC. Let Y 
be the intersection of PX with AD. P 
is the midpoint of XY because Afis the 
mid-point of AC. Then B is the mid-point of DX 
[PB is parallel to AD since 2ZDAB- ZDAB + ZBDA 

« ZABC - 2ZPBA). 
Hence BX = BD m AB. Triangle BPA is congruent 
to triangle BPX 
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IPB = PB; AB = XB; ZABP - ZXBP.] 

Therefore, ZBAP - ZBXP - ZPG4 [PX || AC]. 

4. In how many ways can 111 be written as a 
sum of three integers in geometric progression? 
Soln.: Suppose 111 - a + ar + ar 2 where a is an 
integer and ris a rational number. If r - 0, then we 
get the trivial solution 

ill -111+0+0. 

Suppose r = * 0 where m and n are non zero 

integers. Without loss of generality, we may also 
assume that m > 0 and (m, n) - 1. Since the reverse 
of the G.P. a , ar ; tfr 2 is another G.P. at 2 , #r, a, we 
may also assume that |r| £ 1 and so 0 < m £ \n\. 
From a ( 1 + r + r 2 ) - 111 we get 
a(m 2 + m«+ n 2 ) - 111m 2 . Since clearly (m 2 + mn 
+ rc 2 , m 2 ) - 1 we have nt\a. Letting a - fcm 2 where 
is an integer we then get k(m 2 + mn + n 2 ) - 111 
which implies k\ 111. Since m 2 + mn + n 2 > 0 and 
111 - 3 x 37, we have k - 1, 3, 37, or 111. Note 
that m 2 +mn + n 2 -m 2 + |n|(±m + |n|) > m 2 . 

1 : If k - 1, then m 2 + mn + n 2 - 111 => m 2 
^ 111 => m < 10. When m - 1, a - 1 and from 
n 2 + n - 110 we get n - 10, -11. Thus r- 10, - 

II and we obtain the solutions: 

III « 1 + 10 + 100 - 1 - 11 + 121 . ...( 2 ) 
For 2 ^ m £ 9 it is easily checked that the resulting 
quadratic equations in n has no integer solutions. 
When m - 10, a - 100 and from n 2 + lOn - 11 we 

get n- 1, -11. Since m< |n|, n =-11 and r = 
yielding the solution: 

111 - 100 - 110 + . 121 . ...( 3 ) 
Case 2 : If k - 3, then m 2 + mn + n 2 - 37 => m 2 
£ 37 => m £ 6. Quick checkings reveal that there 
are no solutions for m - 1, 2, 5, 6. 

When m - 3, - 27 and from n 2 + 3« - 28 we 

get n - 4, -7. Thus r - 4/3, -7/3 yielding the 
solutions: 

111 - 27 + 36 + 48 - 27 - 63 + 147 ...(4) 

When m - 4, # - 48 and from n 2 + 4n = 21 we 

get n - 3, -7. Since m £ |n|, n - -7 and r - “ 
yielding the solution: 

111 - 48 - 84 + 147 ...(5) 

Cose 3 : If k - 37, then m 2 + mn + n 2 - 3 
=>m 2 ^3=>m-l=><2-37 and from 
n 2 + n - 2 we get n - 1, -2. 

Thus r - 1 or -2 yielding the solutions: 


111 - 37 + 37 + 37 - 37 - 74 + 148 ...(6) 

Case 4 : If fc - 111, then m 2 + mn + n 2 - 1 => m 2 
<l=>m=l =><2 = 111, and from n 2 + n - 0 we 
get n = -1 as n * 0. Thus r - -1 and we get the 
solution. 

Ill = 111 - 111 + 111 ...(7) 

Reversing the summand in (2) - (7) and noting 
that two of them are symmetric, we obtain 
seventeen solutions in all. 

111 - 111 + 0 + 0 - 1 + 10 + 100 - 100 + 10 +1 
- 1 - 11 + 121 - 121 - 11 + 1 * 100 - 110 + 121 

- 121-110 + 100 - 27 + 36 + 48 - 48 + 36 + 27 

- 27 - 63 + 147 - 147 - 63 + 27 - 48 - 84 + 147 

- 147 - 84 + 48 - 37 + 37 + 37 - 37 - 74 + 148 

- 148 - 74 + 37 - 111 - 111 + 111. 

5. Find all values of X for which the inequality 
2 + / + z 3 ) + 3(1 + 3X)xyz 

£ (1 + A.)(x + y + z)(yz + zx + xy) 
holds for all positive real numbers x, y, z. 

Soln.: On setting x - y - 1 and z - 0, we obtain 
4 £ (1 + X)2 and thus find that X must be < 1. We 
now show that the inequality holds for all X £ 1. 
First, if X - 1, the inequality reduces to 
x? + y + 2 ? + 6xyz > (x + y + z)(yz + zx + jq;), 
which is equivalent to the special case n - 1 of 

the known Schur inequality 

*"(.* - yXx - z) + j'Xj' - z)(y - jc) + 

z n (z - x)(z - y) > 0, 
true for all real n , and which has come up many 
times in this journal. The rest will follow by showing 
that for all X < 1. 

(1 + XXx + y + z)(yz + zx + xy) — 3(1 + 3X)xyz 
^ (1 + IX* + y + zXj'z + zx + xy) - 3(1 + 3 )a^z 

...(1) 

rewrite the original inequality as 

2(x 3 + y 5 + z 3 ) £ (1 + X)(* + y + zXj/z + zx + xy) 

- 3(1 + 3X)xyz\ 

then (1) says that the right hand side is largest 
when X = 1, so doing the case X - 1 would be 
enough. But (1) can be written 
(1 - X)[(x + y + zXyz + zx + xy) - 9x^z] £ 0 
which [after cancelling the positive factor 1 - X] is 
a known elementary inequality, equivalent to 
Cauchy’s inequality 

(x + y + z)l— + — + — ) > 9. 

\x y z) 
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6. A quadrilateral has sides a, b, c, d { in that order) 
and area F. Prove that 

2 a 2 + 5 b 2 + 8c 2 - d 2 > 4F 
When does equality hold? 

Soln.: Let ABCD be the quadrilateral with AB = a , 
BC — b , CD * cand DA = */. We can assume, without 
loss of generality, that AC- 1. Therefore, we can 
locate the quadrilateral in a system of Cartesian 
coordinates where 

A - (0, 0), 5 - (p, q) t C - (1, 0), D - (r, s) 

We assume that AfiCD is simple so that its area is 
well-defined. If ABCD is not convex we can make 
it convex and keep the side lengths the same while 
increasing the area. This means that we will be 
done if we can show that the result is true for convex 
quadrilaterals. It’s also clear from this that if the 
result is true for convex quadrilaterals, then equality 
cannot hold for non-convex quadrilaterals. Therefore, 
assume q < 0 and s > 0. Now note that 
2 a 2 + 5 b 2 - 2 (p 2 + <f) + 5((p- l) 2 + f) 

-7J?-I0p+ 5 + 7^ = 7 (p-|) 2 -^ + 5 + 7q 2 

2a 2 + 5ft 2 S If + ...(2) 

and 

8c 2 - rf 2 - 8((r - l) 2 + i 2 ) - (r 2 + s 2 ) 

- 7r* - l6r + 8 + 7s 2 



- y- + 8 + 7S 2 


8c 2 - d 2 7s 2 - y ... (3) 

Combining (2) and (3), we get 

2a 2 + 5ft 2 + 8c 2 - d 2 ;> 7^ + 7s 2 + y 

=( 7 ^ + y) + (^ + y) 

- (7(W-i)‘+2h|) + (yfkl -if + 2lsl) 

* 2(M + lsl) ...(4) 


= 4(aBC) + 4(o5a) 

2 a 2 + 5 b 2 + 8c 2 - rf 2 £ 4F, 
as we wished to prove (where ABC and CDA 
refer to the areas of the two triangles ABC and 
CDA respectively). For equality to hold (when A 
“ (0, 0) and <7- (1, 0), it must hold in steps (2), 
(3) and (4). Therefore p - 5/7, r - 8/7, q - -1/7 
and s - 1/7. Thus, in general, equality holds if and 


only if ABCD is directly similar to quadrilateral 
AoBqCqDq, where 

4, “ (0, 0), Bq = (y, -y), Q “ (1, 0), D 0 = (y, y). 


7. Triangle ABC is not isosceles nor equilateral, 
and has sides a, b, c. D x and E x are points of BA 
and CA or their production so that BD X - CE X - a. 
D 2 and E z are points of CBand AB or their productions 
so that CD 2 - AEz- b. Show that D X E X || D,£j. 
Soln.: Let S be the intersection of AB and E^E^. 
Then CS is the bisector of ZACB, since CE X = CB 
and CA = CD Z . Therefore 


D.S BD , - BS 


ce - jr _ / 1 c ^ — u 1 


A£ 2 - AS 


since — y - It then follows that D X E X || EKE Z , since 


££ = CE L = £ = ^5 
5D 2 CD 2 b SE 2 ' 


8. Prove that 

a + b + c ^ 1 J(fe + c) 2 (c + r?) 2 (r» + 6) 2 

~3~~4)l ^ 

where a, b, c > 0. Equality holds if a - 6 = c. 
Soln.: By the arithmetic-geometric mean inequality 
we have 

cPb + ati 2 + 4- &C 2 + cPa + co 2 ^ 

6 %Ja 6 b 6 c 6 = 6fc<zc, 

which implies 

+ be 2 + (Pa + + 2<z&c) 

> 8 (a 2 b + tffc 2 + bPc + bcP + (Pa + ca 2 + 3abc\ 
or 

9(« + bXb + c)(c + ) > 8(« + b + c)(<z& + bc + ca ) 
* 4(# + b + cXa(b + c) + 6(c + <z) + c(« + &)) 
Using the arithmetic-geometric mean inequality 
again, we then have 

-|(tf + W(fe + c)(c + tf) 

ZCa + b + c)^^- t£l±^£±£)±£(£±W 

> (a + b + c)\labc(a + + c)(c + a ) ...(1) 

From (1) it follows immediately that 

1 3/ (# + &) 2 (& + c) 2 (c + ^ + b + c 

4 V " 3 — * 

Clearly, equality holds if a = b = c. 


40 MATHEMATICS TODAY 

AUGUST 2002 


SUCCESS 


10. If x + — = 2cosa , y + — = 2cosP 9 then one of 
x y 

the values of x~ l y- xy~ ] is 

(a) 2 cos(a - P) (b) 2 sin(a - P) 

(c) 2i sin(a - P) (d) none of these. 


SOLUTIONS 


1. (c) : (-1) 1/3 = [cos(2&7i + 7t) + i sin(2/?rc + 7i)] 1/3 

„2kn + n , ;„ : „2kn + n , „ „ ^ 

= cos — - — + tsin — - — , k » 0, 1, 2. 

The values corresponding to k = 0 and k - 2 are 
given. 

The value corresponding to k = 1 is 
cos7r + i sin7t = -1. 

2. (d) : (To suit the given answer the equation 
should have been as follows*. The general value of 
0 satisfying the equation 

(cos0 + i sin0) (cos30 + i sin30) ... [cos(2r- 1)0 

+ i sin(2r- 1)0] = 1) is 

(cos0 + i sin0)(cos30 + i sin30)(cos50 + i sin50) ... 

[cos(2r- 1)0 + isin(2r- 1)0 = L.H.S. 
LHS = cos ( [0 + 5© + 50 ... + (2 r- 1)0] I 

+ i sin 1[0 + 30 + 50 ... + (2 r- 1)011 
= cos? 2 © + i sinr 2 © (v 0 + 30 + 50... + (2 r- 1)0 = r 2 ©) 
We have to find the general value of 0 satisfying 
the equation 

cost 2 © + i sinT 2 © = 1 + i • 0 

cost 2 © “ 1 and sin^0 = 0 

t 2 © = 2tm } n e /, t 2 © ■ n n, n e I 

2nn 


0 = 2 

r 


n e / 


3. (a): * + i = 2cos^ = 2cose if 6 = ^ 

JC 2 - 2x COS0 + 1=0 

.*.• x = cos0 + i sin© ; 1/x = cos© - i sin© 

x* +-~ = (cos© + /sin0) 5 + (cos0 - / sin©) 5 
jc 5 

= (cos5© + i sin50) + (cos5© - i sin50) 

= 2 cos56 = 2cos5~ = 2cos| = 0. 

4. (d) ; ^ ■ i. z - (0 ,/ ' t - ( cos f + * sin f) 

I2 nn , Tc\...(2nn n\ 

m COS (“ 8j +,Sln l~ + 8j 

One value is cos(7t/8) + i sin(7i/8). 

5. (d) 6. (a) 7. (a) 8. (a) 9. (b) 

10. (d) 
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CHALLENGING 

PROBLEMS 


CRLCULUS 


Contributed by • T. R. Chakravarlhy, B.Tech (Mcch.), IIT Madras 


1. fix) is a polynomial of degree 2 with positive 
integral coefficients such that for every P > a, 
P 

j f(x)dx > 0. Let git) = /'(O/CO, given that 

g( 0) * 12. Sketch graph of fix) roughly. Find 
maximum value assumed by /( 1). If given that 
2/(0) > /( 1) and fi2) • g(- 1) is divisible by 10, 
find range of values taken by fix). Show that for 
every natural number n > 1, the (3 n - 1) degree 
polynomial nfix'W ~ = fix) has atleast one 

root in (0, 1). 

P 

Soln. : Given that j fix)dx > 0 for all P > a 


Let fix) = ax 1 + bx + c fiO) - c > 0 (v c e Z + ). 
Also fix) has no roots. If at all fix) has roots the 
P 

condition \fix)dx> 0 V P>a will not be fulfilled. 

a 

f'(x) = 2 ax + 6 = 0 => x = < 0 

2a 

So with these inferences, we draw a graph of fix) 
as below 
fix) = 2a 

giO) = /'(0)/(0) = 2*.c 
= 2ac =12 (given) 
ac - 6 

v and c are positive integers, the possible values 
are a = 6, c = 1; a = 1, c = 6; * = 2, c = 3; = 3, 

c = 2 

Also /(jc) has no roots 

b l < Aac b 2 < 24 

The possible values of b are 1, 2, 3, and 4. 

The possible value of a + c are 7 and 3 
So maximum value assumed by 
a + b + c i.e /(l) is (a + c) max + b m .„ = 7 + 4 = 11 
If 2/(0) > /( 1) i.e. 2c > a + 6 + c i.e. a + b< c 
i.e. if a + b < cthe possible values are a = 1 and 



c - 6. b can assume values 1, 2, 3 and 4. 

Given /(2)g(-l) is double by 10. 

/( 2) = (4 a + 2b + c) = (10 + 2W = 2(5 + 6) 
*(-l) = /'(- l)/(-l) = 2(7 - b) 

/(2)g(-l) = 4(7 - 6X5 + b) is divisible by 10. 
So 6 = 2 is only possible solution out of 1, 2, 3 and 
4. 

/. fix') = x 1 + 2x + 6 
/'(*) = 2x+2 = 0=>jr=-l 
/(-l) = 1 - 2 + 6 = 5. 

So range of values taken by fix) = (5, oo) 
Consider a function 

h(t)= \ f(x)dx (ti > 1, tt e TV) 

/ 

A(0 is continuous and derivable in /? 

Note that hiO) - A(l) = 0 

Thus /z(6 satisfies conditions for Rolle’s theorem 
/i'(c) = 0 for some c € (0, 1) 

h’ic) = fit")nt n ~ l - fit) = 0 for some te (0, 1) 

.*. The (3 w - 1) degree polynomial equation 
w fix n )x”~ l - fix) = 0 has atleast one solution in 
(0, 1). 


2. Evaluate J- 


cosjc dx 


(1 -cosasin.rX 


f(T + cos 2a sin jc 
- 2cosasin jc) 


5o/n. : = j- 


cosx dx 


(1 - cos a sin jc) 


1(1 - 2cosasinx + 

i / 

\ (cos 2 a -sin 2 a) si 


a)sin jc 


=i- 


cos jc 


(1 - cosasin x) 


(1 + cos a sin 2 x - 2 cos a sin jc) 


(sin 2 a sin 2 x) 


=/- 


cos* dx 


O - cos a sin * )7( 1 - cos a sin *) 2 - (sin a sin *) 2 
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= 1- 


(cosac) dx 


(1 - cos a sin 


x? Jl - f sinotsinj^^ 
V \1 -cosa sin ac/ 


~ _ sin a sin a: 

Put : = t 

1 -cosasm ac 

[ (sin a) [(1- cos a sin at) cos at] - 
(sin jc)(- cos a cos x) 


(1 - cos a sin x) 2 


dt_ 

dx 


(dL) 

sin a 

( cos ac - cos a sin x cos ac 

v dx / 

(1 - cos a sin a:) 2 ' 

L cos a sin x cos x J 


sin a cos a: 


dt_ ; 

dx (1 - cos a sin ac) 2 

cosx dx 


(1 - cos a sin jc) 2 


= dt (coseca) 
(co sx)dx 


^ (1 - cos a sin x) 2 Jl - ( r^ 1 -- sin x f 
V Vl -cos a sin a:/ 

after substitution it changes to 
dt sin rl (f) 


= -L-j 

sin a J ^2 


- + c 


2 sin a 

where c is integration constant. 

1 _-iT sin a sin ac 1 

= — sin : + c. 

sin a LI - cos asm x J 


3. Find J- 


dx 


yjsin(x + a)cos 3 (AT - (3) 

*{ 2 dx 

Also, show that ' / . . . * 

o yjsin^x + oOcos vac — p) 


= 1- 


sec 2 y dy 


-v/CsTn 0 + cos 0 tan y) 

Put sin0 + cos0 tany * z 1 

=> cos0 sec 2 y dy = 2 z dz 
r 2sec0 z dz 

= J — = 2sec Qz + c 

= 2sec0 > /sin0 + cos0tan y + c 

= 2sec0 l sin6cos y + c o ses ^y , ^ 

V cosj> 

= 2sec0 1*0*1121 + c 

V cos y 

n j 2 dx 

<> V s inCx + a)cos 3 (x - p) 


= 2sec(a + 1 


a) 


P> 


(cos PVcosasin 0 + sin 0,/sin acosP) 

_ . r dx 

Soln. : l~i 

\]sin(x + a)cos 3 (jf - p) 

Put (x - P) = y dx = dy 
dy 

yjcos i v sin(jy + p + a) A ^ so * et a + P = 9 


\ 


= J 
= 1 


dy 


y/c os 3 v sin(j + 0) 
rfy 


-J 


y/cos 3 y (sinjycosQ + cosj/sinG) 

- ± 

V cos 1 (cos 0 tan >> + sin 9) 


■ - Jf) 

_ 2 (-\/cos q cos P - -y/sin a sin 0 ) 

cos(a + PJ VcosPsinP 

Multiply numerator and denominator with 
(«s/cos a cos P + >/sinasinp) 

2cos(a 4- p) 

^osLa^f^^coTpTirr^^TcosacosP^f^si^crsin'py 
= 2 

(cos pVcosasinp + sin p^sinacosp) * 

/ ~ , ,l ir ^ (sin(cc 4* P)ac cos ct cos P ac 2 ) 

4. Evaluate J 77 w „ dx 

tan a VC* ~ tan cx)(tan P - ac) 

Soln . : Substitution of at - (tana)cos 2 0 + (tanp)sin 2 0 
may solve the problem but it may be cumbersome. 
We shall solve in another simple way 


/ cosacosp 2 \ • , on 

= “JP (* ~ito( « + P) * J^nCot + P) 
tana VC* “ tan a)(tan P - ac) 


dx 
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f x 2 ^ 

y tana + tanp)J 


tanB 

• /■ n\ f V idilUT wuu;/ , 

= sin(a + P) j -■ ■ K -t dx 

tana “ tan OtXtan P - x) 

sin(a + P) >a j? p (tana + tanP)x-Jc 2 ^ 
tana + tanP lan(y f(x - tan a)(tan p - x) 

Add and subtract (1 - tana tanP) 

sin(a-f P) ,a ? p 1 - tan a tan P~ x 2 + (tan a + tan P)jr 
" tana + tan P ta ^ a ylCx-tanaXtonfl- x) 

sin(a + P) , t a lN ,a ? p dx 

+ ^tan a tan P - 1) J , 

tan a + tan p J na (x-tana) 

\ (tanp-jc) 


= cosacos 


p ta J p 1 + (.x - tana)(tanp- jc) ^ 
J * V(-* _tana XtanP- jc) 


dx 


tanp 

-cos(a + P) j - . . . — - 

mn a v(* ~ tan a)(tan p - x) 


unP dx 

= (cosa cosP - cos(a + P)) J = — = - 

tana vC* - tanaXtan P - x) 


tan P 


+ cos a cos P j fix - tan a)(tan P - x) dx 

tana 

By substitution of x « cos 2 0 + ^sin 2 © we can very 
easily prove following results. 


dx 


l fix - a)ib - x) 


= n 


j fix - a)ib - x ) dx = -5-0 fr-tf ) 2 

a 

with these results 


,a y p (sin(q + P)jc - cosacospjc 2 ) 
una “ tan CtXtan P - jc) 


dx 


= 7i sin a sin P + cosa cos P~ (tan P - tan a) 2 
o 


= 7isinasinp + 


= 7isinasinP + 


n_ cosacosPsin 2 (a -P) 

8 cos 2 a cos 2 p 

7tsin 2 (a -p) 

8 cos a cosp 


_ 27tsin 2asin 2P + 7tsin 2 (a - P) 

8cosacosP 

5. After several operations of differentiation and 
multiplying by ( x + 1) performed in an arbitrary 
order the polynomial jc 8 + x 1 is changed to 
ax+ b. Prove that the difference between the integers 
a and b is always divisible by 49- 

Soln. : Let /(* ) = JC m 

/”( jc) = m(m-l)(m-2)....(m + l-«) x m ~ n 

f'\x ) is ti h derivative of fix) 

/"(JC) = — „ JC W -" 

J ( tn-n)\ 

Let g( jc) - jc 8 + jc 7 

Let it be differentiated n times 


81 -jc 8 -"+- 


(8-,0!" ’ (7-m)! 

Now multiply by ( x + 1) 


7- ^ 


(jc + IV'Oc) = 


81 jc 8 ”' + 


(8 - m) ! 


— — jc 7- ” 


(7-m)! 


81 -jc 9 -" + 


7! „8-„ 


(8 - «)! (7-m)!‘ 

(x + DgXJc) has to be (8 - «) times to get to form 
of «jc + b 

Let h( jc) - (jc + l)g”(x) 

Consider h lH ~ n) (x) 

8! (8-w)! + 7! (8 -m)! 


(8-m)! 0! 


(7 - «)! 0! 


8! (9-m)! 


(8 -n)! 7! 

= 8! (9 - n)x + 7!(8 - m) + 8 • 7! 

= 8! (9 - ri)x + 7!(l6 - n) 

Comparing a = 8! (9 - n) m 7! (72 - 8m) 
6=7! (16 - m) 

a - b = 7! (72 - 8m - 16 + m) 

= 7!(56 - 7 m) 

= 7 x 7! (8 - m) = 49 • 6! (8 - h) 
a — b is divisible by 49. 
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SOLVED PAPER 


Kerala P.E.T. 2002 


(c) 


(e) 


x + 1 
3a -2 

l-3.v 

+ r 


1. If A = (a* : x 2 - 5 a* + 6 - 0), Z* « 12, 4), 

C *= 14, 51 then A x {II n O 
(a) 1(2, 4), (3, 4)1 (b) ((4, 2), (4, 3)) 

(c) 1(2, 4), (3, 4), (4, 4)1 

(d) 1(2, 2), (3, 3), (4, 4), (5, 5)1 

(e) null set. 

2. In a city 20 percent of the population travels j Jci - ib is 
by car, 50 percent by bus and 10 per cent travels i x 2 + y 2 
by both car and bus. Then persons travelling by i ^ ^ + 
car or bus 


(d) 


2a 4 1 

1 - ix 


7. If y/TT+Jb = A + (y, then possible value of 


(b) V* 2 + .v 2 

(d) a - />' 


(a) 80 percent 
(c) 60 percent 
(e) 30 percent. 


(b) 40 percent 
(d) 70 percent 


3. If /(a) = 


2a + 1 


then if of) (2) is equal to 

(b) 3 
(d) 2 


3a-2* 

(a) 1 
Cc) 4 
(e) none of these. 

4. Which one of the following is a bijective func- 
tion on the set of real numbers? 

(a) 2 a - 5 (b) IaI 


(c) A 2 

(e) a 4 - a 2 + 1. 


(d) a 2 + 1 


5. If /(*) = l 0 gy^-, then f(x) is 

(a) even 

(b) /(*,)/(*,) = /U,+jc 2 ) 

(c) jbo = ' f{x '-* 2 ' > 

(d) odd 

(e) neither even nor odd. 

2a* 4 1 

6. Let the function / be defined by fix) = ^ ^ 

then f~ l (a) is 


(a) 


a - 1 
3a 4 2 


(b) 


3a 4 2 

A — 1 


(e) 7. 


8. If (1 4 0(1 4 20(1 + 30 ... (l + «0-fl+ ib % 
then 2 x 5 x 10 ... x (1 + n 2 ) is equal to 

yJa 2 4 b~ (W yju 1 - fy 

(c) cr + kr (d) cr - hr 

(e) a 4 b. 

9. If i 2 * -1, then sum i + i 2 + i 3 4 ... to 1000 
terms is equal to 

(a) 1 (b) -1 

(c) i (d) -i 

(e) 0. 

/ 1 4sin04 /cosQ V 1 _ 

1 1 4sin0- icosO/ 

(a) cos|-^--?2oj4/sin|-^--M0j 

(b) cos | ~~ 4 j 4 i sin + ^0 j 

(c) sin|-^p- «ej 4 icos|-^“ - woj 

(d) cos 4 20 j 4 1 sin n 4 20 j 

(c) cosf?0 4jsin/?0. 

11. If w is a non real cube root of unity, then 

( a + b)(a + bwHa + bu* 1 ) is 

(a) <r/ 3 + b 3 (b) a h - 

(c) ar 4 hr (d) cr - b 1 

(e) 0. 
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Maths Clinic 


If you have any difficult / unsolved problem or you are unable to understand one, then write to 
us. Our team of experts will diagnose your problems. The diagnosed problems will be published 

in the subsequent issues. 


JL 


1. Evaluate : limf^*)'* 
x-*0\ X J 


[CMntamani P. Si dd he shuar, karwarj 

\1/ x 2 

Solnj Let A - limj^^ 

x->0\ X 


)' 


.-. log/1 

■ sa -I] 

■ 15i ?[(?*’ + n*‘ + ~ ) ) 

- lim i + term with positive power of jc - 1/3 
x-*0 10 J 

=> log A - 1/3 => A = e 1/3 . 

2 . If z 1 - a + ib, and z 2 ■ c + id are two complex 
numbers such that z, * z 2 and I z, I - I z 2 1 - 1 
and Re(z, z 2 ) = 0 then pair for the complex numbers 
co, - a + ic, ©2 ■ b + id. Find Re(cD,© 2 ) and I co 2 1 . 

[Rtaviab Bbasim, Atftrttmar) 

Solti j Given I z, I - 1 , lz 2 l - 1 and Re(z,z 2 ) = 0 
=> a 2 + fc 2 - 1 ... (i) 

c 2 + cf - 1 ... (ii) ; ac + bd m 0 ... (iii) 

-b 


a - Xd, b - -cX. 


From (iii) ^ = — = X (say) 

From (i), X 2 (c* + c?) - 1 

=> X 2 «\1 (using ii) => X - ± 1. 

Thus a - d, b - -c or a m -d, b - c. 

Putting £ - in (i), we get lco 2 l - 1 . 

Now a - d and b ~ -c 

=> ab + cd = 0 => Re(co 1 c 5 2 ) = 0 

3 . Let a, 6, c be real. If due 2 + bx + c - 0 has two 
real roots a, P where a < -1 and p > 1 then show 


that 1 + - + 


<0. 


[R. Prasad, Andbra Pradesh] 

Solti: As a, P are real and unequal, 
b? - 4 ac > 0 


-1 1 

Here a + P * - b/a and aP * da 

Also a < - 1 , P > -1 

=> a+l< 0 , P + 1>0 

a < 1, P > 1 a - 1 < 0, p - 1 >0 

From (i), (a + l)(p + 1 ) < 0 

or aP + a + P + l <0 => § + 

From (ii), (a - l)(p - 1 ) < 0 
or aP-(a + P) + l <0 or ^ + - + 1 < 0 
Combining (iii) and (iv) 


... (!) 
... 00 

.. (iii) 

... (iv) 


l+-±-<0 or 1 + “ + 
a a a 


<0 


4 . The line L has intercepts a and 6 on the coordinate 
axes. When keeping the origin Fixed, the coordinate 
axes are rotated through a fixed angle, then the 
same line has intercepts p and q on the rotated 

_ . 1 , 1 _ 1.1 
axes. Then prove that ~ I2 ~ TT + ~ • 
a o p q 

[Joy MaJUk, Kolkata] 

Soln: Let the equation of the line with reference 

to old axes be — + r = 1 » and let the axes be rotated 
a 0 

through an angle a. Let (A, Y) be the new coordinates 
of any point P(x, y). Then 

x - Acosa - Fsina, y - Asina - Fcosa 
The equation of the line with reference to original 
coordinates is 

S+f-i 

a b 

j e Acosa-Ksina + A sin a + Fcosa = ^ 

a b x y 

and with reference to new coordinates is — + — = 1 • 

P 4 

Comparing the two equations, we get 


cosa . sin a 1 cosa sin a 1 

+ — 7 — = *r and — r = — 

a b p b a q 

ab 


ab 


or fccosa + « sina - — and acosa - feina - 

P 4 

Squaring and adding, we get 
a 2 + b 2 = a 2 b 2 


U+x) 


VP* 


± + ± = ± + ± 

a 2 b 2 p 2 a 2 
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Kuntal Loya 

IIT-JEE 2002 8 th Rank 






We heartily congratulate I IT topper (AIR-8) Kuntal Loya for her brilliant 
success. While interacting with us she tried to assimilate various factors 
and key points contributing towards her academic excellence. Although 
this stunning performance itself tells the saga of two years hard work, 
concentration and serious study, her answering to the pertinent questions 
asked by us would be beneficial to thousands of aspirants. 



MTG : Why did you choose Engineering 
stream? Why did you sit for these particular 
examinations? 

Kuntal Loya : I have great interest in computer. 
My parents also wanted me to become an engineer, 
and IIT is the most premeir Institute for Engineering, 
so I planned to appear for JEE. 

MTG : What other 
exams you appeared 
for and your status/ 
rank in them? 

Kuntal Loya : 

I appeared for Raj PET, 

IIT-JEE and secured 169 th 
rank in screening. 

MTG : Any other 
achievements ? 

Kuntal Loya : (i) I am 
National Talent Search 
Examination (NTSE) scholar. Obtained 8 th rank 
in state (Rajasthan). 

MTG : How much time does one require 
for serious preparation for this exam ? 

Kuntal Loya : I seriously started preparing for 
these entrance examination in the beginning of 
class XI. I strongly believed that with sincerity 
and dedication I would be able to satisfy my 
aspiration of topping this most prestigious exam. 


I feel that devoting time to study may vary 
according to the grasping power & caliber of 
the student, however on an average I used to 
study 8-10 hours per day. 

MTG : In your words what are the 
components of an ideal preparation plan? 

Kuntal Loya : Regular 
revision with emphasis on the 
weaker topics, time 
distribution for the three 
subjects for competition 
oriented study. Concentrate 
more on mathematics giving 
importance to understanding 
the concepts as it carries 
greater weightage and is given 
priority in case of clashes. 
Start your preparation earlier 
(Class 11th beginning) and 
do not waste even a minute 
and utilize every second efficiently as there is 
no use of repenting after one has taken the exams, 
over one’s performance. 

MTG : Did you take any extra coaching? 

Kuntal Loya : Yes, I attended Bansal classes, 
Kota. This coaching class has an excellent 
academic environment and is one of the best in 
the country in preparing students for IIT-JEE. For 


Desire is the key to 
motivation, but it’s the 
determination and commitment 
to an unrelenting pursuit of 
your goal-a commitment to 
excel-that will enable you to 
attain the success you seek.** 
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1. Observe that 



3 + 5 “ 8 « 2 3 
5 + 7 * 12 * 2 2 • 3 
7 + 11 - 18 « 2 • 3 2 
11 + 13 - 24 ** 2 3 • 3 

Show that if p and q are any two consecutive odd 
primes, then p + q is a product of at least 3 (not 
necessarily distinct) primes. 

Soln.: p + q is even, so --( p + q ) is an integer 
between pand q. Since p , q are consecutive primes, 

the integer jf(p + q) is not a prime, i.e., it is a 
product of two or more primes, and now p + q 
- 


2.(a) Show that V2 + yf5 is not rational 

(b) Given the positive integers m and n , under 

what conditions is ^frn + Vra rational ? 

Soln.: (a) Will follow from a solution to (b). 

Suppose •Jm+Jn is rational. Then 


\fm - 4n 

Hence 


m - n 

” 7 = 7=- is rational 

>Jm +y/n 


yfm = “(Vm + \fn ) + -j(Vra - 4n) is rational. 

Therefore m is a perfect square. Similarly, n is a 
perfect square. Conversely, if m and n are squares 

then >fm+yfn is an integer, hence rational. 


3. Let P u P z , ..., P m be m points on a line and Q lt 
Qz, —i £?« be w points on a distinct and parallel line. 
All segments P ( Qj are drawn. What is the maximum 
number of points of intersection. 


Soln.: Each choice of a pair of points P t and a pair 
of points Qj gives rise to one intersection point. 
By appropriately choosing the points on each line 
in turn, it can be arranged that the intersection 
points are all distinct. Hence the number of 


intersection points are 


4. Factor U + y + z) 5 - x 5 - y 5 - z\ 

Soln.: Let Fix, y, z) = U + y + z) 5 - * 5 - y 5 - z 5 . 
Since PU, -at, z) - Fix, y, -x) * Fix, y, -y) * 0, 
FU, z) = PU, y, -x) = PU, y, -y) = 0, 
PU, .y, z) has (by the Factor theorem) the factors 
x + y, x + z and y + z. Let 
PU, y, z) - U + .y)U + z)(y + z)GU, y, z) ...(1) 
Then (7U, y, z) must be a symmetric, homogeneous 
polynomial of degree 2 and hence has the form 
Gix, y, z) - aix* + y 2 + z 2 ) + bixy + xz + yz). 
Setting ^ = y = z = 1 in (1) yields 3 5 - 3 = 8(3 a 
+ 3 b\ or a + 6 « 10. Setting a: * y = 1 and z = 0 
in (1) yields 2 5 - 2 * 2(2<z + b), or 2 a + b = 15. 
We conclude that a = b = 5 and 
CXx, y, z) * 5 U 2 + y 2 + z 2 + Ary + ;cz + yz). t 


5. Without using “long” multiplication, a computer 
or a pocket calculator, verify that 

(a) 13! * 112296 2 - 79896 2 

(b) 240 < + 340 4 + 430< + 599^ = 65ll 
Soln.: (a) 112296 2 - 79896 2 

- (112296 - 79896X112296 + 79896) 

- (32400X192192) * 18 2 10 2 (192)(1001) 

= (2 • 9 • 3 • 6X2 • 5 • 10X2 • 8 • 12)(7 • 11 • 13) 

= 13!. 

(b) The equation suggest that we should try to 
pull a factor 10 4 out of 65 1 4 - 591 4 , so we calculate 
651" - 599 3 = (651 2 - 599 2 X651 2 + 599 2 ) 

= (651 - 599X651 + 599X651 2 + 599 2 ) 
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= 52 • 1250((625 + 26V + (625 - 26V) 

- 2 2 • 13 • 2 • 5“ • 2(625 2 + 26 2 ) 

= lO 1 * • 13(25'* + 26 2 ), 

deducing, 

651'* - 599 1 - 430'* - 340"* - 240'* - 10U, 

where 

A - 13(25"* + 26 2 ) - (43"* + 34 4 + 24'*) 

= 12.25'* + 4.13* - (34"* + 24“*) - (43"* - 25“) 

= 12 •25'* + 4-13 3 - 16(17"* + 12 4 ) 

- 18 • 68 • 2(34 2 + 9 2 ) 

- AB 

with B = 3-25'* + 13 s - 4(17"* + 12 4 ) 

- 17-36(34 2 + 9 2 ) 
We have to show that A = B = 0 . This can be done 
using the following lemma. 

Lemma : Let N be an integer which is divisible by 

positive integers « h » 2 ,J k- If the least common 

multiple of «, «* exceeds N, then N - 0 . 


6. For » « 1 , 2 , 3 , ... find a “closed" expression 
for the sum 


Soln.: S„ = y + T7 


1 + A+ 5 + . 

2 2 2 2 " 

— ■ + “ H — + . 

2 2 l 2* 


,. + • 


2tt-l 

2 " 

2 tt - 1 


2 " 


Multiply by 1/2 to obtain 


1$ = J- + A + 

” 2 2 2 5 


. 2 tt -5 , 2 w -3 . 2n-l 

+ ; — H + ■ 


2 " 2 2 2 ? 2 ,,_I 2" 2" 
and now subtract the second equality from the first : 

2 2tt-l 


S. 

Hence 


-I5 =i+ 

2 " 2 2 


i + i.+ .+ 2 

2 2 ’ 2 ‘ 


“-* + 2" 


2 " * 1 



and •$« 



_1 1 1 -(l/2)"~ l 

2 2 ' 1 - 1/2 


2« + 3 


_1 2 » - 1 

2»-i 2 “ + 1 

2n-\ 

2 U + 1 


7 . Let m, and tt be positive integers with the 
property: for some number * * 1, the numbers 
logipc, log;**, log** are consecutive terms of an 
arithmetic progression. Show that 
n 2 - (fcn) lo ** m . 

Soln. : By taking logarithms to base n we have to 
show that 

2 = (log*mXl + log*© ..(1) 


or 2 = log*m + log„ra 

(using the logarithm property flog r W(log*a) “ log^). 
Now from the arithmetic progression condition, we 
have 

2 log,** - log, pc + logpc 

Multiplying both sides by log^m and using 
(\og a b)(\og b a) * 1 in addition to the previous 
“log property”, we obtain (1). 

8 . Solve the following system of 100 equations 
in 100 unknowns: 

*, + x L + *j * 0 
*2 + x h + *4 * 0 


*98 + *)<; + *100 ~ 0 
*99 + *100 + *1 3 0 
*100 + *1 + *2 - 0 

Soln.: Add the 100 equations to obtain 
3(*i + * 2 + ••• + *100) ■ 0. 

Therefore 

0 - (*, + * 2 + *5) + (*i + *5 + :**) + .... 

+ (*97 + *98 + *99) + *100 
*0 + 0 + 0 + ... + 0 + *100, 
be., * 100 = 0, and similarly *, * * 2 - = *99 - 0. 


9 . Show that for any real numbers *, y and any 
positive integer tt, 

(a) 0 < [tt*] - tipi < ti - 1, 

(b) lx\ + ly\ + (tt - 1)1* + vi < [tt*] + [ wvi 

([2] denotes the greatest integer not exceeding z.) 
Soln.: Both (a) and (b) are obviously valid for 
tt m 1, so we assume « > 1, *can be expressed in 
the form 


* = *o + -± + 2+- 

n n 

where tf 2 > ... are integers and 

0 < a { < n - 1 for i = 1, 2, 3, ... 


... 0 ) 


Then [x\ = a , 0 

tt* = tt#,, + + — + •—•+*... 

^ 1 w tt 2 

[«*] = nc^ + a lt and [tt*] - tt[*] * a u 
establishing (a). 

To prove (b), note that (using ( 1 ) and a similar 
expression for y).we can express * and y in the 
form 


a. + a , b, +• P - . 0 * 

* = a 0 + — J , y - bn + “ — -, 0^a, P<I 

° n ^ 0 tt 
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. d x + b + oc 4- 6 

*+^ = ^♦ 4 +^— ' L 0 £ a, P < 1 . 

Either (i) a } + b x + a + P < n or 
(ii) n< d) + b } + a + P 
In case (i), [x + yi - ^ so 
LxJ + W + (« - 1)U + jJ 

- *o + ^ + (« - D(«o + ^o) 

= nao + nbo< nc^ + + 6, = [njc] + [n>J. 

In case (ii), since a + P < 2 we have d } + b x > 
n - 2, so + b } > n - 1, 


while «^o 1 + 6 1 + a + p<2«; hence 

[* + jJ-*b+Ab+l 

and [jc] + [j] + (n - D[* + y] 

■ *0 + bo + (n - D(tfo + 6 0 + D 

= + rc - 1 

< ^ + nth + d x + b } = bid + [n$. 


10. Let p be the perimeter and m the sum of the 
length of the three medians of any triangle. Prove 

3 

that ^ p < m < p. 

Soln.: Let ABC be 
the triangle, with 
medians AD, BE 
and CF. Produce 
AD to H so that 

AD = DH. 

Then 

A BDH m AADC, 
so BH = AC. 

By the triangle inequality, 

2AD = ~AH < AB + BH = AB + AC. 

Similarly, 2 BE < AB + BC and 
2 CF < AC + BC, 

and adding these three inequalities, yields 

AD + ~BE + CF <AB + ~BC + CA. 

On the other hand, 

BC <BG + GC = 1{bE + CF), 

AC < j(AD + CF), AB < |( AD + BE ) 
and hence 

~AB + BC + CA < j (AD + BE + CF). 
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■ HOW TO BEAT THE CALCPLATOR B 

Calculation Tips 4 Tricks 


Squaring numbers in the 60s 

1 Square the last digit (keep the carry) X 

2. Multiply the last digit by 12, add the carry _ _ X _ 

3. The first digits will be 36 plus the carry: XX 

Example : 

If the number to be squared is 63: 

1. Square the last digit (keep the carry): 

3 x 3-9 (keep 3 ) 9 

2. Multiply the last digit by 12, add the carry: 
12 x 3 - 36 (keep 3 ) _ _ 6 _ 

3. The first digits will be 36 plus the carry: 

36 (+ carry): 36 + 3“ 39 3 9 _ _ 

4. So 63 x 63 - 3969 
See the pattern ? 

If the number to be squared is 67: 

1. Square the last digit (keep the carry): 

7 x 7 * 49 (keep 4) 9 

2. Multiply the last digit by 12, add the carry: 

12 x 7 - 84, 84 + 4 * 88 _ _ 8 _ 

3. The first digits will be 36 plus the carry: 

36 (+ carry): 36 + 8 = 44 44 

4. So 67 x 67 - 4489- 

■ Squaring numbers in the 70s | 

1. Square the last digit (keep the carry) : X 

2. Multiply the last digit by 14, add the cany : _ _ X _ 

3. The first digits will be 49 plus the carry: X X _ _ 

Example : 

If the number to-be squared is 72: 

1. Square the last digit: 2x2 = 4 4 

2. Multiply the last digit by 14: 14 x 2 =• 28 (keep 

the carry) 8 _ 

3. The first digits will be 49 plus the carry: 

49 (+ carry): 49 + 2 = 51 51 

4. So 72 x 72 = 5184. 


See the pattern ? 

If the number to be squared is 78: 

1. Square the last digit (keep the carry): 

8 x 8 = 64 (keep 6) 4 

2. Multiply the last digit by 14, add the carry: 
14 x 8 = 80 + 32 = 112 

112 + 6 = 118 (keep 11) 8 _ 

3. The first digits will be 49 plus the carry (11): 

49 (+ carry): 49 + 11 * 60 6 0 . 

4. So 78 x 78 = 6084 

Squaring numbers in the 80s 

1. Square the last digit (keep the carry) X 

2. Multiply the last digit by 16, add the carry _ X __ 

3. The first digits will be 64 plus the carry: XX 

Example : 

If the number to be squared is 83: 

1. Square the last digit: 3 X 3 = 9 9 

2. Multiply the last digit by 16: 16 x 3 = 30 + 18 = 

48 _ _ 8 _ 

3. The first digits will be 64 plus the carry: 

64 (+ carry): 64 + 4 = 68 68 

4. So 83 x 83 - 6889 
See the pattern ? 

If the number to be squared is 86: 

1. Square the last digit (keep the carry): 

6 x 6 = 36 (keep 3) 6 

2. Multiply the last digit by 16, add the carry: 

16 x 6 = 60 + 36 = 96 96 + 3 = 99 (keep 9) 

__ 9 _ 

3. The first digits will be 64 plus the carry: 

64 (+ carry): 64 + 9 = 73 73 

4. So 86 x 86 = 7396. 



1. Choose a number over 100 

2. The last two places will be the square of 

the last two digits (keep any carry) XX. 


76 


MATHEMATICS TODAY 

AUGUST 2002 





OUR TOP RANKERS WITHIM TOP 30 AIRS AT THE l.l.T. JEE 2002 



B. SUNDEEP SUCHARIT SARKAR ANOSH RAJ RAJATJAIN ANISHCHANDAK 

Bangalore (4th) Kolkata (6th) Hyderabad (10th) Kota (11th) Kota (13th) 



RAVI VIJAY ROHITGARG ARIJIT R. SARKAR KIRAN PANDEY SUSHEEL NAWAL SUDHEENDRA V. N. 

Kota (16th) Kota (20th) Mumbai (21st) Dhanbad (23rd) Kota (27th) Coimbatore (28th) 


Total 435 students of APEX ACADEMY have so far been identified as successful candidates 
at the l.l.T. JEE 2002 including 27 students within Top 100 AIRs. 

Good news for l.l.T. JEE 2003 aspirants ! 

JEE 2003 Screening Test on 20/4/2003 & Mains on 25/5/2003 

Now you get plenty of time for the preparation of Screening Test. 

NOW YOU TOO CAN AVAIL OF OUR EXPERTISE IN COACHING ! 


l.l.T. JEE 2003 


l.l.T. JEE 2004 

CORRESPONDENCE COURSE 
SEVEN TEST SERIES 


CORRESPONDENCE COURSE 
SEVEN TEST SERIES 

Above courses are availabl 
/ 

e with study desk also ! 


For details about stud^ desk visit Apex Academy Knowledge City at 


http://apex.mindaxis.com 


Write/download** for further details and prospectus. 

m APEX ACADEMY 

' » *w ** n n a r- ** *> ^ ■■ ^ 


TOP RANKERS CHOICE 


BUILDING NO. 3, ASMITA MOGRA CO-OP. HSG. SOCIETY, NEAR SHER-E-PUNJAB SOCIETY, ANDHERI (E), MUMBAI - 400093 
• TEL: (022) 8214755/8215017 • FAX: (022) 8302674 • E-mail : apexiit@vsnl.com •"Website : www.apexiit.com 


We take your career as seriously as you do ! 










Two problems to test your nerves and your preparation for IIT-JEE 
Engineering Entrance Exams 


1. Let ABC be an acute-angled triangle with 
\BC\ > \CA \ , and let O be the circumcentre, H its 
orthocentre, and F the foot of its altitude CH. Let 
the perpendicular to OF at F meet the side CA at 
P. Prove that ZFHP = ZBAC • 

Soln. s We denote 
Z CFP = Z OFB = <)> . 

Af is the mid-point of 
AB. 


Now OM = Rcosy . 

FM * Rs in (a - p), 
so that 

cosy 

tancp = —7 — '-fTT 
sin (a — P) 

...( 1 ) 

From the Law of Sines in A CPF, 
CF = 2/?sinasinP 



ZFCP = ? - a 


ZFPC = ^ + a-tp 


CP = - 


so CP:CF = sin(p:cos(a-<p) 
with (2) 

2/? sin a sin P sin _ 2/?sinasinP 
cos (a -<p) 

From (1) and (3), 

2R sina cosy _ -2/?sinacosy 
sin P cos 2a 


CP = 


>inp(s 


sin b I sin 2 a - cos 2 


■) 


( 2 ) 


cosacot<p + sin(a) C3) 


(4) 


OQIOB , ZOB<2 = |-a=> ZOQB = a 
Now, 

CQ = a - QB = r( 2sina — rM = -/?£2®2a 
• * ** \ sina / sina 

Furthermore, CH = 2R cosy, CO = R 

It is easy to verify that CP : CH = CO : CQ, and 

-2R sin ft ac ? - ?f : 2R cosy = R : ( 5 ) 

sin P cos 2a sina 


We also have 

ZPCH = ZOCQ = |-a (6) 

From (5) and (6), we have that A PCH and A OCQ 
are similar. Thus ZPHC = ZOQC = 7t-a . Thus 

ZFHP = a • 

2. Let ABC be equilateral, and let P be a point in 
its interior. Let the lines AP, BP } CP meet the sides 
BC, CA, AB in the points A x , B x , C x respectively. 
Prove that 

AjjBj • fljCj • ^ A X B ’ B]C • C x A 

Soln. : We put A X B 

= tf, - a ', b, 

Z?,A - b\ C X A - c and 
C X B - c Then we have 
by Ceva’s Theorem 

afcc = a'fc'c' Cl) 

Since ZB,AC , = 60° we have 

B]C] 2 = (#) 2 +c 2 -2t/c cos 60° 

= (b') 2 +c 2 -b'c>b'c 
Similarly we have 

C X A\ > da and A X B X > a'b 

Multiplying these three inequalities, we get 

B£\ • C x Af • A X B X > b'c • da • a'b (2) 

From (1) and (2) we have 

B l C 2 .C l A 2 A l B 2 >aW 

Thus we have B X C X -C X A X • A X B X > abc 

That is B X C X • C X A X • A X B X ^ A X B • B X C • Cj/l 
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1. Big fleas have little fleas 

Upon their backs that bite ’em, 

And little ones have lesser ones, 

And so ad infinitum. 

If the flea on the bottom weighs V2 grams, and 
every other flea weighs V2- x, were x represents 


Show that for n = 1, 2, 3, ... 
r n + 

Soln.: 

Observe that * 3 + 1 = (* + l)Oc 2 - jc + 1), 

so 1 - r = -r 2 , r 3 = -1, r* = -r, r 5 = -r 2 , and r 6 = 1. 


|2(-l) n if 3 1 rc 
{(-l)"" 1 if 5Xn. 


the weight of the flea on whose back it rests (while 
biting, of course), how much does the flea on top 
weigh ? 

Soln.: Let w n denote the weight of the rt h flea 
(from the bottom), so that 

w n+\ = V 2 - w „ . n = 0, 1. 2, .... O', = yfl. 

If the sequence w lf ... converges, to L say, then 
L = V2 - Z, so Z must be 1. We now show that the 
sequence does indeed converge to 1. It is not difficult 
to see that w n is alternately greater than and less 
than 1, so we examine the relation between every 
second w n and 1, as follows: 

= V 2 - W„ -1 = 1 ~“" 

1 + V 2 - 

and hence 

i 1 - w„ 

1 - w n . 2 = ” , 

2 (l + ^ l+2 )(l + V2-^) 


Now S n = r" + (1 - r) n = r” + (-l)"r 2 ” 
and we have 

*^6m = 1 + 1 = 2, 

•$5m + i = r-r 2 =l, 

•% m+2 = r 2 +r 4 =-1, 

^6m+3 = r>-r 6 =-2, 

S 6m+4 = r 4 +r 8 =-r + r 2 =-l, 

^6m+5 = r 5 -r*°=-r 2 + r = l 

This agrees with the desired result. 


3. The Fibonacci sequence /,, f 2i ... is defined 
by f - f 2 - 1, /„ =/„-i + / w -2, « £ 3. 

Thus the sequence begins 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ... 


Let 



If w n < 1, then w w+2 < 1 and l-w>„ +2 < — 

If w n > 1, then 

w n + 2 > 1> 0 + tt> w + 2 )(l + >/2- > 2 
and + 2 “ 1 < — ^ — 

Hence |^ w+2 ”l| < \\ w n~A- l n an Y case 

K ~ 1 \< y< iW . so “sl»- - ] l = °- 

2. Let r be one of the roots of the quadratic 
equation x(l - x) = 1; the other root is 1 - r. 


Prove that Q=f \ n = 2,3,4,... 

V Jn Jn-\ J 
Establish the identity : 

fin = y?+l + In - fn- 1 . « = 1, 2 . 3, ... 

Soln.: The proof of the first part is by induction. 
First note that 


Q 2 = 


l ivi i\_ p-i+i-i 
l oJ[i oJ“[m+i-o 


l-l + l-fT 
M + 0-0, 


A-i+i-i M+i-o^p n = /n 
U-l + 1-0 M + O-Oj [l lj (f 2 /J 


MATHEMATICS TODAY SEPTEMBER 2002 


39 


Now assume that for some m > 2, 



and hence 

fm + 1 fm 
fm fm-\) 

m = 2, 3, 4, ... Now for the second part. Since 


Q"’ = 


Q 3 " = 


fin+l fin 
fin fin-l J 



fn*l + 2 fn.lfn + fnfn-l 

jLlfn + fn*J,Jn-l +/,f + fnfn-l 

fn+lfn + fn*lfn fn-\ + fn + fnfn-l 
fn.lfn + 2 fnfn - 1 + fn - 1 

we equate the entries in row 1, column 2 to find 
that 

/j„ = fllfn + fn*lfnfn-l + fn + fnfn-l 
= ftl+ if n (fn* 1 + /n-l) + /« + /»/m 
= /.♦, (/.♦, - /„-l)(/ B+ l + /„-.) + fn + /„/«-. 

= fn*l (fn. 1 - /»-.) + /« + fnfn-l 
~ fn* 1 ~ fn*lfn-l + fn + /n/n-l 
= fll+fn-fn-l(fn*l-fn) 

- f* + f 5 -f 3 

y«+l ' Jn y n-l* 


4. Prove that the function 

r/ \ (jf + .yXx + .y + l) . _ 

f(x,y) = ^—2 + x 

is a one-to one map from the set 

{(jt.y) | x, y integers £ 0, x 2 + y 2 > o} 

(the lattice points other than (0, 0) in the first quadrant) 

onto the set 

[m\ m integral and > 01 
of positive integers. 


Soln.: For n > 1, the points of the sequence 
L n : (0, n), (1, n - 1), (2, n - 2), ..., ( n , 0) 

(the points on the line x + y = ri) map onto the 
integers in the sequence 

t + D n(n + l) | i 

” ’ 2 ’ 2 


rc(n + l) , 0 n(w + 1) , _ 

2 2 

It is easy to see that 
the sets / u / 2 , ... are 
disjoint and their union 
is the set of all positive 

integers. 7 

5. Two equal regular 

tetrahedra intersect in 

such a way that each 

face of either passes 

through the midpoints 7 

of three concurrent edges of the other. The union 

U of the two tetrahedra is a three-dimensional star. 

Describe the intersection V of the two tetrahedra. 

Determine the ratio of the volumes of U and V 

Soln.: Each face of V is an equilateral triangle whose 

side length is half that of either tetrahedron. There 

are 8 such triangles, each contained in a face of 

one of the intersecting tetrahedra. Because of 

symmetry, V must be an octahedron. 

Let v be the volume of each tetrahedral point 
of star U. The volume of each intersecting tetrahedron 
is 2 5 v - 8v, so the volume of V is 8v - 4v - 4v. 
Since U is made up of 8 tetrahedral points and the 
octahedron V } the volume of U is 4v + 8v * 12^. 



Hence 


volume U _ \2v 
volume V 4v 


6 . Prove that for n = 1, 2, 3, ... 

ri 4 + 2 n 5 + 2 n 2 + 2n + 1 
is not the square of an integer. 

Soln.: Since 

(n 2 + ri) 2 = n A + 2 n 3 + n 2 

< n 4 + 2 n 3 + 2 n 2 + 2n + 1 

< n 4 + 2rc 3 + 3n 2 + 2n + 1 = (n 2 + n + l) 2 , 
we see that n 4 + 2rc 3 + 2/1 2 + 2n + 1 is between 
two consecutive squares and so cannot itself be a 
square. 


7.(a) If a regular hexagon and an equilateral triangle 
have the same perimeter, determine the ratio of 
their areas. 
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(b) Given a circle, determine the ratio of the area 
of the circumscribed regular hexagon to the area 
of the inscribed regular hexagon. 

Soln.: 

(a) The ratio of the area of the hexagon to that 

of the triangle is ^ = 

(b) The ratio of the areas 
of the two hexagons is that 
of the areas of triangles 
OPQ and ORS , which is 


equal to — 2 “* If r {S t ^ ie 
OB 

radius of the circle, then 


OA = r, OB = and 

OA _ 4 
OB 2 3 

An alternative quick solution to (b) can be seen 
from figure. 

8 . Let / and m be parallel lines and P a point 

between them. Find the triangle APB of smallest 
area, with A on /, B on m, and A APB - 90°. 
Soln.: Let PAB be a right angled triangle, and angle 
0 as indicated in figure. The area of triangle PAB 
is 

iGpxra) = ; 

ab 

sin 20 ’ B 

and this function assumes its minimum value, ab , 

when 0 = 45°. 

9 . Sketch the graph of the curve 

|3 * 2 + / - 12| = |* 2 -.v 2 + 4|. 

Soln.: If 3 * 2 + y 2 - 12 and ** - ? + 4 are both 
positive or both negative then 
the equation becomes 
3 JC 2 + y 2 - 12 = x 2 - y 2 + 4 
or x 2 + y 2 ■ 8 
Is every point on the circle 
x 2 + y 2 - 8 also on the given ” 
curve? The answer is yes, for 
if Oc, y) satisfies x 2 + y 2 = 8 , 
then 





fix 2 + y 2 - 12 | - | 2 * - 4| 

= l ^ 2 - / + 4|. 

If 3^c 2 + y 2 - 12 and 

^2 _ y + 4 have opposite signs, then the equation 
becomes 

3x* + y 2 - 12 

= -(ac 2 - jy 2 + 4) 
or |jc| = >/ 2 . 

Furthermore, it is easy to verify that if ( x , jy) lies 
on the curve |jc| = 72, then it lies on the given 
curve. Hence the graph we seek is the union of 
the circle x 2 + y 2 = 8 and the lines x = 72 and 

* = -72. 

10. The point ^divides 
the BCor triangle i4BC 

Up _ 1 . 

into ratio == - o' • and 
PC *• 

Z.CBA = 45° while 
ZAPC = 60°. Find 
Z.ACB without the use 
of trigonometry. 

Soln.: Let D be the c 

foot of the 
perpendicular from C 
to AP, so that D * P 
and APCD = 30°. Then 

PD = j~PC = PS so 

triangle BPD is A 
isosceles and so 
triangle BPD is 
isosceles and 

APBD = APDB = 30°. Furthermore, 

A DBA = ACBA - APBD 
= 45° _30° = 15°, 

and 

30° = APDB = ADAB + ADBA = ADAB + 15°. 

Then ADAB = 15°, AD = ~BD - CD, 
so ZA4C = ADCA = 45° an d AACB = 75°. 



C 
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Irrationality of 

SQUARE RQQT of 2 


P rofessor Richard Palais of Brandeis University 
says. 


The (classical) proof of irrationality of the 
square root of two is clear and elegant enough , 
but hardly the shortest or most revealing. 


In general, proving a negative statement such 
as, “the square root of two is not rational” can 
be quite difficult. Often in mathematics, such a 
statement is proved by contradiction, and that is 
what we will do here. In other words, we want 
to assume the contrary statement, namely, we 
want to begin by assuming that the square root 
of two is rational, and then see what happens. 
If we find that this assumption leads to an 
inescapable contradiction, then we will know that 
this contrary assumption is false-and we will be 
able to conclude the statement we are trying to 

P rove * 


To begin with, we observe that if is rational, 
then there some positive integer q such that 

qxf2 is an integer. Since the positive-dntegers 
are well ordered, we may suppose that q is the 
smallest such number. 

We next observe that since l < V2 < 2 , then 
V2 - 1 < 1 , and consequently 


qx(yf2-i) = (qx>/2- q) is less than q. Let us 
call this new number r, and observe that it too.- 
is a positive integer. But we now have rxV2 is 
also an integer, since 


rx f2 = (qxf2-q)xf2 = (2q-qxfi) An short, 
r is a positive integer less than q and rx V2 is 
an integer. But we said that q was the smallest 
positive integer with this property, and so we 
have a contradiction. The nice thing about the 
proof is how easily it can be generalized. Let us 
denote [ ] the integer part of fn • For example, 

since the square root of 5 is approximately 2.236, 
the integer part is 2. For any n. that is not a 
perfect square, we can prove that fTi is irrational 


exactly as above by considering 9 x (fn - [Vu]) . 

For another proof let us assume again that 
square root of two is rational. By the definition 
rational of numbers, it 'means assuming that we 
can represent the square root of two by a ratio 
of integers, i.e., 

^ ...where p and q ^je eajch integers. If 

this equation is true, then there is nothing wrong 
with squaring both sides of the equation, as follows, 



we can multiply both sides by q 2 . 

2 *q 2 =£r*q 2 => 2 q 1 = p 2 

q 

Now we want to notice something interesting. 
According to the Fundamental Theorem of 
Arithmetic, eachjof the integers p and q factors 
uniquely into primes. That is, each of p and q is 
just some unique collection of primes multiplied 
together. Since in the above equation both p and 
q are squared, that means that each of these 
primes must occur in pairs, and moreover there 
must be exactly^the same pairs of each of the 
prunes on each side of the equation, else it 
wouldn't be a true equation. But this can’t be! 
Thus again our assumption is wrong implies V 2 
is irrational. 

This result, among the most elegant in 
mathematics, was known to the Greeks and is 
therefore quite ancient. A slightly more general 
argument along the same lines shows that all 
square roots of integers are irrational, except 
when the integers are perfect squares (1, 4, 9, 
16, 25 etc.). 
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IIT/PMT 2003 


OWE YEAR CLASSROOM COURSE 

★ 450 hours classroom program. 

★ Problem solving techniques taught. 

★ Topic wise tests with due reporting. 
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CHALLENGING 

PROBLEMS 


COMPLEX 

NUMBERS 


1. Solve the system of equations: 


z - 12 

5 

z-4 

z-8/ 

3’ 

z-8 


2. Show that the points z,, z 2t z 3 , z 4 taken in order 

(z 3 -z 1 )(z 4 -z 2 ) 

are concyclic iff ( z ^ -z 2 )(z 4 -z : ) is P ure ^Y rea l- 

Hence show that if z,z 2 + z 3 z 4 = 0 and z, + z 2 = 0, 
then z u z 2 , z if z 4 are concyclic. 

3. Find all the roots of the equation 

(3z - l) 4 + ( Z - 2)4 = 0 
in the simplified form of a + ib. 


4. Show that the circumcentre of the triangle whose 
vertices are given by the complex numbers z lt z 2> 


z 3 is given by 


IM 2 (z 2 -Z 3 ) 

Iz,(z 2 -z 3 ) ■ 


5. For every real number c> 0, Find all the complex 
numbers z which satisfy the equation 

Izl 2 - 2iz + 2c(l + 0 = 0. 


SOLUTION 


1. Putting z - x + (y, the given equations are 
equivalent to 

$\x + iy - 12 1 * 5|a: + /y - 8/|, ...(1) 

and \x + iy - 4| * |z + iy- 8| ...(2) 

From (1) we get 

910c - 12) 2 + yi = 251a: 2 + (y - 8) 2 1 

i.e. 16.x 2 + l6y + 216a: — 400j> + 304 m 0 

or 2a 2 + 2f i 21 x - 50.y + 38 = 0, ...C3) 

which is a circle 

Equation (2) gives 

Qc - 4) 2 + / - Oc - 8) 2 + 

or -8a: +16= -16a: + 64 or a: = 6 ...(4) 

Required points are the points of intersection of 
(3) and (4), so putting x - 6 in (3), we get 
2j/ 2 - 25j + 136 = 0 or iy - 8)(jy - 17) ■ 0 
a: - 6, y = 8, 17. 


Hence 6 + 81 and 6 + 17/ are two solutions. 


2. Let A, B, C and D be 
the points represented by the 
complex numbers z lf z 2 , z 3 
and z 4 respectively. 

I. Let A, B, C, D be 
concyclic 

Then ZADB = ZACB 


z 2 - 2 r 3 


z, -z. 

Dividing we get 
(z 2 -z 4 )(z 1 -z 3 ) 


BC ia 

AC 6 and 



CW 




AC-BD 


= real 


(Zj - z 4 )(z 2 - z 3 ) DC • /ID 
II. Conversely, let us assume the condition 
(z 3 -z 1 )(z 4 -z 2 ) 


(z 3 -z 2 )(z 4 -Zj) 


= real = k (say) 


z. -z. 


& 


-Z. 


, & is real. 


So 

ZACB = ZADB 

Hence, A, B, C, D are concyclic. 

Second part. Given that 
z, z 2 + z 3 z 4 = 0, and z, + z 2 = 0 
From the first part, z h z 2t z 3 , z 4 are concyclic if 
(z 3 -z 1 )(z 4 -z 2 ) 

(z 3 -z 2 )(z 4 -z 1 ) 

(z 3 -z 1 )(z 4 -z 2 ) 

Now (z 3 - z 2 )(z 4 - z,) 

_ ^3’ 2r ‘t + Z \ Z 2 ~ ' 2 )' Z 2 ~ ■ 2r i- 2r 't 

ZjZ^+Z^-ZjZ^-ZjZ, 

_ Z 2 Z 3 4- z,z 4 


is real 


Z.Zj + Z^ 

z 2 (z,-z 4 ) 


-z 2 (z 3 — z 4 ) 

- -1 (purely real). 

Hence z,, z 2 , z 3> z 4 are concyclic. 


(using z,z 2 + z 3 z 4 = 0) 
(using z, + z 2 = 0) 
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3 . = -1 = e* = e K2n+n ' 

21-± = e' 41 n = 0. 1, 2, 3 
z ^ 

If * = e'° where a = (2n + l)-^-, 

then --V5— = 3 + -Z7 = 
z z z z 


5 2 = 2e' a -1 (2e'° - l)(e~'° -3) 

<?'“-3 <?' a -3 (e'° - 3)(e" fa - 3) 


=> Izl 2 - zz, - z,z + 1 z, | 2 = Izl 2 - zz 2 - zz 2 + |z 2 | 2 
=> z(zj - z 2 ) + z(z, -z 2 ) = |z,| 2 - |z 2 | 2 ....(2) 

Similarly, using |z-z,| = |z-z 3 | 

z(z, - z 3 ) + z(z, -z,) = |z, | 2 - |z 3 | 2 ....(3) 

Multiplying (2) by (z, - Zj) and (3) by (z, - z 2 ) and 
subtracting, we get 

z[(z, - z 2 )(z, - z 3 ) - (z, - z 3 )(z, - z 2 )] 

= kil 2 <>2 - * 3 ) - kzl 2 Oi - ^ 3 ) + hi 2 Car, - z 2 ) 


5-6e la -e~'° 
10-30'° +<?' to ) 


5- 6cosa - 6* sin a -cosa + / sin a 

10-6cosa 


5-7cosa-5*sina 

10-6cosa 


For ?* = 0, a = 7t/4 


5- 


z = ■ 


7 5* 

^2~72 


10 - 


V2 


.. 5^2-7 5 , 

ie '’ 1072-6 10^2-6 

_ (29-2072) 5(572+3); 

82 82 


For « - 1, a - 3 tc/4 


• z _ 5V2H-7 5 f 

10 >/ 2 +6 10 V 2 +6 

= (29 + 20^) 5(5V2 -3)» 

82 82 

„ . „ .5* __ 5^2+7 5 f 

«-2, a--, z .- /r - z + - 7n ^ t 

(29 + 2072) 5C5V2 - 3)* 

82 82 


, _7n 5>/2-7 . 5 

” ’ “ 4 ’ Z 10 V 2-6 10 V 2-6 


...( 1 ) 


...( 2 ) 


...(3) 


(29-20>/2) 5C5V2 + 3)i 

82 82 


...(4) 


4. Let CXz) be the circumcentre, then 
|z-z,|= |z-z 2 | = |z-z,|. (1) 

Now |z — Zj | — |z — z 2 | =>|z-z,| 2 = |z-z 2 | 2 
=> (z - z,)(z -z,) = (z- z 2 )(z - z 2 ) 


or z [z,U 2 - * 3 ) + ^ 2^3 “ z i ) + *j(*i - -* 2 )] 

= |z,| 2 (z 2 - z 3 ) + |z 2 | 2 (z 3 - z, ) + |z 3 | 2 (z, - z 2 ) ...(4) 


Hence 


2- — Z l-^i | (^2 Z 3 ) 
£z,(z 2 -z 3 ) 


5. Let z ~ x + iy, then Izl 2 = x 2 +y 2 and the 
equation becomes 

x 2 + y 2 - 2ix + 2^ + 2c + 2 cj = 0, c £ 0 ...(1) 

Equating the real and imaginary parts to zero, we 
obtain the following system of equations: 

x 1 + y + 2y + 2c - 0, ...(2) 

-2jc + 2c * 0 ...(3) 

From (3) x - c, and then from (2) we have 
y + 2j/+2c+c 2 = 0 ....(4) 

since >> is real, we should have 
4 - 4(2c + c 2 ) > 0 or c 2 + 2c - 1 £ 0, 

i.e. (c + l) 2 < (V2) 2 . This g ives 

-V2 - l<c^V2-l; as c > 0 

We have the required condition for j to be real as 

0£c<y/2-\ -C5) 

Thus if 0 £ c < -J2 - 1 


y = ^[-2 ± 7(4 - 4(2c + c 2 )} ] 

i.e. y = -1 ± V(1 - 2c - c 2 ), ...(6) 

and for c > V2 - 1, V gives imaginary values which 
are inadmissible. 

Hence for 0 £ c < V2 - 1, 

z = c + [-l± V(l-2c-c 2 )]/ 

and for c > >/2 - 1, there are no solutions. 
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Maths Clinic 


If you have any difficult / unsolved problem or you are unable to understand one, then write to 
us. Our team of experts will diagnose your problems. The diagnosed problems will be published 

in the subsequent issues. 


1. Solve the equation 

[Vidya Bbusban, Nalanda] 

Solti.: Taking tan of both sides of the 
equation, we get 
lx± 1 *-l\ 

U-l X_L = -7 

'-(HUM 


2x z -x + l 


= -7 


1-x 

=> 2x* - x + 1 = -7(1 - x) 

=> 2X 2 - 8x + 8 = 0 

or x 2 — 4x + 4 = 0 

or (x - 2) 2 = 0. .*. x- 2. 

Now let us verify the solution that we have 
just obtained: 

L.H.S. = tan _1 3 + tan' 1 (l/2) 



x 2 - 3 - 1, -1 

* - ± 2, ±V2 . 


=> x 2 m 2 or 4. 


= n + tan 




(l/2) \ 


-(3/2)/ 

= 7t + tan-’(-7) * R.H.S. 

Since x = 2 is not the solution. So the equation has 
no solution. 

2. Solve : (5 + 2 V5) A ” 3 + (5 - 2 V5) v “ 3 = 10 . 

[Nitin Kbadsare, Satara (MS)] 

Soln Clearly (5 + 2V5)(5 - 2^) = 5 2 - (2>/5) 2 

= 25 - 24 = 1. 

/. Equation is (5 + 2-J&)* 3 + + 2 V 5 ) = ^ 


Let (5 + 2 V5) = « 


a x ‘~ } + 




(<r T _J ) 2 - 10 • a*’ -3 + 1 = 0 

a y- 3 = io±VpO = 5 ±2 V5 

(5 + 2V5)*'” 3 = 5 + 2V5, 5 - 2V5 


*>-3 


= 10 


3. What is the relation between continuity 
and differentiability? 

[ Sumit Kumar Pancbbi, Jharkhand] 

Solti-* f ix) is differentiable (finitely) at 
x * a fix') is continuous at x - a 
But / Oc) is not continuous at x - a 
^ / Oc) is not differentiable at x ~ a. 

While examining the continuity and 
differentiability of a function fix) at a 
point x = a if you start with the 
differentiability and find that / Oc) is 
differentiable than you can conclude that 
the function is also continuous. But if you 
find / Oc) is not differentiable at x ■ a t 
you will also have to check the continuity 
separately. 

Instead, if you start with continuity and 
find that it is non continuous implies the function 
is also non-differentiable. But if you find fix ) is 
continuous, you will also have to check the 
differentiability separately. 


4. 


If a + b + c 
21abc > 


b 1, prove that 

i Jay WadbwOy UJJan] 

Soln- 9 Multiply the inequality by abc f thus now we 
have to prove 


Yj > (1 - a)(l - W(1 - c) > 8 abc 


Now 


(1 - a) + (1 - 6) + (1 - c) > [(1 _ a)(1 _ W(1 _ c )jl/3 
, 3 - (a + b + c) > [(1 _ aXl _ feXl _ c)] i/3 


or, 


(|) >(l-a)(l-«(l-c) 
^>(l-a)(l-W(l-c) 


a + b + c - 1 

... (0 


64 


-MATHBIATICS TODAY StPTEMBEH 2002 



Also we have 

«±f> >y fc5 t c -^>^ 

=> By multiplying these we get, 

(a + fe)(fr + c)(c + a) ^ abc 

=> (1 - a)( 1 - bX 1 - c) > Sabc ... GO 

From (0 and GO, we get the required inequality. 

5. Prove that 

m C 0 "C* + m C x n C k . , + .... m C* "C 0 - OT+ "C*, where 
m, n, k are positive integers and p C q - 0 for 

p < q. [Raj Bahadur Patel, MJP] 

Soln.- We have to prove the result. 

m Co "C* + m C 1 n C„. , + m C 2 "C*_ 2 + 

+ m C7*_i"Ci + m C k "C 0 

- M * "C* , k £ (m, n), V m, n e N ... (i) 

For m “ n m 1, since k 5 Cm, ti) 

So 0 < k £ 1, so k - 1. 

L.H.S. - 'Co l Ci + 'C, *C 0 - 2, 

R.H.S. - 1 * 'C, - 2 C, - 2. 

(i) holds for m m n m 1 ... (ii) 

Assume the result (i) for m - p, n - q, 
i.e. p Co ? C* + PC, «C*_ , + p C 2 «C*_ 2 + ... 

+ p C*_, «C, + PC**C 0 

- P+ iC k , k <, (p, q) ... Gii) 

For m « p + 1, n *■ q + 1, 

L.H.S. » P * 1 C 0 4 * 1 C* + P * 1 C, ^ ' Ca - i + P + 1 C 2 

**'C *_ 2 + ... + p*'C*_, «*‘C, +p + 1 c*«*'c 0 

- 1[«C*_, + «C*] + [PC 0 + PC,] («C*_ 2 + *C*_ ,] 

+ [PC, + PC 2 ] [«C*. j + «C*. 4 ] + ...+ [PC*., + PC*]-1 

- [PC 0 «C* + PC, *C*_ , + PC 2 *C*_ 2 + ...] 

+ [pq, «c*_ , + pc, *c *_ 2 + pc 2 *c*_ 3 + ...] 

+ [pq, *c*_ , + pc, «c*. 2 + p c 2 *c h _ 2 + ...] 

+ [pq, ? c*. 2 + p c, «c*_ 3 + pc 2 «c*_< + ...] 

Using induction hypothesis (iii), we get 
L.H.S. - P+iC k + q C b _ x + t>+ q C h _ 2 

m P + 4 * * C b + ^ + ^ * 'C*. j 

- P+ <1+ 2 C k 

- R.H.S. for m * p + 1, n - # + 1 ... (iv) 

Hence by mathematical induction, we have the result 
for all m, n e N. 
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1 HOW TO BEAT THE CALCULATOR 1 

Calculation Tips & Tricks 


Squaring numbers in the 600s 

1. Choose a number in the 600s (practice with 
smaller numbers, then progress to larger ones). 

2. The first two digits of the square are 36: 

36 

3. The next two digits will be 12 times the last 2 

digits: _ _ X X _ _ 

4. The last two places will be the square of the last 

two digits: XX 

Example: 

If the number to be squared is 607: 

1. The first two digits are 36: 3 6 

2. The next two digits are 12 times the last 2 digits: 

12 x 07 = 84: 8 4 

3. Square the last 2 digits: 7 X 7*49: 49 

4. So 607 x 607 - 368,449 

For larger numbers reverse the steps: 

If the number to be squared is 625: 

1. Square the last two digits (keep carry): 

25 x 25 * 625 (keep 6): 2 5 

2. 12 times the last 2 digits + carry: 
12 x 25 - 250 + 50 - 300 + 6 - 306: _ _ 0 6 _ _ 

3. 36 + carry: 36 + 3 - 39: 3 9 

4. So 625 x 625 - 390,625. 


Squaring numbers in the 700s 

1. Choose a number in the 700s (practice with 
smaller numbers, then progress to larger ones). 

2. Square the last two digits (keep the carry): 
XX 

3. Multiply the last two digits by 14 and 

add the carry: XX 

4. The first two digits will be 49 plus the carry: 

XX 

Example: 

If the number to be squared is 704: 


1. Square the last two digits (keep the carry): 

4x4* 16: 16 

2. Multiply the last two digits by 14 and add the 

carry: 14 x 4 * 56: 56 

3. The first two digits will be 49 plus the carry: 

49 

4. So 704 x 704 - 495,616. 

See the pattern? 

If the number to be squared is 725: 

1. Square the last two digits (keep the carry): 

25 x 25 - 625: 2 5 

2. Multiply the last two digits by 14 and 

add the carry: 14 x 25 = 10 x 25 + 4 x 25 
* 250 + 100 - 350. 350 + 6 = 356: _ _ 5 6 _ 

3. The first two digits will be 49 plus the carry: 

49 + 3 * 52: 5 2 

4. So 725 x 725 - 525,625- 

Squaring numbers between 800 and 810 

1. Choose a number between 800 and 810. 

2. Square the last two digits: XX 

3. Multiply the last two digits by 16 (keep the carry): 
__XX._ 

4. Square 8, add the carry: XX 

Example: 

If the number to be squared is 802 : 

1. Square the last two digits: 2x2 = 4: 0 4 

2. Multiply the last two digits by 16: 16 x 2 =* 32: 

3 2 

3. Square 8: 6 4 

4. So 802 x 802 - 643,204. 

See the pattern? 

If the number to be squared is 807: 

1. Square the last two digits: 7 x 7 * 49: 

49 

2. Multiply the last two digits by 16 (keep the carry): 

16x7 = 112: 1 2 
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3. Square 8, add the carry (1): 6 5 

4. So 807 x 807 - 651, 249- 


Squaring numbers in the 900s 

1. Choose a number in the 900s - start out easy 
with numbers near 1000; then go lower when 
expert. 

2. Subtract the number from 1000 to get the 
difference. 

3. The first three places will be the number minus 

the difference: XXX . 

4. The last three places will be the square of the 

difference: X X X (if 4 digits, add the first 

digit as carry). 

Example: 

If the number to be squared is 985: 

1. Subtract 1000 - 985 = 15 (difference) 

2. Number - difference: 985 - 15 * 970: 9 7 0 

3. Square the difference: 15 x 15 = 225: 

2 2 5 

4. So 985 x 985 - 970225- 
See the pattern? 

If the number to be squared is 920: 

1. Subtract 1000 - 920 - 80 (difference) 

2. Number - difference: 920 - 80 ■ 840: 840 

3. Square the difference: 80 x 80 = 6400: x 4 0 0 

4. Carry first digit when four digits: 8 4 6 

5. So 920 x 920 - 846400. 

Squaring numbers between 1000 and 1100 

1. Choose a number between 1000 and 1100. 

2. The first two digits are: 1,0 , 

3. Find the difference between your number and 
1000. 

4. Multiply the difference by 2: 1,0 X X, 

5. Square the difference: 1,0 , X X X 

Example: 

If the number to be squared is 1007: 

1. The first two digits are: 1,0 , 

2. Find the difference: 1007 - 1000 = 7 

3. Two times the difference: 2><7 = 14: 

1,0 1 4 

4. Square the difference: 7 * 7 = 49: 1,0 1 4, 0 4 9 

5. So 1007 x 1007 = 1,014,049 


See the pattern? 

If the number to be squared is 1012: 

1. The first two digits are: 1,0 , 

2. Find the difference: 1012 - 1000 = 12 

3. Two times the difference: 2 x 12 * 24: 

1,0 2 4, 

4. Square the difference: 12 x 12 * 144: 

1,0 2 4, 1 4 4 

5. So 1012 x 1012 - 1,024,144 

6. Start with lower numbers and then extend your 
expertise to all the numbers between 1000 and 
1100. Remember to add the first digit as carry 
when the square of the difference is four digits. 

Squaring numbers between 2000 and 2099 

1. Choose a number between 2000 and 2099- (Start 
with numbers below 2025 to begin with, then 
graduate to larger numbers.) 

2. The first two digits are: 4 0 

3. The next two digits are 4 times the last two digits: 
40XX_^_ 

4. For the last three digits, square the last two digits 

in the number chosen (insert zeros when needed): 
4 0 XXX 

Example: 

If the number to be squared is 2003: 

1. The first two digits are: 4 0 

2. The next two digits are 4 times the last two: 

4x3-12: 12 

3. For the last three digits, square the last two: 

3 x 3-9: 0 0 9 

4. So 2003 x 2003 - 4,012,009 
See the pattern? 

For larger numbers, reverse the order: 

1. If the number to be squared is 2025: 

2. For the last three digits, square the last two: 

25 x 25 - 625: 6 2 5 

3. The middle two digits are 4 times the last two 
(keep the carry): 

4 x 25 = 100 (keep carry of 1): 0 0 

4. The first two digits are 40 + the carry: 

40 + 1=41: 4 1 

5. So 2025 x 2025 - 4,100,625. 
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3 IIT Kanpur Scientists 

solce key math problem 


T hree Indian computer scientists have solved 
a longstanding mathematics problem by 
devising a way for a computer to tell 
quickly and definitively whether a number is prime 
- that is, whether it is evenly divisible only by 
itself and 1. 

Prime numbers play a crucial role in cryptography, 
so devising fast ways to identify them is important. 
Current computer recipes, or algorithms, are fast, 
but have a small chance of giving either a wrong 
answer or no answer at all. The new algorithm 
- by Manindra Agrawal, Neeraj 
Kayal and Nitin Saxena of the 
Indian Institute of Technology 
in Kanpur - guarantees a correct 
and timely answer. 

Though their paper has not 
been published, they have 
distributed it to leading 
mathematicians who expressed 
, excitement at the finding. 

“This was one of the big 
unsolved problems in theoretical computer science 
and computational number theory,” said Shafi 
Goldwasser, a professor of computer science at 
the Massachusetts Institute of Technology and the 
Weizmann Institute of Science in Israel. “It’s the 
best result I’ve heard in over 10 years.” The new 
algorithm has no immediate applications, since 
‘existing ones are faster and their error probability 
can be made so small that it is practically zero. 
Still, for mathematicians and computer scientists, 
the new algorithm represents a great achievement 
because, they said, it simply and elegantly solves 
a problem that has challenged many of the best 
minds in the field for decades. 

Asked why he had the courage' to work on a 
problem that had stymied so many, Agrawal replied 
in an e-mail message: “Ours was a completely 


new and unexplored approach. Consequently, it 
gave us hope that we might succeed.” 

The paper is now posted on the computer 
science department webpage at the Indian Institute 
of Technology (www.cse.iitk.ac.in). 

Methods of determining whether a number is 
prime have captivated mathematicians since ancient 
times because understanding prime numbers is 
the key to solving many important mathematical 
problems. More recently, attention has focussed 
on tests that run efficiently on a 
— computer, because such tests are 
part of the underlying mathematics 
of several widely used systems 
for encrypting data on computers. 

So-called primality testing plays 
a crucial role in the widely used 
RSA algorithm, whose security 
relies on the difficulty of finding 
a number’s prime factors. 

RSA is used to secure 
transactions over the Internet. 

On Sunday, the researchers emailed a draft of 
the paper on the result to dozens of expert 
mathematicians and computer scientists. 

Dr. Carl Pomerance, a mathematician at Bell 
Labs, said he received the paper on Monday morning 
and determined it was correct. 

After discussing the draft with colleagues in 
detail over lunch, Dr Pomerance then arranged an 
impromptu seminar on the result that afternoon 
attended by various experts. 

That he could prepare and give a seminar on 
the paper so quickly was “a measure of how 
wonderfully elegant this algorithm is”, Dr Pomerance 
said. “This algorithm is beautiful.” HB 


“Methods of determining 
whether a number is prime 
have captivated mathe- 
maticians since ancient times 
because understanding prime 
numbers is the key to solving 
many important mathematical 

problems” 
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International Math Olympiad 



PROBLEMS & SOEUTIONS 


1. Let a x , 02 , a 5 , a 4 , a 5 be a five-term geometric 
sequence satisfying the inequality 0 < a x < < a 5 

< a 4 < < 100, where each term is an integer. 

How many of these five-term geometric sequence 
are there? 


Soln.: Let — be the common ratio of the geo- 
m 

metric sequence, where n and m are relatively 

n 4 

prime integers, with n > m. Now = a l x — -, so 

m 

let a } j km 4 , where k is a positive integer. Thus, 
our geometric series becomes km 4 , km 5 n, km 2 n 2 , 
kmn\ kn 4 , and kn 4 < 100. If n > 4, then kn 4 t n 4 
> 256 > 100. So n < 3. Hence, there are three 
cases to consider. 

If n = 3 and m * 2, then 8lk < 100, so k ■ 1. 

The only solution is (16, 24, 36, 54, 81) 

If n - 3 and m - 1, then 8l£ < 100, so £ = 1. 

The only solution is (1, 3, 9, 27, 81) 

If n -2 and m - 1, then l6fc < 100, so k - 1, 2 

6. There are six solutions, namely (1, 2, 4, 8, 16), 
(2, 4, 8, 16, 32), (3, 6, 12, 24, 48), (4, 8, 16, 32, 
64), (5, 10, 20, 40, 80) and (6, 12, 24, 48, 96). In 
total, there are eight sequences. 


2. Consider the infinite sum 


5 = 


10° 10 2 10 4 10 6 


where the sequence {tf„) is defined by = a x m 1, 
and the recurrence relation a n = 20 a n _ l + I2a n _ 2 
for all positive integers n > 2. If yfs can be 
expressed in the form a /4b, where a and b are 
relatively prime positive integers, determine the 
ordered pair ( a , b) 


Soln.: We have 

o 205 125 _ ( Op Oi (h . *3 , ) 

10 2 10 4 V10° 10 2 10 4 10 6 "V 

20^, 20a, 02 ^ 

10 2 10 4 10 6 10 8 

12^ 20^ 20^_ 12^ >j 

10 4 10 6 10 8 10 10 7 

a 0 IOQq t a 2 -20a l -l2a o 

10 5 ’ + 10 F 10 2 10 4 

«3 - 20 ^ - 12a, a 4 -20a } -l2a2 

+ 17 + io 5 


Since a n - 20 - 12 a„_ 2 - 0 for all positive 
integers n't 2, we have 

205 _125 = a 0 ^ 20^ 0 

10 2 10 4 10 ° 10 2 10 2 

and substituting in a 0 = a x - 1, we have 


7988 5 


81 

100 ’ 


so 5 = 


2025 


Hence 75 = • 


45 


10000 100’ 1997' 71997 

and so the desired ordered pair is ( a , b) - (45, 
1997). 


3. Let 5 be the sum of the elements of the set 
|1, 2, 3, (2p)” - 1). Let T be the sum of the 

elements of this set whose representation in base 
2 p consists only of digits from 0 to p - 1. Prove 


2 " v — - (P- 1 ) 

S ~ (2p-l>- 

f(2p)” - l](2p)” 

2 


that 


Soln.: We have 5 = ■ 


Let R de- 


note the set of numbers that have at most n digits 
in base 2 p and contain only the digits from 0 to 
p- 1. Thus 7 is the sum of the elements of R. For 
example, when p = 2 and « - 3, we have R = 10, 
1, 10, 11, 100, 101, 110, 111) and 7- 1110 4 - 84. 
lote R will have p n elements, because each of the 


For more about this exam read MTG’s Math Olympiad Problems and Solutions 
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n digits (including leading zeros) can be any one 
of p different numbers. Since each number in 
{0, 1, ...» p- 11 appears the same number of times 
as a digit in R , there will be exactly p”~ 1 elements 
in R that have k as their t lh digit, for k - 0, 1, 
p - 1 and / - 1, 2, n. Thus, 

T = l' (2 py ■ [/?”*' X 0 + p”' 1 X 1 + ... + p n -' x (p - 1)] 


= i(2 pyp 


p(p-D p n cp- 1) 


i (2 py 

i-0 


p"(p- 1) (2p)"-l 
2 ’ 2p - 1 ' 

Hence, 

9 „ p"(p-l) (2p) n - 1 

2 2p - 1 _ p-1 

2p - 1 ’ 


on T 
= 2 x J = 


[(2p)”-l](2p) n 

2 


as required. 

4. If /Cx) - /(#) has order greater than 0 at a y 
then /is continuous at a. If Jlx) - / la) has order 
at least 1 at a , then /is differentiable at a. 

Soln.: Let rbe the order of fix) -/(#) at <z. Assume 
that r > 0. Recall that / is continuous at a if and 

only if fla) = lim/Oc), or equivalently 

x->a 

lim(/(x)- /(«)) = 0. But we see 

jc->a 

lim (/(jc) - fla)) = lim . limCx - a) r = 0. 

(x -a) x ~* a 

In this product, the first limit exists by definition 
of order, and the second limit exists and is 0 since 
r> 0. Hence, /is continuous at a. 

Similarly, recall that / is differentiable at a if and 

only if lim ^ exists, and the derivative 

fXa) is the value of this limit. 

Assume that 1. Then 

lim /<*>-/<«> . lim/W-^-limto-.r 1 . 

AT-*a X — Cl x-*a lx — #) a*->« 

and in this product, both limits exist, so /is differ- 
entiable at a. 

5. Let nt 2 be a natural number. Show that there 
exists a constant C 3 C(«) such that for all real x lt 
..., x n £ 0 we have 

x n ( x k + c). 

h=\ V*-l 

Determine the minimum CXn ) for some values of 

n. 

Soln.: We show that the inequality is valid for an 


aggregate of values of C of which the least is 
w- 1 


C{n) = 


”"vw ”" 2 


, n £ 2. 


Let us first do the easier task of proving the ex- 
istence of C’s which make the inequality valid. Of 
course this part will be redundant as soon as we 
improve the technique to find the least C. 

Setting Xf = y] where y, 2 0(i = 1, n), we are 

to show, equivalently, that for some C we have 

(z>\) 2 s ftof+O ...a) 

\/«l / i=l 

Treating the right hand side of (1) as a polynomial 
in C } we observe that all coefficients are non-negative 
and that the coefficient of C l ~ l is Zyf. 

Thus nof+o ^ (z 

But by the Cauchy-Schwarz inequality we have 
(,?/■)’ s ”(!/)• 

1 

so inequality (1) will be valid if we choose C = n (n_1) 
or larger. This completes the easier task. 

It turns out that n Tr^T) is only a slight overesti- 
mate of the minimum C, which we now seek. For 

y t fn - 1 

any C for which (1) is valid, set - — -j = — , 
so that (1) becomes 


(H 


— ri (m', + « - 1) 


( [n — 1)” /=i 

or equivalently 

/ « \ 2 C n ~ l n n ” I w 2 -1 \ 

(,?i W ‘ ) “ (w-l)”* 1 /-i ' n + J ) - (2) 

To find the minimum C we shall first show that 
the following inequality is valid: 

s 

We shall use the Weierstrass inequality 

no+« ( ) > i+ 

(-i /« i 

which holds if all a, k 0 or if -1 < a t < 0 for all i. 
Without loss of generality let w u .... w, £ 1 and 
0 < w,. , w„ < 1, where t e 10, 1, .... n). Then 
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>i i+i^— i]fi+ i 

V /T, n A m*i n ) 

= ^ r («-f + t tt;, 2 )(f+ t M', 2 ) 

n \ i =\ J \ /=/+ 1 1 

— rf i>? + i i 2 ¥ii 2 + i wf) 

n \ /= i /=/+ 1 A /:sl /=/+i J 

(the last inequality by the Cauchy-Schwarz inequality), 
which proves (3). Note that equality occurs for 
w x * ... » tv n ■ 1. We conclude that (2) is valid for 

any Cwith _ ^u'-i - n » i.e., with 

C £ — ■ - , n > 2. 

’‘-• y «”- 2 

The minimum value C(w) we seek is then as stated 
at the beginning, since for 

*' =J, 2 =c b^r) 

the original inequality reduces to equality. 


Quick Note 


PYRAMID 

A pyramid is a polyhedron of which one side, 
the base, is a polygon (not necessarily a regular 
polygon), and all the rest are triangles sharing 
a common point, the vertex. 

A pyramid is regular if the base is a regular 
polygen and the other faces are congruent 
isosceles triangles. 

Height : h 
Area of base : B 

Slant height : s (regular pyramid) 

Perimeter of base : P 
Lateral surface area : S 
Volume : V 


S = 


sP 


(regular pyramid) 


v= hB 
3 
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PROBLEMS 


COORDINATE 

GEOMETRY 


By : T. R. Chakravarthy, B.Tech (Mech), IIT Chennai 


1. Two circles with equations 

.x ! + _y ! -8.x-2 y+ 13 = 0 & a/ + y 2 - 1 6x- 18 v + 109= 0 
are excircles of a triangle ABC. Find possible 
coordinates of vertices and area of the triangle. Also 
give equation of incircle of triangle ABCi one possible 
equation). 

2 . P(1 , -3) and Q(4, 6) are two points on the 
parabola y 2 = 9x. Another point R is chosen on 
parabola such that area of triangle PQR has a fixed 
area 'C\ If R can assume exactly three different 
positions for this l C\ Find ‘C’ and positions taken 
by Ron the parabola. 

3. Let S and S' be foci of an ellipse. From a variable 
point Pon the ellipse, rays PS and PS' are drawn. 


the excircles. 

Let C 2 be x 2 + y 2 - 8x - 2y + 13 - 0 
C^be x 2 + y 2 - I6x - 18 v + 109 = 0 
centre of C 2 = (4, 1) radius r 2 = 2 units 
centre of = (8, 9) radius r 3 = 6 units 
Internal centre of similitude 

1 e A = f 2(8) + 6(4) 2(9) + 6(1) 1 _ 

l 2 + 6 ’ 2 + 6 J- (5 - 3) 

C 2 = (x- 4 Y + (y - l) 2 » 4 
any tangent to C 2 is of form 

(y - 1) = m{x - 4) ± 2 V 1 + m 2 
Tangents through A have slopes given by equation 

2 = m ± 2%/l + w 2 (2 - m) 2 = 4 + 4m 2 


An excircle with SS’ as tangent is drawn to the 
triangle PSS'. Prove that normal at P to the ellipse 
is a normal to the excircle also. 


4 . From any point Ron the curve b*x+ 2 rsrV = 0 


chords are drawn to the 


hyperbola (f)'-(f)' 


= 1. 


Tangents are drawn at the extremites of the chord 
to the hyperbola which interset at Q. Prove that Q 
moves along a straight line for a given P. Also show 
that the straight line always touches a fixed parabola 
for any P. 


5 . The circle x 2 +y 2 +2y/2x-6y + 10 = 0 is 

incircle of triangle ABC with Ai - 1 - 72, 2). Find 
locus of centroid and orthocentre of the triangle. 


SOLUTION 


1. The excircles and the 
triangle can be drawn in 
the following way. 

From the figure, it is 
obvious that two triangles 
ABC and AB'C ' are possible having common vertex 
A. Also vertex A is internal centre of similitude of 



=> m 1 - Am + 4*4 + 4m 2 - 
m = 0, m = —4/3 are roots 
equations of tangents are 

.V = 3 and 4 jc + 3 y = 29 
External centre of similitude 


3 m 2 * -4 m 


-( 


-2(8) + 6(4) -2(9) + 6(1) 


“2 + 6 


-2 + 8 


) = (2,-3) 


Tangents through external centre of similitude give 
equations of B'C" and BC (see figure for more 
clarification) 


Slopes of B’C’ and BC are given by the equation 
-4 = -2m ± 2\/l + m 2 => 2m- 4 = ±2-Jl + m 1 

m- 2 = ±Vl + w 2 => m 2 + 4 - 4m = m 1 + 1 
4 m = 3 => m = 3/4. 

But we have only one root m = 3/4. B'C' and BC 
cannot be parallel as r 2 * r y So other root is 
m - °°. (Students often forget or don’t know this 
important concept) 

Equation of B'C’ and BC are x = 2 
and 3* - 4y = 18 

Coordiantes of B’ . C’ , B and C are obtained by 
careful solving of the linear equations obtained above. 
Possible coordinates are 
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Vidyamandir Classes 

presents 

The Most Powerful & 

comprehensive study material 

The Most Organised 

problems in the form of In-chapter exercises (INE’s), Work Sheets (WS), 
exercises at the end of chapter and objective tests, 5 test series 

Correspondence Course 

for 

IITJEE- 2003 & 2004 

• Concessions to students securing 85% aggregate in Xllth/Xth class board exam 
plus 90% in Science and Maths. 

• Mailing of first study package has already been started. 


Highlights of VMC Result at IITJEE- 2002 


16 Ranks captured by VMC in TOP 100 
(5 from Correspondence Course) 

All INDIA RANKS : 12, 25, 32, 40 , 41, 43, 55, 63, 71, 76, 79, 80, 
85, 91, 93, 95, were captured by VMC students. 

A total of 318 students got selected at IITJEE - 2002. 

At DCE- 2002, 6 Student Got Rank in Top 10. 

1 (Pranay Jain), 2(Umang Sharan), 4 (Varun Nayyar) 7 (V.Sushmita), 9 (Aditya Mongia) 10(Rakesh Pilania) 

At DCE- 2002, 43 Student Got Rank(DG Category) in Top 100. 

* For details, send or Fax your copy of Xllth/Xth Class board exam marksheet. 

12/37, West Punjabi Bagh, New Delhi -110026 
Phones : 5436228, 5121625, 5446293. Fax : 5422953 


BX 2, 3), CX 2, 7), 5(10, 3), <?(y, |) 

Area of triangle AB'C' which is a right A( s, 3) 

angled one is -|(3x4) = 6 sq. units 
Area of triangle ABC * ^4(5, 3), 

B(10, 3), |) 

-5 



-1 


16 

5 


» f 


= ■^-1-121 = 6sq. units. 


Equation of incircle of triange AB'C' 

Incircle of triangle OPQ with O as origin 
K4, 0), £>(0, 3) is of form (r, r). 

|7r - 12| « 3r 

r = 1 or r* 6 But r = 6 is not possible. So incentre 
is (1, 1) for A OPQ. So for triangle AB'C', incentre 
is (3, 4) (by changing origin) 

Equation of incircle of triangle AB'C' is 
(x - 3) 2 + O' - 4) 2 = 1 
i.e. jc 2 + y 2 - 6x - 8y + 24 = 0 
Similarly, we can obtain equation of incircle of triangle 
ABC also. 

(Try to find area of the triangle using only trigonometry. 
It is a challenging problem as well!) 


2. Pand <2 are fixed points. The 
locus of R for a given area of 
triangle PQR is straight line(s) 
parallel to PQ as shown below. 
Each line cuts parabola (generally) 
in two points. But there are only 
three positions of R. So one line 
should be 

< 



tangent to 

parabola • — 

P 

(parallel to 
PQ). 

Slope of PQ - 3 
Equation of PQ : y 


shows locus of R 


3x - 6 


Equation of tangent parallel to PQ is y = 3x + 4—^ 


y = 3x + f 


Distance between the parallel lines = 


tli 

V 10 4 V 10 


27 


lenght of PQ = 3VT0 

Area of A PQR = IjjVTOx-JL-j 
-81 

. . C = — sq.units. 

o 

Positions assumed by R : 

The tangent meets y = mx + ^ parabola at 
/ a 2a) 

l m 2 ' m) 

° ne p° sition of R is (it? ’ 173) = (i I) 

27 

Other line parallel to PQ at a distance units 

be y = 3x + C 


I C + 61 

VTo 


27 

4V10 


=> C + 6 = ± 


27 


r ,21 r 3 -51 

C = ±-r--6 = -7- or — 7- 
4 4 4 

/. other line y - 3x--^~ 
Solving with parabola y 2 = 9x 

4y 2 - 12 y - 153 - 0 


. _ 12 ±Vl44 + 16x153 _ 12 ±36^2 

8 8 

= 3±|V2 = | a±3V 2) 

Other positions of 

are given by |l9^W2^ 1(1 ±3^2)} 

3. From trigonometry we have in a triangie ^4£C; 

/, /j are collinear. 
i.e. AI X is interior angular 
bisector of angle A. 

PI' is angular 

bisector of ASPS' 

It is sufficient to <_ 

prove that angular r X 

bisector of ASPS' is 
normal at P to the ellipse. 
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Let equation of ellipse be = 1 

Let P be (acosG, bsinQ) 

Equation of normal at P is given by 
ax sec0 - by cosecG - a 2 - b 2 


slope of normal » ^-tanG 
It is enough to prove that ZSPI' = ZS'PI' 

r pn bsinG 

Slope of SP = — os0 + a - 


4. Any point on the curve tfx + 2c?y 2 - 0 


can be represented parametrically as 



Clearly Q is polar of P (by definition) which is a 
straight line. 

Equation of polar is given by 



-2xt 2 

b 4 



1 or -2 xt 2 -ytb 2 =b 4 


tanlZ5/7'l = 


frsinG _ flsinQ 
acosQ + ae frcosG 

i . sin 2 0 
+ (cos0 + e)cos0 


b 2 sin GcosG - a 2 sin GcosG - a 2 es\n Q 


ab [cos 2 0 + e cos 0 + sin 2 0] 

(b 2 - a 2 ) sin 0 cos 0 - a 2 e sin 0 


ab{ 1 + ecos0) 
-a 2 e 2 sin 0 cos 0 - ere sin 0 


tfb(l + £cos0) 


a 2 esin0(cos0e + 1) 


ab( 1 + ecosG) 


aes in0 


„ . bsinG 

Slope of SP- acose _^ 


tanlZS'P/'l = 


&sin0 _ #sin_0 
acos6-ae b cos0 


cos 2 0-ecos0 


b 2 sin GcosG - a 2 sin GcosG + a 2 es in 0 

tfKl-ecosG) 

_ <g 2 gsin0|(-gcosO + 1)1 _ flesinO 
ab{\- ecosQ) b 

ZSPI ' = ZS'PI' 

i.e. normal is the angular bisector. 
Hence proved. 


or 2 xt 2 + b 2 ty + b 4 = 0 is equation of the polar. 

Now we have to prove that the polar touches a 
fixed parabola for all values of /. 

2 xt 2 + b 2 ty + b 4 = 0 or b 2 ty = -2 xt 2 - b 4 



-Ixt 2 

y - 

b 2 t 


1 2t\ 

y = 

( b 2 ) 


b 2 t 


or y = 


- 2 1 


o 2 ' X ~~ 


x + 


{-It lb 2 ) 


2 

This is of form y = rax + — 

m 

which always touches the parabola y 2 - 8x 
Hence proved. 


5. Given circle is 

x 1 + y 2 + 2\flx - + 10 = 0 

i.e. U + V2) 2 +(.v-3) 2 = 1 

It is clear that (-1 - -J2 , 0) and (0, 2) lies on circle. 

.-. .T + 1 + V2 =0, y- 2 = 0 are tangents at right 
angle to the circle. 

So put * + 1 + yfl = X, y-2 = Y so that 

/1(-1 - n/2, 2) becomes origin. 

Equation of circle becomes 

(X-l) 2 + 0'-l) 2 = 1 
Any tangent to the circle is of form 

K-l = m(X-l)±Vl + m 2 

Y = niX - m+llvl + m 2 
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B and C are given by 

Y 4 



neglected as perpendicular disance from origin to 
the line is less than radius (note that m is negative 
only). 

C is given by (0, - m + 1 - V 1 + m 2 ) 

Let centroid be (a, (i) 

3a m = m - 1 - Vl + rn 2 

or 3p = - rn + 1 + V 1 + nr 

am + B = 0 => m = 

a 

locus is 3P = £. + 1 + + P 

a a 

3aP = p + a + yja 2 + p 2 

(3ap-p-a) 2 = (Va 2 + P 2 f 

9a 2 p 2 + p 2 + a 2 - 6ap 2 - 6a 2 p + 2aP = a 2 + p 2 

ap(9ap - 6p - 6a + 2) = 0 
On generalisation locus is 
9*v - 6x - 6 y + 2 * 0 
or (3* - 2X3.)' - 2) - 2 
So again translating 

(3(x + 1 + V2 ) - 2X3(3' - 2) - 2) = 2 

(3x + 3^2+1X33' -8) = 2 

9xv - 24x + 3(3>/2 + l).y = 24V2 + 10 

is required locus of the centroid. 

Since triangle is right angled at A, locus is the point 

AC-1-V2, 2) itself for the orthocentre. 


Contd. from page no. 6 

DIFFERENTIAL CALCULUS 

Real valued functions of a real variable, into, onto 
and one-to-one functions, sum, difference, product 
and quotient of two functions, composite functions, 
absolute value, polynomial, rational, trigonometric, 
exponential and logarithmic functions. 

Limit and continuity of a function, limit and continuity 
of the sum, difference, product and quotient of two 
functions. 

Even and odd functions, inverse of a function, 
continuity of composite functions, intermediate value 
property of continuous functions. 

Derivative of a function, derivative of the sum, 
difference, product and quotient of two functions, 
chain rule, derivatives of polynomial, rational, 
trigonometric, inverse trigonometric, exponential 
and logarithmic functions. 

Derivatives of implicit functions, derivatives up to 
order three, geometrical interpretation of the 
derivative, tangents and normals, increasing and 
decreasing functions, maximum and minimum values 
of a function, applications of Rollc’s Theorem and 
Lagrange’s Mean Value Theorem. 

INTEGRAL CALCULUS 

Integration as the inverse process of differentiation, 
indefinite integrals of standard functions, definite 
integrals and their properties, application of the 
Fundamental Theorem of Integral Calculus. 

Integration by parts, integration by the methods of 
substitution and partial fractions, application of 
definite integrals to the determination of areas 
involving simple curves. 

Formation of ordinary differential equations, solution 
of homogeneous differential equations, variables 
separable method, linear first order differential 
equations. 

VECTORS 

Addition of vectors, scalar multiplication, scalar 
products, dot and cross products, scalar triple 
products and their geometrical interpretations. 
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10 RANKS OUT OF TOP 100 INIIT-JEE 2002 



Sreekanta Red 


Shashi Mittal 



Pranav Kumar 




Sriram P. Malldi Hrishikesh 


fj 


RANK IN IIT-JEE 2002 


y 

Oungra Ram Chaudhary (Career Point student ot dassroom 
coaching Academic session 2001, Batch A-4, Roll No. 
2525) has secured 1 st Rank in general category. 



IIT-JEE 2003/2004 


STUDY MATERIAL PACKAGE 

The Course : Career Point experts have 
designed and developed the most effective 
study material for IIT-JEE with a unique 
concept. While going through the study 
material, students feel that they are attending 
the class and a teacher is teaching them. 
The study material is self sufficient. Hence, 
there is no need for any other reference 
material. 

Course Fee : 

For 1 year Course : Rs. 4850/- 

For 2 year Course : * Rs. 5700/- 
Pespatch Commencement : immediately 


POSTAL TEST SERIES 

The Course : Postal Test Series is a 
collection of specially designed scheduled test 
papers in Physics. Chemistry and Maths, 
covering ail concepts of IIT-JEE syllabus and 
worthy to be included in IIT-JEE papers. The 
questions are thought-provoking and 
challenging which prepare your mind for 
IIT-JEE. 

Course Fee : 

For 1 year Course : Rs. 500/- 
For 2 year Course : Rs, 800/- _ 
Despatch Commencement : immediately 


AIEEE/PET/UPSEAT & 
Other Engg. Exam 2003 


STUDY MATERIAL PACKAGE 

Career Point provides study material for various 
engineering entrance examinations. The study 
material comprises of sYStemat.sed theorY notes 
on each chapter of RPET. AIEEE (CPET). MPPET. 
UPSEAT syllabus viz., specially designed exercise 
sheets & a self monitoring stage system, helping 
you to analyse your own growth and boost your 
confidence gradually. 

Course Fee : Rs. 4000/- 
Despatch Commencement : Immediately 


(if any) ■■ \ 


Career Point gives scholarships to meritorious students for Postal Test Series ® s follows 
me^mri the fee accord, ngly with attested copies of support, ng documents 


If you are eligible for scholarship as per the table given belovj 


NTSE qualified [Year 2002/2003) 

Top 10 merit of any board in class 10th or 12th 
90% or above in PCM/PCB at 12th std. 

90% or above in Sc. 4-Maths at 10th std. 


100% rebate in course fee 
100% rebate in course fee 
50% rebate in course fee 
25% rebate in course fee 


Noto : Scholarship is given 
only for Postal Test Senes 
Course. 


OU. -r lVia uia gt ms., . 

(H) CAREER POINT 

112 SHAICTT NAGAR, KOTA -324009 

' .. • . nn rnnintnmim Com 









International Math Olympiad 



PROBLEMS & SOEUTIONS 


1. Suppose that V-* {1, 2, 3, 24, 23). Prove that 

any subset of V with 17 or more elements contains 
at least two distinct numbers the product of which is 
the square of an integer. 

Soln . : The set of numbers A = {1, 2, 24, 25) contains 
a total of five perfect squares {1, 4, 9, 16, 25). The 
product of any two of these will also be a perfect 
square. There is one triplet, the product of any two 
of its elements will result in a perfect square: 
12, 8, 18). The only other pairs of numbers from A 
whose product is a pefect square are (3, 12), (5, 20), 
(6, 24). The other eleven elements of the set A are {7, 
10, 11, 13, 14, 15, 17, 19, 21, 22, 23) and they cannot 
form a perfect square when multiplied with any other 
element of set A. Group the elements of set A as 
follows: 

(1, 4, 9, 16, 25), (2, 8, 18), (3, 12), (5, 20), {6, 24), 17), 
110), 111), {13), (14), |15), 117), 119), 121}, 122}, (23}. 

If more than one number is chosen from a given 
group, a perfect square will result. There is a total of 

16 groups, so 16 numbers can be chosen without 
creating a perfect square product. However, if any 

17 numbers are chosen, then two must be contained 
within the same group, and therefore will form a 
perfect square product. 

2. Given is a triangle 
ABC, ZA - 90°. Dis the 
midpoint of BC, Fis the 
midpoint of AB, E the 
midpoint of AFand G 
the midpoint of FB. AD 
intersects CE, CF and 
CG respectively in P, Q 
and R. Determine the 




Solti . : We know that 
two medians in a 
triangle divide each 
other in 2 : 1 ratio, or 
in other words the 
point of intersection is 
2 

j the way from the 
vertex. 

Since CF and AD are both medians in tsABC, then 
AQ_2 u 

QO 1 ’ W ^ ere Q is the point of intersection. 

Also, since D is the midpoint of the hypotenuse in 
the right triangle ABC, then it is the centre of the 
circumscribed circle with radius DA = DC = DB. 
Drop a perpendicular from Z?onto sides /IB and CA. 
The feet of the perpendiculars will be Band /, 
respectively, where/is the midpoint of AC, since DF 
and DJ are altitudes in isosceles triangles AADB and 
A A DC, respectively. Now consider A CFB. The 
segments CG and FD are medians and therefore 

, 7 ID 1 

c . FD 3 

from here it can be seen that AARC and ADRHzre 

similar, since their angles are the same. Also since 

we know that FD = ~JA, and 2JA = 7c then 

HD = ~CA and AARC is 6 times bigger than A DRH. 


intersect at FI say in the ratio 2 : 1 so, = 


Now we can see that 


AR 6 . 

= = — and since 
RD 1 


— . — — . u __ RD 1 

A D~ 7' 


AR + RD = AD, then 


Similarly AAPE ~ AKPD, where medians DJ and CE 



— _L since JD is parallel to AB. It now follows 

that = = - and from the similarity of the triangles 

KD 3’ 

_ A Also, since AP + PD = AD, then . 

PD 3 dD 5 

Combining these results we have AP = ^AD, 
AQ = jAD, QD = jAD and RD = jAD. 

Thus PQ = AQ-AP = | AD-^AD = -jyAD 

and QP = QD-~RD = 

x. , PQ 7 

Form these = t*. 

QP 5 


3. A series of numbers is defined as follows: u x * 

W 2 - b, U n+1 =y(M„ +M n -i) for n > 2. Prove that 
lim exists. Express the value of the limit in terms 

>co 

of a and b. 

Solti. : For the recurrence u n + x = \(u n + u n-\> we 
obtain the associated equation 2\ 2 - X - 1 ■ 0, which 
has roots A = — 1. Thus we seek a solution of the 

form m„ = x(--|) + T. From a and u 2 ~ b we 
get 




4- A + K = b 


so 


4 x. I./- n + 2f> 

that X + -(.b-a ) and T = — ^ — - 


It is now easy to check by induction that 

4 ,. 1 \" 1 + 26 
»„= y (*-«)(- 2) + — 


and as 


n -> 00 , u„ -> ^ a + J b - 


4. In a plane V'a circle Cis 
given with centre M. P is a 
point not on the circle C. 

(a) Prove that for a fixed 
point P, AP 2 + ~BP 2 is a / 
constant for every diameter /, 

AS of the circle C. 

(b) Let AB be any diameter of C and Pa point on a 
fixed sphere 5 not intersecting V. Determine the 
point(s) Pon 5 such that AP + BP is minimal. 

Solti, s (a) With A PAB, we can join P and A/ to create 
two new triangles, APMA and A PMB. Let ZPMA = 0. 
Then ZPMB = 180° - 0. Because M is the centre of 
the circle Cand A and Sboth lie on circle C, we have 
~MA = AfB = r, the radius of the circle. 

By the law of cosines, 

~BP 2 = ~mp 2 +r 2 - 2MPrcos(180° - 0) 

= ~MP Z + r 2 + 2AfPrcos0 

and AP 2 = MP 2 + r 2 - 2A*Prcos0 

so AP 2 + BP 2 =2MP 2 +2r 2 . 

The right hand side is a constant depending only on 
the radius of the circle and the distance of Pfrom the 
centre. 

(b) Prom (a), we know that 

~Ap 2 + Jw 2 = 2 MP 2 + 2r 2 . 

For any point P on sphere 5, the radius of the circle 
will remain constant. Therefore the_ only variable 
affecting the sum AP 2 + SP 2 is MP, the distance 
from the point P to the centre of the circle. 
~AP 2 +~BP 2 will be a minimum when MP is 
minimum. Therefore we are looking for the point on 
the sphere closest to Af. 

Let T be the centre of the sphere 5, D be the point 
on the segement AfPthat lies on the sphere, and D' 
be any other point on S. 

We know that ~MD + ~DT < ~MD' + D'T becasue the 
shortest distance between M and Pis a straight line. 

We know that DT = DT. Thus MD < MEf. 

Thus D is the point on the sphere which minimizes 
the sum. 
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Examiner’s Mind 


Quadratic Inequalities involve variable expressions 
that just look like the expressions found in quadratic 
equations. 

The only difference is an inequality symbol 
(< > <, >) instead of an equal sign. 

For example a 2 + 6 < 5a or 4x 2 -3x>x 2 

Remember while solving quadratic inequality it 
is best to factoring before go further. 

^ The important key fact is that it is always better 
to have 0 on one side of the inequality even 
before the factorization. 

Let us being with few illustrations that will make the 
concept more clear. 

Illustration 1 : Solve the inequality 4X 2 - 3x> x 2 
Step 1 : Given the quadratic inequality 
4X 2 - 3x £ x 2 

Step 2 : We have to determine the values of a for 
which the above inequality holds good. 

Step 3 : Make sure that you have 0 on one side of the 
inequality. 

4a 2 - 3a- x 2 > 0 or 3X 2 - 3x > 0 
Factorize : 3x (a - 1) > 0 

Thus now our aim is to determine the region where 
the inequality holds true. 

Step 4 : .% We have either 

3xtx- 1) > 0 or 3a(a- 1) = 0 


Now for 3a(a- 1) - 0 => a = 0 or a= 1 ...(l) 

and 3a(a- 1) > 0 

if either 3x> 0 and (a- 1) > 0 ...(i) 

or 3x< 0 and ( jc — 1) < 0 ...(ii) 

From (i) we get a > 0 and a > 1 => a > 1 ...(2) 


and from (ii) we get x<0 and a < 1 =» a < 0 ...(3) 
From (1), (2) and (3) we get xe (-©o, 0] or [1, oo) 

Thus Are (-«>, 0] u [1, oo) 

Step 5 : .\ required value of a lies in (-oo, 0] u [1, oo) 
which satisfy the given quadratic inequality. 

Illustration 2 : Solve (x + 2)(a- 1) > a 2 + 4a 


Step 1 : Given the quadratic inequality 
(a+ 2)(a- 1) > x 2 + 4a 

Step 2 : We have to determine the value of Asatisfying 
the given quadratic inequality. 

Step 3 : Multiply the factor terms on L.H.S. and get a 
zero on one side of the inequality. 

We get a 2 + 2a- a - 2 - a 2 - 4a > 0 or -3a- 2 > 0 
Thus we- get the linear inequality 
Now we have to determine the region where 
-3a - 2 > 0 holds true. 

Step A-.- 3x-2>0=* *<-| at € (-oo, - |J 

Step 5 : Required value of a: lies in (-«, - jJ for 
which x satisfies the given inequality. 

Illustration 3 : Solve the inequality and find the value 
of * for which it satisfy x(x + 7) + 12 > 0 
Step 1 : Given the inequality x(x + 7) + 12 > 0 
Step 2 : We have to determine the value of x for 
which it satisfies the given quadratic inequality. 

Step 3 : Multiply out and make a zero on one side of 
the inequality 
/. x i + 7a: + 12 > 0 
Factorize : at* + 7ac + 12 > 0 
(x+ 4)0+ 3) > 0 

Thus, now our aim is to determine the region or the 
value of a- for which it satisfy the above quadratic 
inequality. 

Step 4:0+ 4)0 + 3) > 0 


Either a: + 4 > 0 and x + 3 > 0 
or Af + 4 < 0 and x+ 3 < 0 

From (i) x+4>0=$x>-A and 

...(0 

...00 

a: + 3 > 0 =f a:>-3 


=> a:> -3 

...(A) 

From (ii) ac + 4 < 0 => at< -4 and 


at+3<0=sx<-3=^x<— 4 

...(B) 

From (A) and (B) at > -3, a; < -A 


.-. xe -4) or (-3, «) 
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Functional 


qua 


By: P.K. Roy 


An equation involving an unknown function is called a 
functional equation. Functional equations occur in many 
applications of mathematics. We give below some 
examples to illustrate as to how we can solve 
functional equations in some simple cases. 
Example 1 : If a function / satisfies the functional 
equation 

fix + y) = fix) • /( y), then either fix ) = 0 
or else fix ) = e‘ lx } for all rational numbers x , where 
a is a constant. 

Soln. : Taking jc - y * 0, 

we have /(0) * [/(O)] 2 i.e. /( 0) = 0 or 1. 

First let us take the case fiO) * 0. If jcbe any rational 
number then fix + 0) - fix) /(0) - 0. 

=> fix) * 0 V rational number x. 

Now let us take the case when /( 0) =* 1 

If jc be a positive integer, say * ti, 

then fix) * fin) «/(l + 1 + 1 + ... + 1) « (/Cl))" 

= e" lo8 - /a) = e a " = e m where log, /(l) = a (say) 

If x = — , where p and q are both integers, then 

••• /(f) = I/C p-)] Uq = * 

= [/(p)]"* = \e at> \ /q = e a( W 


=> fix) = 

where x is any positive rational number. 

Finally let x * — y 

where y is a positive rational number 

Then fix + .y) = f{x)fiy) => /(0) = /'(jc) /(. y) 


~ Ax}s 7b> 

Thus /(jc) = e** 


V rational x. 


Example 2 : If / is a function of jc satisfying the 
functional equation /(jc+ y) = /(jc) + fiy) for all 


rational numbers jcand y, show that fix) = &c where 
k is a constant. 

Soln. : Taking jc = y = 0, we have /(0) */0) + /(0) 
=> fi 0) * 0. Also taking y = -jc, we get 

=> /( 0) = fix) + fi-x) => fi-x) = -fix) 

If jc is a positive integer, say = n } 
then /(*) = fin) = /(l) + /(l) + ... + /(l), (to n terms) 
= nfi\) = nk - kx where we have taken 
/( 1) = k. If jc is negative integer, say - n then we get 
fix) = fi-x) = -fin) = -in)fil) = kx 
Again let jc - p/q where q is a positive integer and p 
is any integer, then 

-i) 1 ,im “ 

50 that /(£) - I/(p) - il*. - *(|) 

i.e. fix) = kx as before 
Thus fix) = &c V rational jc. 


Example 3 s If /:/?—> /? is a function satisfying 
the properties 

(i) fi-x) = - fix) 

(ii) fix + 1) = /(jc) + 1 


Prove that fix) = jc V jc e R. 
Soln.: Let us observe that 


(1) If fix) is known for all x> 0, then fix) can 
be found for all jc < 0 by using (1) 

(2) By putting jc ■ 0 in (i), we find that 
fi-0) = -fiO) => /(0) = 0 

From (1) and (2) we find that it is enough to find 
fix) V jc > 0. 


We shall take jc > 0 and compute 


4771 ) 


in terms 
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of fix) in two different ways. By equating the two 

expression for /( /" ) thus obtained we shall find 
J '( x). 

Now /(— ^) = /( - V + ^ . by O'O 
J \X + ll (* + l) 2 


/(x) + l . 

= - -7. by (ti) 

(.r + 1 r 


...(A) 


by (iii) 


Again /(^l) = /(>-^) = /(-lfr) +1 

--Air; t) + 1 bv0) 

.A 

m 

+ 1. 

by 

by011 ' (B) 

from (A) and (B), we have 

/u) + l = x* [ fix) + J + J 

(x + 1) 2 (x+l) 2 L x 2 J 


(ii) 


2 fix) _ -x 2 


- + 1 - 


1 


(x + 1) 2 


(x + 1) 2 (x + 1) 2 
Thus /Cjc) = x V x > 0 . 

Now let x < 0 , Putting x * -y, so that y > 0 
We have fix) = /(- v) = -/O 0 by (i) 

- -y by (C) 

* x 

Since we have already seen that fix) = x 
when x * 0 , it follows that /(x) = x V x e R. 
Example 4 : Determine all functions /satisfying the 

x A 1 \ 2(1 -2x) 

functional relation J (x; + / ^ _ - J - "^Y^ 3 cT 

where x is a real number x ^ 0 , X * 1 . 

Soln.: We are given that 

2(1 -2x) 2, 2 

1 - x 


■> , -T^( u '-’-j) 


From ( 1 ) we get /(x) + /(>0 = — - — •••( 2 ) 

x y 

(2) holds for all values of x and y except 0 and 1. 
(see what happens for y ~ 0 or 1). 

Also we have 

/(.v) + /(y7— ) = j-jzy ...(3) 

for all real values of y other than 0 and 1 (this is 
simply (1)). 

Introducing another variable 

1 | so that y = 1 -™J. 


z - 


1- y 


In the same manner as above, we have 
fiy) + fiz) = ±-2 z 
Whenever y, z * 0 or 1 . 

The relation y = * 

1 


...( 4 ) 


and z = 7 give 

1 - x 1 - y 


x — - — - — , so that z = l . 

1 z x 

Considering the relation /(z) + /| ^ \ ~ j 


2 _ 

z 


2 

1-z 


Substituting x = 


1 


1-z* 


we have 


fix) = X. 
...(C) 


...( 5 ) 


...( 6 ) 


fix) + 


4 ^) = 


X 


..( 1 ) 


x(x + 1) 
for all x other than 0 and 1 
Let us introduce another variable y here so that 


fiz) + fix) = f“2x 
whenever x, z^O or 1. 

Adding corresponding sides of ( 2 ), ( 4 ) and (6) and 
dividing throughout by 2, w'e have 

/(x) + /(.v)+/u) = [(7+7+7) - ( * + ^ +z) ] 
By ( 4 ) we have 

fix) = (^+-J; + j)-(*+V + z) 

-(H-KhK)- 

Thus f(x) = jl y V x *0 or 1 . 

Now we place below some good examples with limits 
enough to enable you to solve it easily try them and 
enjoy solving them. 

Example 5 : A function / is defined for all positive 
integers and satisfies /( 1) * 1996; and 
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/(l) + /(2) + /(3) + ... + /(w) = n 2 /(n) V «>1 
Calculate the exact value of /(1996). 

Soln.: If you have never seen anything like this 
before, it seems reasonable to start calculating 
/( 1) * 1996. (given) 

/(2) = Grom /(l) + /( 2) - 2 2 /(2)) ; 

/(3) * and so on. Use this approach to find 

/(2), /(3) and f(4 ). If you preserve, and keep your 
wits about you, you might just notice some thing 
interesting. If you are lucky, you may even be able 
to guess a value of /(1996). But this would not answer 
the question. In mathematics, the determine means 
more than just guess; it means that you have to show 
exactly why your value is correct. For this, it is not 
the value of /(2), /(3), and so on, that matters, but 
their form. Thus it is important to express /( 2) and 
/( 3) in a form that reveals what is really going on: 


Thus /(2) = 

/( 3 ) = 


2 2 - 1 


" 3 2 - 1 [ 


3 2 - 1 


•/(l) 

[/(!) + /( 2)] 


/(!) + 


2 2 - 1 


/(l) 


]-?ir 


y - 1 


•/(D 


Write out the calculation which shows that 


/( 4) = 


3 2 


2 2 - 1 


3 2 - 1 


4 2 - 1 




Now guess what you expect to be the corresponding 
expression for fin) in terms of /( 1), and prove 

that your guess is correct (by induction on ti). Even 
at this stage it is important to resist the temptation 
simply to substitute n - 1996. Factorize each of the 
factors (r 2 — 1) in the denominator of your (proven) 
expression for fin ) , and cancel to obtain a greatly 
simplified formula for fin) in terms of n and /(l). 
Finally substitute n - 1996. 


Example 6 s Let / be a function mapping positive 
integers into positive integers. Suppose that 
fin + 1) > fiti) and fifin)) - 3 n for all positive 
integers n. Determine y(1992). 

Soln.: Hint of solution is provided in the following 
six stages. 

Stage 1 : Successful problem solving often depends 
on clinging to the optimistic assumption that although 
unfamiliar problems often seem impossible at first, 
they can usually be solved once you understand what 
is going on. This question looks unfamiliar, and is at 
First sight very abstract - in that it involves an unknown 
function /which is not actually given, being described 
only in terms of some of its properties. Despite all 


this, you have no option but to take courage and set 
to. Where should one begin? The obvious place (since 
/maps positive integers to positive integers) is to 

start thinking about the value of fin) when ti = 

Since /(l) has to be a positive integer, you certainly 
know that /(l) > 1 . You also know that 

/(/(l)) * It follows that / can not be the identity 

function. This may not seem to help, until you realise 
that this, combined with the condition 
fin + D > /( n) implies that fin) > n. (Why?) use this 
fact to prove that /( D * 2. 

Stage 2 : Use the same ideas to find /(2),/(3) and /(6). 
Stage 3 : Once you know /( 3) and /(6), the condition 
fin + D > fin) should tell you exactly /(4) and /(5) 
have to be. 

Stage 4 : You are now in business. Since the condition 
fifin)) - 3 n allows you to Fill in quite a few other 
values (such as /(7), /(8), /(9), and so on). It may 
still not be clear what is going on; but atleast the 
horrible feeling that you cannot even begin should 
have begun to get shorter in size. 

Stage 5 : If you construct table of values for the 
function, you should realize that there are long 
stretches where fin + 1) * fin) + 1, followed by 
stretches where the value of fin) goes up in jumps. 
How large are these jumps? Later on you will have 
to come back and prove the important bits, but the 
main thing at this stage is to convince yourself that 
what seemed like a totally inaccessible problem is 
in fact much more manageable than you thought : 

the first step is making sense of what is going on is 

often to risk yourself by making some kind of a 
guess as to what you expect to find in the next bit 

of the table that is, to formulate simple conjecture 

and then to test them against the fact to see if they 
stand up. If your guess turns out to be wrong, stand 
back and try to improve it. You should decide fairly 
quickly that you think you then know where the 
jumps occur. It is not toe hard then to decide what 
you expect the value of /(1992) to be. 

Stage 6 : All that remains is to decide what to prove, 
and how to prove it. This is not nearly as hard as it 
may appear provided that you sort out what to 
prove first. 

(a) Prove that (by induction on ti) 

/(3") * and that /(2 • 3") * 

(b) Then prove that 

fi 3" + k) * for each k, 0 < k < 3". 

(c) Finally deduce that /(2 • 3" + k) * 3"* 1 + 3k for 
0 < k < 3" from a, b, c you can calculate 

fil • 3 6 ) * ... and /(2 • 3 6 + 534) - ■ 
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LEARN 



Understanding Concepts & 
Problem Solving * 


Logarithms and their Properties 

Learnfast will aid students in quick understanding of concepts on the above topic 
Solved examDles are given at the end of the topic so that application of concepts can be understood. 
Remember ItTs not the number of problems that you have solved that counts, but your level of understanding. 


» Definition (Natural and Common log) 

» Some aspects of logarithms 
» Graphing logarithmic function 
» Properties of logarithms 
•> Examples 

Definition : Just as the subtraction is the inverse 
operation of addition, and taking a square root is 
the inverse operation of squaring, logarithms are 
the inverse operations of exponentiation. More 
formally, mathematically, 

y = log (r v if and only if b v = * 
where x > 0, b > 0 and b* 1. The base b can be 
any number (except 1). How'ever, two choices are 
most usual : 10 and <? * 2.7182 ... . Logs to the base 
10 are often called common logs where as log to 
the base e are often called natural logs. It is always 
assumed, unless stated that log means log,,,. The 
natural log i.e. log,, is also written as In. 
Logarithm Base 10 : The logarithm of base 10 is 
most often useful when powers of 10 are involved. 
Logarithm baselO is the logarithmic operation that 
when carried out on 10 raised to some power ends 
up giving us the power. It is written as log,,,. Thus 
logjodO-*) - x This is the basic definition of base 
10 logs. 

Natural logarithm (or base e) : In the cases w'here 
the exponential changes are involved we usually 
use another kind of logarithm called natural logarithm. 
The natural log can be throught of as logarithm Base- 
e. It is a logarithmic operation that when carried 
out on e raised to some power gives us the power 
itself. This logarithm is labelled with In (for natural 
logs) and its definition is In(e') - x. 

Some Aspects of Logarithms 
1. log(l) - 0 : By definition 10 to the power of 
0 is equal to 1, so that is why logl - 0. In fact, since 
any number except 0 raised to power 0 gives 1, 


thus logarithm of the value of 1 will always be zero 
no matter what base we are talking about 
(as log„l - 0 =* o° - 1). Thus, the natural logarithm 
of 1 is also equal to zero. /«( 1) “ 0. 

2. Negative answers when taking log s If we 
take 10° we will get 1 and if we take 10 1 we will 
get 10. Thus, in order to get a values less than 1 we 
will have to take 10 to the power of some number 
that is less than zero, thus 10 to the power of a 
negative number. So when taking log in such 
condition we will end up with a negative answer. 

10“ s - 0.001 => log, ,,(0.001) - -3. 

3. log(0) - undefined : As seen earlier log of a 
number less than 1 results in the negative answer. 
Now as we take log of smaller and smaller numbers 
sny log(O.l), log(0.01), log(0.001).... which would 
give -1, -2, -3, ... respectively. Thus every time we 
will get a smaller negative number. Well if we will 
iterate this process until we get very close to zero 
we will notice that we are getting very large negative 
numbers finally approaching towards a final huge 
undefined quantity as approached to zero. Thus log(0) 
and negative number are undefined. 

Graph of logarithmic functions: 

Consider function log fl (.v) - y 

Now by the definition ol log functions 
log„(.v) * V => a' - x 

(1) as x increases, v also increases 
y is an increasing function. 

(2) Since log,,* is defined for .v > 0 

the entire graph of ylies in 1st and IVth quadrant. 
Since no value of V can make * - 0 thus the graph 
never cuts y-axis. 

(3) Since d' - 1 .'. the graph cuts * axis at * = 1. 

(4) Notice that the increase in the value of the 
function is most dramatic between 0 and 1. After 
x m 1, as *gets larger the increasing functions values 
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begin to slow down (the increase get smaller and 
smaller as a gets larger). 

(5) The function values are positive for .Vs that are 
greater than 1 and negative for x less than 1. 
Thus from the above discussed facts the graph of 


log,,* can t . 
be plotted as * 

Now we will ' x - 
discuss 
various other 
cases depen - 


ding on the ° 

1 — TT 1 1 1 1 > 

0 y 1 15 2 2 5 5 > 

change in the 

/ .v-axi 

value of x, -i - 

/ A 

how the graph 


get trans- „ 2 « 

1 

fanned. ^ 

f 1 


T ransfor mat Jons 
A. /(-at) • ftog(-*) 

(1) The domain of fix) » logAis the set of all positive 
real numbers so domain of fi-x) is the set of all 
negative numbers. 

(2) The graph of fix) is located in 1st and IVth 
quadrants. Thus graph of fi-x) is located in II and 
III quadrants where x values are negative. 

(3) Since fix) can never cut y-axis so is the case 
with fi—x). Thus it has no y-intercept. 

(4) The graph of fix) crosses the A-axis at (1, 0). 
so the graph of fi-x) cuts the .Y-axis at (-.1, 0). 

(5) Note that the points of both of the graphs have 
same v-coordi nates and their A-coordinatcs differ 
by a minus sign as 

(2, /(2)) = (2, log2) for fix) = log.v and 
(-2, /(- 2)) = (-2, log(-(-2))) = (-2, Iog(+2)) 



Thus fix) and fi-x) are mirror images of each 
other over the y-axis i.e. the graphs are symmetric 
to each other with respect to the y-axis. 

log i-x) is reflection over y-axis of log ix). Finally 
we can say if there is a minus sign (-) before x in 
the argument of a function it indicates that there is 
reflection of the graph of fix) across y-axis. 


B. fCx) • +logx g( x) - -fax) • -logx 

(1) The domain of both the function is set of +ve 
real numbers. 

(2) Graph of both functions are located in I and IV 
quadrant i.e. to the right of y-axis. 

(3) The graphs of both functions cross the A-axis 
at x • 1. Since 

neither graph 
cross the y-axis, 
thus there is no 
y-intercept. 

(4) Both graphs 

have coordinates 
having same 
^-coordinates 
but their 

^-coordinates 
differ by a minus 
sign. 

(5) Thus both 
the graph are 
symmetric to each other with respect to the 
.v-axis. 


r 4 



2- 



1 - 


\ iog< X) 

O 

I i 1 1 r r 

0 y \ 2 2.5 .5 x 

-1- 


( -icgu-j 

> 

f ' 



Whenever the minus sign (-) is in front of the 
function notation, it indicates a reflection across the 
.v-axis thus the graph of -fix) is the reflection of 
fix) across .v-axis. 


c. g( x) - logx ♦ <V fax) - *ogx 

(1) The only difference between the two equations 
is the +c. Since fix) = log a*, #(a) = log x + c can 
be rewritten as g(A) = fix) + c. This means that 
for every value of a, the function gix) will always 
be c units larger than the function fix). 

(2) Both the graphs are located in quadrants I and 
II. Also the domain (values of .v) of both functions 
is the set of positive real numbers. 

(3) The graph of the function fix) has an 
.v-intercept at .v • 1. The graph of the function gCx) 
has an A-intercept at the value of a where 
log^(.v) + c — 0 i.e. log fl (.v)=-c which is some 
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constant values in (0, 1). 

(4) For each ^-coordinate the ^-coordinate of gix ) 
differs by c units. 

(5) Both the graphs have the same shape. The graph 
of gOc) is nothing more than the graph of fix) shifted 
up by c units. 

Note that as we 
have obtained 
the graph of 
gix) - fix) + c 
by shifting it up 
by c units. 

Similarly we can 
make the graph 
ofg(.x) - fix)- c 
by shifting it 
downwards 
through c units. 

Thus finally, 
vertical shifts 
takes place when 
a function is 
shifted up or 
down. The graph 
of fix) + c is the 
graph of fix) 
shifted up by c 
units. The graph 
of fix) - c is 

the graph of fix) shifted down by c units. 

D. The graph of /O) versus the graph of 



fCx + c) or f(x-c). 

Let us consider 

/ ix) = log gix) = logU + c) 

(1) The domain of the function fix) is the set of 
positive real numbers. The domain ofg(.x)is the 
set of real numbers where x + c > 0 or the set of 
real numbers greater than -c. 

(2) The graph of fix) = \ogx is located in I and 
IV quadrant. This verifies that the domain is the set 
of +ve real numbers (for fix)). The graph of g(^) j 
is located in quadrants I, II and III to the right of -c. 

(3) The graph of fix) crosses jc-axis at 1 and never 
crosses the y-axis. The graph of gix) crosses x-axis 
at the point where x + c m l=>x m \-c and also 


it cuts the y-axis at the point where x * 0 i.e. at 
log(c). 

(4) Both the graphs of fix) - log* and 
gix) - log(* + c) have the same shape. The graph 
of gix) - logOc + c) is nothing more than the graph 
of fix) - log* shifted to the left by c units. 

(3) Shift the graph of fix) to the left c units. It will 
then be super imposed on the graph of gix). The 
only difference in the two equations is in their 
arguments. The argument in the gix) is c units greater 
than the argument in the fix). 

Note that many students have a hard time determining 
whether the shift is to left or to the right. The easy 
way to determine the answer is to set the argument 
equal to zero and then solve. If the answer is -ve, 
the shift is to the left and if it is +ve then the shift 
is to right. 

For example, if the equation hix) * logCx- c) the 
shift would be to the right 

y x-c x 0=>x = c and in gix) = logCx + c), the 
shift is to left 
y x + c - 0 gives x = -c. 
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(E) Lei us now discuss the difference between 
the graph /(*) - log* and^O) - clog* 
(depending on c > 1 or c < 1) 

Let us first consider 

/(*) = log* and g(*) = clog(*) where c> 1 

(1) Both the graphs are located in I and IV quadrants. 

(2) The domain of both the functions is the set of 
positive real numbers. 

(3) Neither of the graph crosses the y-axis; 

the graphs has a y-intercept. Notice that both 
graphs cross the *-axis at 1 because log** 0 when 
* * 1 and c log* * 0 when * * 1. 

The y coordinates of gix) is 4 times the y-coordi nates 
of fix). 

(4) Both graphs have the basic shape shared by all 
logarithmic functions. It appears that the graphs of 
g(x) = c fix) is a result of stretching the graph of 
/(*) 38 log*. For every value of * the value of gix) 
is c times larger than the value of /(*). 

(5) The graph fix) is stretched up to be superimposed 
on the graph of g(*). 




(F)/(*) - log *, g(*) - log(c*) 

Depending on the values of c we have to cases 
whether c > 1 or c < 1 . let us first discuss for c > 1 

(1) Both the graphs are located in 1st and IVth 
quadrant 

(2) Domain of both functions is the set of positive 
real numbers. 

(3) Since neither of the graph crosses the y-axis, 
neither of the graphs has a y-intercept 

(4) Even though the graph of g(x) seems to be 
different from the graph of /(*), both graphs have 
essentially the same shape. The graph of gix) is 
located above the graph of fix) for all positive values 
of *, and graph of g(x) is located below the graph 
of fix) for all negative values of *. The graph of 
gix) is thus is a result of stretching and shrinking 
of graph of /T*X For example for every +ve value 
of * the value of gix) is larger than the graph of 
fix) by log(c). 

( 5 ) gix) - log(c*) * logc + log* * logc + fix) 

(6) Graph of fix) is stretched upward by adding 
log(c) to every y-coordinate i.e. if ia, b) is any point 
on fix) then ia, b + logc) is a point on g(*). 



Similary for 0 < c < 1 


)■> 


1 - 

/( *) - log.r 


1 x) " log( cx) 

, ' O 

1 ~ 7 T- 1 1 1 > 

1 

0.S / 1 l.Viog 1/c X 

-1 - 

j I o< c < 1 


/ / 7- > 1 

-2- 
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Properties of Logarithms 

Since logarithms are best known as the inverse 
process of exponentials so most of the properties 
of logarithms are the consequences of the 
corresponding properties of exponents. Some of the 
properties are: 

( 1 ) (ii) By definition a 1 ' - a iff log„a - p 

so - x thus a logaX - x. 

(ii) a logbX = x' oliba a> 0 , b>0, b*l,x>0 . 

(2) tog a a = 1. log a 1 = 0 

( 3 X 0 

(ii) iog^Jf = log 6 Jf log a fe = -^J 

The above two properties are illustrating the cases 
related to change of base. 

( 4 ) For a > 0 , a * 1 

(i) log^v is real if * > 0, imaginary if x < 0 and 
undefined if x ■ 0. 

(ii) as a: -» 0. log* at -► -oo if a > 1, 
and log,, x — hoo,ifO<tf<l 

(iii) as x — » oc log,/** -* qo if a > 1, 
and log rt a: -► -oo , 0 < a < 1 

( 5 ) For x, y> 0 (base a > 0 * 1 ) 

(0 log fl U.y) = log* a: + log a y 

(ii) log a (^) = log a Jf-log fl v 

(iii) log a (.v") = nlog a a 
Civ) log„. (.v) = (^)log a -v 

(V) log a -.v m = (-^)log fl -v 

Note : The result in ( 5 ) have a serious drawbacks 
as domains of left and right sides are different. The 
L.H.S of 5 (i) and (ii) are defined for (ar y) > 0 i.e. 
both +ve , or both -ve values while the R.H.S. are 
defined only for x > 0, y > 0. 

Similarly in £(iii) if n is even, L.H.S. is defined for 
all x * 0 while R.H.S. is defined only for a > 0 . 


While using these properties, the risk of using some 
solution is always there. 

The more general properties are 

6. (i) log a (ay) = logjal + lcg„|.v| (ay>0) 

(ii) = *°8 a ” lo 8a W 

f>°. y») 

(iii) log„ x lk = 22? log a lad - log* |>i 

(a * 0, k is any integer) 

j fa * 0 lal * \\ 

(iv) log fl » a = logy a # 0 x >0 J 

These formulae may give some extra solutions which 
can be discarded by verification. 

Properties Involving inequalities 

(1) (i) log a a > 0, iff (a > 1, a > 1) 

or (0 < a< 1, 0 < a< 1) 
(ii) log^a < 0 iff (a > 1, 0 < a < 1) 

or (0 < x< 1, a > 1) 

( 2 ) (i) If a > 1 , X > .V > 0 ; log^ > log a v 

(ii) If 0 < a < 1 , a > y > 0 , log^ < log a v 

(3) (i) la > 0, log (1 a < p then 0 < a < a* and 

log^a > p then a > a p . 

If 0 < a < 1 , log^a < p then a > aP, and log^a > p 
then 0 < a < a p 

( 4 ) (i) If a > 1 , log^a > 1 then a > a, 

0 < log^v < 1 then 1 < a < a 
(ii) If 0 < a < 1, log„a > 1 then 0 < a < a, 
0 < log^a < 1 then a < a < 1. 


i \;till|>lr* i 1 1 1 Del Jill tl Nolulion 


1 . Compute \°g ^27 

So In.: log , ^27 = log ( ,»j ) ( 3 3 ) = (3/2) = 2 ' 

2 . Given that log, a, log m a, log,, a are in A.P., 

a* 1 . Then prove that n 2 =(/«) lof! ' m . 

So In.: log, a, log m a, log,, a are in A.P. 
so log,/, log, m, log , n are in H P. 

(/, m, n > 0, * 1, a> 0, * 1) 
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•'•.log ,»» 


2 log v / ■ log r n _ 2 log, / • log, >/ 
log, / + log, n log,(/«) 


so log, m • log ,(/w) = log, n 2 
i e. log ,(/n) loK,m = log,(n 2 ) ».e n 2 =(/«) loftm . 


3. Find log, ,,(168) if log 7 12 - <? and log I2 24 * b. 
So In.: 168 - 24 x 7, Iog u l68 - log 12 24 + log I2 7 



ab± 1 

a 


and 


log 12 54 


log 2 3 4 • 2 _ 31og 2 3 + l 
log 2 2 2 -3 2 + log 2 3 


f, = JS^ 2 *' 3 = 3 + lo 82 3 . , 3-2 b 

log 2 2 2 • 3 2 + log 2 3 •• lo 82 3 "ft_i 


thus log! 2 54 



2 + 


3-2 6 

6-1 


(8-56). 


Hence log 5 ^ 168 = 


log! 2 168 ab + 1 
log, 2 54 a( 8-56)' 


4. If n is a natural number > 1, find least value of 
n for which log, ,121 < 3 8 
Soln.: Given log„121 < 3 8 
121 < n 38 (as n > 1) 


or 3.8 log 10 w > log 12 121, log 10 w > 


logiol21 


3.8 


or l°g|o M > 5481, taking antilog ti > 3 - 5327 , 
least integral value of n « 4. 


\og b a • log c a - Iog„ a 


log# log# log# 
log 6 logc lo ga 


(log#) 3 - log# log6 logc 

log a log 6 logc 
Putting in given expression 


and similar terms. 


(log#) 3 + (log6) 3 + dog c ) 3 — 3 log Q log 6 log c _ Q 

log a log 6 logc 

or (log# + log 6 + logc)[(logtf ) 2 + (log6) 2 + (logc) 2 
- log# • log 6 - log 6 • logc - logc • log#] = 0 

i.e. log# + log6 + logc = 0 
as log#, log6, logc are distinct 
or log (abc) * 0 or ab-c = 1 


7. Solve the equation : 

a 2x • 6 3 v = m\ c?* • b 2y = w 10 a, 6, w > 0, * 1 . 
Soln.: a lx • 6 3v * m 5 ...(1) 

a 3 * • 6 2v - w 10 ...(2) 

a, 6, m > 0, * 1 

Taking log, the equations (1) and (2) become 
2x log a + 3v log 6 * 5 logw 
3 a- loga 4 2v log6 - 10 log w; 

Solving we get x = 4 Iog„w, v = -log 6 m. 

8 . Solve the equation : 

3 lo 8( ) 27 - 2 log,,, ,9 = 0. 

Soln.: The initial conditions are x 1 * -i, x > 0, * 
Changing all logarithm to base 3, we get 

1 *f 2 log 3 X l + Iog^AT ^ x " ^ 


5. If a, 6, c are in G.P., prove that log„w, log h n, 
log t 7/ are in H.P. 

Soln.: From the problem, it is clear that 
a, 6, c > 0, * 1 , n > 0, * 1 , 

(as no term of H.P. can be zero) 
a, 6. c are in G.P so 6 2 - ac 
or 2log„6 - log„a + log„c 
so log„a, log w 6, log n c are in A.P. 

Hence log„w, log b ti, log c w are in H.P. 

6. If a, b, c are distinct positive numbers each 
different from 1 such that 

(\og h a lo g c a - log a d) + (log rt 6 log c 6 - log,, 6) 4 

dog a c log^c - log f c) - 0 

then prove that abc - 1. 

Soln.: As a, b, care distinct and different from unity, 
loga, log6, logc are all different and different from 0. 



9. Solve the equation : log (2r+ 3) (6.y 2 + 23a: + 21) 
- 4 - log (5r w) (4.v 2 + 12a: + 9). 
Soln.: In this equation, the domain is defined by 
2a; + 3 > 0, * 1, 3* + 7 > 0 , * 1, 

6.r 2 4 23-v 4 21 * (2.r 4 3)(3 at + 7) > 0 
4a: 2 4 12a: 49. (2.v 4 3)^ > 0. 

The later two are included in first two giving 

X > -3/2, * -1, a; > -2 i.e. a: > -5, * -1 

is the required domain of the equation (also called 
initial conditions). 

The given equations can be re-written as 
1 + *° 8 ( 2*4 j>G* + 7) 4 2 log (3r , 7 ) (2.y 4 3 ) - 4 = 0 

-3 = 0 => z l - 5z + 2 = 0 => z = 1, 2 

(putting log (2Tr ^(3Ar 4 7)-*) 


or z + - 
z 
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If z = log,;,, J} (3* + 7) » 1, 

then 3x + 7 - 2x + 3 or x - -4 

If z - log^, . ,)(3x + 7) - 2 

then (2.x + 3)^ * 3* + 7, giving x - -2, -1/4 

Of these only x - -1/4 lies in the domain. 

Hence x - -1/4 is the solution. 

10 . Solve : = (x-1) 7 

Soln.: Domain of the equation is x > 0, *1 
so |x — 1| * 0, * -1 

If |jc — 1| = 1 i.e. x- 1 - +1 i.e. x« 2 which satisfies 
the equation. But x - 1 * - 1 i.e. x ■ 0 is out of 
the domain. 

If |x- 1| * 1 (x- 1 { 0 as then L.H.S. is +ve but 
R.H.S. is -ve), 

So taking x- 1 > 0, from given equation, we have 

2 log., x - -j— - — = 7 
' log, x 

i.e. 2(log 5 xV - 71og,x - 4 * 0 

1 

=> log,x - 4, -1/2 giving x - 81, ^ 


But x = 


V3 


being less than unity is not valid. Hence 


the solutions are x* 2, 81. 


11. Solve • .v' ,OR " , login < 1 


Soln.: From the equation, it is clear that x > 0 
Case I : If x* 1, then inequation can be rewritten as 

x'os.v »« . i ogl0 x c 1 ie. log,„x<-^ 

so 0 < x < 10""’, x* 1 . (l) 

(as base is > 1) 

Case II. If x - 1, we have 1* • 0 « 0 < 1 
so x = 1 is also a solution ... (2) 

Combining (1) and (2) we have the solution 
0 < x < 10 ,/|0 . 


12. If log,, 18 - a , log, <54 - b, prove that 
ab + 5 (a - b) - 1. 

Soln.: Converting all logarithms to any common 


base, we have 
_ 21og3 + log 2 
a ~ log3 + 21og2 


log 2 2- a 

gi vin 8 T^3 ~ 25"— T' 


...Cl) 


and 


_ 3 log 3 + log 2 
3 log 2 + log 3 


13. Prove that if a and b are the lengths of the legs 
and c the length of the hypotenuse of a right triangle, 
c - b* 1, c + b* 1, then 

log c _ h a + log, , h a = 2 log, , b a • log c _ b a. 

Soln.: 

By the property of right angled triangle, we have 
c 2 - a 2 + b 2 , a, b, c > 0 

. H c _ lQ g?— + lQ 8. a _ 

LH * 5, log (c-b) log(c + /?) 

_ . f log(c + b) 4- log(c ~~ 6) | 

° g ^i log(c + 6)log(c-6) J 

log a • log(c^ - b 2 ) _ log ^ • log# 2 
log( c + b) log (c - b ) log(c + b ) logCc - b ) 

= 2log c + b a-\og c _ b a. 

14. If log(tf + 6 + c) = log « + log b + logc, 


p,ov. that '08(7^.7^7.77^) 


, 2a * w , zc 

'og— + |° g _. 

Soln.: Assuming 6, c > 0, and putting a = tana, 
b * tan(J and c = tany, in the given relation, we get 
log(« + b + c) = log# + log/? + logc, 

« + b + c = tf/?r 

i.e. tana + tanp + tany * tana tanp tany 

tan a + tan p _ „ , > 

or ^ = -tany = tan(7t- y) 

or 1- tan a tanp 

Thus we get tan(a + p) = tan(7t - y) 

Taking a, p, y in first quadrant, we get 
a + P = 7t - y i.e. a + p + y = 71, 
giving 2a + 2P + 2y = 2 tt, 

i.e. tan2a + tan2p + tan2y - tan2a tan2P tan2y = 0. 
Transposing and taking log, we get the required 
result. 

15. Solve : xlog l() |y)+log 10 3 = log, 0 (2 + 3' r ) + x. 

Soln.: Given equation is (after simplifying) 
x( 1 - log 10 3) + Jog,„3 = log,„(2 + 3 V ) + x, 

=> log 1 o3°”* ) = log, 0 (2 + 3' v ) =*J7‘ 2 + iX ' 

=> (3* + 3X3* - 1) = 0, which gives 3* = 1 = 3° 


2b 


2c 


log 3 _ 36-1 

g ivin g]^2"iry 


...( 2 ) 


i as 3 a * -3- Hence x = 0. 


Multiplying (1) and (2) we get the required result. 
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mathematical 

IdNCEPTIONS 





ROUNDING NUMBERS 
Question : What is 14489 to the nearest 1000 ? 


Misconception 

Correct 

To obtain the answer, round to the 

nearest 10,100 and then 1000; thus: 

14489 to the nearest 10 is 14 490, 

14490 to the nearest 100 is 14 500, 

14500 to the nearest 1000 is 15 000. 

Hence : the misconception leads to the 
in correct answer, 15000. 

The answer must be 

either 14000 or 15000, and since 

14489 - 14000 = 489, 
whilst 

15000 - 14489 * 511, 

clearly 14489 is nearer to 14000 than to 15000. 
Hence : the correct answer is 14000. 


Further Explanation : 


The correct explanation above, that 14489 is nearer to 14000 than to 15000, is clear-cut; but why is the 
‘misconceived’ method wrong? 

This is best illustrated by taking another example and putting it into context. 

Two stations, A and B t are 500 metres apart: 


A 

y- 


— i — 

100 


200 


T 

245 


— i — 

300 


— i — 

400 


500 


You stand between the stations, 245 m away from A and 255 m from B and you want to walk to the nearest 
station. Naturally you turn left and walk 245 m. 

But now' imagine there are five trains parked between the stations, each train 100 m long, and each divided 
into 4 carriages of equal length. 

UK) 2 ^ 27 *> .«*) 









0 

S 1 

100 

200 

t! 

245 

1 

300 

-8 

"T 

r 

500 

S2 


' 7 w 111 avvu y 1Ium now ^ m along tne second carnage ol the third train, and you decide 

to line your way to the nearest station by first asking which is the nearest carriage-end (the one on the right 
250 metres from A). 6 ’ 


Having moved there, you then seek the nearest end of the train, which (as, by convention we round mid- 

pomts up) is to the right at 300 metres from A. From there finally, you go to the nearest station and this 
lime arrive at B. 

Clearly the result is wrong. Why ? 

Because when you w'ant to find the nearest station, the questions about the nearest carriage-end and the 
nearest train end are irrelevant. Doing it this w'ay might not matter in some cases, but here it does. The 
unnecessary interim steps move you away from your starting point, and here, in the wrong direction. 

Another instructive point : this exercise provides an opportunity to distinguish between an arbitrary convention 
(i.e., which way to go from the middle) and a reasoned choice (i.e., the correct approach to round). 
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multiplication can increases or decrease a number 


Question : Does multiplication always increase a number ? 


Misconception 

Correct 

Yes it does; take the number 8, for 

example : 

2 x 8 = 16 

3 x 8 = 24 

4 x 8 = 32 etc. 

In each it is getting larger, so, yes, 

multiplication clearly increase a number. 

No-it increases a number only under 
certain conditions. 

Multiplying any positive number by a whole 
number greater than 1 will always increase its 
value - 
but consider 

1x8 = 4 here the number 8 is reduced. 

i — i — i — i — + — i — i — i — t— 

0 4 0 12 H> 20 24 28 42 

U l l v 

_Ly 8 2x8 3x8 4x8 

2 

« 1 

numbers smaller numl)crs larger 

than 8 than 8 


FU S 1 ^iu^iply^g t ian have a reducing effect when multiplying a positive number by a fraction which is less 
than one. But this can still be confusing. While we accept the above, the concept of 'a number times 8 continues 

to be perceived as an increase. How then can we attach meaning to ix8 so that this will be perceived as 


de whe S n multiplying by a whole positive number, e.g. 6 times 5, we understand this as being 5 added over 
and over again how ever many times - six times in this example. But this interpretation ol times does not 
quite work with fractions. If we ask how many times, the answer is “ not quite once. 

q Again we need to put the term multiplying into a context with which we can can identify, and which will 

then make the situation meaningful. . . . , „ , • 

We want to buy 30 roses which are sold in bunches of 5, so we ask for “6 o/the 3-rose bunches . In this 
way, the word times also often means of. If we try using the word of when times appears to have an unclear meaning, 

we get - o/8 rather than \ times 8. Indeed we know what ^ of 8 means-namely 4. 

So, by using of instead of times we are able to understand the concept of multiplying .by a Iraction and 
how this can have a reducing effect when the fraction is smallei than 1. . 

This also helps us to understand how we multiply by a fraction, and why the method works: the -i which 

results from ix8 (or \ of 8^ can be reached by dividing 8 by 2; similarly, the 5 which results from, 
i x i5(or I 0/15) (or a third of fifteen) can be reached by dividing 15 by 3- 
Generalising this result gives : n is the same as ^ . 


^WherT you^bank balance is + 4 Rs. you have Rs. 4. When your bank balance is - 4 Rs. you ouv Rs. 4. 
Owing is the opposite of having, so we find that we can associate the concept of minus with (the) opposite 

(of)'. This also works in reverse. D „ 

Thus (- 4) x 8 means “ owing Rs. 4, eight times over” or “owing Rs. 32 which is - Rs. 3- 

Now- 32 is smaller than 8, so we have illustrated another case where multiplying has a reducing ellect, i.e. 

when multiplying by a negative number. , . _ 

Note that, using the method shown above, it follows that - 1 x 8 8, and vice versa. 
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PROBLEMS & SOLUTIONS 


1. Segments AC and BD intersect in point P so 
that PA = PD, PB = PC. Let O be the circumcentre 
of triangle PAB. Prove that lines OP and CD are 
perpendicular. 

Solnj Because PA « PD, a d 

PB = PC and ZAPB = ZDPC \ 
we get APAB=APDC, so that 
ZBAP = ZCDP ... (i) 

At least one of ZPAB and 
ZPBA is acute, so we may 
assume without loss of 
generality that ZPAB is acute. Since O is the 
circumcentre of APAB we get OB = OP and 
ZBOP = 2 ZBAP, so that 
1 



ZOPB = 90° - + ZBOP = 90° -ZBAP 


.. no 


Let Z: be the intersection of OP with CD. Then 
ZEPD = ZOPB ... (in) 

From (0, GO and (iii) we have 
ZEPD = 90° - ZCDP 

Thus ZEPD + ZEDP « ZEPD + ZCDP = 90°. 
Therefore OP 1 CD. 

Comment: Generally if A, B, C, D are concyclic, we 
have OP L CD and this theorem is an extension of 
Brahmagupta’s theorem. 

2. Determine all functions / defined on the set 
of positive rational numbers, taking values in the 
same set which satisfy for every positive rational 
number the conditions f(x + 1) = f(x) + 1 and 
/ CvO = (f(xj)\ 

Solti j Let A'and Q* denote the set of positive integers, 
and the set of positive rational numbers, respectively. 
We show that fix) - a;, for all a: e Q\ is the only 
function satisfying the given conditions. First of all, 
by the first condition and an easy induction we see 
that /(.v + n) =/(*) + n, for all a; e Q\ and for 
all n e N. Now for arbitrary p/q € Q + , where 
p, q e N, we have 


= / 


On the other hand, 

V" 


+ 5p 2 +5pq i + q 6 (i) 


r ((f =,, )V(^ 3f '* 5w '^ 


... 00 


Letting t=f{plq) and comparing (i) and (ii), we get 

= (V (/)) • P (P + <f> m (ft 2 + eft 


since, / /- 

W 

or q l t l + q^t - p (p + q *) = 0 
or (7/ - + p + p 3 ) = 0. 

Since qt + p + q* > 0, we must have / = p/q. 
i.e. / (p/q) - p/q and we are done. 

3. Prove that the inequality 

if i ^^]>o 

,»=iL=i w/ + «j 

holds for any real numbers a { , a ly 
conditions for equality. 

Solnj Consider the polynomial 


a r . Find 


p(x)= I I a m a„x" 
Then, xp(x)= £ £ a f „a„x m+tl 

n= 1 ;;;= I 


") 


Z = >0, 


= I 

Vm=l 

for all x e R. 

In particular p(x) > 0 for all a; > 0. Lienee 

0 < j p(x)dx = t( t jc"’ + *T ) 

_ y y a m a n 
,/=1 m = 1 + ;z ’ 
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The inequality is strict unless xp(x) = 0, that is 
rt, = a 2 = ... = a r = 0- 

4. Define the sequence of functio ns . .. by 
fix) = 8 for all x e R, /„+ i(*) = + 6 f„(.x) for 

n = 0, 1, 2, ... and for all .v e R. For every positive 
integer n, solve the equation f, (x) * 2x 
Solti.- Since fix') is positive, fix) « 2.v has only 
positive solutions. We show that, for each it, 
fix) = 2x has a solution .v = 4. Since fix) = s/x 2 + 48 
is a solution of ffx) = 2x. 

Now f, t ,(4 ) = -^4 2 + 6 fi 4) = >/4 2 + 6 • 8 = 8 = 2-4 
which completes the inductive step. 

Next, induction on w gives us that for each n, ' " x 
decreases as x increases in (0, »). It follows that 
fix) = 2x has the unique solution .v = 4. 


= -xyz (x* + y 1 + z 1 ) + 2x 3 y 3 z + 2 xyV + 2x 3 yz 3 
- -xyzfx 3 + y* + z ,( - 2x 2 y 2 - 2y l z l - lz l x l ) 

= -xyzKx 2 + y 2 + z 2 ) 2 - 4(x 2 y 2 + y 2 z 2 + z 2 x 2 )l 
Since x 2 + y 2 + z 2 = -2(xy + yz + zx), we now have 
that 

fix, y, z) = -xyz (4 (ary + yz + zv) 2 

- 4(x 2 y 2 + y 2 z 2 + z 2 x 2 )| 
= -4xyz(2x 2 yz + 2xy 2 z + 2xyz 2 ) 

= -8xyz Rxyz (x + y + z)l = 0. 

7. Prove that 

(sirRA) + sin( B) + sin(C ))| + jj + ^:) ^ ’ 

where A„B, C are the angles (in radians) of a triangle. 
Soln.- If A = B = C= 7t/3, equality obtains. It then 
suffices to show that each factor has an absolute 
minimum at the point. Note that C= n — iA + B). 
Let S - {( A , B) : A > 0, B > 0, A + B < 7t}. 


5. Prove that, for every natural k, the number ikf\ 
is divisible by ( k !)* 2 * 

Soln.- Applying the well known fact that iab)\ is 
divisible by («!)''• b ! yields ( fe 3 )! - ikk*)'. is divisible 
by t k !) 2 ’ 2 • ( fe 2 )! and Ob 2 )! = (k • fe>! is divisible by 
(It !)* ' 1 from which the required result follows 
immediately. 

6. Show that the polynomial 

2(.v ? + y 7 + z 7 ) - 7 xyz (x 1 + y * + z - ') 
has x + y + z as a factor. 

Soltis Let fix, y, z) 

= 2(x 7 + y 7 + z 7 ) - Ixyzix 4 + y ' + z 1 ) 
If we can show that f (x, y, z) = z when 
x + y + z = 0, we are done. 

We know for x+y + z= 0, that x 3 + y 3 + z 3 - 3xyz. 
Thus, x 7 + y 7 + z 7 + x V + x 3 z 3 + y V 

+ + z 3 v * + z*x* 

= (.v 3 + y 3 + z 3 )(x 3 + y 7 + z 3 ) 

= 3xyz (x 3 + y 1 + z 3 ) 

so that, x 7 + y 7 + z 7 = 3xyz(x' t + y 3 + z 1 ) 

- x 3 y 3 - x'z' - y 3 z 3 - y 3 x 3 - zV - z 3 x 3 

Therefore, /(x, y, z) = 2(x 7 + y 7 + z 7 ) 

- 7 xyz (x 3 + y 3 + z 3 ) 
= 6xyz(x 3 + y" + z>) - 2(x 3 y 3 + x 3 z 3 + y 3 z' + y’x' 1 
+ z'y 1 + z 3 x 3 ) - 7(.vyz)(.v 1 + y 3 + z 3 ) 
= -xyz(x ' + y ’ + z 1 ) - 2x 3 y \x + y) - 2y 3 z 3 (y + z) 

- 2z 3 x 3 (z + x) 


Let /(A ^ + i + 

Then /is unbounded on 5. So, if there is a unique 
critical point for f on 5, it must be an absolute 
minimum. 


Now, /\,(A B) 



+ 


l 

|n-(d + B)l 2 


= 0 


implies that n — (A + B) = A. 

Similarly, F H (A t B) - 0 implies that n - (A + B) = B 
and so that = B. 

Hence A - B - n - (A + B) - n/$. 

Let g(A, B) - sinCA + sin(^) + sin l7t — (A + B) 1 
= sin(A + sin(£) + sin (A + B). 

We now obtain that 

0 - g..i ( A B) = cos(B) + cosC/l -*• fl), 

0 = ZJ) = cos(A) + cost A + B) 

so that, cos(A) = cos(^). 

Since no two distinct angles in (0, tt) have equal 
cosines, we have that A = B. 

Then 0 = cos(A) + cos(2A) 

* 2cos 2 (i4) + cos(A) - 1 
= [2cos(/Q - 1] [cosM) + 1). 

Since cost /l) cannot have the value -1, it must then 
have value 1/2 and so wc have 


A - B - 
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See the pattern? 

1. If the number to be squared is 666664: 

2. The square has: 

five 4’s (same number as 

repeating 6’s) 4 4 4 4 4 

next digit: 0 0 

four 8’s (one fewer than 

repeating 6’s) 8 8 8 8 

a final 96 9 6 

3. So the square of 666664 is 444,440,888,896. 

Squaring special numbers (6’s and final 5) 

1. Choose a number with repeating 6’s and a 
final 5. 

2. The square is made up of: 

• same number of 4’s as repeating 6’s 

• same number of 2’s as repeating 6’s 

• a final 25 

Example: 

1. If the number to be squared is 6665; 

2. The square has: 

three 4’s (same number as 
repeating 6’s) 4 4 4 

three 2 s (same number as 
repeating 6’s) 2 2 2 

A final 25 2 5 

3. So the square of 6665 is 44,422,225- 

See the pattern? 

1. If the number to be squared is 666665; 
five 4’s (same number as 

repeating 6’s) 4 4 4 4 4 

five 2’s (same number as 
repeating 6’s) 2 2 2 2 2 

A final 25 2 5 

2. So the square of 666665 is 444,442,222,225. 


Example: 

1. If the number to be squared is 6667: 

2. The square has: 

four 4’s (number of digits 
in number) 4 4 4 4 
three 8’s (one fewer) 8 8 8 
a final 9 9 

3 So the square of 6667 is 44448889 

See the pattern? 

1. If the number to be squared is 667: 

2. The square has: 

three 4’s 4 4 4 

two 8’s 8 8 

a final 9 9 

3- So the square of 667 is 444889 

Squaring special numbers (6*s and final 8) 

1. Choose a number with repeating 6’s and a 
final 8. 

2. The square is made up of: 

• the same number of 4’s as there are repeat- 
ing 6’s in the number; 

• one 6 

• the same number of 2’s as repeating 6’s; 

• a final 4. 

Example: 

1. If the number to be squared is 6668: 

2. The square has: 

three 4’s (same as 
repeating 6’s) 4 4 4 

one 6 6 

three 2’s (same number as 
repeating 6’s) 2 2 2 

a final 4 4 

3. So the square of 6668 is 44,462,224. 

See the pattern? 


Squaring special numbers (6’s and final 7) 

1. Choose a number with repeating 6’s and a 
final 7. 

2. The square is made up of: 

• The same number of 4’s as there are digits 
in the number; 

• One fewer 8; 

• A final 9- 


1. If the number to be squared is 666668: 

2. The square has: 

five 4’s (same number as 
repeating 6’s) 4 4 4 4 4 

one 6 6 

five 2’s (same number as 
repeating 6’s) 2 2 2 2 2 

a final 4 4 

So 666668 x 666668 - 444,446,222,224 
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CHALLENGING 

PROBLEMS 


MAXIMA & 
MINIMA 


1. Show that the height of an open cylinder of 
given surface and greatest volume is equal to the 
radius of its base. 

2. Show that the radius of right circular cylinder 
of greatest curved surface which can be inscribed 
in a given cone is half . that of the cone. 

3. Find the surface of the right circular cylinder of 
greatest surface which can be inscribed in a sphere 
of radius r. 

4. Prove that the least perimeter of an isosceles 
triangle in which a circle of radius rcan be inscribed 

is 6rV3 • 

5. A cone is circumscribed to a sphere of radius 
r ; show that when the volume of the cone is least 
its altitude is 4 r and its semi-vertical angle is 
sin -1 (l/3). 

SOLUTIONS 


1. Let rbe the radius of the circular base; /i, the 
height; S } the surface and V, the volume of the open 
cylinder so that 

S = 7tr 2 + 2nrh ... (0 

7i r l h ... 00 

Here, as given, 5 is a constant and Vis a variable. 
Also, h, r are variables. Substituting the value of h } 
as obtained from (i), in (ii), we get 




Sr - nr 5 


... (iii) 


which gives V in terms of one variable r. 

As V must be necessarily non-negative, we have 
Sr - nr 5 > 0 => Sr>nr 5 => r < yJ(S/ri) 
Also r is non-negative. 

Thus r varies in the interval [0, y/(S / 7t)] . 

dV S-5nr 2 

Now, — = , 

dr 2 


so that dV/dr - 0 only when r = V(S/37t) : 
negative value of rbeing inadmissible. Thus Khave 


only one stationary value. 

Now V = 0 for the end points r = 0 and VC S / 7i) 
and positive for every other admissible value of r. 
Hence V is greatest for r = V(S/3t0 • 

Substituting this value of r in (i), we get 

. S-nr 2 _ S-n(S/5n) 2 S 1 /3k _ IT 

2nr 271 V(S/3n) 3 2 tt V S \3n' 

Hence h = rfor the cylinder of greatest volume and 
given surface. 

2. Let rbe the radius OA 
of the base and h , the height 
OV of the given cone. 

We inscribe in it a cylinder, 
the radius of whose base is 
OP = x , as shown in the 
figure. We note that x may 

take up any value between 

0 and r so that x e [0, r ]. 

To determine the height PL, of this cylinder, we 
have 

PL _ PA PL _ r-x . p , _ Kr-x') 

OV OA h r r 

If 5 be the curved surface of the cylinder, we have 

S = 2ti • OP ■ PL = 2nxhi ’' = =y-(rx - x 2 ) 

dS _ 2tt/»( r _ 2 x) = 0 for x = r/2. 
dx r 

Thus S has only one stationary value: 

Now 5 is 0 for jc = 0 as well as for x = r and is 
positive for values of * lying between 0 and r. 
Therefore S is greatest for x - r/2. 

3. We construct a cylinder 
as shown in the figure. OA 
is the radius of the base and 
CB is the height of this 
cylinder. 

Let ZAOB = 0, so that 
0 g [0, 7t/2l, we have 

= cos0 => OA = OB cos0 = r cos0 
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Aho ^ 2 J = sm0 => AB = OB sin0 = rsin0. 

If 5 be the surface, we have 
5 = 2 ti • OA 2 + 2n • OA • BC 

= 27ir 2 (cos 2 0 + sin20) •• 0) 


dS 

dQ 


= 27ir 2 (-2cos0sin0 + 2cos20) 


= 27rr 2 (2cos20-sin 20) 

=> dS/dfo = 0 for 2cos20 - sin20 = 0 
<=> tan20 - 2 ... (ii) 

[It can be established that the equation tan20 = 2 
admits of only one value of 0 € [0, 7t/2] as its 
solution. 

Let 0, e [0, 7t/2] be the root of tan20 = 2. 

Thus 5 has only one extreme value. 

Now tan20, = 2 

=> sin20, = 2/V5 and cos20, = i/VB- 
From (i), we can see that 
0 = 0 => 5= 2nd 

0 = n/2 => 5=0 

0 = 0, => 5 = 27tr 2 ^ C °^ + sin 20, j 


_ 7t/- 2 (5 + 5>/5) 


which is greater than inr 2 . 


Hence 


7t/- 2 ( 5 + 5>/S) 


is the required greatest surface. 


dp . 2 2(jc + r)Vx 2 -/~ 2 -.y(jr + r) 2 (jr 2 -r 2 )~ 1/2 
dx U 2 -r 2 ) 

_ -,2 (x + r)(x 2 -r 2 )-x(x + r) 2 _ ~,(x + r) 2 (x - 2r ) 
(x 2 -r 2 ) i/2 (x 2 -r 2 )' /2 

=> dp! dx = 0 for a= 2r; negative value, — r of a 

being inadmissible. 

Now, a may take up any value > rso that it varies 
in the interval ]r, oo[. 

From (i), we see that x -> r => p -> oo. 

Also x -» oo => p -> oo. 

Hence p is least for a = 2r. Putting this value of x 
in (i), we see that the least value of p is 6rV3 . 

5. We take the vertex a 

A of the cone at a 
distance x from the 
centre O of the sphere. 

By drawing tangent lines 
from A , as shown in the 
figure, we construct the 8 
cone circumscribing the sphere. 

Let the semi-vertical angle BAP of the cone be 0. 
Now, if Kbe the volume of the cone, we have 

V = \n- BP 2 • AP t 

which will now be expressed in terms of x. 

We have, AP - AO + OP = r+ a 




4. We take one vertex 
A of the triangle at a 
distance x from the 
centre Oso that OA = x. 

Surely .v> r. Let A O meet 
the circle at P. The two 
tangents from A and the 
tangent at P determine an isosceles triangle ABC 
circumscri bing the g iven circle. We have OL = /*. 
.'. AL = JO A 2 - OL 2 = Jx 2 - r 2 
Also BP = AP tan Z BAP = AP tan ZLAO 

= AP~ = ir + x')-- i =L 

AL Jx 2 - r 2 

If p denote the perimeter of the triangle, we have 
p = AB + AC + BC 
= 2AB + 2 BP = 2 (AL + LB) + 2 BP 
= 2AL + ABP (for BL = BP) 

_ -..HI ZI , 4Cr + jr>- _ U + r) 2 

-- 2 77^7‘ - w 


Also sin 0 = tan0 — 

OA x 

Again BP! AP = tan0 
=> BP = AP tan0 = ( r + x )• 


Va 2 - r 2 


Thus, K = 7t v - r V ;/ ; U + = + 


3(a 2 -r 2 ) 
r/K _ nr 2 (x + rXx-3r) 


>/a 2 - /- 2 
r 2 (A 

3 Cjc-r) 


dx 
dV . 


3(x-ry 


dx 


is 0 for a = 3>* 


Here a can take up any value > r. 

Also, a -> r => 1/ — > oo and 

A -» oc r=> K — > oo. 

Thus Kis least for a = 3 r. 

Hence, for least volume, the altitude of the cone 
= AP = r + ir = 4;*. 
and the semi-vertical angle 0 

= sin" 1 — = sin -1 = sin" 1 
a 3>* 3 
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Example 4 : If two circles are orthogonal prove that 
the polar of any point P on one circle with respect 
to the other circle passes through the other end of 
the diameter through P to the first circle. 

Let the equations of the circles with centers C and 


C' be x 1 + y 2 + 2gx + 2fy + c = 0 •••(!) 

and x 2 + y 2 + 2g'x + 2f'y + c' = 0 ••■(2) 

Since the two circles are orthogonal 

2gg' + 2ff' = c + c' ...(3) 

Let P (h, k) be a point on circle (1), which implies 
h 2 + k 2 + 2gh + 2fk + c = 0 -00 


Now polar of P with respect to the circle (2) is 
xh + yk + g'(x + h) + f'(y + k) + c' = 0 
=> x(g' + h) + y{f + k) + g'h + f'k + c' = 0 ...(5) 

The coordinates of the other end of diameter PC are 
(~2g - h, — 2f - k) 

Substituting the above coordinates in the equation 
(5) we get 

-(2 g + h)(g' + h)-(2f + k)(f + k) + g'h + f'k + c' 

= -2 gg' - g'h - 2gh - h‘ - 2 Jf' - f'k - 2fk - k 2 + g'h + f'k + c' 
= -(2 gg' + 2ff) - (h 2 + k 2 + 2 gh + 2 fk) + C' 

= -(c + c') - (-c) + c' = 0 From (3) and (4) 

Hence the polar passes through the other end of the 
diameter through P. 

The above example gives us a method to find the 
equation of a circle, which is orthogonal to three 
given circles. Suppose 5 = 0 is the circle which is 
orthogonal to the circles S { = 0, S 2 = 0 and 5 3 = 0 . 
If p is a point on the circles 5*0, then the polars 
of P with respect to the three given circles are 
concurrent at the diametrically opposite point of P. 
Thus the circle 5*0 can be considered as the locus 
of all points whose polars with respect to the given 
circles are concurrent. 

Thus, if the equations of circles are S x = 0, S 2 = 0 
and 5 3 = 0 respectively i.e. 

x 2 +y 2 + 2g ] x + 2fy + c l =0 


x 2 + y 2 + 2 g 2 x + 2 f 2 y + c 2 = 0 
x 2 +y 2 + 2g,x + 2/3 y + c 3 = 0 
and the point P be ( h , k) then the polars of P with 
respect to the circles will be 

•*(gi + h) + y(f+ k) + g x h+ fk + c } = 0 

*(& + h ) + y(fi + k ) + S2 h + fj* + c 2 = 0 
*(& + h ) + y(fi + k ) + + fi k + c 3 = 0 

Since all these polars are concurrent, using 
determinants we can write 

g { + h f+k g,/» + /,fe + c, 

g 2 + h f 2 + k g 2 h+ f 2 k + C 2 = 0 

g, + h f + k g } h + fk + c 3 
Hence the locus or the equation of S = 0 is given by 
8x+x f+y + fy + c, 

g 2 + x fz + y 8z x + f 2 y + c z = 0 

g } + x f + y g i x + fy + c i 

Illustration : Find the equation of a circle which is 
orthogonal to each of the circles 
x 2 + y 2 - Ax - 2y + 6 = 0, x 2 + y 2 - 2x + 6_y = 0 
and x 2 + y 2 - 12x + 2y + 30 = 0 . 

Substituting for ft, f, fz< 8yf> c v c 2 < values in 
the determinant we get 
-2+ x -1 + .v -2x -y + 6 
-1 + x 3 + .V -x + 3.V =0 

-6 + x 1 + y -6x + y + 30 
-2 + x -1 + y -2x-.v + 6 
1 4 x + 4.v-6=0 

-4 2 -4x + 2 v + 24 

-2 + x -1 + y -2x - y + 6 
1 4 x + 4jy-6=0 

-2 1 -2x + .y + 1 2 

-2 + x -1 + y -2x -y + 6 
=>18 1 4 x+4.v-6 =0 

0 1 V 
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for 


1. If x > 0, find the least value of the function 

971 2 

/(* ) = 4* + ^— + sinx. 

2. Find the values of the parameter k for which all 
the roots^ of x 4 + 4x* - 8x 2 + k = 0 are real and 
unequal. 

3. Find the values of a for which the equation 
x i + x i _ 8 x + a - 0 has a repeated root. Solve the 
equation for these values of a . 


even and odd respectively, then show that 

f —j — - — - is independent of choice of g , being 
x ) + i 

any non-zero real number and b is a positive real 
number. 


1 cos a _ | 

(b) Evaluate j — ; dx , a being a real number 

o 1 nx 

other than an odd multiple of n. 


13. Prove that planes* = .ycosC + zcos£, 


4. Find all the integral values of a for which the 
quadratic equation (*- a ) (*- 10) + 1 = 0 has integral 
roots. 

5. A circle of radius 1 unit touches positive * - axis 
and positive y - axis at A and B respectively. A variable 
line passing through origin intersects the circle in 
two points Dand E. Find the equation of the line for 
which area DEB is maximum. 

6. Evaluate: l 2 + 2 2 *+ 3 2 * 2 + 4 2 * 3 + ... +n 2 x"-’lx*l] 

7. Prove that the integer next above (>/3+l)^ m 
contains 2 m * 1 as a factor. 

_ , , . , r cos 7* -cos 8*^ 

8. Evaluate the integral J — | + 2 cos5y ^ 

9. If /(*) = * + J( xy 2 +x 2 y)f(y)dy, find the 

o 

minimum value of /(*). 

10. Let a, P are distinct real roots of the quadratic 


y = zcosA + xcosC and z = *cos£ + ycosy4 

always contains the line ^ ^ if 

A + B + C=n. 

14. Find the maximum and minimum areas of the 
triangle formed by x-axis, tangent and normal at point 
on the parabola v i ^+1(1Sa:< 3). 

15. Find the function g : R-A continuous in [0, °°), 
and positive in (0, <»), satisfying g(l) = 1 and 

16. Find the smaller area enclosed by y = /(*), 
when /(*) is a polynomial of least degree satisfying 

lim f 1 + — - = e and the circle * 2 + y 2 = 2 
x-*o\ x J 
above the jc-axis. 


SOLUTION 


equation ax 1 +bx + c = 0, then show that 
1-co s(ax 2 + bx + c) _ b 1 - 4ac 
a-4u (*-a) 2 ^ 

11. Let /be a real valued function satisfying 

/(*) + /(* + 6) = /(* + 3) + /(* + 9). 

x + 12 

Prove that \ f(f) dt is a constant function. 

X 

12. (a) If /and g are two continuous function being 


9,t 2 

f(x ) = 4x + ^~ + sinx 


= (2\fx) 2 + |-^Zrj - 127T + 127t + sin* 

= ^2>/* - j + 1 27t + sin * 

. /Ox) is minimum if 2 V* — = 0 and sin * = — 1 • 

/. 1271 - 1 is the minimum value of the function. 
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2. Let /(x) = x 4 + 4x 3 -8x 2 + k 
f\x) = 4 jc 3 h- 1 2 — 1 6 jc 

= 4x(x 2 +3x-4) - 4x(x + 4)(x-l) 
fXx) = 0 has roots -4, 0, 1. 

Now in order that /(x) = 0 has four real and distinct 
roots. 


/(-«) /(-4) 
+ve -ve 
=> k- 128 < 0 
k< 128 
*. k e (0,3). 


/( 0 ) 

+ve 

k>0 


/( 1) /(oo) 

-ve +ve 
k -3 <0 
k<3 


we 



(1 + m 2 ) jc 2 - 2x(l + m) + 1 = 0 
Let D s (x lf y,) and E(x 2t y 2 ) 

(x - x ) 2 = 4(l + m 2 )-4(l + m 2 ) = 8m 

(1 + m 2 ) (1 + m 2 ) 2 

[Using difference of roots 




3. Let /(x) = x 3 + x 2 -8x + tf; 

/'(x) = 3x 2 + 2x-8 

The given equation will have a repeated root if it has 
a root common with fix') - 0. 

/'(x) = 3* 2 +2x-8 = (* + 2)(3jc-4) = 0 

4 

=> x = -2 or x = — . 

If -2 is also a root of the original equation 

-8 + 4 + 16 + a = 0 => a = -12 

and if 4/3 is a root of the original equation 

*"(|) > + ( y )’ « -0 

= these are the two required values of a. 

If a = -12, -2 is a repeated root of the equation; thus 
(x + 2) 2 is a factor of x 3 + x 2 - 8x- 12. By division, 
the other root is obtained by x- 3 = 0. the roots in 
this case are -2, -2, 3- Similarly the roots can be 

obtained as y — p in other case i.e. when 

a = l Z6 
27 

4. Since a and x both are to be integers 
(x-tf)(x-10) = -l => x-a = -1 and x- 10 = 1 
or x-a = 1 and x-10 = -1 or a = 12 or a -8. 

5. Equation of the circle is (x - 1) 2 + ( y - 1) 2 = 1 

=> x 2 + y 2 -2x-2y + l = 0 ...(1) 

Evidently the equation of the variable 
straight line is 

y = mx ...(2) B 

From Cl) and (2) we get 

x 2 + m 2 x 2 - 2x~ 2 mx + 1 = 0 


Similarly ( v 2 - .Vi ) 2 = m 2 (x 2 - x, ) 2 = 

A = area of A DEB 

= \dE x(Distance of B from DE ) 

A 1 = jDE 2 x — 5— 

4 1 + m 2 

= t[(JC 2 -^|) + (.V2~.V|) 2 ] X J 

4 J 1 + m 


8m 3 


(1 + m 2 ) 2 


8m 


8m 


.(1 + m 2 ) 2 (1 + m 2 ) 2 J 1 + m 2 (1 + m 2 ) 2 


2m 


A’(ni) = - 6m 2 + 2 = 0 => m = ±-4= 

V3 


The readers are advised to show that for maximum 
1 equation of line is y = ~*x. 


area m = 




6. 1 + X + AT 2 + ... + x" = 

Differentiating both sides 
1 + 2ar + 3 at 2 + ... + at" -1 


1-at ,,v 

1 — JC 


( 1 - ■*)(-» + 1 jc” ) + ( 1 — A'"* 1 ) 

(1 - jc) 2 

_ HJt"* 1 - (» + l).v + 1 
(l-*) 2 

Multiplying both sides by x, we get 

x + 2x 2 + ... + nx" = — (» + D* +_x 

(l-x ) 2 

Differentiating again both sides, we get 
l + 2 2 Ar + ... + « 2 A'"- 1 

(1 - at) 2 [m(m + 2)a" +i - Or + I) 2 *" + 1] 
+ [>t* l,+2 - (n + Da"* 1 + jc]2(1 - a) 

(I-a) 4 

_ -» V'* 2 + (2a 2 + 2n - Pa"* 1 - (n + 1)a:" + a + 1 

(1 - jc) 3 

7. Let / + F = ( V 3 + 1 ) 2 "' = (3 + 1 + 2&) m 

= 2’"(2 + V3) m 0 < F< 1 ...(1) 

Let F = 2"'(2 - -n/B)”' 0 < f ' < 1 ...(2) 
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Adding (1) and (2) 

I + F + F' = 2 m [(2 + V3)'" + (2 - V3) m ] 

= 2 m [2("’C 0 2 m + m C 2 - 2 m_2 (V3) 2 + .••] 

= 2 m+1 (integer) =>F + F' = 1 
+ 1 = 2"' +l (integer) 

=> integer next above (>/3 + l) 2 '" 

/.e. 7 + 1 has 2 m + 1 as factor. 

8. Multiplying the numerator and denominator by 


sin 


(?) 


we get 


(cos lx - cos 8*) sin ^ 

/ = J — — = ±-dx 


Sjf S v 

siny- + 2 sin — cos 5.x 


= / 


2sinf sin^-sin^ 
2 2 2 dx 


.:„5* 

2 


.15* 

2 


,5* 

2 


= J2sin — • sin^-dx = j(cos2* -cos3*)£&c 


_ sin 2* sin 3* # 

2 3 


i i 

9. Since /<•*> = •* + + * 2 J.v/(j')a!y 


= .vf l + jy/(v)rfv| + x 2 ]yfiy)dy n) 

Vo / o 

...( 2 ) 


fix') is of the form ax + bx 

=> fiy) = t?v + by 1 . 

Putting fiy) in (1) we get 


fix) = I JKav 3 + by')dy + ljx + + bv’ )dy 


*' 


...(3) 


Comparing (2) and (3) we get 


« = « + * + i. 6 = <l + !> 


4 5 




/Or) = 


80x 2 + 180 a: 


119 


fix) = l60x + 180 = 0 for maximum or minimum 


8 


Hence minimum at * = 

o 


! 2 2-in 2 ax2 + toc + c 

10 . Lt ^ ~~ COS(#* 2 + £* + c) _ Lt ZS n 2 

i •*-** (*-a ) 2 v->a 


= Lt 


2sin 


2 <g(*-a)(*-P) 


• v -* a / fl(*-a)(*-P) ^ 2 ^ 


“ 


£T 

2 


2 

= a -(a-p)- = ^j- (a + p) 2_ 4a pj 

b 2 - 4ac 


-) 


X ^-U-P) 2 


4c 


11 . Given /(*) + /(* + 6) = /(* + 3) + /(* + 9) 

for * - * + 3. We have 

/(* + 3) + /(* + 9) = /(* + 6) + /(* +12) 

=> /(*) = /(* + 12 ) 

*+12 

gU) = I f(t)dt => gX*)[/(* + 12) -/(*)] = 0 


/(*) is a constant function. 


« a a 

12.(a) Since 1 /<**** = j /(.r)<*x + J fi-x) dx 


Thus, I 


a fix) 


■dx = f 




Lb * M + 1 J***> + i' ib-* M + i 


dx 


as /is even and g is odd 

a 

- \ f(x)dx , which is independent of g. 


(b) } 

o 


1 


In* 

/(a) 

/. /'(a) = }— 


dx is a function of a so let us call it 


1 ln.v(-sina V£c _ _ | .rcosa 
ln.v “ l X 


sinadx 


sina 


/. n a) = -/■ 


sin 


cos a + 1 
a ^ _ f ^(cosa-t-l) 

l + 1 J cosa + 1 


; cosa 

= ln|l + cosa| + c. As 

/(a) = ln(l + cosa) where a * odd multiple of 7t. 


.* = -2 
8 


(*-a) 2 
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13 . The given planes are *-ycosC - zcosB = 0 
-*cosC7 + y-zcosA = 0 
-xcosB + ycosA + z = 0 

For the above planes are to pass through a line, we 
get A = 0 i.e. all the three homogenous equations 
must have infinitely many solutions. 

1 -cosC -co sB 
-co sC 1 —cos A 
-co sB -cos/1 1 


A = 
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> 1 - cos 2 A - cos 2 B - cos 2 C - 2cos Acos B cosC = 0 
■3 + cos 2 A + cos 2 B + cos 2 C 
>1- +4 cos A cos B cos C 



_ 925 

and maximum area .4(3) " — sq.units. 
i 15. Let F(x) = \ g(t)dt => F'(x) = g(x) 


Now let /, m, n be direction cosines of the line then 
/ - nicosC - ncosB = 0 
-IcosC + ni- ncosA = 0 

/ zHL 

^ cos A cos C + cos B -cosA-cosBcosC 

n 

1 - cos 2 C 


=> cosAcosC + cosB = cos /IcosC + cos(7t- ^4 + C) 
= sin .4 sinC 

Similarly, cos^4 + cos£cosC = sinPsinC 

/ m _ n 

^ sin ^4 sinC ~~ sinPsinC s in 2 C 
/ _ m _ n 

sin A sin B sinC 

Also the line passes through the origin 

x — = V — = z - is equation of the line. 

A sinB sinC 


sin 



14. v = x* + 1- Any point in the parabola is (r, t l + 1) 

^1 = 2/ 

dfrJ(/./ 2 +i) 

Equation of tangent at P, y - (/ 2 4- 1) = 2 t(x-t) 

t 2 + 1 y' 

At4 V=0, so ^ = / 

Hence /l = oj 

Equation of normal at P : 

^ - a 2 + 1) = “(*-/) 

At P, y = 0 so .v = / + 2r(P + l) 

Hence B = (2t(t 2 + 1) + 1, o) 

^2 , I 

Now AB = 2/(f 2 + 1) + 

Area of A APB = Aid 

= + i)[2/a 2 + 1) + + 1)2 4 ( ^ 2 + - - 

• ^(0 = (/2+1 X2Q^ + 7/ 2 -_l) > 0 

4t 2 

Hence Ait) is increasing in 1 < a: < 3 
Minimum area Al) = 5 sq.units 


\}iF'it)) 2 dt = \]g 2 it)dt = 1 

^ n ^ (1 




= -^(Ax)) 2 . 

Differentiating both sides with respect to x, we get 

1, „ x2F(x)FXx)-(F(x)) 2 

k F(jor 2 

2 x 

=> i[g(x)] 2 x 2 = x-2F(x)F'ix)-{Fix)) 2 

. (*g(x )\ 2 _ x/ xgfJf) ! _ 2 

l Fix)- j 

x p(jc) 

=> / 2 — 4f + 2 = 0 where t = ~ f( ^ — 

=>/=i^ i = 2±V2 or*%g=2±J2 

=> lnF(x) = i2±-Jl)\n x + c 
=> Fix) = c x 2 *^ 2 or cr-" 6 
=> gU) = n» = c'jc 1 + ' /2 or c" x 1 ’^ 2 
where c' and c"are constants. 

Hence = c' x**^ 2 or c n x X ~^ 2 

But g is continuous in (0, °°) then c" x'~^ is ruled 

out. Hence g(x) = c' x 1 + y/2 

As g(l) = 1 => d = 1 => g( at) = x l + >/2 . 


16. Since lint (l + ^7^] 

>-.«V x ) 


■ /x v /<*> n 

exists. »m — 7- = U 

x-*u x • 


/t(l, 1) 


Titus /(x) = a^x 4 + a^x 4 + 

... + a„x n , a„*0, n> 4 
Since f(x) is of least degree, 
f(x) = a A x 4 . 

But 

*->0\ X* J 
=> a 4 = 1=> fix') = x'*. The graph of fix) = x 4 
and x 2 + v 2 =2, are shown in the Figure. 



.•. The required area - 2j (V2-x 2 -x 4 )^ x 
0 

3“ 


= 2 


£7^2 

.2 

7t 3 


x'+sin- 1 -^-^ 


x_ 

5 


= - - ^ sq. units. 
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9. There are 5 addressed envelopes. Letters are 
written to the corresponding persons. But the letters 
are placed at random envelopes. Find the probability 
such that none of the letters enter into the correct 
envelope. 

Solti j This type of problem can be remembered as 
‘mismatch’ problem of n objects. 

Here n = 5. 

0 1 1 ^ 1 1 - 11 
Required probability ^0 

10. A and B alternatively throw a pair of dice. A 
wins if he throw a sum equal to a prime number. 
B wins if he throws a sum which is an even number. 
They continue the game until one of them wins. 
Find the probability for A to win if he starts the 
game. 

Solti j P (A win in one throw) * P t « 5/11 
P{B win in one throw) = P 2 » 6/11 
Alternate chances game continued indefinitely. 

P(A to win the game) = P] + P 2 - P A P 2 

5/11 _ 55 

, 6___3. x A 91* 

11 11 11 11 

36 

Note : P (B to win the game) * 1 - P(A ) = . 


11. Evaluate : J — - <& 

3e x + 4e~ 

Solns 

= §[(! + IMf - 1 ) + *‘1] + const - 

Here a = 2, Z? = 3, c = 3, d = A 


12. Two forces F l and F 2 are acting at a point. The 
maximum and minimum resultants of those forces 
are in the ratio 7 : 3- Find the ratio of the magnitudes 
of the forces. 

Soln j Suppose I T 7 , 1 > I F z I . 

Maximum resultant force I F, I + I F 2 1 
Minimum resultant force I F { I - I F 2 1 
(I F,l + IF 2 I) : (\F X \ - I F z \) -7:3 
7\F } \ - 7\F 2 \ - 31 F x \ + 3\F 2 \ 

4 IF, I = 10 I I => I T 7 ! I : \F 2 \ *5:2. 


13. Find the value of (666.. ..6) 2 + (888.. .8) 2 . 

ti digits n digits 


in terms of n. 


Solti Suppose 0 < a < 9- 
aaa. .. a = a [10" " 1 + 10" “ 2 + ... + 11 
n digits 



Using this result, (666. ..6) 2 + (888. ..8) 2 

= 57(10" - n 2 + 57(10” - 1) 2 = ^pdo” - 1) 2 . 

01 ol ol 

14. The circumcentre and centroid of a triangle are 
(2, 3) and (4, 5) respectively. Find the orthocentre 
of the triangle. 

Solnj Orthocentre divides the line segment joining 
circumcentre and centroid externally in the* ratio 

3 : 2. 

Orthocentre = {^$-2 ’ 2 ] ~ ^ • 

15. Find the iim u C k • p k q n ~ k if np = X and 

tl — >00 

p + q - 1, where X , k are constants. 

Soln.- Let x = n C k - p k q n ~ k ■ 

Observe that x is a binomial variate. As n — > <x> 
binomial variate becomes poisson variate. 



One of the earliest known applications of math- 
ematics in music is attributed to Pythagoras, a Greek 
mathematician best known for his theorem concern- 
ing right-angled triangles. 

According to myth, Pythagoras was walking past a 
blacksmiths, listening to the sound of the hammers 
on the anvils. After a while, he realised that all but 
one of the hammers were sounding in harmony. 
Curious to know the reason, Pythagoras made a thor- 
ough examination of the hammers and discovered 
that when their masses were simple ratios i.e. 2 : 1 or 
4 :1, then the respective notes produced were in 
hamnony. On the other hand, the mass of the ham- 
mer producing the discordant note wasn’t in a sim- 
ple ratio with any of the other hammers. 

Although the absolute truth of this myth is question- 
able, it illustrates the first real application of the maths 
in music. 
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International Math Olympiad * 


■» PROBLEMS & SOLUTIONS S— 


1. In the convex quadrilateral ABCD , the diagonals 
/ICand PD are perpendicular and the opposite sides 
/IP and DC are not parallel. The point P, where the 
perpendicular bisectors of AB and DC meet, is inside 
ABCD. Prove that ABCD is cyclic if and only if the 
triangles ABP and CDP have equal areas. 

2. In a competition there are a contestants and b 
judges, where b > 3 is an odd integer. Each judge 
rates each contestant as either “pass” or “fail”. Suppose 
k is a number such that for any two judges their 
ratings coincide for at most k contestants. Prove 

A > (b - 1 } 

a 2b 

3. ci, b, c are non-zero real numbers and 
x |f x 2 , ... , x ti satisfy the n equations: 

axf + bx. + c = x. + p for 1 < i < n 
ax J + bx n + c - x, 

Prove that the system has zero, 1 or >1 real solutions 
according as ( b — l) 2 - Aac is < 0, = 0 or > 0. 

4. Prove that every tetrahedron has a vertex whose 
three edges have the right lengths to form a triangle. 

3. Let /be a real-valued function defined for all 
real numbers, such that for some a > 0 we have 

JXx + a) = + \J f{x)- fix) 2 for all x. Prove that 

/is periodic, and give an example of such a non- 
constant/for a = 1. 

6. For ever)' natural number n evaluate the sum 




T” + 4 ) V-+ 

’(« + 2 k ) 

L 2 J 

L A J 

L 8 J 

2&+1 


terms of more tractable triangles. There are essentially 
two different configurations possible. In the first, 
we have area PAB = area ABX + area PAX + area 
PBX , and area PCD - area CDX - area PCX- area 
PDX. So if the areas being equal is equivalent to: 
area ABX - area CDX + area PAX + area PCX + 
area PBX+ area PDX. ABX and CDX axe right-angled, 
so we may write their areas as AX.BX/2 and 
CX.DX/2. We may also put AX = AW - MX = 
AM - PN ; BX = BN - PM, CX = CM + PN, DX = 
DiV + PM. The other triangles combine in pairs to 
give area ACP + area BDP- AC. PM + BD.PN. This 
leads, after some cancellation to AM. BN = CM.DN. 
There is a similar configuration with the roles of 
and CD reversed. 

The second configuration is area PAB= area ABX + 
area PAY- PPA', area PCD - area CYXY + area PDX 
- area PCX. In this case AX = AM + P/V, PX = 
BN - PM, CX = CM- PN, DX = DN + PM But we 
end up with the same result: AM • BN = CM • £W. 
Now if ABCD is cyclic, then it follows immediately 
that P is the center of the circumcircle and AM = 
CM, BN- DN. Hence the areas of P^4Pand PCD axe 
equal. 

Conversely, suppose the areas are equal. If PA > 
PC, then AM > CM. But since PA = PB and PC = PD 
(by construction), PB > PD, so BN > DN. So 
AW- BN> CM • DN. Contradiction. So PA is not greater 
than PC. Similarly it cannot be less. Hence 
PA = PC. But that implies PA = PB = PC = PD, so 
ABCD is cyclic. 


where [x\ denotes the greatest integer < x. 


SOLUTION 


1. Let AC and BD meet at X. Let H, Xbe the feet 
of the perpendiculars from Pto AC, PD respectively. 

We wish to express the areas of ABP and CDP in 
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2. Let us count the number N of triples (judge, 
judge, contestant) for which the two judges are 
distinct and rate the contestant the same. There 


* For similar problems and solutions read MTG s 

Mathematical Olympiad Problems 




are 1} pairs of judges in total and each pair 

rates at most k contestants the same, so 
kbjb-i) 

2 

Now consider a fixed contestant X and count the 
number of pairs of judges rating X the same. 

x(x - 1) 

Suppose x judges pass X, then there are 

pairs who pass Xancl — — ^ 2 who fail X, 

. , r ixix-l) + ib-xXb-x-l)) 
so a total of 2 P Jirs rate 

X the same. But 

x(x - 1) + ( b - xXb - x - 1 ) 

2 

\2 t.4 i- u2 


2x 2 -2 bx_+_tr - b 

2 

ib- 1) 2 


'4' 


_ (x-b) 2 b b = 

" l - ! - / 4 2 " 4 2 

But - is an integer (since b is odd), so the 

4 

number of pairs rating X the same is at least 

(b-\Y Hence /v > a( ^-l) putting the two 
4 ’ 4 

, . . k . ib- 1) 

inequalities together gives — 2 2b 


+ bx + c - x. Then 
4ac-ib- 1) 2 


4a‘ 


Hence 


3. Let fix) ~ ax: 2 
fix) = | x + (fr-l) j 2 + I" 

if 4ac - (b - l) 2 > 0, then /(x) has the same sign 
for all x But fix) > 0 means ax 2 + bx + c> x, so if 
I x.} is a solution, then either x x < x 2 < ... < x n < x v or 
jc > jc > ... > x n > x y Either way we have a 
contradiction. So if 4 ac - (fc - l) 2 > 0 there cannot 
be any solutions. 

If Aac - ib- IY = 0, then we can argue in the same 
way that either x, < x l < ... ^ x n < a*,, or a, > a 2 > ... 
> x > x r So we must have all x. • the single root of 
fix) = 0 (which clearly is a solution). 

If 4<*c - ib - IY < 0, then /(x) - 0 has two distinct 
real roots y and z and so we have at least two 
solutions to the equations: all x i m V, and all x. - z. 
We may, however, have additional solutions. For 
example, if a - 1, b - 0, c - -1 and n is even, then 
we have the additional solution x, = x^ = x 5 = ... = 0, 
x = x = ... = -1. 


avoids getting into lots of different possible cases 
for which edge is longer than the sum of the other 

tW'O. 

So assume the result is false and let AB be the longest 
side. Then we have AB > AC + AD and BA > BC + 
BD. So 2AB > AC + AD + BC + BC. But by the 
triangle inequality, AB< AC + CB , AB< AD + DB, so 
2.4£ < AC + CB + AD + D£. Contradiction. 

5. Directly from the equality given : fix + a) > j 
for all x, and hence fix) > j for all x. So 


fix + 2a)= \ + >jfix + a)- fix + a) 2 


= 1 + > //(x + fl)(l - fix + a) 


So /is periodic with period 2«. 

We may take/(x) to be arbitary in the interval [0, 1). 

For example, let /(x) = 1 for 0 < x < 1, 
fix) = for 1 < x < 2. 

Then use fix + 2) = fix) to define /(x) for all 
other values of x. 

6. For any real x we have [x] = j^yj + [ ( ”} 

For if x= 2n +1 + k where n is an integer and 
0 < k < 1, then 

LHS = 2 n + 1, and RHS * n + n + 1. 

Similarly, if x = 2 n + k 

Hence for any integer n , we have : 


r»i 

r_»_i 




in + 2 k )~ 

l2*\' 

l2 t+ '. 


A 2* ) . 


2* +1 - 


Hence summing over k, and using the fact that 
n < 2‘ for sufficiently large k. so that \~k = °- 

r (y? + 2 k ) 

■ L 2* +1 


= n 


The trick is to consider the longest side. That I 
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MBA 

MCA 

NDA 


Quantitative Aptitude Test 

The aim of this test is to acclimatize you with 
real test-like experience and give you the required 
competitive edge. 



1. On dividing a number by 3, 4 and 7, the i 
remainders are 2, 1 and 4 respectively. If the same 
number is divided by 84 then the remainder is 

(a) 80 (b) 76 

(3) 53 (d) None of these. 

2 . There are three pieces of cake weighing 
9/2 lbs, 27/4 lbs and 36/5 lbs. Pieces of the cake 
are equally divided and distributed in such a manner 
that every guest in the party gets one single piece 
of cake. Further the weight of the cake is as heavy 
as possible. What is the largest number of guests to 
whom we can distribute the cake? 

(a) 54 (b) 72 

(c) 20 (d) None of these. 

3. For three real numbers x t van d z, x+ v+ z = 5, 
and xy + yz + xz = 3. What is the largest value 

which x cnn tnke ? 

(a - ) 3VT3 (b) Vl9 

(c) 13/3 (d) Vl5. 

4 . There are six persons sitting around a round 
table. Pankaj is sitting left of Dayanand who is facing 
Kundan and Ranjan is sitting right of Dayanand. 
Yash is sitting left of Pankaj and Abhishek is sitting 
right of Ranjan. If Pankaj and Ranjan swap their 
position and Yash and Abhishek also swap their 
position , then who will be to left of Abhishek? 

(a) Kundan (b) Yash 

(c) Dayanand (d) Pankaj. 

5 . A transport company charges for its vehicles in 
the following manner: If the driving is 5 hours or 
less, the company charges Rs. 60 per hour or Rs. 12 
per km (which ever is larger). If driving is more 
than 5 hours, the company charges Rs. 50 per hour 
or Rs. 7.5 per km. If Anand drove it for 30 km and 
paid a total of Rs. 300, then lor how many hours 
does he drive? 

(a) 4 (b) 5.5 

(c) 7 (d) 6 

52 


6. Only a single rail track exists between station A 
and Bona railway line. One Hour after the north 
bound super fast train N leaves station A for station 
B, a south passenger train reaches station A from 
Station B. The speed of the super fast train is twice 
that of a normal express train £, while the speed of 
a passenger train 5 is half that of E. On a particular 
day Adeaves for Station £from Station A, 20 minutes 
behind the normal schedule. In order to maintain 
the schedule both Wand S increased their speed. If 
the super fast train doubles its speed, what should 
be the ratio (approximately) of the speed of passenger 
train to that of the super fast train, so that passenger 
train S reaches exactly at the scheduled time at the 
station A on that day 

(a) 1:3 (b) 1 : 4 

(c) 1 : 5 (d) 1 : 2. 

7 . If x 2 +5 y 2 +z 2 = 2y(2x + z) then which of 

the following statements are necessarily true ? 
I-*“2 v, II. x=2z III. 2x=z 

(a) Only I (b) Only II 

(c) Only III (d) Only I and II 

8. In the following figure, the 

area of the isosceles right triangle 
ABE is 7 sq. cm. If EC = 3 BE, 
then the area of ABCD is 
(a) 64 (b) 82 

(c) 26 (d) 56. 

9. Number S is equal to the square of the sum of 
the digits of a 2 digit number D. If the difference 
between S and Dis 27, then D is 

(a) 32 (b) 54 

(c) 64 (d) 52. 

10 . A boy finds the average of 10 positive integers. 
Each integer contains two digits. By mistake, the 
boy interchanges the digits of one number say ba 
for ab. Due to this, the average becomes 1.8 less 
than the previous one. What was the difference of 
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m PROBLEMS & SOEUTIONS 


1. Determine the extreme values of 

t^ + it 2 + t; + t , where *•> h v h ,> * 4 are the four 

altitudes of a given tetrahedron T, and r |f r,, r , /; 
are the corresponding signed perpendicular distances 
from any point in the space of T to the faces. 
Solii.: If the face areas and volume of the tetrahedron 
are F v Z 7 , Z 7 , Z 7 and V respectively, then 
?‘\F\ + r l F l + r^F^ + r \P\ — 3V 
and h t F, = h,F l = h^F 5 = h 4 F 4 = 3V. 

Now eliminating the F’s, we get 

+ + = 1 (a constant). 

h x h z A, h, 

2. Determine the minimum value of the product 
P = (1 + X\ + VjXl + ^2 + .V 2 )...(1 + a:„ + >>„) 
where x h y, > 0, and 

x \ x 2 ... x n = y } y 2 ... y tl = a". 
Soln.: More generally, consider 

P = Cl + .v, + v, + ...i/'|Xl + x 2 + v 2 + ".w 

...(l + x„+.V„ +...«>„) 

where jc, at 2 ... 

.V, ,V 2 ... ,V„ = r|'\ u> 2 ••• u>„ = <o'\ and 

y, w j > 0. Tlien by Holder’s inequality 
p ,/ " > {l + Tlx}'" + n y)'" +...+ nco, 1 '"} 


XG {.FCc,, y,,z,)} + Cl — A. )C7 

> G {XFU „ y, , z, ) + (1 - X)P(* 2 , y 2> z 2 )} . 
By the concavity of Z 7 
XF(x „ y,, z, ) + (1 - X)F(x 2 , y 2 , z 2 ) 

< F([Xx } + (1-X)x 2 ], [Xy, +(1-X)y,], 
[Xz, + (1-X)z 2 ]) 

Finally, since G is decreasing, 

XG{F(x lt y„ z, )} + (1 - X)G{F(x 2 , y 2 , z 2 )} 

> G {/• [Xz, +(1 - X) je 2 ] , [Xy, + H - X)y 2 ], 

[Xz, +(1 - X)z 2 ]} 
More generally and more precisely, we have the 
following known result: if F(X) is a concave function 
of (x v x v ..., x t ) and G(y) is a convex decreasing 
function of y, where y is a real variable and the 
domain of a contains the range of/ 7 , then G\F(X)\ 
is a convex function of X. 

4. If ci, b, c are sioes of a given triangle of perimeter 
p, determine the maximum values of 

(i) (a - b) z + tb - c) 2 + (c - a ) 2 , 

(ii) |*-&|+J&-c| + |c-«| 

(iii) + |fr-c||c-fl| + \c-ci\\a-b\. 

Soln.: (i) {a - b) 2 + (b - c) 2 + (c - a) 2 

= 2 (l* 2 -Zbc)<bp 2 


or P>(l + £ + r| + .... + co)” 

In this case £ = r| = a, so P > (1 + 2 a)". 

3. Prove that if Fix, y, z) is a concave function of 
.v, y, z, then { Fix, y, z)l~ 2 is a convex function of 
x, y, z. 

Soln.: More generally G(F) is a convex function 
where G is a convex decreasing function. By the 
convexity of G. 


Let c - 0, so that k > -j. We now show that 
k = -j suffices. Here, 

2(S« 2 - I&c) < + ^ + 

reduces to 2bc + 2ca + 2ab - a 1 - b 1 - c l > 0 
The LHS is 16 times the square of the area of a 
triangle of sides \Tci , Vb, yfc or 


For more about this exam read MTG’s Math Olympiad Problems and Solutions 


MATHEMATICS TODAY SEPTEMBER 2003 


37 


(V# +y/b +yfc)(yfa + 4b - 4c)(4a - 4b + Vc) 

(-Va + Vk + Vc) 

There is equality if and only if the triangle is 
degenerate with one side 0. 

(ii) \a - b\ + \b - c\ + \c - a\ ^ kp 

Letting c = 0, k> 1. To show that k = 1 suffices, 

assume that a > b > c % so that 

)a -b)+)b - c\ + \c - a\ = 2a - 2c < a + b + c 

and there is equality if and only if c - 0. 

(iif) kp 1 

Letting c- 0, 1/4. To show that k= 1/4 suffices, 

let a-y + z, b = z + x, c-x+y where z> y>x> 0. 
Our inequality then becomes 
\x - y||z - y\ + 1 y - z||z - x\ + \z- x\\x - y\ 

<(x + y + z) 2 

or x 2 - y 2 + z 2 + yz - 3 zx + xy 

< x 2 + y 2 + z 2 + 2 yz + 2zx + 2xy 

or 2 y 2 + 5zx + lxy + 1 yz > 0 

There is equality if and only if jc = y = 0 or equivalently, 

a = b, and c - 0. 

5. If A, B, C are three dihedral angles of trihedral 
angle, show that s\nA , sin B, sinCsatisfy the traingle 
inequality. 

Soln.: Let a, b, c be the face angles of the trihedral 
angle opposite to ^T'Sr^T^pectively. Since 
sin# _ sink _ sine 
sin A sin B sin C 

by the Law of sines for spherical triangles, it suffice 
to show that sinb + sine > sintf, or 

2sin-j(b + e)cos-|(b - e) > 2 sin -ja cos ~ a, 

for any labelling of the angles. We now use the 
following properties of a, b and e ; 

(i) they satisfy the triangle inequality, 

(ii) 0<tf + 6 + e<27t. 

Hence, cos^(b - c) > cos^a. 

To complete the proof, we show that 
sin~<b + c) > sin-|tf. 

This follows immediately if b + e < 7t; if b + e > 7t, 


then sini(Z? + c) = sin | 71 — y(^ + c )| 

(si 


> sin 
ib + e 

since 71 - — > 2 


f) 


PERFECT PYRAMIDS 

T he tetrahedron is the simplest of all polyhedra 
- solids bounded by polygons. It has four 
triangular faces, four vertices, and six edges. If 
each edge has the same length and each face is 
an equilateral triangle, the result is a regular 
tetrahedron - one of the Platonic solids. 
Another group of tetrahedra 
that some people consider 
special consists of those that 
have integer edge lengths, 
face areas, and volumes. Such 
a solid is sometimes called a 
Heronian tetrahedron or a perfect pyramid. 

The term “Heronian” refers to Heron of Alexandria 
(10-90). His name is also attached to a formula 
that relates the area of a triangle, A , to the lengths 
of its three sides, a, b, and c. 

A = yjs(s - a)(s - bXs - c) 



where s = 


a + b + c 


There’s an analogous formula for the volume of 
tetrahedron, given the lengths of its six edges. 
Tetrahedra with integer sides, face areas, and 
volumes are rare. For example, there’s only one 
perfect pyramid with integer sides less than 137. 
It has sides of length 51, 52, 53, 80, 84, and 117; 
faces of area 1170, 1800, 1890, and 2016; and a 
volume of 18144. 



ABC 


“Why is it important for today’s kids to learn 
algebra? Because^I had to learn this junk in 
school and now it’s your turn, that’s why!” 
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mathematical Challenges 


l.l.T. MAINS 


1. Calculate the number of integral roots of the 
equation jc 8 -24a* 7 - 18a: 5 + 39a: 2 + 1155 = 0. 

2. The amount of fuel consumed per hour by a 
certain train varies as the cube of its speed. When 
the speed is 15 miles per hour. The fuel consumed 

is 4-j tons of coal per hour at Rs. 4 per ton. The 

other expenses are total Rs. 100 per hour. Find the 
most economical speed. 


where no three of the points with affixes 
z h z 2 , Zy z 4 are collinear then prove that the 
four points will be concyclic if 

b x b 2 \ Zl -z 2 \- = 6^|z ;i -z 4 | 2 . 

9. Show that if a chord of the parabola 
V 2 = 4 ax touches the parabola y 2 = 4bx, then the 
tangents at its extremities meet on the parabola 
by 2 - 4a 2 x and the normals meet orf the curve 
(4a- bVy 2 = 4b l (x - 2 ctf. 


5. Find V„nin({Z.}. {Z.}} 


where 


\a \ = min (a -la], [a] - a + 1), i.e. the distance to the 
nearest integer, ([a] represents greatest integer less 
than equal to a ). 


4. Show that the locus of a point which moves so 
that the chords of contact of tangents from the point 
to two fixed circles are perpendicular to each other 
is a circle with its centre at the mid point of the line 
joining the centres of the two given circles. 


i . 

5. Let /„ = \ x” tan x dx. If AI„ + BI„_ 2 
o 

then find the constants A, B and C. 


= C 


6. Let /(a;) be a polynomial of degree 5 and with 
leading coefficients 2004. Suppose further, that 
/( 1) = 1, /( 2) = 3, /(3) = 5, /(4) = 7 and /(5) = 9. 
What is the value of /(6) ? 


7. If fix) be a continuous and differentiable 
real valued function with /( 0) = 0 and 

f'(x) + 2f(x)<l. Prove that /(at) < j. 


8. If £ b { = 0 where b it are non zero real 

/ = i 

4 

numbers, sum of no two being zero, and X b f z f = 0 


i = l 


10. A triangle is circumscribed to the ellipse 
a; 2 V 2 

— r + — r = 1 and two of the vertices lie on the 
a 1 b 2 

directrices. Prove that the locus of the third vertex is 
the ellipse b z y 2 = a 2 (e 2 + 1 ) 2 (a 2 - x 2 ). 


SOLUTION 


1. Let x = a be an integer root of the given 
equation, then a must divide 1155. This means a 
is an odd integer. But if x is odd then 
.V 8 +39-V 2 + 11 55 -(24a: 7 + 18jc 5 ) is also odd, and 
therefore not 0. It follows that the given equation 
does not have any integral root. 


2. Let the speed of train be v miles/hr. and 
the coal consumed per hour i sc- kv* where 

^ = 9 ( 15 )-^ ’ ^ et di stance d miles is to be 

covered, so d = vt ...(1) 

total expenses to cover this distance is 


p = ( 4kv 3 +100)/ Rs. 

P = (q5)3 v3+10 °) ' T - ( usin g 0) in it) 

± = pV-MY, 

dv Ul5) 3 v ) 

so v = ^J00j^n_5)_ ^ is the point of minima of 


By : Shailendra Maheshwari, Career point, Kota 
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p, so the most economical speed is 
/5\2/3 

151— j miles/hour. 


3. Since the middle term of the sequence is 

§}-° 


so the required sum is 2 I min||^—|, jg^JJ 


3/v - 1 

Z 

r = 1 


■ feXXIX 


2/V 


- 2 r ?, 6A' + 2 r ?,i 3 N 


N ~U3N-r 


2N 


r . r 


2 r ? > , 6N + 2 r ?, 3 N 

2 2M2N + 1) _2_ (N-YKN) = 

6 N' 2 3N ' 2 ‘ ' 

4. Let the two fixed circles be 
x 2 + y 2 + 2g t x + 2/, v + C| = 0 and 
x 2 + y 2 + 2g 2 x + 2 ,f 2 y + c 2 = 0 and the variable 
point Pbe (h, k) chords of contact of point Pw.r.t. 
these circles are 

(h + g^x + (k + f x )y + g { h + f^k + c j =0 ...(1) 

and 

( h + g 2 )x + (k + f,)y + g 2 h + fjk + c 2 = 0 ...(2) 

As they are at right angle, so 

I W.A k + /J 

so (A + g 1 )0 + g 2 ) + (.y + f\Ky + / 2 ) = 0 is the 
locus of point P which is the circle with two ends 
of diameter as (-gj,-/,) and (- g>,-f > )• 


5. / ;i= (£^W , -' K 1 

71 + 1 


X-l 

/o () 


H + l 


( x~ + 1)0* + 1) 


-dx 


...( 1 ) 


7T 1 1 . 1 1 

rrrr - tttt I dx + ttW ! - — rdx 


40/ + 1) w + 1 q » + l o l + .v 2 

■77Ti[f-i7] t ^TTi,T77 rf ' t •••'» 


1 v " ■ • n 

from (1) J -J—dx = j-Oi + l)/,, 

r\ Y +^ t 


0 X +1 

1 v” _1 7T 

SO 1 ^ + ^ = 


using it in (2) 

/ = __L_ f JL + rc 2£z_L j 

n // + 1L4 ;/J 40/ + 1) w + 1 n ~ 2 

so (« + l)/„ | -1 

so ^4 = n + 1, B = » - 1 and C = tt - — . 

2 71 

6. Let gO) = f(x)-(2x- 1). So the given 
informations imply that 

g( 1) = g( 2) = g(3) = g(4) = g(5) = 0. 

As g(x) must be the polynomial of degree 5 with 
leading coefficient 2004, so 
gO) = 20040 - 1)0 - 2)0 - 3)0 - 4)0-3) 
g(6) = 2004 x [5 = 240480 since g(6) = /(6)- 11 
so /( 6) = g(6) + 1 1 = 240491 /(6) = 240491 . 

dy 

7. Let y = f O), so as given + 2y < 1 


2.v 


multiply bothe sides by e 
e 2x ^42e 2x y < => -^( e 2x y) < e 2x 

ye 2x < \e 2 'dt => ye 2x < ^(c 2 - v -l) 

0 Z 

.1 1 1 cr \ ^ 1 

SO V - 2 _ ^ 50 - v * I S ° /C I' 

\ 

8. I = 0 => b x + b 2 = ~(b< + b. x ) ...(l) 

i = l 

X b ( z ( = 0 => + b 2 z 2 = + &iZ 4 )...(2) 

i = 1 

fr,z, + 6 2 z 2 b)Z) + b^Zy 
so 6, + b 2 b, + //, 

so the point dividing z,, z 2 in the 
ratio Z?, : b 2 and the point dividing z v 
z, in the ratio b 5 : b ti are same. 

Now if A, B , C7, Dare concyclic points 
then AP • BP = CP- DP 


C(z<) 

Biz.) 


by +b 


-ki-*2 


6,+6 2 


ki-^l = 


zUr,) 




XsT 1 '*’ 2 ' 1 

using (1) in it bp 2 \ z \ ~ z i\ l = \ z 5 " z ^| 2 - 

9. Let P(/,) and Q(/ 2 ) be two points on y 2 = 4^uc 


chord DQ : y = 




2 cityt? 
+ Li. 
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CAREER POINT Students Won 

Ranks in Top 200 in IIT-JEE 2003 
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Total Selections : 305 


IIT JEE 2004 /2005 Study Material Package 


The Course: Career Point experts have designed and 
developed the most effective study material for IIT JEE with a 
unique concept. While going through the study material, 
students feel that they are attending the class and a teacher 
is teaching them. The study material is self sufficient. Hence, 
there is no need for any other reference material. 

Course Fee: For IIT JEE 2004: Rs. 4850/- 
For IIT JEE 2005: Rs. 57007- 
First Despatch: Immediate 


IIT JEE 2004 /2005 Postal test series 


The Course: Postal Test Series is a collection of specially 
designed scheduled test papers in Physics, Chemistry and 
Mathematics, covering all concepts of IIT JEE syllabus and 
worthy to be included in IIT JEE papers. Test papers are sealed 
in envelope with instruction to take test at home. Solution are 
separately sealed in different envelope. 

Course fee: For IIT JEE 2004: Rs. 500/- 
For IIT JEE 2005: Rs. 8007- 

First Despatch: Immediate 
V L _ / 


Admission Procedure: apply on plain paper with a crossed Demand Draft of fee (as applicable) in favour of 'Career Point' payable at 
Kota, two passport photographs and photocopies of board mark sheets, photocopies of documents (if applicable) for scholarship. Clearly 
mention your name, address, telephone numbers with STD code and email (if any). 


SCHOLARSHIPS 


Career Point gives scholarship to meritorious students for the above courses. Scholarship is given in the form of rebate in the course 
fee. Scholarship is given on the basis of student's academic performance as follows. 


for Study Material Package for Postal Test Series 


NT$E qualified (all Round) in year 2003 or 2002 

50% rebate in course fee 

100% rebate in course fee 

IIT-JEE 2003 Mains Selected 

50% rebate in course fee 

100% rebate in course fee 

90% or above in PCM in Class XII 

35 % rebate in course fee 

50% rebate in course fee 

90% or above in Science + Maths in Class X 

25% rebate in course fee 

25% rebate in course fee 

Top 10 merit of any Board in Class X or XII 


100% rebate in course fee 


Important : Student eligible for merit scholarship should submit the fee accordingly with attested copies of supporting documents. 


CAREER POINT (Kota) 


Distance Education Wing, IIT-JEE Division 


112, Shakti Nagar, Kota |Rai.) 324009 Tel : 2500092, 2500492, 2500692 website : www.careerpointgroup.com e-mail : info@careerpointgroup.com 














It is tangent to y 2 ■ 4 fox so 

b 2at x t 2 2 

— = — where ni = 

m 


h +'2 


so b(t ] + / 2 ) 2 = 4at x t 2 


...( 1 ) 


If tangents at P and Q to y 2 = 4ax meet at point 
R(h, k) then h = at x t 2 and k = a(t x + 1 2 ) 


so from (1) : b • — = 4/i 
a 

thus locus of point R is by 2 = 4a 2 x. 

Now if normals at P and Q to y 2 = 4ax meet at 

point T( a, P) then 

a = a(tf +tj +t x t 2 + 2) = a[(t } +t 2 ) 2 -t x t 2 + 2] 
and P = -at x t 2 0\ +t 2 ) 
using (1) in these results 


a = a(t } + t 2 ) 2 - 


bU x +t 2 y 


+ 2a and 


bit, +t 2 ) i 

4 


P =- 

eliminating t x and t 2 from these equations 

4 3 (a-2tf) 3 = (4tf-fo) 3 |^£j 

so point Tlies on the curve 

4fo 2 Qc-2*) 3 = (4tf-M 3 v 2 . 

10. Let C(h y k ) be the point of intersection of 
tangents at QCp) and R( y). So 

P + Y 


h - a- 


cos J 


cos 


P-Y 


k = fo 


. P + y 

Sin 2 


cos 


P-Y 


...( 1 ) 


...( 2 ) 


As the vertices A and Blie on directrices so PQ and 
PR must be focal chords. So 



a-y a+3 

COS — — -- • COS — 

a + y a - B 

cos— • cos — 


2a + P~y p + y 

cos y — L + cos' 2 


I 2a + y - p p + y\ 
-^cos ^ ^ +cos- t y-^j 


B + y B — v 

2cos r ? + 2cosa cos— ■■ = 0 


cos 


P+y 


=0 -cosa = 


cos 


P-Y 


(using (1) in it) 


cosa = 

a 

Now again from (3) and (4) 

a-y a - P 

cos— y*-' cos— 

4 ± — —Q 2 

a+y a+P 

cos — y~ ' cos — 2 


...(5) 


2a - P - y P - y 

cos — - + cos ■ - 1 


2- = -e 2 


2a + P + y P-y 

cos y — L + cos r ^ ■ 

using componendo and dividendo 

2a - P- y 2a + P + y 
cos y — L - cos Y — L 

S = “ 


e 2 + l 


cos*—- — — “ — - + cos- 2a * Y + 2cos ~ ? Y c~ - l 


sma sin 


P + Y 


e 2 + 1 

P + Y P-Y ~ „ 2 _i 

cosa cos — ■ ■+ cos r - ■ e 1 

P + Y 

sina sin r ? 1 

using (5) in it p— ; — 


e 2 + 1 


cos^_I( 1 _ C os 2 a ) e 2 -l 


k sina _ e 1 + 1 
^ sin 2 a e 2 -1 


(using (2) in it) 


U 2 + i> 

nate a fr 

4 + f£^i) 2 ‘ ! 

a 1 l e 2 + l ) 


so sina = | ~ ...(6) 

eliminate a from (3) and (6) 


V (<? +D , ..2 , „ 2 \ 

so required locus is ~~T ~ — 2 +a > 

b 2 a (e z -lr 

, 2/^2 , +\2 


4 = ^f^C-^+a 2 ) 

b z b 4 

b 2 v 2 = a 2 (e 2 +l) 2 (a 2 -.r 2 ). 
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(^tCtccal 


Points 


Before discussing what exactly critical points 
are, let us discuss the occurence of local maxima 
and local minima of a function. 

Local maxima / local minima 

Definition : A function /( jc) is said to have a local 
maximum at c iff there exists an interval 7 around 

c such that /(c) > /(.v) for all xel . 
Analogously, fix) is said to have a local minimum 
at c iff there exists an interval / around c such that 

/(c)</(x) for all xel. 

A local extremum is a local maximum or a local 
minimum. 


y 



A local maxi mu mat x ■ c 

Using the definition of the derivative, we can easily 
show that : 

If fix) has a local extremum at c, then either 
/'(c) = 0 or /'(c) does not exist. 

These points are called critical points. 

Example : Consider the function /(. r) = .r 3 . Then 
/'( 0) = 0 but 0 is not a local extremum. Indeed, 
if x < 0, then /(*)< /(0) and if x>0 , then 

/(*)>/(<>)• 


.v 



Therefore the conditions 

/'(c) = 0 or /'(*) does not exist, 
do not imply in general that c is a local extremum. 
So a local extremum must occur at a critical point, 
but the converse may not be true. 

Example : Let us find the critical points of 
/(*) = \x 2 -x\ 




JC 2 - JC 

if 

x <0 

Ans. We 

have f(x) = ■ 


if 

0 < jc < 1 



JC 2 - JC 

if 

1 < A* 


2x-l if 

x < 0 



ll 

-2x + 1 if 0 < x < 1 




2x-l if 

1 <JC 




Clearly we have f'(x ) = 0 iff x = . 

Also one may easily show that /'(O) and /'( l) do 

not exist. Therefore the critical points are ~,0, 1. 

Let c be a critical point for /(jc). Assume that there 
exists an interval 1 around c, that is c is an interior 
point of /, such that /(a) is increasing to the left 
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of c and decreasing to the right, then c is a local 
maximum. This implies that if /'(•**) ^ 0 for x < c 

(x close to c ), and /'( a )<0 for x>c (x close to 
c), then c is a local maximum. Note that similarly 
if /'( a *)<0 for x<c O close to c), and /'( a :)>0 
for x>c (x close to c), then c is a local minimum. 

First Derivative Test. If c is a critical point for 
fix), such that f(x) changes its sign as x 
crosses from the left to the right of c, then c is 
a local extremum. 

Example : Find the local extrema of /(•*) = |* 2 ~ *| 

Ans. Since the local extrema are critical points, then 
from the' above discussion, the local extrema, if they 

exist, are among the points -j, 0, 1. 


Recall that /'( a ) = 


2x - 1 if x < 0 
-2x + 1 if 0 < .v < 1 
2x - 1 if \<x 


(1) For .v = — , we have 


/'(x)>0 if 0<*<i 

/'(*)< o if -|<.x<l 


So the critical point — is a local maximum. 


(2) For x = 0, we have 


/'(.v)<0 if x <0 

/'(*)> 0 if 0<*<^ 
So the critical point 0 is a local minimum. 

/'(.r) < 0 if -icjccl 
(3) For a * — 1, we have v J 2 

f'(x)>0 if \<x 

So the critical point 1 is a local minimum, 
r 



j i i x 


Let c be a critical point for fix) such that 
/'(c) = 0. 

(i) If f"(c) > 0, then f'(x) is increasing in an 

interval around c. Since fie) = 0, then fix') 
must be negative to the left of c and positive to 
the right of c. Therefore, c is a local minimum. 

(ii) If /"(c)<0, then f(x) is decreasing in an 

interval around c. Since /'(c) = 0, then f(x) 
must be positive to the left of c and negative to 
the right of c. Therefore, c is a local maximum. 
This test is known as the Second-Derivative Test. 


Example : Find the local extrema of 

/(.v) = a- 5 -5at. 

Ans. : First let us find the critical points. Since 
f(x) is a polynomial function, then f(x) is 
continuous and differentiable everywhere. So the 
critical points are the roots of the equation f(x ) = 0 , 
that is 5x 4 - 5 = 0 , or equivalently —1 = 0- Since 

x A - 1 = (x - l)(.r + l)(.v 2 + l) , then the critical 
points are 1 and -1. Since /"(a) = 20x 3 , then 

/"( 1) = 20 > 0 and /"(- 1) = -20 < 0 . 

The second-derivative test implies that a*= 1 is a 
local minimum and x = -1 is a local maximum. 



- 0.5 
48 - 


- 4 ^ 

0.5 


l 
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i.e. 


i) 


n 2 3V2 3 

2 3 lJU/ 3/ If) 

2 3 ^ 
2 3; 


ri 2 3V2 3 iwi 

U 3 lAl 2 3 J 

Example : 

In S i let / = 

Then show that fg * gf ■ 


fl 2 

3 41 


r l 2 

3 44 


1 2) 

. g = 

^2 4 

. 3 


Now we have given two permutations/ 
and g E 5 4 . To show the fg * gf we will 
determine the two products individually 
and then show that they are not equal. 


f V 2 

3 

44 ( 1 

2 

3 

44 

,3 4 

1 

2/ 5 [2 

4 

1 

3 J' 


/= 


Step 1 : Determine fg by making the first row of 
g same as that of second row of /and deleting the 
common rows. i.e. 
r l 2 3 4^ 


3-4-4- 


S-I-MW 1 2 3 44 
1 3 2 4} 3 2 4) 


Note that this rearrangement in g can be done easily 
by just writing first row g same as to second row 
of /and then write their corresponding image in g. 
Step 2 : Determining gf by making the first row of 
/same as the second row of g and deleting the 

common rows 

1 2 3 4 V 2 4 1 3^ _ fl 2 3 4 

4 1 3 JU 2 3 lj " l4 2 3 1 


Step 3 : 

r l 2 

J 3 

Example : 


Thus 


K 


fg *gf 


Let / = 
Then 



2 

3 


f 4 

1 

2 

34 

1.3 

4 

1 

2 J 

’ S = U 

3 

4 

J 


4V4- 
_2-, 


- 4 1 2- 


fl 2 3 44 
U 2 3 4J 


fg = , , , 

/u 234 

Thus = / 

If fg “ 1 i e. product of two permutations is an 
identity permutation then one is the inverse of 
another, 
i.e. 


Inverse Permutation : Two permutations 
f ge S such that fg = gf= I, identity permutation, 
are said to be inverse of each other. We write 
/-' = g or/- £-'• 


Working Rule s The inverse of a permutation/ 
is given by simply interchanging two rows of f 


Let us know discuss one example : 
Compute a~ l ba where 




f 1 

2 

3' 


f 3 

2 r 


H 

[2 

3 


, b = 

,2 

1 3> 


r \ 2 

3 1 

1 


(2 

3 

14 

For = 


, fl 

-1 : 

= 

. 


a 3 

ij 

r 


u 

2 

V 


Note cr l is determined by just interchanging the 
rows of a. 


a~ b = 


(2 

4- 


(- 1 — 2 - 3 

3 1 2 


a~ ] ba = 


3 1 2 


1 2 3 


2 3 1 
3 1 2 

2 3 1 ^ 
1 2 3 


a~ ] ba 


-c : 3 
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How to 

Test a Relation for 


SYlvvlETRY 


X 


WHEN you are graphing a relation given by an 
equation it is helpful to find out first whether its 
graph has any symmetries. The most common 
symmetries to look for are symmetry with respect 
to the x and y axes and the origin. 

Here are some graphs that are symmetric with 
respect to the y axis. 





If you knew ahead of time that the graph of a 
relation was symmetric with respect to the y axis, 
it would cut your graphing work in half, because 
once you graphed the part where .v was positive, 

the part to the right of the y axis, you could just 

reflect across the y axis to get the rest of the graph. 

Here are some graphs that are symmetric with 
respect to the x axis. 
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-2 


If you knew ahead of time that the graph of a 
relation was symmetric with respect to the x axis, 
this would also cut your graphing work in half, 
because once you graphed the part where y was 
positive, the part above the x axis, you could just 
reflect across the xaxis to get the rest of the graph. 

A useful way to characterize symmetry with 
respect to a line is that a set of point is symmetric 
with respect to a line if whenever a point is in it, 
its reflection across the line will be in it also. The 
reflection of a point P across a line is the point Q 
such that the line is perpendicular bisector of the 
segment PQ. This is just like a 
real world reflection that a 

mirror makes. If the line was a 
mirror, then the reflection is 
located at the place where the 
mirror image would be. 
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For the special lines, the y- axis and the jc-axis 
there is a very easy way to find the reflection of any 
point. For the yaxis you just change the sign of the 
a; and for the x axis you change the sign of the y. 


Y axis 




(reflection point) 

(original point) 

(-a; y) 

1 1 1 1 l 

• (a, y) 

i i i i i 

1 1 1 1 1 

till — 1 — 









(original point) 

A-axis 

i i i 

i i 

i 

• (a, y) 

iiii 

1 1 1 



1 1 1 1 

• (a, -y) 




(reflection) 


Here are some graphs that are symmetric with 




Symmetry with respect to the origin is a bit 
different from the others, because it is symmetry 
with respect to a point instead of a line, which is 
probably not so familiar. In this case what it comes 
out to mean is that if you know what the graph 
looks like for positive x?s, so again you can cut your 
graphing work in half by knowing this symmetry 


ahead of time. The characterization of symmetry 
with respect to a point also has to do with reflections. 

A set of points is 
symmetric with respect to a 
point if whenever a given 
point is in the set, its 
reflection across that point 
is also in the set, but the 
idea of the reflection across 
a point is probably not so familiar. The reflection 
of a point P across a point R is the point Q such 
that R is the midpoint of the segment PQ. 

Like with the axes, when the point that you are 
reflecting across is the origin there is an easy way 
to find the reflection. This time you change the 
signs of both the x and the y coordinates. 

Here is a picture of all of the reflection together 
for quick reference. 


P (original poinl) 





(y- axis) 

(original point) 

(- a; y) . 

1 1 1 1 1 

• (a, y) 

i i i i i 

1 l 1 l i 

1 1 1 1 1 

(x- axis 

- y) • 1 

• (a, -y) 

(original point) 



This characterization will help us find symmetries 
before we graph. The idea is that for there to be 
a given symmetry, whenever Oc, y) is in the graph, 
its reflection has to be also. That means that 
whenever Oc, y) satisfies the equation, it’s reflection 
has to satisfy it as well. So to test for a symmetry 
what you need to do is replace Oc, y) with its 
reflection and see if the new equation you get is 
equivalent to the original. Putting this together we 
get the following test. 

Replace Oc, y) with the following. 


y axis 

(~x, y) 

.v axis 

(x, - y) 

origin 

(~x, - y) 


If the relation simplifies to what it was originally, 
then it has that symmetry. 

■ ■ 
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SHORTCUTS for 
Competitive Exams 

- By M.Shrikant. Visakhapatnam 



1. If "C r _, = 15, "C r = 20 and "<7 r+ i = 15 then / = 

(a) 3 (b) 2 

(c) 1 (d) 4 

Soln.: (a) If "C r _, = a , "C r = b and "C r+l = C tlien 
r = a(b + c)/{b 2 -ac'j 
r = 15(20 + 15)/ (400 — 225) = 3 . 

Similar problems : 

2. If ” C ,._ , = 35, "C,. = 35 and "C r+] = 21 then ;■ = 

(a) 3 (b) 4 

(cl 5 (d) 2 


3. If = 28, "C r = 56 and "C r + I = 70 then r- 

(a) 3 (b) 2 

(c) 4 Cd) 5 

4. If "C r -i = 84, "C r = 126 and X+i = 126 then r= 

(a) 1 (b) 4 

(c) 5 Cd) 2 


5. If "C,-i =.165, "C r = 330 and "C r+ , = 462 then / = 

(a) 3 (b) 5 

(c) 4 (d) none 

6. The product of perpendiculars from (-1, 2) to 
the pair of lines 2.x 2 - 5.*V + 2 y 2 = 0 is 

(a) 4 (b) 3 

(c) 8 (d) 5 

Soln. : (a) The product of perpendiculars from 

(a,|3) to the pair of line ax 2 + 2hxy + by 1 = 0 is 


<7a 2 + 2/iaP + fop 2 
fj(f- if + Ah 2 


distance = 


2(— l) 2 - 5(-l)(2) + 2(2) 2 

f( 2-2) 2 +(-5) 2 


= 4. 


Similar Problems : 

7. The product of perpendiculars from Cl, 1) to 


the pair of lines x l + 4xy + 3.V 2 = 0 is 
(a) 3 (b) 1 

(* 

8. The product of perpendiculars from (2, - 1) to 
the pair of lines 2x z +6x y + y 1 =0 is 


4 

(c) s 


(a) \ 
«* 


(b) 


(d) 


s 


V37 


9. The product of perpendiculars from (1, 0) to 
the pair of lines x 2 + 2xy + 3 V 2 = 0 is 


<°>i 

(C) 2^5 

C7, 


(b) ^ 
Cd) none 


10. n 

n r 
Ca) 110 
(c) 45 

Soln.: (b) 


1 1 ✓-» 1 1/° 4 1 > 

J - + 2^ + 3 T r- i + - + nTr 


'C, 


-^b + 2-^ + 3- — + ... + « 

II II f II 

C(j O | C. > 

Here » = 1 1 


Tb) 66 

d) 2 1 " 

"c 

o II 


h(ji + 1) 




■ + 2 


n C7 

-^ + ... 


+ 11 - 


1 I ^ I l 

Similar problems 


11 . 


U C, 


+ 2- 


12/ 


* + 3- 




'ii _ 


11(11 + 1 ) 


= 66 . 


. + 12 - 


0,2 


LL _ 


| 


(a) 78 
Cc) 45 


Cb) 66 
Cd) 2 10 


13 


12. 


C 13 
^+2 




•3/ 


+ 3 


* 13 


<?2 


. + 13- 
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Co-ordinate Geometry 


<4 ft Mathematical 

I Challenges 




1 . The co-ordinates of the feet of the perpendiculars 
from the vertices of a triangle on the opposite sides 
are (20, 25), (8, 16) and (8, 9). Find the co-ordinates 
of the vertices of the triangle and also, the number of 
such triangles. 

2. Show that the straight lines 

x 1 2 (c 2 - A 2 r 2 j + y 2 [c 2 - B 2 r 2 j - 2ABr 2 xy = 0 , where 

j>C 2 form with the line Ax+By+C = 0 

isosceles triangles as r varies. In case r 2 = . ■ ** - — -r 

3[A 2 +B 2 ) 

then the triangle is equilateral. 

3. If a circle be described on the line joning the centres 
of similitude of two given circles as diameter, prove 
that the tangents drawn from any point on it to the 
two circles are in the ratio of the corresponding radii. 

4. If ABC be any triangle, and A'B'C' be the triangle 
formed by the polars of the points/1, B, C with respect 
to a circle, so that B'C' is the polar of A, C A' is the 
polar of B, and A' B' is the polar of C; prove that the 
three lines AA\ BB', CC meet in a point. 

5. Show that the equation 

cos 3a -3Ay 2 ] + sin3a[y 3 -3 A 2 yj 

+ 3a[x 2 + y 2 =0 represents three 

straight lines forming an equilateral triangle. 

6. Tangents are drawn to an ellipse at four points, 
which are such that the normals at those points 
co-intersect; and four rectangles are constructed each 
having two adjacent sides along the axes of the ellipse, 
and one of the tangents for a diagonal. Prove that the 
distant extremities of the other diagonals lie in one 
straight line. 

7. ABCD is a rectangle circumscribing an ellipse whose 
foci are S and H\ show that the circle ABS or ABH is 


Challenges 

- By - prof. B.L. Sbarma, Jaipur 
equal to the auxiliary circle. 

8. A circle and a rectangular hyperbola intersect in 
four points and one of their common chords is a diameter 
of the hyperbola. Show that the other chord is a diameter 
of the circle. 

9. A circle through the centre of a rectangular 
hyperbola cuts the curve in the points A , B, C, D. Prove 
that the circle circumscribing the triangle formed by 
the tangents at A, B, C pass through the centre of the 
hyperbola and has its centre at the point on the hyperbola 
diametrically opposite to D. 

10. If a length PQ be taken in the normal at any point 
P of an ellipse whose centre is C, equal in length to 
the semi-diameter which is conjugate to CP, show that 
Q lies on one or other of two circles. 


SOLUTIONS 


1 . We use the fact that the orthocentre O of the AA BC 
is the incentre of the pedal A DEF. 

ED = ^(20-8) 2 +(25-16) 2 = 1 5 also, FD = 20 and 

, 160+140+120 

EF=1 - h= 7 + 20 + 1 5 

*= 15, 0(10, 15). 

OE is perpendicular to/lC. 

Thus the equation of AC 
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_y-16 = 2(x-8) or y- 2x = 0 
...( 1 ) 

Similarly equation of AB. 

y-9 = --j(.r-8) or 3y + x-35 = 0 

Solving (1 ) and (2), we get A (5, 10) 
Similarly equation of BC 

y+x - 45 = 0 

Solving (1) and (3), we get C (15, 30) 
— MATHEMATICS TODAY DECEMBER 2003 
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-(3) 
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Solving (2) and (3), we get B (50, - 5). 

Thus we have co-ordinates of four points. 

(10, 15), (5, 10), (50,-5), (15, 30). 

Thus there are four triangles formed by taking any three 
points, out of four, satisfying the condition given in 
the question. 

2. Let us take the circle y 

1 n o 

x + y~ =/“ 

Making this equation 
homogeneous with 
Ax + By + c = 0 , we have 

2 , 2 2 ( Ax + By 

x +y =r Ir^r- 

or 

x~ ^C 2 - A 2 r 2 'j+y~^C 2 - B~r~ j - 2ABr 2 xy = 0 ...(1) 

i( r 2 ^ 2 + j >C, then the circle 


Hence p{ illlZMl ) 

l r\+r 2 ’ r ]+ r 2 J 

and Qfin-nn fa-/* ) 

{ r,-r 2 r,-r 2 J ’ 

The equation of the circle having PQ as diameter is 




r l +r 2 J 

iM). 


r l +r 2 


= 0 


( 0 

or JT+jy 2 + 2 

2 2 > 
n g2 — S\ r i 

2 2 

x + 2 

fW-ffi) 

2 i 

\ / Ax- By C = 0 


l n ~ r i J 


l n -n J 


giW~g2V+/iW-/2r, 2 


oz.= 


J? 


+ ZT 


intersects the line /tx+B)/+C = 0 at two points A and 
B. Also OA = OB = r . Hence OAB is an isoceles triangle. 
In case AAOB is equilateral then ZAOB = 60° . 


tan 60 


f-_ 2,//f 2 £ 2 rMc 2 -fi 2 /- 2 xc 2 -,4 2 r 2 ) 

V ^ ^ ^ ^ ^ 


2C -r~(A~ + B 1 ) 


or 


[r 2 (A 2 + B 2 )-AC 2 J_3 r 2 {A 2 + B 2 )-AC 2 


= 0 


If r z =- 


4 C l 


— , then straight lines. 


2{A~ + B l ) 

x 2 ^A 2 -3B 2> j + y 2 ^B 2 -3A 2 j + 8ABxy = 0 are the 
sides of an equilateral triangle. 

^ _ 4 C 2 

If r ~ ~ ~2^2 then the straight lines 

x 2 (B 2 -3A 2 ') + y 2 (A 2 -3B 2 )-8ABxy = 0 are the 
sides of a isosceles triangle i.e. AAOB- 120°. 

3. Let the two circles be 

x 2 +y 2 +lg ] x + 2f x y+C\ =0 

x 2 + v 2 + 2g 2 x + 2 / 2- y + c 2 = 0 
Now /■> and Q are the centre of similitude. 

/*, r ' 

• . 1 . ; 


x 2 +y 2 +2 


2 2 ' = ° 0r 

n -r -1 

■ 2 ~ ~“ 2 ' 


r \ g2-gt r ? 
r 2 -r 2 

r \ r 2 J 


+ 2 


r 2 r 2 
r \ r 2 J 


...(2) 


xx,+yy,=a‘ ...(2) 

xx 2 +yy 2 =a 2 ...(3) 

xx 3 + yy 3 =a 2 ...(4) 

The line AA‘ is the intersection of (3) & (4). 


+ £2£iL~ c i r 2 2 =Q 
T 2 2 , 
r, -r 2 

using r 2 =g 2 +f 2 -c u r 2 = g 2 + f 2 -c 2 ...(1) 

(1) can be written as 

[x 2 +y 2 + 2g\X + 2hy + c^rl 

= [x 2 +y 2 + lg 2 x + lf 2 y + c 2 )/, 2 

Let (a, p) be any point on the circle. 

Thus a2+ P 2+2 gi a + 2 /iP + gi r\ 

a 2 + (i 2 + 2g 2 a + 2/,p + c 2 r 2 L 2 ’ 

where I, and L 2 are the lengths of the tangents from 
any point on the circle to (1) and (2) respectively. 

Hence — - = — . 

L 2 r 2 

4. Let the equation of the circle be 

X +y = a ...( 1 ) 

Let /t(x|,^j), B(x 2 ,y 2 ) and C(x 3 ,y 3 ) be co-ordinates. 

The equations of the lines B'C\C’A\ A'B' will be 
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Thus xx 2 + yy>2 - a 2 + + yy 3 - a 2 ) = 0 , 

it passes through A. 


b\ -^cos(a + 120),-^isin(a + 120 


Thus X = -(jC|JC 2 + V|V 2 ~^ 2 )/ (* 1*3 + Vl^ 3 " fl2 ) ■ 

Thus equation of AA' is 
[xx 2 + yy 2 - a 2 )(x,x 3 + v, - a 2 ) 

-(xx 3 + yy 3 - a 2 )(jc,x 2 + y\y 2 -a 2 ) = 0 ...(5) 

The other equations are written down by symmetry. 

(jpc 3 + yy 3 - a 2 )(x 2 *| + TsTi - ) 

-(xx, + yy\ - a 2 )(x 2 x 3 + y 2 y 3 - a 2 ) = 0 ...(6 ) 

and ( xt, + yy, - a 2 )[x 3 x 2 +y 3 y 2 -a 2 ) 

-{xx 2 +yy 2 -a 2 )(x 3 x, + y 3 y x - a 1 ) = 0 ...(7) 

Since the equation (5), (6) and (7), when added together 
vanish identically. Hence the lines AA', BB', CC’ meet 
in a point. 

5. Let us consider in equation 
cos3a(x 3 -3*y 2 ) + sin3a(>> 3 -3* 2 .y) 


The equation of AB is 

sin a = cot(a + 60) 


cosa 


This lines meets the y-axis in the point. 

P\ 0 ,- 


1 sin(a + 60) 


It is enough to show that the P 


0 .- 


sin(a + 60) 

satisfy { 1 ), when a = 3 a ■ Putting the value, we have 


sin 3a- 


a 


- .+ 3 

sin 3 (a + 60) sin 2 (a + 60) 

sin3a + 3sin(a + 60)-4sin '(a + 60) = 0 

sin3a + sin(3a + 180) < or sin 3a -sin 3a = 0 . 

6. Let the co idmate 
of P be (tfcosa, />sina). 

The equation of AB is 


-4tf 3 =0 


or 


+ X\ x 2 + _y 2 --jfl 2 j = 0 > 


* 


...(1 


X V 

— cos a + -7-sin a — 1 
h 


B 





O J 

A 


a 


where X is constant. 

(1) represents a curve passing through the points A, B. 
C for any value of X. 


Hence A 
E 


— — ,0| and b\ 0, ~—r~— 
cosa ) l sina 


cos3a(jc 3 -3jcy 2 ) + sin3a^ 3 -3x 2 yj = 0 ...(2) 


a 


. Similarly the co-ordinates of 


v cosa * sina 
other extremeties of the diagonals are 


Put ^ = m in (2), we have 


tan 3a = 


5m- m 


-W 


= tan 30 




H/ 


7X, 





\ 


C 

\ : 4 2 

x y —a 


E 


a 


cosP’ sinP 


I’ E *[ cosb- Sits) 


where m - tan 0 = slope of 
the line. 

0 = a, a + 60, a + 120° are 
the angles which the lines OA , OC and OB make with 
jc-axis. 

Hence A ABC is equilateral. 

Now we show that for X = 2a , ( 1 ) represents the straight 


We have to prove that £,, £ 2 , £,, £ 4 are collinear. £,, 
E £, are vertices of a A (If they are not collinear). 
Thus 


Area = 


a 

b 

cosa 

sina 

a 

b 

cosP 

sin (3 

a 

b 

cosy 

siny 


lines AB , BC and CA. 


sina 

cosa 

sin 2a 

.( 2a 2 a • ) 

_ ah 

sinp 

cosp 

sin 2p 

A {l3 C0Sa 'J 3 J’ 

2 

siny 

cosy 

sin2y 


...(i; 
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Since normals at P y Q y £, S intersect, thus 

= 0=> the points £,, £ 2 and £ 3 


sina cosa sin2a 
sin (3 cosP sin2P 
siny cosy sin2y 



are collinear. Similarly we can show that £,, £ 2 and £ 4 
are collinear. 

7. ABCD is a rectangle. 

Thus the points A, B y C, D 
are the points of intersection 
of two perpendicular 
tangents to the ellipse \^ fa ^os(TT^B 

2 2 ^ J ^ 

•^- + ^—-=1 . Hence /I, £, C, 
a 2 b~ 

D, lie on the director circle x 2 + y 2 =a 2 +b 2 

The equation of AB is -jjeosa + ^-sina = 1 . 

The equation of a circle passing through A and B 

\sx 2 +y 2 -a 2 -b 2 + X^cosa + ysina-l j = 0 , 

it passes through H ( ea , 0). Thus 

x = - 2b 2 

1-ecosa 

Hence the equation of the circle ABH is 

2 2 2b 2 cosa 2/> 2 sina , 2 b 2 

x +y — u — — r _. j : ~ >’+ 


8. Let the equation of the circle be 

x 2 +jr + 2gx + 2 > /y + c = 0 . 

Rectangular hyperbola xy = k 2 . 

The equation 

x 2 +y 2 + 2gx+2fy+c+\[xy-k 2 } = 0 ...(1) 

represents two straight lines for some value of A., then 
(1) represents the common chords of the circle and 
hyperbola. It is given that one common chord is a 
diameter of the hyperbola =>that (1) passes through 
the origin. 


i Thus X = —7T 
1 k 2 

x 2 +y 2 +2gx + 2fy+-?jxy = 0 

k 

since (2) represents straight lines, thus 

g 2 +/ 2 -2-W, = 0 


-.( 2 ) 




The point (-g, -f) satisfies (2) because of (3). 

9. The equation of the (t^T' ) 

circle passing through the 


-c?-b 2 = 0 


a(l-ecQsa) 6(l-ecosa) 1-ecosa 
R 2 = (radius of the circle) 2 

6 4 cos 2 a , 6 4 sin 2 a , h 2 2 b 2 

a 2 (l-ecosa) b 2 (\ -ecosa)~ ecosa 


6 4 cos 2 a _ + _ 6 4 sin 2 a 


tf 2 (l-ecosa)“ 6 2 (l~ecosa)' 


- + a 2 +b 2 - 


2 b l 


1-ecosa 




= b l 


= b 4 


= n* 


b 2 cos 2 a + a 2 sin 2 a + j 2 

a 2 (l-ecosa) 2 \-ea 

b 2 cos 2 a + a 2 (l - cos 2 a j j 

a 2 (l-ecosa) 2 


+ a 


+ ecosa 
1-ecosa 


+ a 


a 2 (l- g 2 )cos 2 a + a 2 (l-cos 2 a) 1 + ecosa 
o 2 (l-ecosa) 2 l ~ ecosa 


a \ 



hyperbola xy = c 2 is 

2 , ,,2 A,- 


Now (c/, clt) is any point on 

the hyperbola lie on (1). ( 2cr ^ c 2c \ 

\'rh ' 

A / 4 > 2 £ / 3 -.£L / + 1 = o ...(2) 
c c 

and t v t v / 4 are the roots of (2) 
t ] l 2 +t ] t 4 +t 2 t 4 +l 3 (l ] +t 2 +t 4 ) = 0 

hhhU 

Now (3) can be written as 

V 2 + 1 A ('l +<j) + 7^- ('l + h + '3 ) = 0 


•••(3) 


(by using (4)) 
Also, ^ 1/3 +/ 4( / i +/3 )" h 7[7^7^’ +/ 2 +, 3) = 0 & - (6) 

/ 2 t 3 +/ 4 (t 2 +l 2 +t i) = 0 ...(7) 

The co-ordinates of 
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F 


Take 


■ 2 _2c_ ] f 2cl 2 t 3 2c 
t\+t 2 ' t\+t ’’ ' ' ' ' ’ ' ' 

2 c/,/ 3 2c 


h + *3 h+h 


f]+t 3 ti+tij’ 


2 cut 

x = — — , y = 


_ ^‘i‘2 2c 


r i +*2 / j +/ 2 




and 


2c 


Z 7 , centre | -c/ 4 , - — | . 

10. PQ is a normal at P 
to the ellipse 

2 2 

•^T + 7 T = 1 . Take the 
a~ b“ 

points 0 and Q on the 
normal such that PQ - CD. 

ab l + tan 2 c 


(<|) n 2) 

O' 


^ (♦) 

V c 



b b 

— tan<b +— cot<b 

tanp = -2- A 




a 2 -b 2 tan<j> 


tana 


^ftan^-jtand) q 2_^2 tan ^ 


l + tan 2 (|) °b l-j-tan 2 (() 

tanatanp = l or cos(a + p) = 0 

7C n 

=> a ~~2~$ 
cosa = sinp 


We know that CP • CD = — 


ab 


sinp 

CP 2 + CD 2 =a 2 +b 2 

Now in A CPQ 

x 2 +y 2 = CP 2 + CD 2 - 2 CP ■ CD cosa 

= a +b -2 — -—- -cosa = (a + b) 
sinp v J 

(using (2), (3), (4)) 

Hence the locus of Q is x 2 + y 2 ={a + b) 2 . 
Similarly the locus of O' is x 2 +y 2 =(a-b ) 2 . 


...( 1 ) 

-(2) 

...(3) 

...(4) 


ANSWERS : NDA-2003 I 


and 


*1*2 ~~ • Putting these values in (5), we have 

x 2 +y 2 + 2ct A x + y-y = 0 rg). 

(8) is an equation of the circle, passing through D, E , 


1. 
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Now, probability of getting the tickets with numbers 1 
and 2 in the selected lot of m tickets. 

= P r (Number one on the first draw) x P r (Number two 
in the remaining (m - 1) draws) + P r (Number two on 
the first draw) x /^ (Number one in the remaining 
(m - 1) draws + P r (Neither one nor two on the first 
draw) x P r { 1 & 2 in the remaining (in - 1 ) draws) 

2 m -'C, . 4 m ']cJ + 


' n(n + \) "-'C, n(n+\) "-'Q 


1- 


"■'C, 


n(n + \) 




n(n + \) n(n + X)\ " ! C 2 

ff| 

(w 2 + w- 6) (w-l)(w-2) 

+ «(« + !) (w-l)(«-2) 


«(« + !) 


(m-1) 


[2 + 4 + (n + 3)(/n - 2)] 


...( 1 ) 


«(« + l)(n-l) 

= \mn + 3m-2n\. 

n(n 2 -l ) 1 

9. Since c is satisfying 
| r - 8 - 6/ 1 + |z-14-6/| = 10 

therefore, locus of c is ellipse with foci 

(8, 6) and (14, 6) and length of its major axis 10. Thus 

cartesian form of (1) is 

(*-ii) 2 . (y-6) 2 _ , 

25 16 

=> \6x 2 + 25}^ - 352x - 300y + 2436 = 0 •••(2) 

Equation of pair of tangents drawn from origin to (2) 
is 

2436 x (16x 2 + 25 y 2 - 352x - 300.y + 2436) 

= 4(88* + 75 y+ 1218) 2 
=> 609 (16.x 2 + 25^ - 352jc - 300y + 2436) 

= (88x + 75^+ 121 8> 2 
=> 1 Ojc 2 - 66 xy + 48 v 2 = 0 ...(3) 

Since, maximum and minimum arguments of ; are the 
slopes of lines given by (3) 

Therefore maxjarg(z)} = tan 
.,33-V609 


min{arg(z)} = tan 

10. A (m,p) - 
1 

p(p+\)(p+ 2 ) 


48 


'" C r 

m+1 C 


r 


m+2 / 


/»+! 
m + 2 i 


-i 33 + V609 

9 

48 ’ 

^p+ 1 

m s-* 

L />+2 

'r 

/w+l >•» 

L p+ 2 


fn+2 s-> 

U p+ 2 


^ +1 >'” C p + 


p • c p (p + »)- <• 


P + 1 

>ti 


(P + 2) • "’ c p + 2 


(p + 2)- C 


p + 2 


in + 2 r / , pi + 2/, 

P C p (p + D- C p + X 


1 


, . m + 2 n 

(p + 2)- C 


p + 2 


p{p+\\p+2) 

V- 


... 

m • c 




p - 1 "* V '/> W />+l 

(w + 1)- m C p i (p/ + l)- "C p (m+l)- M C /)+l 
(m + 2) m * l C p _ ] (m + 2)- (/ W + 2)- M+, C /ltl 

m(m -i-l )(/?? + 2) 


p(p + \)(p + 2 ) 


A(m-\,p-\) 


w+2 


,,+2 c 


^-A((m-1), (/>-!)) = 7 ^-A((/n-l), (p-1))- 


2003 Solved Papers m 

MATHEMATICS 



TODAY 

0 

NDA 

May 2003 

3 

AIEEE 


O 

IIT-JEE (Screening) ... 


0 

EAMCET 

July 2003 

0 

IIT-JEE (Mains) 

July 2003 

0 

Orissa JEE 

July 2003 

0 

West Bengal JEE 


0 

Karnataka CET 


o 

Kerala PET 


0 

Kerala PET (Contd).... 



Old issues are available @ Rs.14 each + Rs.20 as 
postage charges. 


- MATHEMAnCS TODAY DECEMBER 2003 


37 


CALCULUS 


4 O Mathematical 

I \J Challenges 


- By : Prabir Paul, West Bengal 


1. Find the domain of definition of the function in 

the region [-71, 27t] 

J_ 

/(a)=(|a-1|-[a]) 2 + cosec' 1 ([sin a]) -fsin' 1 1 1 -h^Qsinjcj] J 

(where [ ] denotes the greatest integer function). 

2. Evaluate the limit : 

|V (sin x) A j ■ + |V (sin jc)' x j 4- .. .4- jV (sin x)* j 


9. Using calculus show that, 

10. Evaluate the integral : 


(37)2 


1 * 


4 


lim 

x — >0 


lim J 


(where [ ] denotes the greatest integer function). 

3. Draw the graph of y= Iog t ,[sin x], [] denotes the 
greatest integer function. 

4. I if (. x ) be a real valued and differentiable function 


on 


R and + = . show that, 


tan /(*) 


is constant. 


5. f(x)=\\x\dx and /(0) = 0 then, draw the graph 

of f{x). 


1 


dx 
2 : 


6 * J . 

-I x 
integeral ? 


-ii 


= -2 , what is wrong with the 


7. Check the continuity of the function 

(l + sin7uc) r -1 
(l + sin nx)‘ 4- 1 


/(*)=." 


at x = 0, 1 , 2, 3, 


8. Evalute : J“ 




dx 


t 


cos 3 X 4- COS 2 X 4- COS A 


I 


yfx dx 


•hHI • 




(where [x] and {x} denote respectively the integral and 
fractional part of a). 


SOLUTIONS 


l 


*• /fcMM-OP 

+• coscc -1 ([sln*J)+si n _, (l + ^[|sin*|] ). 
obviously /(a) is defined when 

(i) (|x-l|-[x} 1/2 is defined. 

(ii) cosec" 1 ([sin x]) is defined. 

(iii) sin’^l + ^lsinAljj is defined. 

Now, (i) is defined when |[jc]— | x — 1| < 0 

i.e. when |*”l|>[*]. This inequality can be solved 
graphically. From 
graph it is 
obvious that 

when a g (-oo, l) 
the condition 
|x-lj>[x] is 
satisfied but as 

A G [ 7C, 27l] -71<A<1 

i.e. ag[-ti,1). 


r=k-i I 
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i) We know that cosec- 1 0 exists when |e|>l 
e. when 0>1 or 0<-l . 

o, clearly cosec' 1 ([sin xj) exists when either 
;inx]> 1 or[sinxJ<-l when [sinxj>] 


Adding we get, 

|l 2 + 2 2 +3" +--- + n 2 ) (sinx)* -(l + 1 + 1 h — n terms) 
< £jr 2 (sinx) Jr j<(sinx) Jt £/j 2 


id if [sinx]<-l 



*, sinx<l 

or «(i.+i)(2« + i) , „ «pMl 

[-71, 27l]J 

6/» 3 ^ ' r? r? 


/ . xji «(/7+l)(2«+l) 

<(smx) L 

-1 <sinx<0 

6n 3 

r -i 

] and xe(- 7 t, 0) 

or _»(i. + l)(2« + l) x | ^[«(sinx) x | 


6w 3 * n 2 't\ n 3 


(O.-l) 

i) For any real x, |sinx|<l 


len |sinx|<l, [|sinx|] = 0 ^[|sinx|] =0 

len [sin ar| = 1 (i.e. sinx = ±l) [|sinx|] = l 
it if [|sinx|] = 1, ^[|sinx|] = l, 


/ . ^n(n+ l)(2«+l) 

<(sinx) — s 

’ 6 n 3 

1 1, . ,, i £p( si "*)'] 


or, l(\ + L\\2 + 


. ( sin *)* 


H)K 


or, 


;n sin 1 (l -+- 1) = sin 1 2 does not exist as sin 1 w 
ists only when -1 <w< 1 /. sin -1 |l + ^Qsinjt|] j 
ists for all real x except |sin at| = 1 . 


except x = as jc e [— 27 r] 


so, the domain of definition of /( x) satisfying all 
iditions is -n<x<~, ~^<x<0 

terms set, j) 


• i('4X 2 4)( sl "')’-,£~r 
< u ^y]< ii. 

n-+c o n n— >oo O y M J \ M J 


l, '(hIY 2+ !).' 

n-* co H J\ n ) 3 

£|V(sinx)'j 


^-(sinx)* < Lt 

J n-+ao 

using sandwitch theorem, 
^[^(sinxfj 


Lt 

0 n — ►co 


[l 2 (sin) r ] + [2 2 (sinx) Jr ] + ... + [/? 2 (sinx) J ] 


'iously x-l<[x]<x 

I 2 (sinx)' r -1 < |^l 2 (sinx) x j < l 2 (sinx) J 


2 2 (sinx) r -l<| 

r 2 2 { 

(sinx) J j 

<2 2 | 

(sinx) x 

/? 2 (sinx) x -l < 

[n 2 (sinx)*j 

|<« 2 i 

(sinx) r 


-< j(sinx) J 


Lt n=l 

n-*cc 


r 


Now, Lt 

jc-»0 


Lt 1 

^/7->Q0 


= ^(sinx) 

r J 

tp(sin^)']' 


= Lt 4 (sin aY 
x-*o 3 v ' 


u 


_I e /4 o Jtl0g(sint) 1 *-*> 

" 3 =l e 


log(sin.r) 


- MATHEMATICS TODAY DECEMBER 2003 


39 


La 


COtJC 


1 


JT-+0 zL I la (-a 2 cot*) 


x 2 = _LpX->0 

= r 3 


Lf -jTx— ^ 


1 />f -JTX- i Lt 

* - *-_kH tan a _{_ 0 x—>o x j_>o 


-x La x 


— _ ^v->0 

~3 e 


— — p* 

3 C 


= 1 ( r ^tan*)*(/v) = i e “ ,x0 =1*° =i 


= 3* 


A/ 


-= Lt 


*-►0 tartar . r -*o sin 

1 


t~ — [ Lt cos* | 
in* \,r— >0 ) 


Lt 

.r— ►O X 


x Lt cos*= T xl = 1 
sin* x ^o 1 


Lt 

x -+0 


Lt 

n-> oo 


l 2 (sin*) x + [2 2 (sin*) x ] + [3 2 (sin*) x ] 


+ .... + [>r(sin*) x ] 


3 * 


3. ;y=log t ,[sin*] ...(1) 

Let us at first investigate the real values of* for which 
( 1 ) is defined i.e. for conic ( 1 ) can assume real values. 


But we know that, log t ,/(*) is defined only when, 

/(*)> o. 

So, log c ,[sin*] is defined only when [sin*]>0 i.e. 
only when, sin* = 1, [sin *"|= 1 . 

So, for only sin* = 1, log t ,[sin*] is defined. 

When sin* = l,* = (4w + l)^ so, ^ = log e [sin*] is 

defined only when * = (4/?+l)-^ (a7 = 0, ±1,±2) . 

Now, log t ,[sin*]=0 when * = (4w+l)^. 

So, the range of y is given by y - 0 and domain 
* = (4*+l)f . 


It is very easy now to draw the graph as follows. 


— r- 

4n 


,JL ,JL JL 

-7_ 2 -5 2 -3 2 ~2 

- ♦- - i 1 1 ♦ 1 1 — 

-3n -2n 


-n 


Note : The point denotes 
graph >'= logjsiiuj. 


n ji -,21 
-> ‘2 


4 . f ( X + y) = li ? k j M 


Put, * = y = o, /(Q) = 

»-[/(«>]• 


or, 


or, 


; [i-[/(0)] 2 ]/(0)=2/(0) 

■. /(0)[l -[/(0)J - 2] = 0 or, /(0)[[/(0);f + 1] = 
Now, [/(0)] 2 being real *-l, /(0) = 0. 

[••• l+[/(0)] 2 *o]. 


Put, y = -x, /( 0) = 


/(*) + /(-*) 


«-/(*)/(-*) 


We know that, for all real jc. 

-1 <sin* < 1 

Now, when, -l<sin*<0, 

then 

[sin*] =-l 

when sinx = 0. 

then 

o 

ii 

H 

c 

l£j 

when 0 < sin* < 1, 

then 

[sin*]= 0 

and [sin*]=l only when sin* = l 

(in -1<*<1 ). 


or, Q, + 

*-/(*)/(-*) 


or, /(x) + /(-x) = 0 or, /(-*) = -/(*) 


now, Zkzil. 

y-x \-f(-x)f(y) S'-* 




Li L, Ii±M„ U 

y-*x y-x y-y X y-x y-*x\ + f{y)f( 


L , qy-±m__ u MzM I 

> ->* (y-x) y->x y-x 1 + j ( 

[••/(o)=o 


or, /'(0) = /'(*) 


1 


or, 


1 + / (*)_ 

)by/; 

— = /'( 0)A ; orML-/'(0 )\dx 


Let us denote /(*)by/; /'(o) = / , x-- l y 2 - 


1 + / 


!■+/• 
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Newton - Libnitz formula. 


tan-*(/) = x/'(0)+* . 
hen, x = 0, / = 0, k = 0 [v tan _l / = 0 ]- 
tan''/ = ^/'(0) tan _1 /(jc) = x/'(^) ; 

— — = /'(o) = constant because when, f(x) 

r ,,\ . tan -1 fix) . 

mown / (0) is constant, x ~"' is constant. 

/(*) = §x\dx, |x| = x, *>0 
= -x,x<0 

(x)=: Jjc dx (when x>0) 
y+c=^+c = ^ + c (|x| = +x,x>0) 
x) = j-x dx (when x < 0) 

I|_ +C i = Lfk +C)= i|l +Cl (|x| = -x,jc<0) 

»w, /(0) = 0, c = 0, Cj = 0 



i.e. j/M^ /(*) = V( x ), attention 

a 

should be paid to the conditions of its use. 

This method may be applied to compute definite integral 

of/(A*) continuous on a<x<b only when /(*) = <!/(*) 
is entirely satisfied in the whole interval [a, b]. In 
particular the antiderivative must be a continuous 
function on [ a , b]. 

But obviously here, f(x) = -y, - ^ . 

Now, = * s not satisfied (i.e. holds good) 

in the entire interval [-1,1] = — V does 

not have any meaning at x = 0. 

So, Newton - Libnitz formula cannot be applied directly 
to it to compute the value. 


7. /(*)= It 

/-> O0 


(l+sin7Lxy -1 
(l + sin^vy +1 


at x - 0, 1, 2, 3, ..., 


the continuity of /(a) is to be checked, 
obviously sin7tx = 0 at x = 0, 1, 2, 3, .... 

’(1 + 0)' -l‘ 


f(x)= Lt f 
/-> 00 


(1 + 0)' +1 


1-1 
1 + 1 


= 0 


/(-*)=-- 2 [ v H=W] or > /(-*)=-/(*) 

nee f (x) is an odd function. Hence, the graph shown 
^ve is symmetrical about origin. 


-ii 


- 2, This computation is wrong. 

e above integral looks very simple but really tough 
evaluate, when evaluating definite integral using 


Case I. Suppose 2 aw<jc<2w + 1, forall/wejV. 

.*. sin2w7t<sin7u: <sin(2m + l)7t 

i.e. 7 ta is either in first or second quadrant, obviously 

sh7tA is positive, 

l + sin7iA>0 + l or, (l + sin7ur)>l 
(l -h sin 7 tjc) / ->oo as t ->oo . 


. , r (l + sin7tx) / -1 

.*. /(*) = Lt i L 

/_>00 (l + sin7tx) +1 


= Lt 


l-(l + sin7ix) 1 
1 + (l 4* sin tly) -/ 

, -°=i. 


•/ (l +sinTLxy -+oo 
.*. (l +sin7uc) ' -»0 


1 + 0 
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Case II. Suppose 2/w + l <x<2m+2 

=> (2w + l) 7l<7UC<(2w + 2)7l 

So, nx in either third or fourth quadrant. 

Hence, sin7Lt is negative. 

-I<sin7ur<0 or (l + sin7tx)<l [/. 0<(l + sin7tx)< l]. 
Hence, (l + sin7uc) / -> 0 as /->oo 

/(,) = U O«i^»)'-' = 0 Z 1 = _| 

v ' '-*» (l+sinrcr)' +1 0+1 

(Note : if x is assumed as 2m -\ <. 2m the result 
will be same as above i.e. /(*) = -l) 

/(*) = 0 if x = 0,1,2 

= 1 if 2m<x<2m + \, m being an integer. 

= - 1 if 2/w + l <x <2m + 2 , m being an integer. 

(or, /( jc) = -1 if (2/w-l) <x <2m} 

Obviously atx = 2w, /(x) = 0 


but Lt f(x) = 1; Lt /(*) = - 1 

*-»2/w+0 x-+2m-0 


at x = 2m - 1, / (x) = 0 but Lt /(jc) = 1; 

jc->(2/w-1) + 


Lt f(x) = -\ 

x-*(2m-\y 

Therefore f(x ) is discontinuous at x = 2 m, 2m- 1 
obviously, /(*) is discontinuous at x = ceR when c 
is an integer. 

Note : Each point of discontinuity is a point of jump 
discontinuity. 


8. J- 




dx 


(cos 3 x + cos 2 X + COS X j 2 

Let, cosjc=-z or, -sin xdx-dz 
Now, 


* sin 2 f-sin| sin 2 ^ ( 

sin —sec— = — = — x I sin— cos— 

2 2 __ 2 x (22 


C0S 2 


cos y 


= 2 X 


f ~ • 2 * ^ 
2sin 2 


2cos 


2 * 


• X x\ 1 ( 1-COSA-^ 

< 2sin— cos- = ^x \xs\nx 

V 2 2J 2 ^1 + cosjcJ 


-cos* 


•• '-if 


1 fl-COSJC 


sin*<ix 


2 J 1 + cos* 


(cos 3 x + cos 2 * + cos X 


? 


_ I rl -z smxdx _ 1 r z — 1 
2 J l + z , . _ . 1 — 2 ^ z+ 1 X " 


dz 


(S+S+'f • (z J *z’ + z) 

Put, z + — + l = w 2 .*. fl — \^dz = 2udu 


Now, 


dz 


K*0 




-if- 


■ z- 1 

dz 

z(z + l) 

J z+ 7 +1 

z 2 -l 


. „2 

2 

dz 

(z + l) 2 

Z 


('- 

7 Y 


if z z -l 
2 




(ltl > 2 f+7 


+ 1 


1 


-7 


dz 


2J z 2 + 2z + l 




2,1 '.2Uz + I + , 


1 r 2udu 1 r 2dw r 

? j /..2 . IN.. . 2 ^, J" 


dw 


^ (w 2 +l)w 2 j w 2 + 1 w 2 + l 


= tan 1 u + A = tan 1 f z + — + 1 I + k 


= tan 1 [cosjc+ — ^ — + l| + A: = tan ] (cosx + secx + \) + 
\ cos* J v ' 

9. Let us assume /( *) = ^ ; /'( *) = |°^' Y J 


(log*) 

Now, for /(*) to be decreasing /'(*)<0 . 

logzc — 1 < 0 or logzc < 1 or log* < loge or x < 
but, log* is defined for x > 0. 

0<x<e, /(*) is decreasing and obviously 1 
e<x<oo ;/(*) is increasing. 

Now, ^ = 2-718 <5 <6 

.\ e <x <oo as, /(*) is increasing 

6 5 


'«>/(* 


or or log5 ; 5 

log6 6 Iog6 V36 


...( 
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Now, V37>V36 or 

J37 V36 

or ^lr < V§6 

F ,o m( l)«nd(2),|5||>- 7 L. 

10. / = I x '+1 2 

,] = • / 2=l sin ( x -H) d ( jc -H 5 ) 

°0 + W) ’ 0 

« {>£}<& 

NOW, /] = J r 

Now, obviously {[*]} =0 for all real x (because, [jc] 
denotes the integral part of x hence fraction of an integer 
must be equal to zero, {[*]} = 0 ). 

\[yfx)dx 4, , 

0 (1 + 0) 0 


\dx 


= \\^}cU + \{yIx}dx 
0 1 
1 4 

= jy!xdx + -lj^ 

0 1 

£.\ 0<x<\ 9 0<yfx <1, 1<*<4, \<^fx<2 {V*} 

= \4xdx-\dx = . 


9 2 

-(4-l) = ~x4 2 -3 


T-’=f 


/ 2 = Jsin(x -[*])<*(* -[x] 5 ) 
Now, for 0oc<-^ v [*]=0 

71 

4 1 

I 2 = \ sinjtcfct =[-cosx] ^ 


V2- 


= -cos-^- + cos0 = — Jj + 1 = 1- ^ 

• / = / I+ / 2 =7 +1 __^ = ^__^j_ 
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3 rd m athematical Challenge 

Si*r 


l.l.T. MAINS 


This section is designed to give IIT JEE aspirants a thorough grinding & exposure to variety of possible twists and turns of problems in 
mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
IIT JEE aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 


1. If a l9 a 2 , a 3 , a n are integers with s = a ] + a 2 + ... + a„ y then prove that 

+ ^ + + f° r an y * nte g er a > 0, here [x] represents greatest integer < x. 

2. If x and y are prime numbers which satisfy jc 2 - ly 1 = 1, solve for x and y. 

3. For all natural n , show that + — 7-^ + —- +—■ + - y <2. 

’ n + 1 ai + 2 n + 3 3h + 1 


4. Prove using complex numbers that the sum of the finite series 

• rfi 
sin — / 

cos0 + cos2O-fcos30 + .... + cos/i0 ; for 0 < 0 < 271 is g-(cos(« + l)^|. 

sin | ' 21 

5. Equilateral triangles are circumscribed to the parabola y 2 = 4 ax. Prove that their angular points lie on the 

conic ( 3x + a)(x + 3 a) = y 2 . 

6. Let the bisector of the angle C of a triangle ABC meet the side AB at D. Show that CD 2 < AC BC. 

7. The position vectors of the focii of an ellipse are b and -b and the length of the major axis is 2a. Prove 
that the equation of ellipse is, a 4 - a 2 (r 2 +b 2 ) + (b -r) 2 = 0. 

8. Let = tan and g(x) = V3 + 4x - 4x 2 . If g(f(x)) is defined then find the range and domain of 
/ ( x ). Also find the range of g(/X*)). 


r i i c 

9. Show that J* 0“*) dx = f dx\(m, n> 0) . 

o 

10. In an organization, number of women are X times that of men. If k things are distributed among them, 

f i 

probability that number of things received by men are odd is 9 ■ Evaluate X. 
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4ow equation of MN is y = (•*-<? cos (ft) 


-~sec4> + -^coseccft = 1 

Jow equation to the normal at point (acos<|>, 6sin<)>) with 
aspect to any other concentric ellipse. 

2 


x y~ 

j 2 + ^T “ 1 is Axsezty- Byzosec§ = A 2 - B 2 


s ( 1 ) and (2) are similar, on comparing them, we have 


(0, y). Solving (1) with axis of * i.e., y = 0, we get 

a~+b 2 (a 2 +/> 2 Uan<ft 

-P) Similarly, y = A 


X = 




If PM and PN be the lines parallel to axes the co-ordinates 
of Ps (x, y) will be clearly given by (2) and (3) 

The required locus of P will be obtained by eliminating 
<t> from (2) and (3). From (2), 


A — B 

JZ = JTb = A2 ~ Bl °r Aa = ~ Bb =A 2 -B 2 

2 


cos <| ) = hence tan ^ ) . 

« a 2 +b 2 


olving we get B = 


a 2 b 


and A = — 


ab 2 


b 2 a 2 -b‘ 

the line (I), i.e. ^jsec<|> + ^jcosec«|> = I 


Putting this value in (3) and simplifying 
we get the required locus as a 2 x 2 - b'-y 2 = (a 2 + b 2 ) 2 . 


a normal to the fixed ellipse 


2 y 2 _ ,2 

T + TT = I - Where A = , , and B = 


a 2 b 


9. Prove that the chords of a hyperbola, which touch 
the conjugate hyperbola are bisected at the point of 
contact. 

Soln.: Let the equation of hyperbola be 


B \ a 2 -b 2 

•th of them being constant. 


a 2 -b 1 


Prove that the straight line — — 4” = "' and - + — = — 

Qn n A m 


a b 

vays meet on the hyperbola. 


x 2 y 2 v 2 v* 2 

~~TT = l •••( 1), Its conjugate will be - = ] .. (2) 

a b b a 2 

Any point on (2) is ( a tamp, b sec4>). The equation to the 
tangent at this point to the curve (2) will be 


■^■secij) - -^tamji = 1 


a 


...(3) 


In.: Equation of straight line is ~~^ = m ...(I) 


£ + T _ J_ 




a b m 

find out the locus of the point of intersection of (I) 
I (2), we have to eliminate the variable m from these 
>• So multiplying (1) and (2) 

I 


Equation to the chord of (1) having the point (a tan<J», 
b sec<» as mid point will be 

*qtan 4> yf>sec(t> a 2 tan 2 <p b 2 sec 2 <b 
■> — 


*tan<t> Tsec<|) ysecip x . 

a b ° r ’ — Z tan * = 1 


•« (MXM) ■ 


a : 2 _ y 2 


b 2 


I which is clearly hyperbola. 

2 


The normal to the hyperbola ~ = I meet 

** b~ 


axes on M and N and lines Y 
and NP are drawn at right A 
les to the axes. Prove that the 
is of P is the hyperbola a 2 x 2 
T = (a 2 + b 2 ) 2 



which is same as equation (3). 

1 0. Show that the chord, which joins the points in which 
a pair of conjugate diameters meets the hyperbola and 
its conjugate, is parallel to one asymptote and is bisected 
by the other. 

Soln.: If P and Q be the points where the pair of conjugate 
diameters meet the hyperbola and the conjugate 
respectively then if the co-ordinates of P be 
(tfsec<|>, 6tan<)>) then by the same article the co-ordinate 
of D will be ( a tan0, b sec<ft). 


i.: Let the equation of the hyperbola be 


£ 1 - 21 -. 
-» i — i 


Slope of PD = ~ 6 ;C t~ Man i; =- 
tftan<ft -tfsec<(> a 

which is same as of the asymptotes. 

, 2 . Again the middle point of PD is 

a b~ 1 

A be any point on it having the co-ordinates 
c<)>, Z?tan<t>); then the equation of the normal at this , 

t will be given by ax sinty + by = (a 2 +6 2 )tan<p ...(1) ■ This point satisfies the equation to the other asymptotes 

his normal cut the axis ofx at M whose co-ordinates 
x > 0) an d the axis ofy at A' whose co-ordinates are 


•^(asecip-i-atanip), -^-^>(sec<j> + tan<j>) 


y = hence lies on it. 
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1. The coefficients a, b in the quadratic polynomial 
p(z) = z 2 + az + b are complex numbers and a 2 * 4 b. 
Prove that there are two real values of z and two purely 
imaginary values of z for all four of which p(z) is purely 
imaginary if {Rfa)} 2 > 4 R e (b) > -{/ m (a)} 2 - 

2. Show that there are two complex numbers z such 
that \z - 2 - 1| = 1 and arg z = n/4 and find their moduli. 

3. The reflection of the point Z| in the line 0 = ct through 
the origin in the Argand diagram is z 2 and reflection ot 
z 2 in the line 0 = P through the origin is z 3 . Prove that 

z 2 =zi (cos2a + isin2a) 
and that z 3 = z, [cos(2p-2a) + isin(2p-2a)] . 

4. Show that 

I . _ 3 _ / 1 < i => Vio - 1 < | z | < VTo + 1 • 

5. if |z — 2 - <| < 2 and |o - 5 - 5/| < 1 , find the maximum 
and minimum values of |z - to|. 


- Bv : Prof. B.L. Sharma, Jaipur 

10. The centre of the square is at the point z 0 = 1 + ' 
and one of its vertices is at the point z, = 1 - /• Find 
the complex numbers which corresponds to the other 
vertices of the square. 

r — SOLUTIONS 

1 . Case I : z is real, i.e. z = p(z) = P\ + *Pi 
By given condition 

ip 2 = x 2 + (a, + + b , + ib 2 

=> x 2 + c/|X + b, = 0. 

This is a quadratic equation with real roots. Thus 
>4 6 , or {Rfa)} 2 > 4 R c (b) - (0 

Case II : If z is imaginary, i.e. z = iy 
By hypothesis, 

ip 2 - -f + i (a, + ia 2 )y + 6, + ib 2 

=> / + a 2 y - 6 , = 0 

or {IJa)} 2 + 4 RXb) > 0 - ( " 

from (i) and (ii), we get the result. 


6. A point P representing the complex number z moves 
in the Argand diagram so that it lies always in the region 
defined by |z - 1| < \z - /'I and |z - 2 - 2/| < 1 . 

I f P describes the boundary of this region find |z| when 
arg(z) has the smallest value. 

7. If 0 is real and z = cos0 + /sine, determine a , b , c, 
d such that 

2 7 cos 3 0 sin 5 0 = a sin80 + b sin60 + c sin40 + d sin20. 

8. The affixes of the complex numbers a = 3 + / and 
b = l + 2/ are A and B respectively. Find the complex 
numbers p, p\ q, q with affixes P, P\ Q , Q' such that j 
ABQP and ABQ'P' are squares. Find also complex 
numbers r, r with affixes R, R' such that ABR, ABR' 
are equilateral triangles. 

9. Find out how arg z(z - 1) will vary if the point z 
describes about a point O counter-clockwise, circle of 
radius 2 starting from the point z = 2. 


2. |z - 2 - /| = 1 is a 
circle, centre at (2, 1 ) and 
R = 1 . Join B and D. 

AB = 0/1 = 2. 

Hence Z AOB = n/4. 

Thus the points B and D 
have arguments equal to 
n/4. 

A B 2 + OA 2 = BD 2 => BD 
arg(z,) = arg(z 2 ) = n/4 
and | z , | = 2V2 and | z 2 1 

3. Let m = tana, z, is a 
reflection of z 2 . Thus, 
yi + y 2 = m(x, +* 2 ) ... (i) 
m(y 2 -y\) = X\-x 2 ••• (ii) 
Solving (i) and (ii), we have 



V2. 
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1-/77 ,, 2/77 

X 2 =X\ — — j + Ti ■ 


\ + m i 


1 + ni 


2m 1 - m 

yi = *\\ — — t 

1 + m 1 + m 

z 2 = x 2 + iy 2 = (*i - /y,)cos2a + (a, + .y,)sin2a 
= JC| e 2 /a _ e 2 /a = * (cos 2a + / sin 2a) . 

Similarly, z 3 = z 2 e 2 '^ = Zj e~ 2/a • e 2 '^ 

= z,[cos(2(3 - 2a) + / sin(2P - 2a)]. 

4. |z - 3 - /| < 1 , it represents )' 
the points r lying inside the 
circle, centre (3, 1) and 
radius 1. 

It is clear from the diagram 
that OA < |z| < OB 
Now OC = Vf 0 

/. VTo-i < | z | <VTo + i. 


r + i = 2 cos 0 , r 2 +3 = 2 cos 20 

z z 

( 2 cos 0 ) 3 ( 2 /sin 0) 5 = |z-|) + 



5. P 2 = z- o) 


PA 


= r-co 


= V( 5 - 2 ) 2 +( 5 -l ) 2 -3 = 2 . 
Minimum value of 

i- - a>i = 2 y 



T 

= 2/ sin80 - 4/ sin60 - 4/ sin40 + 12 /sin20 
/. 2 7 cos 3 0 sin 5 0 = sin80 - 2sin60 - 2sin40 + 6sin20 

a = 1 , b = -2, c = -2, d = 6. 

8. 75 =6-a = -2 + /‘ . To obtain /!/> and , we 

must rotate AB through ± n/2. Then 

7p=/(-2+o=-i-2/ ; Tp^i+2/ 

p - a + (-1 - 2/) = 2 - / 

/?' = 3 + / + 1 + 2/ = 4 + 3/ 

Similarly, q = b + (-1 - 2/) = 0 
q' = 1 + 2/ + 1 + 2/ = 2 + 4/. 

To rotate 75 through angle ± 7t/3, we seek complex 
number z such that \z\ = 1 and arg z = ± n/3. Thus 

z = cosj ± /sin j = ^(l ±/V3) 

1 •. Jr = i(l + /V3)(6-a) 


£?2 “ Z — G) , 

| Q\Ql | = | - — CO | = 5 + 2 + 1 

Maximum value of 
|z - CI»| - 8. 

6. It is clear from the 
diagram that the region 
defined by |z - l|<|z-/| 
and |z — 2 — 2/| < 1 is 
ACBC X , i.e. the point lying 
inside and boundary of the 
semi-circle ACB. The 
points lying on the 
diameter AC X B. If P 

describes the boundary of this region. If OR is the tangent 
to the circle => arg(/?) is the smallest. 



I - 1 = or = 'Jog 2 - i 2 = V1PT = V7. 

7. z = cos0 + i sin0 ; - = cos0-/sin0 
r-- = 2/sin0 , : 2 --V= 2isin26 


• = a+i(l + /V3P-a)=2-^ + ^|-V3j 


=2_2v 3 

4 2 V 

Also, / = 2 + 2>/ 3 . 


9. arg (z)(z - 1 ) 


"^>C (r) 

= arg z + arg(z - 1 ) 



Change in the arg z(z - 1 ) 

V 0 

(I.Oj/'.-l 

= 271 + 271 = 471. 




10. Using the property that 
diagonals bisect each other. 

• tih +l ~ < 1 1 j 
2 

x x + ty x + l-/ = 2 + 2/ 
*, + iy x = 1 + 3 /, 
similarly B and D 

B = 3 + /, D = -1 +/. 



^ (1-0 
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Very Similar 


MODEL TEST PAPER 


for CBSE - AIEEE 2004 


Exam on' 
9 th May 
2004 


1. The area of the parallelogram whose adjacent sides 
are 2/ - 3 k and 4 j + 2k is 

(A) 2Vl4 (B) 4Vl4 (C) 16Vl4 (D)Vm. 

2. A unit vector perpendicular to the plane of a and b 
where a = - i+j + k and b = i-j + k is 


{A) ^ 


(B) k 


j+k 

(C) 7T 


(D) 


'-J 




3. The value of p such that the vectors /+3/-2£ , 
2/ - j + 4k and 3/ +2j + pk are coplanar is 


(A) 4 


(B) 2 


(C) 8 


(D) 10. 



a 

b 

c 



1 2 

4. 

b 

c 

a 

- 

11. Let A = 

0 1 


c 

a 

b 





(A) a + b + c + 

(B) 4- b 2 4- c 2 + ab + be + 

(C) 3a6c - a 3 - 6 3 - c 3 (D) o 3 + 6 3 + c 3 - 3aZ?c. 


5. If A = 


1 1 1 
1 1 1 
1 1 1 


,A 2 = 


(A) A 

(C) unit matrix 


(B) 2A 
(D) 3 A. 


6. If to is a cube root of unity 


1 


0) Cl) 

.2 


CD CO 

2 , 


CD“ CD 


(A) 0 


(B) 1 


(C) CD 


(D) CD 2 . 


*-l 

1 

1 


7. The roots of the equation 

(A) 1,2 (B) -1,2 (C) 1,-2 

8. The inverse of 


1 

x-1 

1 


1 
1 

x-1 
(D) -1,-2. 


= 0 are 


3 -2 
-7 5 


is 


3 -7 


5 -2 


(A) 

-2 

"5 2 

5 _ 

(B) 

-7 3 

"-3 1 

(C) 

7 3 


(D) 

-2 5 


9. A: is a scalar and A is an n - square matrix. 
Then | kA | = 

(A) k\A\ n (B) k\A\ (D)k n \A\. 


1 0. From the matrix equation AB = AC we can conclude 
B = C provided 

(A) A is singular (B) A is non - singular 

(C) A is symmetric (D) A is square. 


. Then A n = 



"l 2/7" 


"2 n 

(A) 

0 1 _ 

(B) 

0 1 


"l 2 n ~ 


"l n 

(C) 

0 1 

(D) 

0 2 


12. In a triangle ABC if a = 2, B = 60° and C = 75°, 
then b = 

(A) V3 (B) V6 

(C) V9 (D) 1 + V2 - 


13. If tan* 1 2x + tan' 1 3* = — , then x - 


(A) 1 (B) - 1 (C) 1/6 (D) 1/4. 

14. The general solution of tan 20 tan 0 = 1 is 0 = 


(A) (2n + l)j 


(B) (2/7+1)- 
4 


(C) (2/7 + 1)- 


(D) (2/7 + 1)-. 

6 


-I 2 .,1 

1 5. cos -7=- + tan — = 
V5 3 


A/so useful for IIT (Screening), DCE, UPSEAT, Orissa JEE, MP-PET, Kerala PET, Karnataka CET, 
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1. Let /( jc) is a periodic function, with period T> 0. 

V m, f m 

Prove that \ e ~ ml f(t)dt = -2 — . where m > 0. 


1 -e 


-mT 


2. If f(x) is a polynomial function of lowest degree 
that passes through three non-collinear points 
(distinct) ( a , (a - b)(a - c)\ ( b , ( b - c)(6 - a)) and 
(c, (c - a)(c - b)) then prove that there always exists 
some x for which f(x) < 0. 

3. Solve for x: sin~ ! ^sin^ < 

4. Suppose a, b, c, d are fixed real numbers such that 
a quadrilateral can be formed with sides a, b, c, d in 
clock-wise order. Prove that the vertices of the 
quadrilateral of maximum area lie on a circle. 

5. If g(*) > 0 V x e [a, b] and/(jc) is continuous 
in [a, b] and /(*) has least and greatest value m, M 
respectively. Prove that 

m I g(x)dx < / f{x) g(x)dx £ A i \ g(x)dx. 

a a a 

6. If origin and z 0 lie to opposite side of the 
line az + az - 4=0 in a complex plane. Prove 
Re(a) • Re(z 0 ) + Im(a) • Im(z 0 ) > 2. (where a and z Q are 
complex numbers). 

7. If a and b are chosen randomly from the set 
S = {1, 2, 3, 4, ..., 10} with replacement. Find the 

probability that lim|iL±i!_j = 10. 

8. Consider the region S 0 which is enclosed by the 
curve y £ y/\ - x 2 and max{|;t|, \y\} < 4. If slope 

of a family of lines is defined as m(t) = cosr; where 
point (f, 2 1 + 0.4) lies inside the region S Q . 

Any member of this family of lines is called as Akhlakian 
if it passes through (7t, max{/}) 

(a) Find the equation of Akhlakian straight line having 


maximum possible slope. 

(b) Compute the area of region ‘5 0 \ 

9. Let a, b, c be the sides of a triangle for usual notation. 
If a- + b 1 = 1993c 2 , find co ,“^ ol8 - 

10. If a 13 = 1 and (a * 1), find the quadratic equation 
whose roots are a + a 3 +a 4 +a~ 4 +oc" 3 +a _I and 
a 2 +a 5 +a 6 +a" 6 +a" 5 + a" 2 . 


SOLUTION 


1. If f(x) is periodic with period T, then 
Ax) = AT + x) = A2T + X) = .... 


= \e- m, f(t)dt + 7 e~ mt f(t)dt + 

0 0 T 

3T 

1 e' m, f(t)dt + ....« 

2 T 
T 

and let l - \e m, f(t)dt 
o 

7 e' m, At)dt = \e- m(y+T) f(T + y)dy 

T 0 

= e ' mr ? e ' my Ay) dy [■: f(T+y) = f{y)\ 
0 

= e~ mT 1 e~ m 'f{t)dt . 7 e~ m 'f(t)dt = e~ mT I 

0 ’ T 

Similarly; I e m, f(t)dt = e 2ml J 

IT 


t = y + T 
dt - dy 


so, / e~ ml f(i)dt = / + e~ mT I + (e' mr ) 2 I + ... oo 
o 

= ; (infinite G.P. sum) 

1 — e 

. )e"”'At)dt 

Hence f e"”'/ (t)dt = -2 . 

o 1 - e 

2. It is obvious that 
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/(x) = (x-a)(x-b) + (x-b)(x-c) + (x-c)(x-a) 

f(x) = 3x 2 - 2 (a + b + c)x + ab + bc+ ca 
discriminant = A = 4 (a + b + c) 2 — 12(a6 + be + ca) 
= a 2 + b 2 + c 2 - ab - be - ca 

A= ^-[(a-6) 2 +(6-c) 2 +(c-a) 2 ] * 

Since a, 6, c are distinct and real 

=> A > 0 => roots of f(x) = 0 are real and distinct. 

=» there is some x for which /(x) < 0. 

, , . _ 2jc 2 +4 2 _ 4-/ 

3. Let t — ; — ^ x _ 

x 2 + l / " 2 

• • x 2 > 0 we get 2 < t < 4 

we have to solve sin -, (sin/) < 7t — 3 (2 < / < 4) 

=> to satisfy sin _, (sin /) < ti - 3 
and 2 < / < 4 
Simultaneously 3 < / < 4 


=> 3 < 


2x 2 + 4 
x 2 + 1 


i 

k y sin '(sin /) 



3n 

/ X* 2 



4 2 

1 

1. 

y K. 1 




4. Consider the following figure 
In A PQR and A PSR 

PR 2 = a 2 + b 2 - 2abcosa 
and PR 2 = c 2 + d 2 - 2cc/cosp^ 
a 7 +b 2 -2a6cosa 

= c 2 +d 2 -2c</cosP 
Let A denotes the area of quadrilateral PQRS 
A = area of A PQR + area of A PSR 

A = -^-a^sina + -i-cc/sinp 

dA l , 1 , a dp 

=> = —ab cosa + —cd cosp-r^- 

da 2 2 v d a 

differentiating both sides of (i) w.r.t. a, we get 

^ . . . , . „ dP dp a^sina 

2a6s.na = 2crf S .nP^-=>^ r = 7 ^ 

substituting in (ii) 

1 . 1 . „/a6sina\ 

-r— = — ai cosa + — edeosp . . n 

da 2 2 K (cdsinp) 

d/1 _ 1 f sinacosp + cosasinp l 

da - 2 a L sinp J 

dA 1 , sin(a + P) 

da " 2 sinp 

For maximum or minimum values of A 

4^ = 0 => sin(a + P) = 0 
d a 


•••(ii) 


• a + P = n, it is easy to check that 


— < o => quadrilateral will be concyclic. 

da. 1 

5. Since f(x) - m> 0 V xe[a, b] 

=> (/(*) - «)#(•*) ^ 0 ( •' g( x ) > °) 

=> f ( f(x)-m)g(x)dx > 0 

a 

=> I f(x)g(x)dx - m\ g(x) dx > 0 

a a 

h b 

m \g(x)dx < [f(x)g(x)dx further f(x) - M < 0; 


f(x)g(x) - Mg(x)< 0 
- 1 f(x)g(x)dx - M\g{x)dx < 0 


(••• g(x)Z 0) 


> Here A, B, x 0 , y 0 are real 


b b 

=> \ f(x)g(x)dx < M\g(x)dx. (Hence proved) 

a a 

6. v Origin and z 0 lie in opposite side of the line 
aH + az - 4=0 

v origin gives - 4 (negative) 

=> az Q + az 0 - 4 > 0 
a = A + iB 1 
z 0 =x o + : ty 0 } 
a = A - iB 
z 0 = x o ~ Wo 

(A + iB)(x 0 -iy 0 ) + (A-iB)(x 0 + iy 0 )-4 > 0 
we get Ax 0 + By 0 > 2 
=> R e(a) • Re(z 0 ) + Im(a) Im(z 0 ) > 2. 

7. a can be chosen in 10 ways 

b can be chosen in 10 ways ( y with replacement) 
Total number of ways of chosing a and b is = 100 

lim a +JL) =e'^ ' > 

/— o V 2 I 


lim 


a 1 \na + b f ln/> 


1 _ e lna + ln/) _ ^ln (ab) _ ^ - \Q 


a b 
1 10 
10 1 
2 5 

5 2 

4 


4 ways (favourable ways) 


P = 


100 25* 

8. Required region is shown. We can not select x > 1 
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or jc < — 1 because y = yj\ - x 2 
(y becomes imaginary if x > 1 

or jc < -1) 

(b) area of region 



S 0 = 2 x 4 - - 


• r 0 n 
— — = 8--sq. units 


it is given that point ( t , 2 1 + 0.4) 
lies inside the region 
S 0 => t lies on line y = 2x+ 0.4 

Solve 

[y = 2jc + 0.4 
x 2 + (2x + 0.4) 2 = 1 
5x 2 + \.6x - 0.84 = 0=*jc = 0.28 => 0.28 </< 1. 
(a) every Akhlakian line passes through (7t, 1) 
m(t) = cos t (slope) 
maximum slope = cos(0.28) 

=> equation of Akhlakian line will be 



— — - = cos(0.28). 
x-n 

9. Since a 2 + b 2 = 1993c 2 , a 2 + b 2 - c 2 = 1992c 2 


0.28 


a 2 +b 2 -c 2=: 2abcosC=$ cosC= 


1992c 2 


► cos C- 


996 c 2 


lab ab 

cot C _ cosCsin/lsinZ? 

cot A + cot B ~ sinC(sin(y4 + #)) (*• ^ + £ + C = *0 

,2 


cosCsin/4sin£ 


sin 2 C 


(by 


sine rule 
996c 2 


cosC(a/>/4/? ) 
(c/2/?) 2 

c = 2 /?) 


ab 


sin^ sin# sinC 

X 2k. = 996. 
c 


10. Let A = a + a + a + a" 


A = a +a 3 +a 4 + a 9 +a 10 + a 12 


+ a " + a“ 

(.•o l> .l) 


B = a 2 + a 5 + a 6 + a" 6 


• a" 5 + a’ 2 


B = a 2 + a 5 + a 6 + a 7 + a 8 + a 11 
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A + B = a + a 2 + a 3 + a 4 + ....+ a 12 

a + b = ^1zR = ^L = _1 (,. a '3 = 1 ) 

a-1 a-1 v 1 

A x B = (a + a 3 +a 4 +a 9 +a 10 +a 12 ) x 

(a 2 +a 5 +a 6 +a 7 +a 8 +a n ) 

= 3[a + a 2 +... +a 12 ] 

AB = -3 => equation is jc 2 + x - 3 = 0. ■ 
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5 th m athematic al Challenge 

for 


l.l.T. MAINS 


lathfmi ' s designed to give IIT JEE aspirants a thorough gnnding & exposure to variety of possible twists and turns of problems in 
mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
ii i Jtt aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 


1. Show that the six planes through the middle point of each edge of a tetrahedron perpendicular to the opposite 
edge meet in a point. 

2. Prove that if the graph of the function^ =/(*), defined throughout the number scale, is symmetrical about 
two lines x — a and x — b, (a < b ), then this function is a periodic one. 

3. Show that an equilateral triangle is a triangle of maximum area for a given perimeter and a triangle of 
minimum perimeter for a given area. 

4. Let a: 2 + bz + c be a polynomial with complex coefficients such that a and b are non-zero. Prove that the 
zeros of this polynomial lie in the region |r| < |^| + |^J. 

5. An isosceles triangle with its base parallel to the major axis of the ellipse 4 + 4 = 1 is circumscribed with 
all the three sides touching the ellipse. Find the least possible area of the triangle. 

6. If one of the straight lines given by the equation ax’ + 2hxy + by 1 = 0 coincides with one of those given 

by a'x 2 + Ih'xy + b'Y = 0 and the other lines represented by them be perpendicular, show that rr-^i = 

b - a b — a 


m + 2 

K " ) 


+ to (n + 1) terms 


) terms 


7. Prove tha. 



i 

8. If n > 2 and /„ = J(1 - x 2 ) n cosmx dx, then show that m 2 l n = 2n(2n - !)/„_ , - 4 n(n - \)I n 2 . 

9. Find the sum to infinite terms of the series : 7 + T2 + 7T7 + + 00 

4 36 144 400 900 

10. ABC is a triangle inscribed in a circle. Two of its sides are parallel to two given straight lines. Show that 
the locus of foot of the perpendicular from the centre of the circle on to the third side is also a circle, concentric 
to the given circle. 
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6. b 2 + c 2 - 2 be cos a = a 2 


-.(1) 


By the given hypothesis 
a 2_ Rr _ 2s a _ a 

a + b + c 2sin A (a + b + c)s\r\A x 


or bc-2a(b+c) = 2a 2 
we rewrite (1) as 


^6csin A = a — - 
2 2(a + b + c) 


...( 2 ) 


(b + c ) 2 - 22>c (1 + cos a) = a 2 
and substituting the expression for be from (2), we have 
a quadratic in b + c i.e. 


( b + c ) 2 - 8 a cos 2 y (b + c)- ^8a 2 cos 2 y + a 2 j = 0 


„or 6 + c = fl|l + 8cos 2 yj ...(3) 

we reject the - ve sign, it has no meaning, using (3) in (2), 
we get 

be = 4 a 2 |l + 4cos 2 yj _(4) 

from (3) and (4), it is clear that b and c are the roots of the 
equation. 

x 2 -fl|l + 8cos 2 yj * + 4a 2 |l + 4cos 2 yj = 0 

Solving the equation, we get the required result. 

7. The necessary condition is met if the numbers 
/( 1) and/(2) are negative i.e. 

f(x) = x 2 +mx + m 2 +6m 

f(\) = m 2 +lm + \Z0 ...(1) 

/(2) = m 2 + 8/w + 4 < 0 ...(2) 

Solving (1) and (2) on the number line, we get 

_ 2±|V5^ m ^- 4+2 V3. 

8. (a) We denote sin* byy in the second equation, 
we have 


2y 2 -y = 0 

.Vi = 0, y\ = ^ . We replace sin3x = 3_y- 4 _y 3 then the first 
equation becomes 

[4y 2 -(4-2\a\)y + a-3]y = 0 ...(1) 

We find values of a such that (1) has the roots 0, ^ and 

its third root is either 0, ^ or > 1 in absolute term. 
y = 0 is a root of (1), hence (1) becomes 

4>» 2 -(4-2|a|)y + a-3 = 0 ...(2) 


(2) must have 4 as root. Substituting y = ! in (2), we 
^ 2 

find y = ^ is root if a = \a\ or a > 0 . 


The second root is yy => 

(i)^=o (ii)^=I (hi) 

(Remember a > 0 ) 

Thus we have 



a = 3, a = 4, 0 < a < 1, a > 5 . 

(b) Since cos 7 x<cos 2 x and sin 4 x<i sin 2 *, the left 
member of the given equation does not exceed unity and 
is equal to unity only when the equality occurs in both the 
above inequalities. It means the following system should 
hold i.e. 


cos 7 x = cos 2 * —(A) 

sin 4 * = sin 2 * —(B) 

(A) is satisfied by cos* = 0 and cos* = l . (B) is also 

satisfied by these equation i.e. cos* = 0 sin 2 * = 1 . 
cos* = 1 => sin* = 0 . Hence the solution is 

* = y + nn ; * = 2nn 
where n is any integer. 

9. The value of the determinant is not zero. Thus it 
represents the area of a A whose vertices are A (*,, y x \ 
B (* 2 , y 2 ) , C (* 3 , y 3 ). The lengths of the sides are a, b, c. 
The result is obvious. 

10. If /f + Z? + C = 7i,then 

(i) cos2A + cos2B + cos2C = — 1 — 4 cos /4 cos 2? cos C ...(1) 
Now, cos A cos B cos C is maximum \fA=B = C = 60° 

maximum of cos ,4 cos 2? cos C = i . 

Minimum value of 

cos2/4 + cos22? + cos2C = -l-^ = 

3 

.*. cos 2/4 + cos 2? + cos C > -y . 

ARC 1 

(ii) cos/4 + cosS + cosC = l + 4sinysin-~siny ...(2) 

sin y sin y sin y has maximum value if y = y = y = 30° 
ABC] 

Maximum value of sin y sin y sin y = g . 

3 

cos A + cosB + cosC <- 

AD Z 1 

siny-siny + cosy is always +ve in A ABC • 

.*. cos A + cos B + cos C > 1 . Hence the result. 
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6 th m athematical Challenge 

f° r mraTTTTTTa 




This section is designed to give IIT JEE aspirants a thorough grinding & exposure to variety of possible twists and turns of problems in 
mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
IIT JEE aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 


1 . 


2 . 


0i ™“ ,hat where a<c<b 

and /"(*) exists at all points in (a, b). Prove that there exists a number p, a < p < b, such that 

/( a ) , /W | - l f"( n) 

(a-b)(a-c) ( b-c){b-a ) ( c-a)(c-b ) 2 

An unbiased die is tossed until it lands the same way up twice running. Find the probability that it requires 
r tosses. 


3. Given the base of a triangle and the sum of its sides prove that the locus of the centre of its incircle is an 
ellipse. 


4. Let f(x) = ax 2 +bx+c&g(x) = cx 2 +bx + a, such that |/(0)| 5 1, |/(1)| < 1 and |/(-l)|<l , prove that 


|/(*)| £ 5/4 ond |s( x ) | s 2 • 

5. In order to Find the dip of an oil bed below the surface of the ground, vertical borings are made from the 
angular points, A, B, C of a triangle ABC which is in horizontal plane. The depth of the bed at these points 
are found to be x,x+y and x + z respectively. Show that the dip 9 (angle with horizontal) of the oil bed 

l ~~2 2 9 

which is assumed to be a plane is given by tanG • sin A = A where b and c are the lengths 

of the sides CA and AB respectively and A is the angle between CA and AB. 


6 . 


Evaluate : 


rcos8x-cos7.r , 
J 1 + 2cos5a* 


d 2 x 

7. Let / (x) be an even function such that /' (x) is continuous, find y for which — 1= J f{t)dt . 

8. Prove the inequality (a“ +b a ) Ua < (a* 3 +^) ,/|3 , for a > 0, b > 0 & a > p > 0. 


9. A circle of radius 1 rolls (without sliding) along the x-axis so that its centre is of the form (/, 1) with 
increasing. A certain point P touches the x-axis at the origin as the circle rolls. As the circle rolls further 
the point P passes through the point (x, 1/2). Find x, when it passes through (x, 1/2) first time. 

10. Find all positive integers n for which Vn-1 + 1 is rational. 

r 


By : Shailendra Maheshwari, Career point, Kota 
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By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


1 . Let T n , n = 1 , 2, 3, 4 represent four distinct positive 
real numbers other than unity such that each pair of the 
logarithm of T n and the reciprocal of logarithm denotes 
a point on a circle, whose centre lies on >>-axis. Prove 
that T x + T 2 + T 3 + r 4 > 4. 

2. A circle passes through the points A( 3, 4), 
/?(- 3/5, -4/5) and C(- 6/5, 8/5). Find the point which 
lies on the circle and also lies on the line joining point 
C and the origin. 

3. Through the point P{x Qt y 0 , z 0 ) a plane is drawn at 
right angles to OP meeting the axes in A, B, C. Prove 

t * 

that the area of MBC is 2x 0 °v 0 z~ 0 ' being the length 
OP and O is origin. 

4. A variable plane forms a tetrahedron of constant 
volume v 0 with the three co-ordinate planes. Find the 
locus of centroid of tetrahedron. 

5. Let r is a position vector of a variable point in 
Cartesian OXY plane such that r • (10y — 8i — r) — 40 

and />, = max || ; + 2/ - 3i| 2 }. Pi =min [| ; + 2/ - 3_/| ' }• 
A tangent line is drawn to the curve y = 8/x 2 at point A 


with abscissa 2 if + p 2 £ even otherwise a normal 
line is drawn at the same point. The drawn line cuts 

x-axis at a point B. Find AB • OB. 

6. In a triangle if sides a, b be constant and the base 

dA 

angles A, B vary. Show that = 


a 2 -b 2 s\n 2 A 

b 2 -a 2 sin 2 B 


7. Find the area between the curves y = x 2 + x - 2 and 
y = 2x, for which |x 2 + x- 2|+|2x| = |x 2 + 3x- 2| is 
satisfied. 


8 . 


Evaluate : / = 


'f cosV-3x) 

- 1/2 •/] -X 2 


9 . 


Let /» (JC) = TT^ 


■(*) 


, /.-■(*) 


where n e N. 


If AW = Tt"' 


n - 1 


and X = £ «/, then prove that 

1=0 


/» 


Inn 

(1 + Xn*) 2 ' 


10. Consider the circle 


z 




on argand plane where a,b e R. Find conditions on 
a and b if two distinct chords each bisected by real axis 


can be drawn to the circle from a + 


SOLUTION 



Simplifying, 


(In ry + (0)(ln ry + ( a 2 - r 2 )(ln T t ) 2 - 2a(ln 7;.) + 1 = 0 
Sum of roots = 0, In T t + In T 2 + In T, + In T A =0 


ln(7’ l -7’ 2 -7’ J -r 4 ) = 0=>r,-7’ 2 -7’ j r 4 =l 


A.M. £ G.M., > (7, t 2 Tj T a ) v 4 

^T l + T 2 + T i + T A > 4. 


2. The point A. B lies on 
y = (4/3)x (which passes 
through origin) 

4 

Equation of CO, y = -y* 
AO= 5, BO= 1, CO= 2, 


(-6/5, 8/5) ^ 

cY 

(3.4) 

B \ 

\ / * 

(-3/5, - 4/5^ 

N — (3/r,-4/») 

( v A > 0 it lies 
in 4th quadrant) 


DO = 5h ; = GO OD ; 

5x1 = 2x5h => h = y ; D = -2j- 
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3. The direction ratios of OP are 

(*o-°> To-°> z o"°) i£ - (*o> .Vo» z o) 


OP = / 0 => direction cosines of OP are 
Hence equation of plane is 


fio To. £0.^ 
Wo ’ '0 ’ /J 


— * + — y + — z = / 0 ( / In x + my + n = /?) 


hence we have 


© m 1 


= 1 


t 2 t 2 / 2 

=> OA = — , 05 = — , OC = — 
*0 .Vo z o 


Now, projection of AABC on the>*-z plane in the A OBC\ 

whose area = ]r{OB)(OC) = • — = — — — 

2 2 JVo z o 2 >Vo 

=> Let area of A ABC = A 


A • cosa = 


2 To z o 


but cosa = — => A = 


'0 


2xoJVo ' 


4. Let the variable plane be ~ + -p + y = K 

where OA = a, OB = P, OC = y. Then vertices of O. A, 
B, C of the tetrahedron are respectively (0, 0, 0), 
(a, 0, 0), (0, 3, 0), (0, 0, y). Let centroid of tetrahedron 
be (or,, y,, z,). 

Then .t, = j(0 + a + 0 + 0)=>a = 4x l , p = 4 y„ y = 4z, 
volume = v 0 
a 0 0 

^0 p 0 =v o =>apy = 6 v o 
0 0 y 

(4x,)(4>’ l )(4z 1 ) = 6 v 0 => 32 x,y,z, = 3v 0 
Locus : 32 xyz = 3v 0 . 

5. r = xi + y j (in a plane) 

r • (lOy - 81 - r) = 40, gives 
x 2 + y 2 + 8* - lOy + 40 = 0 
it is a circle with centre (-4, 5) and radius = 1 

Pi = max{(;r + 2) 2 +(y-3) 2 } 

P : = min{(jr + 2) 2 + (y-3) 2 } 

CP = 2V2 , CA = 1 
( x , y) is any point on the circle. 

=> p 2 = AP 2 = (2V2-1) 2 
=>/>,= BP 2 = (2V2 + 1) 2 , 
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V M. 5) 




P 

(-2,3) 


P\ + p 2 = 18 (even) 
=> tangents is drawn. 


'-(iL- 1 



Slope of AB 

Equation of AB , 2 x + y = 6 
B = (3, 0) 

OA = 2i +2j ; OB = 3/ , ~AB = OB - OA 
AB = i - 2j\ ~AB - OB = (i - 2j)(3i) = 3. 
sin A sinZ? 


6. By sine rule; 

14 

differentiating w.r.t. B, 

dA _ a cos B 
dB ~~ b cos/f ~ ^ 


a 2 cos 2 B 


b 

cos/f dA 
dB 


co sB 


b 2 cos 2 A 


dA_ 

dB 


v 


a 2 (l-sin 2 fl) 


Zr(l -sin 2 A) 


la 2 -a 2 sin 2 B _ la 2 - 
~ V b 2 -b 2 s\w 2 A ~\b 2 - 


-b sin“ A 



a 2 s\x\ 2 B 

(*.* 6sin/< = asinZ?) 
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7. \x 2 + x - 2\ + |2jc| = \x 2 + 3* - 2| Y 

=» x 2 + x - 2, 2x have same sign \ 

Y \A\ + \B\ = \A + B\ \ 

i 

EJD 

The required region is shown 

A = area of OABO + area of ECD 

= J [2x-(x 2 +x-2)]dx + )[2x-(x 2 

_ l 1 

0 /C * V 

/(I.O) 

B 

+ x-2)\dx 

A = 7/3. 



8. We known that 




3cos _l x-27i -1 < x < “ 

cos _, (4x 3 -3x) = « 

2ti-3cos~ , .x ~ 

< x <i 

2 


3cos 1 jc 


1/2 

/= 1 
- 1/2 


( 27 i- 3 cos~’ x \ ^ 

{ r 


j < x < 1 


2n 2 . 7i 2 _ 4tt 2 + 37T _ 7n 2 
6 

dx 


3 + 2 6 

For /, : put cos -1 * = t, — 




= <// 


cos “'(1/2) 2x/3 

/, = + 3 f tdt\I x =3 J 


cos~* (—1/2) 

x/3 


= a/iir* - 4 

V 2 / jt/3 2 

1 -1 1 

7T -|/ 1\ 271 \ 

(ycos r 

= 3* C ° S (“2/ 3 ) 

9. We have a „-\ 

1 

1 

' /„(•*) 

/-.w 




40TU ' 2 "" /.« /oW 


1 


1 


1_. . 1 = 1 A.7T X 4* 1 = 

/„(*) n x ’ n X /„(*) ’ 7T X /„(*) 


/.w = 


= 


7i x ln7r 


(Xtt* + 1) ' (l + Xn*) 2- 

10. The circle can be, if z = x + ty 

M 2 , J _. 1 2 4a 2 +Z> 2 

(x-a)+iyy-—j + |x + 0'| = 

it is very easy to see that 


z=a+ r 

satisfies the equation of circle. 
~ Y °2 a =t => x 0 = 2l-a 



Uo, Vo) 


(a, A/2; 


Real axis 


y 0 = -f . (-Wo) lies on circle - 

/ .2 / 6\ 2 2 2 4fl 2 +i 2 

(x-a) 2 +(y-|J + * + >' = 4 


(2/-2 a ) 2 +6 2 + (2/-n) 2 +^ = a 2 +^ 

8f 2 - 12/a + 4a 2 + 6 2 = 0 

v t is real and distinct (as chords are real and distinct) 

B- - 4AC > 0, 144a : - 4-8-(4a 2 + b 2 ) > 0 

a 2 -2b 2 > 0 => a 2 > 2b 2 . ■ 
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- By : Prof. B.L. Sharma, Jaipur 


1. A marks a piece of paper with either a plus or a 
minus sign, the probability of his writing a plus sign 
is 1/3. A passes the slip to B who may either leave it 
alone or change the sign before passing it to C. Next 
C passes to a referee after perhaps changing the sign. 
The referee sees a plus sign on the slip. It is known 
that B and C each change the slip with probability 
2/3. Find the probability that A originally wrote a plus 
sign. 

2. A man has three coins A , B and C, A is unbiased; 
the probability that a head will result when B is tossed 
is 2/3; the probability that a head will result when C 
is tossed is 1/3. If one of the coins, chosen at random, 
is tossed three times, giving a total of two heads and 

one tail, find 

(i) the probability that the chosen coin was A 

(ii) the probability that a fourth toss of the same coin 
will give a head. 

3. Five bags each contain 4 white and 8 black balls 
and two other each contains 1 0 white and 1 0 black balls. 
A ball is drawn at random from each bag. Calculate 
the probability that the 7 balls drawn include exactly 
three white balls. Find whether the probability of this 
event will altered if all the balls were into one bag and 
seven balls are drawn simultaneously at random from 
the bag. 

4 . An air battle between a bomber and two attaching 
fighter, is going on. The bomber is the first to fire; it 
fires once at each fight, and brings it down with probability 
/?, . If a fighter is not brought down, it fires at the bomber 
irrespective of the denstiny of the other fighter and brings 
it down with probability p 2 . Find the probability of the 
following events. 

A = {the bomber is brought down} 

B = {both fighter are brought down} 

C = {at least one fighter is brought down} 


D = {at least one aircraft is brought down} 

E = {exactly one fighter is brought down} 

F = {exactly one aircraft is brought down} 

5. (a) A fair coin is tossed 15 times. What is the 
probability of getting heads exactly as many times in 
the first ten throws as in the last throws. 

(b) There are n test papers, each of which contains 
two questions. A student does not know the answers 
to all the 2n questions but only knows those of k < In 
questions. Find the probability p that he will pass the 
test if he either answers both questions in one test papers 
chosen at random or one question in his paper and one 
question (which the examiner chosen) in another paper. 

6. (a) A card is drawn from a pack, the cards is specified 
and the pack shuffled. If this is done six times, what 
is the chance that the cards drawn are 2 hearts, 2 diamonds, 
and two black cards. 

(b) A ‘hand’ of six cards is dealt from a pack in the 
ordinary way. Find the probability that it consists of 2 
hearts, 2 diamonds and 2 black cards. 

7. (a) From a bag containing p balls, m balls are drawn 
simultaneously and replaced, then n balls are drawn. 
Find the probability that exactly r balls are common to 
two drawings. 

(b) A bag contains 6 black balls and unknown numbers 
not greater than 6 of white balls; three balls are drawn 
successively and not replaced and all found to be white. 
Prove that the probability that a black ball be drawn 
next is 677/909. 

8(a). A player tosses a coin and is to score one point for 
every head turned up and two for every tail. He is to play 
on until his scene reaches or passes n. If P n is the 
probability for obtaining exactly n points, show that 

P n =~(/^_i + P n _ 2 ) and hence find the value of P n . 

(b) Each of the n urns contains a white and b black 
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balls. A ball is selected randomly into the second, another 
one from the second to the third and so on. Finally, a 
ball is drawn at random from the w th urn. What is the 
probability to be white? How docs the probability change 
when the first ball transferred is known to be white. 


We have to calculate 


P(A! E)- 


P(A)P(E/A) 

P(A)P(E/ A) + P(B)P(E/B) + P(C)P(E/C) 


= 9/25. 

(ii) If the fourth toss of A will give head 


9. (a) An urn contains n balls each of different colour 

of which one is white. Two independent observers, each 
with probability 0.1 of telling the truth, assert that a 
ball drawn from the urn is white. Prove that the probability 

u — 1 

that the ball is, infact white is — -ttz . Also show that 

n + oU 

if n < 20, this probability is less than the probability 
that at least one of the observers is talking the truth, 
(b) We have two urns. The first contains m white and 
n black balls and the second contains p white and q 
black balls. Three balls are drawn from the first urn 
and put into the second (it is assumed that m > 3, 
n > 3). Then a ball is drawn from the second urn. Find 
the probability that the ball is white. 


10. (a) In a game of craps, each player in turn acts as 
‘banker’. The banker throws with two dice numbered 
1 to 6. If he throws 7 or 1 1 he wins. If he throws 2, 3, 
or 12 he loses. If he throws any other number, he throws 
again and continues to throw until either the number 
he threw first or 7 turns up. In the first case he wins, 
in the second case he loses. Show that the odds against 
the bank are 251 to 244. 

(b) The digits of a number are 1, 2, 3, 4, 5, 6, 7, 8, 9 
written in any order. Show that the odds are 1 1 5 to 11 
against the number being divisible by 1 1 . 


SOLUTIONS 


1. £ = {/4 + nfl + nC + , A + nB_nC+, 

A_r\B_ nC + , A_nB + nC + } 

w .l[2 x | + ^i] + 2[^| + | x I].» 

rw- 1/3; 

We have to calculate P(A/E). 


P{A)P(EIA) (1 /3) x (5/9) 5 

( ’ P(E) 13/3 3 13' 


2.(i) Let E denote the event of giving two heads and one tai I . 
P(E/A) = 3 C 2 (i) 2 (I) = |; P(A) = P(B) = P(C) = ^ 


P(E/B) = 



4 

9 


P(E/C)= 3 C 2 



= ~ P(A)P(E/A ) Similarly, for B and C, 

ie„ | P(B)P(E/B)^P(C)P(E/C) 

The required probability 


_ i x I x 3 + i x 4 x 2 + ! x 2 x _l = _241_ 
" 2 3 8 3 9 3 3 9 3 .1296' 


3. £| = {three white balls from the first five bags} 

E 2 = {two white balls from the first five bags and 
one white ball from the last two bags} 
£ 3 = {one white ball from the first five bags and 
two white balls from the last two balls} 
E = {seven balls drawn include exactly three white balls} 


/>(£.) = 5 C : 


P(E 2 ) = >C : 


= 5 C, 


¥(!f* 

(1)¥* 


m - f 


(M* *4)¥=f 


P(E) = £(£,) + P(E 2 ) + P(E 3 ) = 70/243. 

In case all the balls are put in one bag. The probability 
will change. 


40 


The required probability = 


c,x “c. 


4. The probability of one of the fighter bringing down 
the bomber = (1 - P\)P 2 

The probability that neither of them brings down the 

bomber = [ 1 -(1 - P\)p 2 ] 2 

P(A) = 1 -[1 -(1 -p,)p 2 ] 2 ;^) = £. 2 

P(C) = 1 - ( 1 - Px ) 2 ; P(D)= 1 -(1 - P] )\\ -p 2 ) 2 

P(E) = pt 1 -/>,) + (! -Pi)P i = 277,(1 -p x ) 

F, = {the bomber is brought down and both fighters are 
safe} 

F 2 = {the first fighter is brought down and the second 
fighter and the bomber are safe} 

F 3 = {the second fighter is brought down and the first 
fighter and the bomber are safe} 

P(F) = P(F X ) + P(F 2 ) + P(F>) 

= 0 -£,) 2 n -(• -£2) 2 ] + 2/>,(i -p.Ki -p 2 )] 

5(a) Sample space = 2 15 

Favourable cases = 10 C 0 - 5 C 0 + • 5 C, + l0 C 2 - S C 2 

+ ,0 C 3 ■ S C 3 + ,0 C 4 • 5 C 4 + ,0 C 5 • 5 C S = 3003 
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3003 

Required probability = ^15 * 

(b) The hypothesis are 

//, = {the student knows the answer to both questions 
in his paper} 

H 2 = {the student knows the answer to one question 
out of two questions in his paper} 

k(k-\) 2k(2n-k) k - 1 

P 2n(2n-\) 2n{2n - 1 ) ' 2n -2 

k(k-\)(3n-k-\) 

2n(2n-\){n-\) ' 


13 1 

6 . (a) A = { a heart is drawn}, P(A) = 52 = 4 

B - {a diamond is drawn}, P(B) = 

26 1 

C= {a black card is drawn}, P(C) = 52 = 2 

The experiment is repeated six times. It is a question 
of generalised binomial experiment. 


Required probability = 


6! 


2 ! 2 ! 2 


ifiJW-fc 


(b) P (first card dealt is a heart) = = ^ 

12 4 

/’(second card dealt is a heart) = jy = j-y 

P(third card dealt is a diamond) = 13/50 
P(fourth card dealt is a diamond) = 12/49 
P ( fifth card dealt is a black) = 26/48 
/’(sixth card dealt is a black) = 25/47 
Hence the probability that 2 hearts, 2 diamonds and 2 
black cards are dealt in this or any specified order is 
13 12 _13 12 26 25 

52 * 51' 50 ‘ 49 ' 48 ‘ 44 

Required probability 

_ 6! 13 12 13 1 2 26 25 ___ 7605 

~ 2! 2! 2! 52 51 50 49 48 47 78302 


7. (a) Sample space = p C n 
Favourable cases = m C r * p ~ m C n _ 2 




m c r x p- m c 

•r 


Required probability = p ^ 



(b) We consider seven bags. 




B 2 

B } 5 4 5 5 

B b 

B 2 

LJ 

LJ 

U L_J U 

u 

u 

5 = 6 

5 = 6 

5=6 5=6 5=6 

5 = 6 

5 = 6 

W =0 

W- I 

II 

K) 

II 

Lk) 

II 

W- 5 

W =6 


P(B ] )=P(B 2 )^P(B i )=P(B A )=P(B s )^P(B 6 )=P(B 7 )=\/7. 
E be the event of drawing 3 white balls. 

£(£/£,) = P(E/B 2 ) = P(E/B y ) = 0 


f(£).i[o+o.o+i +3 L.^ +1 !.j.|x^. 

Using Baye’s theorem, we have 

P(B t /E) = P(B 2 /E) = P(B 2 /E) = 0, 

P(B a )P(E/B 4 ) _ (1 / 7) x (1 / 84) 

1 4 ' P(E) (l/7)x (909/4620) 

= 55/909. 


Similarly, P(B S /E) = 154/909, P(BJE) = 280/909, 
P(B 7 /E) = 420/909. 

Three white balls have not been replaced. The number 


of balls in the different boxes 

are 




b 2 

B 3 

b a 

B, 

B t 

5 7 

U 

U 

U 

LJ 

u 

U 

U 

5 = 6 

5 = 6 

5 = 6 

5 = 6 

B = 6 

5 = 6 

5 = 6 

O 

II 

w= 1 

II 

O 

II 

W= 1 

W= 1 

11 


E 2 be the event of now drawing a black ball. 

P(E 2 ) = £(£,/£) • drawing a black ball from B ] + P(B 2 /E )• 
drawing a black ball from B 2 + .... + P(B 7 /E) • drawing a 
black ball from B 7 


= 0 + 0 + 0 + ^ + -^ 
909 909 


6 280 3 420 

7 909 4 909' 


677 

909* 


8. (a) There are two possible ways in which the player 

can score n points. 

(i) He throws a head when he has n - 1 points. 

(ii) He throws a tail when he has n - 2 points. 

There are mutually exclusive events. Thus 

Pn - 2 P n-\ + 2 P n-l 

Rearranging the terms, p n +^P n _ , = P„_, +\p n - 2 

= P'- 2 + \Pn - 3 = =P 2 + jPr 

XT 1 , 1,1 1 3 • 

Now p \ - 2 anc * / 7 2 = 2 + 2~4 = 4’ since P* can 

obtained by throwing a tail in the beginning or two 
heads successively in first throws. 
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Multiplying and cancelling the common terms equations, 
we have 



Pn 


-( 


2 + (-!) n — 
2" J 


(b) Let the urn be numbered 1, 2, ... n and P r be the 
probability of drawing a white ball from the r lh urn. 

(i) From the (r- 1 J 111 urn a black ball has been transferred. 

(ii) From the (r-lfuma white ball has been transferred. 


Thus, p =/> _£±i_ + (i-/> ) — a 

r r 'a + b + 1 r l, a + b + \ 

r = 2, 3, ..... n 

We have P t = a/{a + b) 


- 0) 


From (i), P 2 

a(a + \) ba a 

= (a + b)(a+b+ 1) (a + b)(a + b + \)~ a + b 
P„ = a/(a + 6). 

In the second case P } = 1 , 

0 + 1 0 , /> 

p _ S 1 

'2 a + b + 1 a + 6 (a + A)(a + 6 + l) 

p _ {<* + 0 2 j ab _ a , A 

3 (a + i> + l) 2 (a + b + 1) 2 a + ^ (a + b)(a + b + \) 2 

Proceeding in this manner, we get 

P = — — + - 

" a + b ( a + b)(a + b + \) n 


9. (a) Since the balls are of different colours we mark 

the balls a h a 2i ...» a n . 

We assume that 0 , is a white ball. 

P (A says a k /a k i.e. the ball drawn is a k and A says a k ) 
= 1/10 = P(B says a k /a k ) 

P(A says a r la s ) = P(B says a r /a s ) = 


P(aJA , B says 0 |) = 


P(a^(A, B say a,)) 


P(A, Z?say 0 i) 
P(A y B say 0 | / 0 j ) P(a x ) 


I P(A, B say a\la s ) P(a s ) 

5=1 / , v 2 


(£1 


n - 1 
0 + 80 


(Ari^-Wfe^Ti 

Probability of at least one of A and B telling the truth 


JjJL = J9_ 19 n-\ 

100 100 100 /7 + 8 O 


77 <20. 


(b) We consider two hypothesis. E } = (the ball drawn 
from the second urn belonged to the first urn} 

E 2 = {the ball drawn from the second urn belonged to 
the second urn} 


/>(£,) = 


3 

/> + <7 + 3’ 


P(E 2 ) = 


P + <l 

p + q + 3 


Then the conditional probability of the event 
A = {a white ball is drawn from the second urn } on the 
hypothesis £, and E 2 . 

Note : The probability of an appearance of a white ball 
belonging to the first urn doesnot depend on whether 
the ball was drawn directly from the first urn or it had 
been transferred to the second urn. 


P( A/E,) = P(A/Ei) = -£— 

' m+n ~ p+q 

P(A) = 2—.-P!—+ ElPL- .-P— 

p + q + 3 7?7 + 77 p + q + 3 p + q * 


10. (a) £, = {the event that banker wins} 

E 2 = {tho event that banker loses} 

P(E\) = P(l) + />( 1 1 ) = 8/36 
In the first throw he may lose. 

P(E 2 ) = P( 2) + P( 3) + P(12) = 4/36 
He throws any other number, 4, 10, 5, 9, 6, 8. 

P( 4) = P(10) = 3/36 ; P{ 5) = P( 9) = 4/36 
P( 6) = P( 8) = 5/36 

If he throws 4 initially, E A denotes the event of his win. 



Similarly, P(E 5 ) = P(E 9 ) = 2/45 ; P(E 6 ) = ^(Eg) = 5/36 
Probability of his win if he throws initially 
(4, 5, 6, 8, 9, 10) in the first throw. 

=P(E 4 ) + P(E S ) + P(E 6 ) + P(E Z ) + P(E 9 ) + P(E W ) 

= 134/495. P( winning) = 36 + 4 Q 5 - 495 * 

Odds against the banker are 251 : 244. 

(b) A number is divisible by 11, if the difference of 
the sum of its digit occupying even places and the sum 
of odd places is divisible by 11. 

Sum = 1 + 2 + ... + 9 = 45 

* + y = 45 ... (i) ; x-y = 11, 22, 33 ... (ii) 

The students should show that x - y * 22, 33. 
Solving (i) and (ii), x = 28, y = 17. 

The following are the cases in which the sum of any 
four given number is 17. 

9 + 5 + 2+ 1, 9 + 4 + 3+ 1, 8 + 6 + 2+ 1, 8 + 5 + 3+ 1, 
8 + 4 + 3 + 2, 7 + 6 + 3+ 1, 7 + 5 + 4+ 1, 7 + 5 + 3 + 2, 
6 + 5 + 4 + 2 


Total 9 cases. In case x —y = -1 1, then y = 28. 
There are two cases only: 9+8 + 7 + 4, 9 + 8 + 6 + 5 
Favourable cases = 1 1 • 5! • 4! ; Sample space = 9! 


Probability = 


1 1-51-4! 
9! 


-pjg Odds against = 115 : 11 . 
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Very Similar 


MODEL TEST PAPER 


for KERALA PET - 2004 



1. In a, b y c are in A.P. and x y y % z are in G.P. Then 

x h c y y c " ", z° ~ b is equal to 

(a) 1 (b) 2 (c) 0 (d) 3 


2. The number of solution of the equations 
\x \ 2 + 3|x| + 2 = 0 are 

(a) 4 (b) 3 (c) 2 (d) 0 

3. If the ratio of the roots of the equation 


ax 2 + bx + c = 0 is r then 


0 -+ \y 


is equal to 


(a) a 1 ! be (b) b 2 /ca (c) cVab (d) Mate 


4. If a, p, y are the roots of the equation 
,r 3 - px~ + qx - r = 0. Then (a + P ) (P + y) (Y + °0 is 
equal to 

(a) pq-r (b) p - rq 

(c) p(q + r) (d) none of these 


5. If x = a + b y y = a(i) + b 0)-, z = aiZ 2 + /no. 

Then x 3 + y 3 + z 3 is equal to 

(a) 3 (a 3 + b 3 ) (b) 3 (a 3 - b 3 ) 

(c) 0 (d) * 3 + y 3 + z 3 - 3 

6. Given 5 different green dyes, four different blue 
dyes and three different red dyes. The number of 
combinations of dyes which can be chosen taking at 
least one green and one blue dye is 

(a) 3600 W (b) 3720 

(c) 3800 (d) none of these 


7. 


If a, b, c are different and 
a a 2 a? -\ 


b b 2 
*> 

c c~ 


* 3 -i 

c 3 -l 


= 0 ; 


Then 


(a) abc =1 (b) ab + be + ca = 0 

(c) a + b + c = 0 (d) none of these 


8. A Telegraph has 5 arms and each arm is capable of 
4 distinct position including the position of rest. Then 
the total number of signals that can be made are 
(a) 1022 (b) 2310 (c) 1023 (d) 2013 


9. In a geometrical progression first term and common 

N 3 + 0 

ratio are both — i — • Then the absolute value of 


the / 2 th term of the progression is 

(a) 1 (b) 2 (c) 3/2 (d) 1/2. 

10. In a right-angled triangle the hypotenuse is 2V2 

times the length of _L r drawn from the opposite vertex 
on the hypotenuse, then the other two angles are 
(a) ti/ 3, 71/6 (b) 7t/4, 7t/4 

(c) 7t/8, 3 ti/ 8 (d) ti/12, 5ti/12 

11.2 sin 2 ;c + sin2.x = 2, - 7t < x < n then x is equal to 

(a) ± ti/ 2 (b) ± ti/4 

(c) ±371/4 (d) all of the above 

12. The set of values of x for which 

tan 2>x - tan 2 .y , . 

= 1 is 

1 + tan 3.v tan 2x 

(a) <(> (b) 71/4 

(c) {Ml + (71/4), n - 1, 2, 3 ....} 

(d) 2 Ml + 71/4, n — 1,2,3 

13. If A = a 2 - (b - c) 2 where A is the area of the triangle 
ABC. Then tan A is equal to 

(a) 15/16 (b) 8/15 (c) 8/17 (d) 1/2 

14. If c 2 + a 2 - b 2 = ae. Then ZB is equal to 

(a) 71/3 (b) ti/ 4 (c) 71/6 (d) 71/2. 

1 5. If c 2 = a 2 + b 2 Then 4s(.$;-a)(5-6)(.s-c) is equal to 

(a) s A (b) b 2 c 2 (c) c 2 a 2 (d) a 2 b 2 

16. In an equilateral triangle of side 2>/3 cm, thecircum 
radius is 

(a) 1 cm (b) 2 cm 

(C) V3 cm (d) none of these 

1 7. If in a triangle ABC , cos A cos/Hsin/1 sin/?sinC= 1 
then the sides are proportional to 

(a) 1 : 1 : V2 (b) 1 : V5 : 1 

(c) V2 : 1 : 1 (d) none of these. 

1 8. Area of the circle and the area of a regular polygon 
of n sides with perimeter equal to that of the circle are 
in the ratio 


n 7i 

(a) tan — 
n n 

. TC 71 

(c) sin — : — 
// n 


(b) 

(d) 


n n 
cos— : — 


n 

n 


cot—: 


n 

71 


n n 
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3. This gives 7 as quotient and 1 as the remainder. 

The quotient 7 is added to the left hand column 
product and the remainder 1 is multiplied by the unit 
size 3 and then added to the right hand column product. 
Thus, 

Left hand column product becomes 48 + 7 = 55, 

Right hand column product becomes 1 x 3 + 2 = 5. 

6 yards 2 feet 

8 yards 1 foot 

55 yards 5 feet 

The required area is 55 square yards, 5 square feet. 

Example 9: To find the area of a rectangular plot with 
sides 9 feet 10 inches and 12 feet 9 inches. 

As above we come across three products obtained from 
two columns after writing the lengths of the sides one 
below the other. We have , 

9 feet 10 inches 

12 feet 9 inches 

Three products are: 

1. Vertical product of rightmost column, given by 
10 x 9 = 90 

2. Cross product of two columns 
(9x9) + (12 x 10) = 201 

3. Vertical product of leftmost column, 12 x 9 = 108 
We have, 9 feet 10 inches 

12 feet 9 inches 

108 / 201 / 90 

For the middle part 201 = 12 x 16 + 9, which is 
obtained by dividing the middle part by the unit size 
12. This gives 16 as quotient and 9 as the remainder. 

The quotient 16 is added to the left hand column 
product and the remainder 9 is multiplied by the unit 
size 12 and then added to the right hand column product. 
Thus, 

Left hand column product becomes 108 + 16 = 124, 
Right hand column product becomes 9x12+90 = 198. 
This is again larger than square unit 144 and hence 
198 - 144 = 54 is the answer in the rightmost column. 
Therefore 1 is added to the leftmost column giving 
124 + 1 = 125. 

We get, 9 feet 10 inches 
12 feet 9 inches 

125 feet 54 inches 


The required area is 125 square feet, 54 square 
inches. 


to be contd... 
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Co-ordinate Geometry 


to the circle 


1. The base of a triangle passes through a fixed point 
(f, g) and its sides are respectively bisected at right angles 
by the lines y 2 -8xy- 9x 2 = 0. Determine the locus of 
its vertex. 

2. If ax 2 + 2hxy + by 2 + 2gx + 2fy + c = 0 and 
ax 2 + 2 hxy + by 2 — 2 gx — 2 fy + c = 0 each represents a 
pair of straight lines, prove that the area of the 

parallelogram enclosed by them is - 

\h 2 - ab 

3. Find the intervals of values of ‘a’ for which the line 
x + y = 0 bisects two chords drawn from a point 

^ 1 +>/2a 1 — -J2.a^ 

v 2 ’ 2 

2x 2 +2y 2 — (1 + V2 a) *-(l- V2 a) y = 0 

4. Prove ihat the limiting points of the coaxial system 
of circles given by x 2 +y 2 +2gx+c+X (x 2 +y 2 +2 .fy+k) =0 

k c 

subtend a right angle at the origin if ~7z + ~ = 2 . 

J £ 

5 . Prove that the shortest normal chord of the parabola 
y 2 = 4ax is 6 a y/3 and that its inclination to the axis is 
tan" 1 (>/2) 

6. From a point A common tangents are drawn to the 

a 2 

circle x 2 + y 2 = — and parabola y 2 = 4 ax. Find the area 

of the quadrilateral formed by the common tangents, 
the chord of contact of the circle and the chord of contact 
of the parabola. 

2 2 

7. From any point on the ellipse — + = 4 , tangents 

a 2 b 2 

x 2 v 2 

are drawn to the ellipse _ + 2_ = i, pr0 ve that the 
a L b L 

normals at the points of contact meet on the ellipse 

a 2 x 2 +b 2 y 2 =l(a 2 -b 2 ) 2 

8. If a and p are the angles subtended by the major 
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axis of an ellipse at the extremities of a pair of conjugate 
diameters, prove that cot 2 a + cot 2 P = constant. 

9. Find the range of parameter ‘a’ for which a unique 
circle will pass through the points of intersection of the 
rectangular hyperbola x 2 - y 2 = a 2 and the parabola 
y = x 2 . Find also the equation of the circle. 

10 . Find the locus of the poles of the normal chords of 
the rectangular hyperbola xy = c 2 . 


SOLUTIONS 


1. Given equation 
gives two straight 
lines as 

y = - x and y = 9 jc f h+ Xl *+>-, YT 
Let the vertex of l 2 2 )/ 

triangle ABC be 
A (h, k). Also let 


A{h,k) 



(*a.yi) 


U...v,) if. g) 

B( x h yi) and C(x 2 , y 2 )• So D and E are the mid points of 
sides AB and AC. 

r h + x 1 k + yi ^ 


D 


and E 


h + x 2 k + y 2 


h + x \ , k + Ji 


= 0 


Since D lies on x+y = 0 i.e. 

^ z 

=> x { +y x - -h -k 

and (Slope of y4£)x(-l) = -1 

y\-k , 

* = ' => *ry, 

(1) & (2) => x x = -k and y { = -h. 

Again E lies on 9x = y i.e. + ^ V >2 + k 

=> - 9x 2 + y l = 9h- k ^ 2 ^ 

and (Slope of AC) x (9) = -1 

V? k 

=> - — --9 = -1 => x 2 + 9y 2 = h + 9k 
x 2 -h 

: _ _9k-40h 40k +9h 

. .. (3) & (4) => X 2 = , y 2 =- 


... ( 1 ) 


... ( 2 ) 


(3) 


( 4 ) 


41 

Also B, P, C are collinear then 
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f(y\ - yi) + glx 2 - x,) + (x,y 2 - Xtfi) = o 


=* -/ 


f 40k +9h 


41 


+ /i + g 


9k-40h 


41 


+Jfc 


+(-*) 




( 40k +9h) 

(9k-40h'\ 

4. J- 

41 J 


H) = o 


( 40k +50h) 

+ g 

( 50k -40h) 

40 1 

I* 1 ** 2 ) 

l 41 J 

41 J 

1 41 


= o 


(i) 


=> 4(/i 2 + it 2 ) + /i(5/- 4g) + k(4f- 5 g) = 0 
locus of (/?, k) is 

4(x 2 + y 2 ) + x(5/- 4g) + y(4/- 5g) = 0 
2. Let ax 2 + 2/ixy + 6y 2 + 2g.r + 2fy + c = 0 
represents two straight lines as 
y - m x x + Ci and y = m 2 x + c 2 . 

(y - m x x - Cj) (y - m 2 x - c 2 ) = 0 
=> m x m 2 x 2 - xy(m, + m 2 ) + y 2 + *(/?iiC 2 + m 2 c l ) 

- y(c, + c 2 ) + CjC 2 = 0 ... (2) 

On comparing (1) and (2) we get 
m x m 2 _ -(/?*! + W2) _ 1 _ m 1 c 2 + m 2 ci _ -(q + c 2 ) _ c x c 2 
a 2h ~b~ 2g ” If c 

-2h a c 

m x + m 2 = m l m 2 = c,c 2 = ^ 

and let 0 be the angle between the lines given by (1) is 


tan 0= 


2 yjh 2 - ab 
a+b 


>sin0= 


2 yjh 2 - ab 
yj{a^bf+4h 2 
P\Pi 


Area of the parallelogram = — “ , where p, and p 2 are 

the distances between the pairs of the parallel lines. 
Now p x = distance between the lines y = m x x + c { and 
y = m x x - c, 


P\ 


|2£i| 


yfl + m{ 
Pi Pi - 


, similarly Pi 

4c,c 2 


|2c 2 | 


. m 2 
+ m 2 


yj(m x m 2 ) 2 + (wi + m 2 ) 2 - 2m x m 2 + 1 



4 ^i ^ 

P\ Dn =- 

4c 

k + 

4*!_2a., 

r ir/ 

J4h 2 + (a-bf 


r 

CN 



. s- p ' P2 - ^ 


J(a-bf+4h 2 

sin0 yj4h 2 +(a 

-fc) 2 

2yjh 2 -ab 

=> 5 = 

2 1 c 1 




y]h 2 - ab 


f \ + fia} (l -&a' 


3. jc 2 + y 2 - 
=> x 2 + y 2 - ax - py = 0 ^ 


y=o 


...( 1 ) 

] + \f2a a 1 - yj2a . 

where cc = — - — & p = Clearly circle is passing 

through (a, p) and let the mid 
point of PQ is S ( t , -t) q (o. 

then equation of chord is 

T = S'i.e.jtf + y(-/)-“ (* + 0 


- j~ (y - t) = t 2 + t 2 - ta + tfi 



P(a p) 


which is passing through (a, p), so 
ar-P/“(a-w)-^(p-f)= 2r-ar+p/ 




2 


= 0 


2 2 

4t 2 - 3 (a - P) / + (a 2 + p 2 ) = 0 
Since t is real so D > 0 
=> 9 (a - P) 2 - 16 (a 2 + P 2 ) > 0 
=> 9 (2a 2 ) - 8 (1 + 2a 2 ) > 0 
=> 2a 2 - 8 > 0 

=> a 2 > 4 =s> ae (-°°,- 2) (J (2, oo ) 

4. Given coaxial system of circles is 

(jt 2 + y 2 + 2 gx + c) + X(x 2 + y 2 + 2fy + k) = 0 


i i 2 b 2 (X c + kX _ 

x 2 + y 2 + - J rX+^—y +- r — =° 

1 + A. 1 + X 1 + A, 

(zs_ Zl ^ 

Centre is 1 + x * 1 + x 


...( 1 ) 


r^ + /V-(c+a)( 1+X) 

and radius = I ~ 

V . o + m 

For the limiting points radius = 0 
=> g 2 +f 2 X 2 -(c + kX)( \+X) = 0 
=> X 2 (f 2 - k) - X (k + c) + (g 2 - c) = 0 ...(2) 

Let, and X, be the roots of this equation then 

A.i+A, 2 = C £-— ^ X.,+A,2 = — 


/ 2 -* 


If coordinates of limiting points L[ 


-g -fh 


1 + A,j 1 + A, 


and Lz 


~g ~f ^2 


1 + \ 2 1 + X 2 


then according the problem 
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(slope of OL|) x (slope of OL 2 ) = -1 

f^l ,./^2 


/ 


X— — — ■=— 1 
8 8 
(2 A 
8 -c __ „2 


f 2 M = -g 2 


f 2 ~k 


8 =>f 2 {g 2 -c) = -g 2 (f 2 -k) 


k c 

— 2 +— =2 

/ 2 « 2 


=> 2g 2 / 2 - g 2 k + f 2 c 

5. We know that if normal at P(at , 2 , 2ar,) cuts the 

parabola at <2(ar 2 ,2af 2 ) , then and 

PQ=a(t 2 -t ] )y](t ] + r 2 ) 2 +4 


=> />0 2 =a 2 |-2/,-- 


7- 


=z (say) 


16a 2 (f 2 +l) 


z = 


— =16a 2 
*1 


6(r 2 +l) 2 fj 4 / 2 . 

~tf +1 > 


= 16a 2 - ' -j- ^ (6/, 2 -4(/i 2 +i)) 
, 2 +l) (fi 2 —2) 



=> m 4 + /n 2 - 2 = 0 =}> (m 2 + 2) (m 2 -1) = 0 
m = ±1 

Equation of tangents are y = x + a and y = -x-a and 
also clear that P(-a , o) so equation of chord of contact 
to the circle and parabola 

are x = — and x-a 

2 

respectively. y 

Area of trapezium 
ABCD 

=^(AB+CD)RS 

_ 1 / v 3a 15a 2 

--(a + 4aj.— =—j— square units. 

7. It is clear from figure that if tangents are drawn 

-- x 2 v 2 

from P to the ellipse — = 1 touch 

a 2 b 2 

it at 

S(a cosoc, £ sina) and P (a cosP, b sinp). 

Then P is the point of intersection of 

2 2 
X y 

tangents at S and R to the ellipse -j + = 1 

a b A 

So the coordinate of P are 



dtx 


dz 


For extremum points — -=0 
dt x 


32a 2 (/, 2 + l) 2 


— ■■ 2j| — 0 ~ = ^ t\ — i V 2 


dz 

Since sign of — is change from negative to positive 
in the neighbourhood of i { =yf2 

Zmin =16a 2 p- => PQ=6\f3 a 
4 

and slope of normal (tan0) = - t l => 0= tan 1 (-V 2 ) 

6. Equation of tangent to the parabola y 2 = 4ax is 

a 9 0 a 2 

y = mx + — which is touches the circle x + y = — 
m y 2 




cosf — 

l 2 


a : 2 y 2 

which is lies on —7 + ^ = 4 
a 2 b 2 


cos 


cos 


‘?- +P W'' a + |3 


a-p 


) 


= + — 
2 


l( <*-P 


=4cos 2 


1-1—1/ 


a^P 


... cos (a -P)= 2 cos" 1 — j- 1 — 

Let T (/?, k) be the point of intersection of the normals 
to the ellipse at S and R. 

cc + p 


h = 


< a 2 -b ^ 


COS 


cos 


a-cosP \ — — 

fa- 


cos 


ah ^ - n f a + 3 

— 2 2 = “ ^ COSCXCOS P ' COS 

a -b 


... ( 1 ) 
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and k 


(a 2 -b 2 ) sin (^T 

=- sin a sin B — V 


cos 


p' 

a-P 


V 


-bk . 0 . fa + P 

— = t=± zsinasmpsm 1 

a 2 -b 2 


... ( 2 ) 


(1) => ^3^T = ±{cos(a + p)+cos(a-P)}cos|^^i£ j 

ah f a 1 ^ f a + P 

=> — — jj =±| cos(a + P)-- cos 

and (2) => 

-bk 


-bk 
a 2 -b 2 


= ±(cos(a-P)-cos(a + P))sin 
a + p 


a 2 h 2 


1 
) 

b 2 k 2 


a'-S = ± |-r c ° s<a + |S) 


^ (' 

sin 


... ( 3 ) 

l 2 J 

... (4) 


6sin6 i._ /nA 
and slope of AP (m 2 ) - acos0+a -- tan( /2 ) • 


tana = 


tan a = 


tn\ - m 2 


1 + m\iri2 


a a 


1- 


ab 


a 2 -b 2 


••• (a 2 -b 2 )* (a 2 -b 2 ) 


2 =^+cos 2 (a + P) 


-cost 


(a + P)cos 2 f a + ^ l +cos(cx + P)sin 2 f--^ 


2 J 

a 2 h 2 +b 2 k 2 1 . 2 


-cos (a + (3). 


2 = - + cos (a + p) 


cos 


^ a + P ] . 2 

'-sin 


^a + p j 


a 2 h 2 +b 2 k 2 1 




= — i- cos 2 (a + P) — cos 2 (a + p) 


' 2 4 


P (a cos0, b sin0) 


so locus of (/i, k) is 

8. Let CP and (_ fl s j n 0 , b C os0) A ^ 

CD be a pair of 
c o n j u a t e { ^ Q) 
semidiameters ^ \' 
of the ellipse x 
2 2 
^ + ^- = 1 
a 2 b 2 ■ 

Let 

P (a cos0, b sin0) and D (- a sin0, b cos0) 

b sin0 -b fl/ 

Now slope of y4P (m.) “ 7T“ cot(%) 

K v a-acosQ a 



vr 


tana=- 


(cot % + tan %) 
2afc 1 


a 2 -6 2 sin0 

according the problem 0 is replacing by ^ + 0 , then 


tanp= 


lab 1 
a 2 -b 2 cos0 


cot 2 a+cot 2 p = 


a 1 -b l 
lab 


.(cos 2 0+sin 2 0 j 


cot 2 a+cot 2 p= 


( J- a 2 
a — b 

lab 


which is constant. 


9. We know that for 
determine a equation of circle 
uniquely, we required three 
points. The points of 
intersection of two curves 
jc 2 - y 2 = a 2 and y = x 2 is 
y - y 2 = a 2 

2 2 A 1±7T^ 

=> y -y + a = 0=>y=- 



4a 


... ( 1 ) 


2 

2 -1 1 

Since y is real so l-4a >0=>—<a<- 

* 2 2 

and y l + y 2 = 1, y,y 2 = a 2 

a unique circle will pass through the intersection of 

- 1 . . 1 

two curves if - a - ~ - 
1 1 

The coordinate of the points of intersection of two curves 
are P ( yfy\ . )’l ). Q (- 7 ) 7 . >’|).^ ( 7 ^ 2- ^2 ) 

and S(-Jy^,y 2 ). 

Let required equation of circle be 
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x 2 + y 2 + 2 gx + 2fy + c = 0 ... (2) 

Since equation (2) is passing through P, Q, R and S 


>’l + vr +2 g TTi" + 2/y, + c - 0 

... (3) 

y\ +y?-2gyJ7i +2/y, +C =0 

... (4) 

>'2 + y\ +2g Jyi +2 fyi +c= o 

... (5) 

and y 2 + yi ~2g Jyi +2fy 2 +c=0 

- (6) 

From equations (3) and (4) we get 

g = 0 and y x + yl + 2fyi +c =0 

... (7) 

And equations (5) and (6) gives 

g = 0 and y 2 + y 2 +2fy 2 +c=0 

... (8) 


Now equation (8) is subtracted from equation (7) then 

yi ~ yi + y\ - y\ +2/ ( )\ ~ >’ 2 ) = o 


=> ( y \ - .V2) [} + (yi + > ? 2 ) + 2/] = 0 
.*. 1 + 1 + 2/= 0 =>/=- 1 

and by adding (7) and (8) we get 

)’i + yi+yi +)’2 +2c-2()’i + y 2 ) =0 
=>1 + 1 -2a 2 + 2c - 2 = 0 
=> c = a 2 

Equation of circle is 
jc 2 + y 2 - 2 y + a 2 = 0 


10. The equation of the normal at 


'■(“•7 


> 


to the 


rectangular hyperbola jcy = c 2 is 
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10 
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xp - yt = c {t 4 - 1) ... (1) 

Let P(h y k) be the pole. Then equation of polar is 
xh + yk = 2 c 1 2 3 4 5 6 7 8 9 10 ... (2) 

.*. Equation (1) and (2) represent the same line so 

BlJM . t 2 =— and - t =JL? t 4-i 
k h 2c 1 h 2cK 


-k 

h 


J^_(k^ 
4 c 2 h 1 


\2 


=> -Ac 2 hk = ( k 2 -h 2 ) 


=> ( h 2 - k 2 ) + Ac 2 hk = 0 

locus of (h, k) is (x 2 - y 2 ) 2 + 4 c 2 xy = 0 


2 
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N TWISTERS 


By : S.K. Tiwari, VISION 2000, Gwalior 


1. Draw the graph of following: 

(a) /(-0=sin{.r} (b) /(a:)=log{j:} 

(c) /(*)=«*' (d) /(*)=in( sin*) 

(e) f{x)=x+J{x} (0 f(x)=x+{x} 2 

(g) /(jc)=sin I x l+l x I (h) y (jc)=sin I jc I— I jc I 

(i) /(x)= cos I x l+l x I (j) /(x)=coslxl-lxl 

2. / :/?— > R 


/(x)=cos<sin In 


f 2 X A 
x +e 


x 2 +l 


J 



+sin<cos In 


/ 2 A 
x l +e 


x 2 + \ 


check the one-one and ontoness of function. 
3. Find out the domain of function 


/(*) 




l 


-9 l]+[l 1 — jc l]— 8 

4. Let f(x,y) be a periodic function, satisfying the 
condition f(x,y) = /(2x+2y, 2 y - 2x) Vx,ye/?and let 
g(x) be a function defined as g( x) = /( 2 X , 0) Prove that 
g(x) is a periodic function. Find its period. 

5. Find out the range of function 

/M=log{cof‘ (* 2 -*)} 

6. <j>(x) be a function in the form of - =<t>( x ) where ‘ a * 
and ‘ b ' are the functions of x then 
/:/?-{0,l}->A 


/(*) = 


d / X 

~rS a ) 


-dx 


b + \ 


is an onto function. Find out the range 


of A, if <J)(jc) satisfying the condition. 
<t>(*)+<}>f^l=l+;c Vjte/?-{0,l} 


7. /• 




~> A , /(*)=log f (sin* smi + l) check if 

the function is one-one. Many-one and if /(x) is an onto 
function find out the range of A. 


SOLUTIONS 


1. (a ):f[x) = sin {x} *_ 2 







» 

-1 


, 1 

1 

1 

2 

3 ' 


(b) / (x) = ln {x} x _2 


(c) f(x)=e s 


(d) /(x)=ln(sinx) 



k n in 2 k 5n 


-271 



-71 

2 



71 lE x^ 1 ) 


SK 


(e) f(x)=x+yj[x] 


3 1 



2- 



-2 -1 1 ' 




-i ' 

2 3 


:.o 
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x^+ig 

2. Firstly range 1<— — <e , i.e. 0<ln 

x 2 + \ 


r x 2 +e' 
x 2 + \ 


<1 


then the range of 


( 


/(jc)=cos 


( ( 2 
, JT+<? 

In 


x 2 +\ 


+sin 


f f ( 2 , Y\ 
x +e 


In 


jc 2 +1 


/m in = 1 + sinl at In 




* 2 +l 


= 0 


/ max = cos(sinl)+sin (cosl) 

Then range 

[cos (sinl) -f-sin (cosl), 1+sinl] 

Codomain => R 

Range * codomain so that function will not be onto 
f(x) is even function so that this is not one-one 
function. This is many-one into function. 

3. [|jr-9l]+[ll-jcl]-8*0 and 
[Ijc-9I}+[I1-jcI]-8>0 

Then three cases arises 

(a) x <1 then 

[9 -jc] + [1 -jc] -8 > 0 

9 + [-jc] + 1 + [-jc] -8 > 0 

2 [-jc] > -2 

[-jc] > -1 then 

-jc> 0 

jc < 0 

(b) If 1<jc<9 then 

[9 — *]+[* — 1]— 8 >0 

9+[-x]+[jc]-1-8 > 0 [— jc]+[^t] > 0 

We know that [jc] + [— jc] either 0 or -1 according jc 
is. integer or non integer. Then there is no value of k 
between (1,9) 

(c) If jc > 9 

[x-9] + [jc-1] - 8>0 
2[jc] > 18 
M > 9 
jc > 10 

Then domain of function will be (-°°,0] u [l 0, ~) 

4. f(x,y)=f(2x+2y,2y-2x) 

= f {2{2x+2y)+2(2y -2x),2(2y-2x)-2(2x + 2y)} 

/(*> y) = f (8y,-8jc) =/ (8(-8x),-8(8y)} 
=/(-64jr, -64y) = / {-64(-64jr),-64(-64y)} 

••• g(x)=/(2 jr ,0], =/(2 I2 -2 j , 2 12 -0) •=/(2 jr+l2 ,0) 

= *(*+12) 

Hence g(jc) is periodic with period 12. 
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5. 


/ (•*■)= log {cot -1 (x 2 — x)J 
Firstly the range of (x 2 -x) is 

2j 4 4 

— 1 2 

<X — X < 00 

4 


v 

f ) 


0<cot 1 (jc 2 — a:) < cot 
-~<log|cot _l (x 2 - x)}<Iog jcot _l |-^ | 


Then range I -“Jog cot' ( — 


x — 1 


6. /(*)+/ — =\ + xVxeR-{0,\} ...(i) 


/ 


x-1 


+/ 


x-1 ^ 

— - 1 
x 

x-1 


= 1 + 


x-1 


/ 


(tHs) 


x — 1 

[Replace x by ] 

x 


> x -\ 
= 1 + — 
X 


... (ii) 


eqn. (i) - eqn. (ii) 


/(*)-/ 

Replacing x by 


< -1 


-X — 1 
— 1 




(iii) 


x-1 


in eqn (i) we get 


/ 


= / 


-1 

x-1 


+ / 


'.zLV 

x-1 

-1 

x-1 


= 1 -- 


x — 1 


f— ) 

(x-lj 


| + /(x)=!- 


x — 1 


... (iv) 


eqn. (iii) + eqn. (iv) 
2/(x)=x — — 

X 


0 - 0-1 


/W * 20-2, 


Here a = x 3 - x 2 - 1 

ifeL 30-2, 

dx 


< t»(x)= 


d(a) 

_ dx _ 


3x 2 - 2x 


= y (Let) 


6 + 1 2x 2 -2x+ 1 

For onto, range of <|>(x) should be equal to co domain . 
Then for A we have to findthe range. 

3x 2 - 2x = 2x 2 y - 2 xy + y 
x 2 (3 - 2y) - 2x (1 — y) — y = 0 
4 (1 _-y)2 + 4-y (3 - 2y) £ 0 
1 + y 1 - 2y + 12y - 8/ £ 0 

7-y 2 _ 10y - 1 < 0 

{y-(5 + W2)}{.v-(5-W2)}<0 

Range y e J^5 - 4i/2, 5 + 4>/2 J 
For onto 

A-*[5-4V2, 5 + 4V2] 

7. Range of log, (sin x s,njc + l) 

71 

for 0 < x < — equivalent to log c (x 1 + 1) 

for 0 < x < 1 
Let h(x) = (x* + 1) 
h\x) =x jr (l + logeX) 

1 

/. h (x) > 0 If x > - 
e 

1 

It means if x > - function will be increasing then it 

e 


will be one-one for xe 


0 ,- 


/. W (x) < 0 if X < - 
e 

It means x=- there is minima and maxima for 
e 


xe 


2 y 


will be at x - — 


/min. = >°g' 


( 1 ^ 
+ 1 


til' 


» /max. “ 


x-1 

V 

Range of A => 

log. 

1 

+ 

~ 1 ^ 

Jog, 2 





- 
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ALGEBRA for 


SCREENING 


In IIT-JEE algebra has a weightage 
of about 23% of the total marks. 
Students should emphasise 
practising only those topics that 
have been well understood by 
them. Since problems on Algebra 
are trickier, students must practice 
solving as many different types of 
problems as they can. 


Note that the JEE is not about scoring 100% in a subject or the examination . Your aim should be to 
attain an optimal score in each subject, depending on your strengths and weaknesses. 


Time : 1 hr 

1. If z r z 2 are two complex numbers satisfying the 
Z\+Z 2 


equation 

Z\ — z 2 
(a) positive real 
(c) zero 


= 1 then z x lz 2 is a number which is 

(b) negative real 
(d) purely imaginary 

2. Let P (. x ) and Q{x) be two polynomials. Suppose that 
fix) = P(j t 3 ) + xQ{ jc 3 ) is divisible by x 2 + x + 1, then 

(a) P(x) is divisible by (x-l) but Q(x) is not divisible 
by x - 1 

(b) Q(x) is divisible by (*-l) but P(x) is not divisible 
by jc — 1 

(c) Both P(x) and Q(x) are divisible by x - 1 

(d) fix) is divisible by x - 1. 

3. The value of the expression 


32 


10 ( 


2qn 2qn 

sin — 1 cos— 2 — 

11 11 


\*p 


is 


5= S(3p + 2) I 
/>=! \^=1 

(a) 1648 (b) 1646 

(c) 1645 (d) zero 

4. If ax + by = 1, cx 2 + dy 2 = 1 have only one solution, 

then 

a 2 b 2 a 

(a) — + T =1 (b) 

c a c 

b 

(O > = 7 


(d) none of these. 


5. The equation 3 x ~ l + 5 X ~ 1 = 34 has 

(a) no solution (b) one solution 

(c) two solutions (d) more than two solutions 


6. If c * 0 and the equation 
equal roots, then p can be 


a b 

-+ has two 


P_ = 

2x x+c x-c 


Max. Marks : 120 

(a) (yfa-yfb) (b) 

(c) a + b id) a-b 

7. If a, b, c are in G.P., and log a - log 2b, 

log 2b - log 3 c and log 3c - log a are in A.P., then a, 
b, c are the lengths of the sides of a triangle which i« 
(a) acute-angled (b) obtuse-angled 

(c) right-angled (d) equilateral 

8. If b v b v b 3 ib l > 0) are three successive terms of a 
G.P. with common ratio r. the value of r for which the 
inequality b 3 > 4 b 2 - 3 b { holds is given by 

(a) r > 3 ~ (b) r < 1 

(c) r = 3.5 (d) r = 5.2 

9. The sum to n terms of the series 
2/1 + 1 ^ § J 2/z + l Y § c ( 2/z + l Y 

is 


2n-l 


+ 3 


2/i-l 


+ 5 


(a) n 2 + 4/i 
(c) 2 n 2 


+ ... 


2/i-l 

(b) n 2 + n 
(d) none of these 


10. If I r(r+l)(2r+3) 

r=l 

= an 4 + bn 3 + cn 2 + dn+ e, then 
(a) a = 1/2 (b) b = 8/3 

(c) c = 9/2 (d) e = 0 

11. Iim £ tan "'( I/2r2 )is 

(a) n/2 (b) k 

(c) n/4 id) 3 n 

12. The number of five-digit telephone numbers having 
at least one of their digits repeated is 

(a) 90000 (b) 100000 

(c) 30240 (d) 69760 
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or, m 2 -am + — -\ = 0 or, m(m-a) + -(m-a) = 0 
a a 


or, m(m-a) H (m-a) = 0 

a 


or, (m-a)(m + Ij = 0 m = a,-- 

X 

The general solution is y = c x e + c 2 e a 

dy ax c 2 ~i x 

-f- = ac } e -e 11 

ax a 

Given y = b and = 0 when x = 0 b = c x +c 2 
ax 


c 2 c 2 

0 = aci — at', = — 

a a 


c 2 = a Cj 


b = c x (\ + a 2 ) => c x - — K-t and c 2 
1 + a L 


a 2 b 

1-fa 2 


The particular solution is y = ~~~ 2 (^ e ax + a 2 e~“ *)' 

x 2 v 2 

(b) The equation of hyperbola is — = 1 

a 2 b 2 

Differentiating, = 0 

a 2 b 2 dx 

y dy _ x dy _ b 2 x 


a 2 y 


or ’ b 2 dx a 2 •• dx 

Slope of the normal at (a sec0, b tan0) is 

1 _ _a_ tan 0 

[dy 1 b sec0 

Vdx J(flsec0, b tanG) 

The equation of normal at (asec0, btan0) is 

» r\ fl tan0, m 

y-6tan0 = — — • —,r (x — a sec 8) 

b sec0 

r + _^L = a 2 +b 2 


’ sec0 tan0 
The equations of normals at (a sec0, b tan0) and 

(a sec*, b tan*) are = a 2 +b 2 

, see© , 2 . I 2x n 

or, ax + by — = ( a +” )sec0 

tan 0 

and ax + by ■ - eC - ^ = (a 2 +b 2 ) sec<() 
tan (p 

Since they pass through (h, k) and - 0 

/. ah + bk = (a 2 +b 2 )stcQ 


ah + bk ■ 


tan0 
cosec0 
cot0 


= (a 2 + & 2 )cosec0 


Subtracting bk ( ~ — — (a 2 + b 2 )( — 

6 \sin0 cos0/ \cos0 sin0/ 

or, bk( cosec© - sec 0) = (a 2 +b 2 )(sec 0 - cosec0) 


bk=-(a 2 + b 2 ) k = -^-^—. 

b 

(c) 2y - 3x = 6 or ^ = 1- 


The area of the triangle ABC is 
4 

j y dx where y is the ordinate of 
-2 

a point on the line 2y - 3x = 6 or, 
6+3* 

y = — 


-]*$**> 

- -2 Z 


-IK*) 


dx 



= 2 = 02+12)-(-6+3) = 27 sq. unit. 

10.(a)y = 1 — jc 4 /. ^-=-4jc 3 

< 0 when jc> 0 
dx 

> 0 when x < 0 

The function is decreasing for x > 0 and increasing for 
dy 

x < 0. As changes its sign from positive to negative when 
x changes from negative to positive, therefore there is a maximum 
dy 

value at x = 0 and ^ = 0 at x = 0. 

And the maximum value of y is 1 - 0 = 1 . 

(b) Let f(x) = sin*(l + cosx) 

/'(*) = cos *(1 + cos*) - sin x- sin x = cos x + cos 2* 
/"(*) = -sinx-2sinx 

At * = | /'(*) = 0, f"(x) = ~~ 2— < 0 

f(x) has maximum value at x = y. 

(c) The distance of the particle from a fixed point on a 
given line after time t is given by 

* = 12/ - 15r 2 + 4r 3 /. ^ = 12 - 30 / + 12/ 2 

When^-=0, 12 - 30/ + 12r 2 =0 or, 2/ 2 -5/+2 = 0 
dt 

or, (2r - 1)(/ - 2) = 0 / = 1/2, 2. 

Its velocity becomes zero after times 1/2 sec and 2 sec. 

Now, = -30+24/ 

dr 


At t = ^ sec, 


d 2 s 

dt 2 

d 2 s 


= -30+12 < 0 


At / = 2 sec, = -30+48 -18 > 0 
dt 2 

The direction of acceleration after time 1/2 secs is opposite 
to the positive direction of displacement and after time 2 secs 
the direction of acceleration is towards the positive direction 
of displacement. 

Distance travelled between these two times 

= [l2 -|-15~i- + 4-i] - [l2-2-15-2 2 + 4-2 3 ] 


il+ 4 = f = 6f units. 
4 4 4 
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9 th mathematical Challenge 


I.I.T. MAINS 


This section is designed to give IIT JEE aspirants a thorough grinding & exposure to variety of possible twists and turns of problems in 
mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
IIT JEE aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 

1. The number of 2cos(10°) is a root of the equation / (x) = 0, where/ (x) is a polynomial of degree 6 having integer 
coefficients. Find fix) ? 

2. Find unsymmeterical form of the projection of the line 3x - y + 2z - 1 = 0 = x + 2y - z - 2 on the plane 
3x + 2y + z = 0. 

x b 

3. Let/be a continuous function on [a, b]. Prove that there exists a number x E [a, b ] such that Jf f W dt ~ ! f^ dt - 


4. OABC is a regular tetrahedron. D is mid point of edge OC and E is circumcentre of A OAB. Using vectors, show 
that the distance DE is half of the edge length. 

5. A number is chosen at random from the set { 1, 2, 3, ..., 2004}. What is the probability that it has no prime factor 
in common with 10!. 

6. If p = sin0 - cosO, and q = cosecO - sin0. Show that (p 2 + 1 ){q 2 + 1) = (p + q )\ 3 -p 2 ). 

7. If qylh 2 + k 2 = pa. A point divides the join of (h, k) and the variable point on the circle of radius a, with centre 

at the origin, in the ratio p : q. Prove that the point lies on other circle whose radius is independent of h and k. 
Also find its centre. 

8. Let AB and CD, two focal chords of a parabola y 2 = 4 ax, are at right angles. Find their slopes if the area of the 
quadrilateral ABCD is minimum. 

9. Let/ Qt) = jc 4 + ojc 3 + bx 1 + cx - c. If it shares two distinct integral zeros with its derivative f'(x) and abc * 0 then 
determine it completely. 

10. Find the area bounded by the two curves y = I cos3x I and y = I sin3jc I; 0 < x < n. 


By : Shailendra Maheshwari, Career point, Kota 
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Out of 238 in Screening 





1. 1 f £ 7 , , a 2 , .... a „ are in A.P. and a k > 0 V k > l.then 

tl r ~ 2 " 

prove that - n V a \ + . where d is the 


common difference of the A.P. 


2. Two circles, the sum of whose radii is a are placed 
in the same plane with their centre 2 a apart. An endless 
string fully stretched so as partly to surround the circle 
and to cross between them. Prove that length of string 

, (f 


3. If A, A |, A 2 , A y are the areas of the inscribed and 
escribed circles respectively of a A ABC. Prove that 


1 


1 


V/T y[7\\ y] A 2 y/Ay 


4. If the terms of the A.P. y/a-x , yfx, >la + x , .... 
are all integers where a,x>0, then find the least composite 


odd integral value of a. 


5. Let S„ be the sum of first n terms of an A.P. with 
non zero common difference. Find the ratio of first term 


to common difference if 'I 1 ' — is independent of n j. 

o i 


J »\ 


6. Find the sum X tan 
A = i 


-l 


2k 


2 + k 2 + k 4 


7. According to Suheb, if in a A ABC, 
a 2 + b 2 +c 2 -ac- >/3 ab = 0 then triangle is equilateral. 
Predict whether Suheb is right or wrong. 


3/3 

8. The area of cyclic quadrilateral A BCD is The 


radius of the circle circumscribing it is 1. If AB = 1, 
BD = yf} then evaluate BC • CD. 


9. In an acute triangle, prove that 
8 


By : Er. Akhlak Ahmad, ABC Classes, Gorakhp 


Z (tan A tan B)" > 3" +1 (« > 1). 

10. Two consecutive numbers from 1, 2, 3, ..., n ai 
removed then arithmetic mean of the remaining numbi 
is 105/4. Find n and three removed numbers. 


SOLUTIONS 


1. Q ta k =a ] +a 2 +...+a„ = ^[a l +a„] ...(1 


(a,, a„ are +ve 


Applying, A.M. > G.M. 

- £ V a l a n =* 2 ~~) - n 'J a ' a " 


Using (1) 


X a k > Wo , 2 + («— (Q a„ = a\ + (n-\)d 

k -.1 



2. Let the 
centre of 
circle be O x 
and 0 2 , and 
their radii be 
r, and r 2 
respectively. 

/*, + r 2 = a ; 0\0 2 = 2 a 

£O x OP\ = 0 => ZP 2 00 2 = 0 

Now, 0,O 2 = 0\0 + 00 2 = /*, cosec0 + r 2 cosec0 
0\0 2 = (r, + r 2 ) cosec0 
=> cosec0 = 2 => 0 = ti/6. 

Now ^,(9 = /*,cot0, OP 2 = r 2 cot0 
P\P 2 = (/*, + r 2 ) cot0 = a>/3 

Central angle Z0\0\P i “ = K ~ 

ZP 2 0 2 Q 2 = ZQiO\P\ = 71-20 
=> Total string length = 2P X P 2 + (r, + r 2 )(2n-{n - 21 

= 2aV3 + «(7r + f) = (^ + 2V3)fl. 

3. A = nr 2 , A\=nr 2 , A 2 =nr 2 , A 3 =nr 2 
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History repeats Itself!! 


Sahilians Shine 


We, at Sahil Study Grde, congratulate all Sahilians who have performed with such brilliance. 

Like all previous years, Sahil has again delivered top rankers - no doubt then, that Sahil 
has been adjudged the No.l coaching institute of the Capital. 

A full time faculty which is the envy of the industry. A time tested, "’In-Tandem'' syllabus which has 
always delivered. And on evolved teaching methodology. Such is our faith in our capabilities that no 
screening test is ever token while admitting a student -and the result is here in front of you! Youtoocon 
ensure success in the entrances. Start your preparation for Medical & Engineering '05 & '06 with Sahil. 


"In-Tandem" Syllabus 1 

Sohils regular courst 
pace with the school 
syllabus builds strom 
student in good steat] 

5 ' syllabus has been devised, and timed, to help the student keep 
syllabus while working on his ultimate god - Entrances. The 
i understanding of conceals and their application which holds the 

1, both in the school as well as in the entrances. 


Our family's tryst with Sahil began with my 3 
joining Sahil some three years bode. She tof . 
AIIMS in her batch. And now it was my turn! I am glad 
that I foRcnved her advice and today am settle for a 
handsome rank of 44 in DCE and 531 in IfT. Thank 
you Sahd for ai your guidance and sincerity. 


I have been selected in DCE, IIT Prelim, DPMT, & 
CBSE-PMT. I was a two year regular student of Sahil 
Study Grde. After joining the institute I saw that 
they hod every practical approach. Whfe most of 
the cooching institute proceed on o tangent to the 
syllabus followed in the schools, Sahil Toys equal 
emphasis on keeping in step with the syflabus being 
taught at school. Becouse of this, I continued to 
understand and follow both, my school & Sahil, and 
my performance in school never dipped. I have got 
94% modes and have also got selected in DCE & IIT 
Prelim. 



I hove been selected in DCE, IIT, DPMT, CNSE, AMU 
and Manipal. I was a two year regular student of 
Sahil Study Grde. My success reflects the expertise 
and experience of Sahil's faculty. The dossroom 
teaching, weekly tests, assignments and the test 
series which continued till the last moment was very 
exhaustive and it helped me a lot. 


I hove been selected in AFMC, DPMT, AMU, Monipol, 
CMC Vellore, JIPMER and CBSE. I hod joined test ond 
discussion series at SaM Study Grde. The questions 
covered on exhaustive range of topic, testing all 
possible concepts. The weekly test schedule was o big 
motivation to study herd. The homely atmosphere 
coupled with the personal care under the able 
supervision of Mr. Suri sets the standards for ony 
cooching institute like. 


1 

SAHILIANS SELECTED IN DCE 


NISHANT 

16* 

TARUN ARORA 

222 

RAHUL PHATAK 

20* 

RADHIKA BAGHRI 

512 

DEEPIKA RAJOR 

28* 

MANOJ KUMAR TUTLANI 

567 

ANKIT SAHINI 

44 

KAMAL KANT MANDORA 

639 

RAUNAK GUPTA 

79 

RACHIT DEV 

900 

KANIKA TAYGI 

123 

ROHIT UJJAINWAL 

983 

■ (MORE RESULTS UNDER COMPILATION)® 



Registration Open 

for Medical & Engineering '05 &'06 



2 year Regular Courses 
for X passed 


1 year Regular Courses 
for XII passed 


Starting from 15th July‘04 


50 % Scholarship for those with rank between 
300 & 600 in DPMT'04 or above 350 in 
CBSE Prelims. First come, first served. 


Cooching 

Nolj-f S TUDY CIRCLE PVT. LTD. 

, B Ca pital 


7&4e re a&vuotu coneeru one ouzde 


An ISO 9001.2000 Certified Educational Institute 


Franchisee Enquiries Solicited 


www.sahilstudvcircle.net 

Corp. Off. .* • B-l/637, 1st Floor, Janak Puri, Ph: 51588944, 55172120, 9818557085. 
9818557088 Centers: *23-B, Pusa Road, Ptt: 55172119, 9818557082 ^-2/195, 
Sector-8, Rohini, Ph:27944562/284, 9818557086 *63 Mall Road, Kingsway Camp, Ph: 
55172118, 9818557080 -D-211 Laxman Plaza, Munirka, Ph: 26160884, 26180972, 
9818557083 -SCF-138, 1st Floor, Sector-17, Faridabad, Ph: 5073222, 5072444 
• Paramount Campus. Annie Besant Rd, Near B M Das Rd, Patna-4, Ph.: 3102757 • 147, 
3rd Floor, C.R. Avenue, Near Prabhat Cinema, Kolkata-7, Ph.: 22707655 
Email: info@sahilstudycircle.net 


Hostel& TransportfacilityAvailable 


*A» par uwy conducted by Uw AI India StudwiU' WWfwe Council. Tiv^ «ic«t to t**n\jU\t>etr*bu cto notion rwponrfaty fa, n, i 











1 ,+ ' +. 1 


= ' f-U-U-L 


7. y a 2 - a(c + sfib) + b 2 + c 2 = 0 


^ -Jn{ r \ r 2 r 3 
1 [ s-a . s-b .t-c ~| _ 1 f 35 - (a + b + c) 1 

yfji LA A A J \fn L A J 




1 s _ 1 _ 1 = _L 

\fn A yfn r ^ 7i:r 2 Va 


4. v yj ci — x y yfx, yja + A, .... are in A.P. 

=> 2^fx = >Jci — X + -J Cl + X 
simplifying we get x = 0 or .r = 4a/5 

( y jc>0 =! 

hence j: = 4a/5 => 2^|, 


* * 0) 


(which are all integers) 
a = 5 n 2 \ n e N ... (i) 

If (1) n = 1 => a = 5 (which is not composite) 
n = 2 => a = 20 

(which is composite but not odd) 
n = 3 => a = 45 (which is least composite odd). 


2a = c + a/3 b ± ^(c + a/J/?)* - — 4(b~+c~) 
2a = c + >/3Z? ± y]—(yf3c—b) 2 


...(i 

...(ii 

...(iii) (from (i)' 


=> >/3c - b = 0 => b = V3 c 
2a = c + a/ 3/? 
a = 2c (using (ii) and (iii) 

a = 2c, b = >/3 c, c = c 

Z? 2 + c 2 = a 2 =» A is right angled => Suheb is wrong 
8. In A BOD, ZBOD = 2 C 
1 2 +1 2 -(a/3) 2 


cos2C = 


2 11 


1 


cos2 C=-j ZC = 60° 



; COS 120°= 


» i 2 + ap 2 -(^) 2 


, — AD = 1 

2/1D- 1 

ar (ABCD) = ar(AABD) + ar(AfiCD) 


S teW(n,,» 2 -l)<*] 

"|«2 \ 2 / 

s «i (^[2a + (n,-l)d] 


[(2fl-t/) + npz 2 ^] 


[ (2a- J)+/i,J] 


for 


^ /i| n 2 


is to be independent of m, 


2a -d = 0 => ~ = 7 L 
a 2 


7,, = tan 


if 2/i 

L2 + /z 2 + /i^ 


T n = tan' 


(;i 2 +n + l)-(;i 2 -<H-l) 


1 + (;i 2 +;i + l)(n 2 -n + 1). 


T n - tan *(/; 2 +/i + l)-tan '(n 2 -/i+l) 


7, = lan-‘(3) - tan-'(l) 
T 2 = tan -1 7 - tan _, 3 
T$ = tan -1 13 - tan" 1 7 


^ = i • 1 1 sin 120° + )rBC - DCsin60° 
4 2 2 


=> BC DC = 2. 

9. (tan A • tan /?) " + (tan 5 • tan C) w + (tanC* tan A)" 

> 3 W + 

apply AM > GM 

(tan A • tan B) n + (tan B • tan C) n + (tan C • tan A) ;> 


> (tan 2 A tan 2 B tan 2 C) ;,/ 


Now; use tanA + tan£ + tanC = tanA • tan/? • tanC 
We easily get the required inequality. 

10 . Let p and {p + 1) be removed numbers 
/i(n + l) 


105 

4 


- (2p + l) 


n -2 


2 n 2 - 1 03/z - %p + 206 = 0 


Since n, p are integers so n must be even let n = 2 


T n = tan _, (/i 2 + n + 1) - tan _I (/i 2 - n + 1) 
on addition we get; 


7, + T 2 + ... + T*,, = tan _, (n 2 + n + 1) - —. 


P = 


4r 2 + 103(1 — r) 


Y p is an integer => 1 - r must be integer 
=> r = 1 + 4/, we get 
n = 2 + 8f # p = 16 1 2 - 95/ + 1 
Now 1 < p < n => 1 < 16/ 2 - 95/ + 1 < 8/ + 2 
t = 6, n = 50 and p = 7 
Hence, removed numbers are 7 and 8. 
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sincere efforts. 


Motivating results 

Our IIT-JEE 2004 (Main) Results 

Total selections in IIT-JEE (Main) 2004 


285 

From the only centre at Kota including 
27 students of year long TS. 









ft 




Jet 



AIR-96 

ADITYA CHORDIA 





AIR-120 

MUKESH KUMAR 


AIR-131 

RAHUL GOLECHA 




AIR-134 

NEERAJ PALIWAL 


AIR-181 

ROHIT SETIA 


AIR-193 

ASHISH KUMAR ARYA 


AIR-198 

RAHUL SINGHAL 


ADMISSION OPEN 


How to get the Application Form & Information Brochure : 

(i) From Institute’s Reception Counter : Rs. 500/- (Cash/DD/Payorder) 

(ii) Visit our website for detailed information, to download/send an e-mail to get the Application 
form on-line. 


SELECTION TEST CENTRES • Kota • Jaipur • Ajmer 

• Bhopal • Lucknow • Delhi 

• Guwahati • Ahmedabad 


• Jodhpur • Indore 

• Raipur • Kolkata 

• Pune • Hyderabad 


RESONANCE 

(Where you will be in resonance with IIT-JEE) 


J-2, JAWAHAR NAGAR MAIN ROAD, KOTA (RAJASTHAN), PH.: 0744-2437144, 2438633 FAX : 0744-2425569 
e-mail : contact@resonanceweb.com Website : www.resonanceweb.com 




1 . If f (x) is a continuous function with 1 f(j)dt-><x> 
as | jc | — > oo then show that every line y = mx intersects 

X 

the curve V +} f(t)dt = 2 
o 

2. Prove that 


lim 

//— >QO 




1111 
6 9 + 1 1 14 + 


n terms. 


3 . S„ = \ 
find lim S n . 

n->co 

4. Let — 3x~ +6 \/xeR 

, . v fmax/(/) jc-h 1 </ < at -+- 2 -3<x<0 

airfsW-j for Jr>0 

test the differentibility of g (a:) for xe[-3,l] 

5. A sportsman walks in a horizontal circle round the 
foot of pole which is inclined to the vertical. The foot 
of the pole is at the centre of circle the greatest and least 

angles which the pole subtends at his eyes are tan' 1 j 
, f 

and tan 


— J respectively and when he is midway 

between the corresponding position, the angle is 0. If the 
man’s height be neglected, find the length of pole and 
0. If the radius of the circles is a and length of pole >a. 

6. An ellipse is inscribed in an isosceles triangle of 
height h and base 2 k and having one axis lying along 
the perpendicular. From the vertex of triangle to the base. 
Find maximum area of triangle. 

7. Evaluate S I (r + l^'-**} 

n— >«„=()"! [ r =0 0 J 

8. Evaluate 


Sgn 


N TWISTERS 

RsKgfcns 


By : S.K. Tiwari, VISION 2000, Gwalior 

n /»— 1 /i- 2 

1 I r+ 2 £ r+ 3 £ /• + n-l! 

r= 1 r=\ r=l 

« 4 


lim 

/J— >°0 


+Sgn 


( n}K 

lim j(l 51 x 4 100 J+j^ I - 152 x 4 400 


✓ , ,000 300 

where (1 + * + * + *' ) - b r x where sgn stands 

for signom function. 

9. Find /(*)>f fy 2 (x)+Af(x)f(x)+(f 


10. 


/ . \sin h / . , \si 

(sm^) -(sin b) 


lim 


°-* h (sin aj in a - (sin b ) 


sin b 


SOLUTIONS 


L Putting y - nix in y 2 + J f(t)dt we get 

o 

m 2 x 2 + J f(t)dt = <|> (x) (Let) 
o 

jr 

1/(0 continuous & m 2 x 2 (poly nomial) continuous 
o 

then <j> (x) will be continuous 

If l/( i)dt-><x> as | x | ^ oo 

o 

m 2 jc 2 ->oo as | x |— »oo 

Then § (x) — >°° as | x |— »oo 

Here § (*) lies in set [ 0, oo ) for all xeR 

.*. <|> ( x ) will also attain the value 2 for some real * and 
all real m 


••• (x) = 2, 

will have real solution. 


m 2 x 2 + \ /(/)<# = 2 
o 
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VIDYAMANDIR 

IITJEE-2004 RESULTS 


The ORIGINAL 
PROVES it again. 

3 out of every 4 students 
make it to IIT. 


74.4% Success Rate in long term regular 
Classroom program (192/258) 

Top rankers from Regular Classroom Course 


SHUBHAM MITTAL 

006 

ROHAN JAIN 

012 

SATYAM DAVENDRA 

035 

KARAN SARDA 

040 

NEELABH BARANGA 

052 

PRANAV JAIN 

114 

ANKUSH SINGLA 

122 

RAHUL GOEL 

146 

VIPULNAIK 

158 

AMIT K. MITTAL 

162 

GAURAV GOEL 

170 

HARPREET SINGH 

181 

ADITYA BHATLA 

201 

VIVEK PURI 

217 

MANUJ GUPTA 

236 


At DCE-2004, 5 out of top 10 ra nks captured by VMC students 

SHUBHAM MITTAL 04 JIVITEJ S. CHADHA 05 NEHA DAHIYA 08 

RISHIKANT 10 VINEESH KUMAR 10 

Admission T est for IITJEE - 2005 (XII Pass) on July 10 th . Registration has started. 

12/37, West Punjabi Bagh, New Delhi - 110 026. 
Phones : 25226293, 25223228, 25226625. Fax : 25222953 



X X 

2 . sin jc =2 sin— cos 

= 2 | *2sin 4- cos 4r 
2 2 2 2 

^ x x ^ 

2 sin —7 • cos -7 

2 3 2 3 
V L L 


x 

cos- 


X X 

COS —7 • cos — 
9 2 2 


2 " 


XI X X X 

sinx = 2 sin — cos — • cos -7 • cos —7 


2 n sin 


lim — 

/]— >00 sm x 


2 " _ 


3 * 


.cos 


2" J 


JC JC X 

COS — • COS —7 * COS — r . 
2 9 2 9 3 


.cos — 
2 


. X 

sin — 

9" 2/1 x * 




x 2 

2" 

X 

1 


sinx 

sinx | 

f X X 

cos- cos -7... 

1 2 2 2 

X 

....cos — 

2" J 


lim 

n-*» 


Put x = — both sides 


n 

T 


fr \ pro,c4 


0 t 1 1 1 1 1 
3 - n I ™ 5 " =1 -4 + 6 - 9 + n-l 4 - 

this can be written us follows 


upto n terms 


= / (1-Jc 3 


*' +A - 5 _J C 8 +A 10 _J C 13 


°^dx 


- \ ^(i-jc 3 )+ac 5 (l-x 3 )+x 10 (l -x 3 J + °°J</x 


1 (l-X 3 ) 1 (x 2 + x+l) 

= J 7- 7 \ dx =\ Z 


adx 


-+J- 


6 x 4 +x 3 +x 2 + x + l 
bdx 


dx 


0 x 2 +cx + l ox 2 +*&+l 
From partial fractions we can calculate 


5 + V5 . 5-V5 

a - — — — , b=- 


l->/5 . l + >/5 

C- ^ , d= r 


10 ’ ~ 10 ’ 2 
from integration we can calculate. 

s n =^y 10+2^+710^/5 

4. /' (x) = 3 x 2 - 6x = 3 jc (jc— 2 ) 


+ 00 


Increasing in (-<» 0 )u( 2 ,°°) 
Decreasing in ( 0 , 2 ) 


If x+ 2<0 =>x<- 2 

Then g (x) = /(x + 2 ) 
If 


-3 <x<- 2 


*(*)=■ 


1 <0 

and 0 < x + 2 < 2 

- 1 

- 2 < x < 0 

)=/(«) 

2 < x < - 1 

* 

+ 

IV 

0 

x + 2 < 2 

:)=/(*+ 1] 

> - 1 <x < 0 

/(* + 2) 

- 3 <x <- 2 

/(o) 

-2<x<- 1 

/(*+>) 

-l<x<0 

1-x 

x>0 

tinuous in [- 3 , 0 ] then 

x 3 + 3 x 2 + 2 

- 3 <x <- 2 

6 

-2<x<- 1 

x 3 - 3 x +4 

-l<x<0 

1-x 

x>0 

3 x 2 +6x 

- 3 <x <- 2 

0 

-2<x<— 1 

3x 2 -3 

-l<x<0 

-1 

x>0 


*(*)=■ 


«(*)= 


Differentiable everywhere except x = 0 

5 . Let O be the centre of the circle and the pole OA be 

inclined to the vertical OZ at an angle a. Let 

oa - 1. Take ox, or, oz as x, y, z axes, P De any point 

on the circle ZPOY = <)> and ZOPA = \|/. Now 

A ( 0 , / sin a, / cos a) and P = (a sin n , a cos n, 0 ) where 

a is the radius 

OP=asin<t>i + acos<|) j 
OA -l sin a y + / cos a k 
AP=OP-OA 


=asin<j>/ + (a cos<))-/sinoc) j-lcosak 


I API = 


a 2 sin 2 <|>+ (acos<|)-/sin a 2 j +/ 2 cos 2 a 


I y4P \ = y]a 2 + / 2 -2a/ cost)) sin a 


cos\|/ = - 


OP 2 + AP 2 -O A 2 
20PAP 


fl-/cos<j)sin a 
y] a 2 + 1 2 -2al cos sin a 
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’£$ 0 : 


«eZ?j8* 


India’s Most Advanced & Hitech Entrance Institute 


TM 


7 


BOOKS 


i 


% 


INSTITUTE M 


* 


PVT LTD 


Scientific Coaching for Medical & Engg Entrances 


***** 


FOR CBSE(PMT) • AFMC • AIIMS • DPMT •• IfT-JEE • A1EEE • CEE 

| (For DCE) • OJEE(E&M) & Other State Engg/Med Entrance Exams. 

• One of the best Institutes for Medical/Engg Entrance. 

• 11 yrs of success in Medical/Engg. Entr. Coaching. 

• Daily Classroom Tests (with weekly e-mode tests for practice) to 
^ keep students on toes to do rigorous preparation daily. 

• Daily Reports to parents thro’ Mobile SMS. 

• Low initial two instalments of Rs. 500/- (for Delhi, Kolkata & Mobinet). 

• Easy Fee Payment in 1 0 or 1 9 equal monthly instalments. 

• Scientific Scholarship system based on Daily Tests. 

• Subjective qn practice for CBSE (PMT) & IIT-JEE. 

ENTRY ASSESSMENT TEST (EAT) ON 1 1 JULY ‘04 

ADMISS I ON GOING ON 


] SCIENTIFIC COACHING COURSE FOR ENGG/MED^NTRANCEWoT 


• 2 YRS COURSE FOR X th PASSED STUDENTS 

• 1 YR COURSE FOR XI th PASSED STUDENTS 

• 1 YR SPL COURSE FOR XII™ PASSED STUDENTS 


CLASSROOM COURSE 


NEW DELHI : A - 5 (Ground Floor), Shankar Garden, Vikaspuri, 
Najaf Garh Road, New Delhi-110 018 

(2 min. walk from Uttam Nagar Bus Terminal), 
(Ph: 9868272309/10, 51582056/57) 

KOLKATA : 99/5/8D, First Floor.BallyGunj Place. Ph.: 9433015188 
OTHER Branches: Bhubaneswar • Berhampur • Cuttack 


MOBINET COURSE 


1 It is the best and the only course of its kind in India 

1 The unique distance learning coaching course 
combining study materials, internet and/or mobile 

> 10 times more powerful than the best 
correspondence course 

> Daily Test on Internet which, keep students on 
toes to do rigorous preparation daily. 

Ph:(Toll-free) 1600 33 6750 Mob: 094370 96012/09868272310 


STUDENTS’ SUCCESS FOR PROSPERITY 




1 


=> sin<t>= 0 , =}§=Q,orn 

COS< ! > = asina >l (Impossible) 

T is maximum when § = 0 and minimum when § = n 

when (j) = 0 in (1) 

9 / cos a 

tan \i/=— = r ~- — 

5 fl-/sina 


.... . 6 / cos a 

When 6 = 7c; tan \i/=— = — 

Y Y 5 fl+/sinoc 


36 5 

cosa=-p=, sin a = 


>71321 


■71321 ’ 


, V132T 


When man is midway <j> = so from 

O / VT321 
tan0=— = — — — 
a 25 


... ( 2 ) 

... 0) 

...(1) 


0 = tan 


-1 


y/l32\ 

25 



C Q 


6. Let BCD be a given triangle # /> 

where DA = h & BC = 2k. Let the 

2 2 A 

x y - 

equation of ellipse be 

a 0 

where *-axis is along OA and v-axis perpendicular to 
OA. The equation of tangent to the ellipse at the point 

(a cos 0, b sin 6) is pos0+^sin0 = l ... (i) 

point B (-a, k) lies on tangent (i) therefore 
k sin0 

** 7 ~1+COS0 ® 

The point D (h - a , 0) also lies on tangent (i) therefore 
_ h cos0 
^ a 1 + cos 0 

Area of ellipse = n ab => S = 


nhk sin 0- cos 0 


(1 + COS0) 

dS ' Q _1 . a _n 

For maximum & minimum =>cosU— - . 


v = 

“max 




7. 


lin, i if i (r + l) 62 -l"‘l'* 


;i — >oo 

! 


1 2 
0 


('"►O' 




-M)x 


-(r + l)log,2 


1 


9 -{r+l) 


Then r ^ +1 ) (7TT) log 


^(i-2"< r+1) ) 


£ ( 1 — 2 (r+1) ) = i-^ 

log e 2 r=0 \ ) log, 

1 * o' 1 ’ 

( n + i )__._^_ 


, 1 ‘ fl^ 

( ' , + 1) -2,?„2 


1 11 1 
lim L — : 

n— >oo log e 2 n=0 /Z. 


1 -- 


n+1 


1_ 2 


1 


/! + - 


lim 0 ^ . 

/,_>«> log e 2 „ =0 /?! 




= lim 


1 


/,_> oology 2 




1 n 


2 _ 


„to(n-l)! 2„t 0 «! 


le+4e 


log, 2 21og e 2 


8. Sgn 


lim 

n — **> 


/i n-I n-2 

L Ir+2Ir+3Ir+ n-1 

r=l r=l r=l 


n 


-* + l 


Let Tic =k • I r=k [l + 2 + + (n-k + 1)] 

r = l 

(n- k + \)(n-k +2) 

2 


=* 


7i = 


% + T +X 

2 2 

V 


*-| n + |V+4r 


S n =lT k _ n ( w + l) ( n + 2 ) 
4 


*=1 


n(n + l)(2n + l)(2n + 3) n 2 (n + l) 
12 + 8 


,• _ 1 

l> m ~ — t7 then Sgn 

n— >°° fi m 

Now (ii) Part 


24 


=1 


... (1 


Sgn 


lim (l51x4 ,00 )\ 

/l— >oo I ' ' 


300 

X rb r 

r = l 


V* 


1% 


-152x4 


400 


16 
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Contd. on page no. 7 


igative and positive accordingly. In this case, the right 
ind part of the answer becomes negative which is to 
: subtracted from the left hand part of the answer for 
Gaining the answer. 

sample 14. Find the Product of 12 and 7. 

12 : 12 + 2 

7 : 7-3 

ght hand part of the answer is the product 
) x (-3) = - 6 . Left hand part of the answer is either 
2 -3) or (7 + 2) = 9. We get 
12 : 12+2 

7 : 7- 3 

7 : 9 / 6 = 84 ( using vinculum ) 

tample 15. Find the Product of 131 and 91 . 

131 : 131+31 

91 : 91-9 

122 79 = ( 1 2 2 - 2 ) /79 

juired product is 1 2 079 = 12121 
= 11921 ( use vinculum ) 

ample 16. Find the Product of 1023 and 997 . 
1023 : 1023 + 023 

997 : 997 - 003 

1020 / 069 = 10200 6 9 

quired product is 1020069 = 1020131 

= 1021931 = 1 0 1 9 9 3 1 

ample 17. Find the Product of 10007 and 8965 . 
10007: 10007 + 0007 
8965 : 8965 - 1035 

8972 / 7 2 4 5 

= 89727 245 = 89712755 

to be continued..... 


ANSWERS - KARNATAKA CET 2004 


(b) 

2. 

(b) 

3. 

(C) 

4. (c) 

5. 

(c) 

(a) 

7. 

(d) 

8. 

(a) 

9. (c) 

10. 

(b) 

(b) 

12. 

(b) 

13. 

(a) 

14. (d) 

15. 

(c) 

(b) 

17. 

(b) 

18. 

(c) 

19. (a) 

20. 

(d) 

(d) 

22. 

(a) 

23. 

(c) 

24. (b) 

25. 

(b) 

(b) 

27. 

(c) 

28. 

(c) 

29. (a) 

30. 

(b) 

(d) 

32. 

(b) 

33. 

(a) 

34. (c) 

35. 

(b) 

(a) 

37. 

(d) 

38. 

(b) 

39. (b) 

40. 

(c) 

(a) 

42. 

(d) 

43. 

(b) 

44. (b) 

45. 

(c) 

(d) 

47. 

(d) 

48. 

(c) 

49. (a) 

50. 

(b) 

(a) 

52. 

(d) 

53. 

(c) 

54. (b) 

55. 

(b) 

(c) 

57. 

(a) 

58. 

(b) 

59. (c) 

60. 

(d) 


Contd. from page no. 16 

(l+JC+ jc 2 +jc 3 ) =bo+b\ x+b}X 2 + bioox 300 

Differentiating both side 

100(l + x+^ 2 +jr 3 )"(l + 2x+3x 2 ) 

=b l +2b 1 x+ 300^00 x 299 

Put x = 1; 100x4 99 • 6=150x4 100 

300 inn 

. 1 rfe r =150x4 00 

r=0 

lim |(l51x4 100 )' , +(l50x4 10 °) n J^ 


lim 

(l51x4 100 )" | 

L 

150x4 lo ° T] 

H 




151x4 100 1 



1 

l 

y i 

1 _ 


= 151 x 4 100 

=> Sgn [l51x4 100 -152x4 l00 J 
Sg«[-lx4 100 ]=-l 

Now complete (i) + (ii) = 1 + (-1) = 0. 

9. Notice that given equation is quadratic in f'(x) 

_ ~ 4 / (*)± >/l6/ 2 (*)~4/ 2 (*) 
_ -4f(x)±2j3f(x) 

2 

f'( \ 

f\*)=- 2 f(x)±Sf(x); J( 7 j = - 2±y/5 

Integrate both side 

log/(x)=(-2±V3)x+c; 

10 . 


/ . \sin h / . . \sin b / . , \sin h / . . \sina 

(sina) -(sinb) + (smb) -(sin b) 

fl ^(smfl) -(sm b) + (sin&) -(sin b) 


/ . \sin/> / . , \sin b 

(sina) ~(s\nb) 

/ . , \Sin/> 

-(sin b) 

' i \sinasinb . 

(smb) -1 

sin a -sinb 

sin a -sin b 

/ . ysinc/ ( • » \sin« 

(sina) -(sm b) 

( . , \sin b 

(sin b) 

(sin*)”" 0 1‘ 

sin a -sin b 

sin a- sin b 


sinb (sinb) smh 1 -(sin b) smh logsin£ 
^ sine- (sin i) smfl 1 + (sinb) smh log(sin b) 

_ (sin b ) sm ^ [l - log sin b] = l-lo gs infr 
(sin b ) sm h [l + log sin b] * + s ^ n ^ 


f(x)=e C ( 2± ^ 
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(SET -18) 


SOLUTION 


1. Integrating by parts we get 
1 * 


( x ~ t) f"'(t)dt = 
z o 


-y/"(0)-*/'(0)-/(0) + /(x) 


hence /W=/(0)+^(0) + 

z Z 0 


1 1 « 

2. Using the formula J/(*)c& = lim - Z / - , 
o n-*cc n r = 1 

1 /- 1 * 

\y[x dx . f 


the limit becomes 


Jjc cix 


o V* = 8 
3* 


3. 1 - 2sin 2 y> l-2sin 2 -|, 1- 2sin 2 j are in A.P. 


sin 2 4 , sin 2 4 . sin 2 ^ are in A.P. 
z z ^ 


or 


(5 - 6)(s - c) (5 - c)(g - cr) (s - b)(s - fl) 


6c 


A.P. or 


ca 

c 


5 a6 
are in A.P. 


are in 


s-a’ s-b 9 5 - c 
Adding 1 to each of the term and then multiplying by 


A A B C . An 

“ , we find tan — , tan — , tan — are in A.P. 

S z z Z 


4. Let the sides be a, b, J a 2 +b 2 . 


It is given that y = a + b + >Ja 2 + b 2 . Solving for b , 


we 


find 6 = • Since a and 6 are positive integers, 

a - 4 


we have a = 5, 6 = 12 and a = 6, b = 8. Hence the area 
is 30 or 24. 


5. Let A be (jc,, y x ) and the line be jc = jc, + rcosO, 
y=y } + rsinO. Substituting in the equation of the circle. 


we get r 2 + 2 ( jc , cos0 + y\ sin0)r + x 2 + y 2 - a 2 =0 


whose roots are r, = AB and r 2 — AC. If AP = r, we have 
72 


2r = r, + r 2 or r 2 = -{r cos0 + r sin0) 

or jc(jc — jc,) +y(y -y x ) = 0 which is the circle with zlO 

as diameter. 

6. Let P be (jc,, y x ). The equation of pair of tangents 
from P is 


O', 2 - 4ox, )(y 2 - 4 ax) -(yft-lhx- 2 ax,) 2 = 0 


If these lines meet the coordinate axes at concyclic points, 
then the coefficient of x 2 = coefficient of y 1 = i.e.. 
jc, = a or the desired locus is jc = a. 


7. | |VxJa!x = | -fcdx- i[Jx]dx 


= | n 3 - [1(2 2 - 1 2 ) + 2(3 2 - 2 2 ) + 3(4 2 - 3 2 ) + 


.... + («-lXn 2 -(«-l) 2 )] 


= -« 2 («-l) + l 2 + 2 2 + 3 2 +...+ (n-1) 2 


= J(3» + l). 


... y r 3 _ f W(« + 1) \ 

8. For any positive integer >i, _ j l 2 J 

... 


.o: 


If n is an odd integer, we have 


3 i « +1 

n = 


Yl — 1 


— (iij 


From (i) and (ii), we get 

13 3 = 2197 = 91 2 *- 78 2 = 1099 2 - 1098 2 . 

9. The A.G.P. is of the form a, ( a + d)r , (a + 2d)r 1 , . 
Here a = 1, (1 + d)r = 3, (1 + 2d)r 2 = 8 
Solving we get d = 1/2, r = 2 or d = -1/4, r = 4 
The progressions are 1, 3, 8, 20, 48, 1 12 
1,3, 8, 16, 0,-256 
The required sum = 1 80 or -240. 


10. Let zl = (1,0, 0),£ = (1, 1,0), C = (0, 1,0), 

D = (0, 0, 0) 

The new position of D is 

The unit vector perpendicular to AB and CD' i 
2 ( -i k\ 

A#**) 

The shortest distance between AB and CD ' 

= AC • ii = (J-i) n = 


names of solution renders of Maths Musing - 75 0/1 page So. 52 


MATHEMATICS TODAY JULY 2004 




S n =1 + 25 • 5+81 • 5 2 +169 • 5 3 + +(4 n + 1) 2 • 5 n_1 

5S n =1 • 5+25 • 5 2 +81 • 5 3 + (4n - 3) 2 5" _l + (4n + 1 f • 5" 
on subtraction we get, 

(-4)5 n =l+24-5 + 56-5 2 + 88-5 3 + 

+ (8n-2)-4-5 n-1 -(4n+l) 2 5" 

=> -45„=l + 24-5 + 56-5 2 + 88-5 3 + 

+ (8n - 2 ) • 4 • 5 n_1 - (4n + 1 ) 2 5" 
5(-4)S n =5 + 24 • 5 2 +56 • 5 3 ++(8n - 2) • 2 -5" 

-(4n + l) 2 5 n+1 

Again on subtraction we get; 

16S„=l + 23-5 + 32-5 2 + 32-5 3 + 

( n-2)times 

- 8(4n-l)-5" + (4n + l) 2 -5' ,+1 

=> 16S„=l + 23-5 + 32-5 2 ^p-8(4n-l)5 n 

+ (4n + l) 2 •5" +1 

=> 165„ =llo+8 (5" -5 2 )-8(4n-l)5 n 

+ (4/i + 1 ) 2 5 n+l 


16S„=(4n + l) 2 5' l+1 +16 -5"-32 «-5" -84 


=> S n — 


(4n + l) z •5" + +16-5" — 32-n-5" —84 

16 


9. v sin 2 x+(sin 2 x) + (sin 2 xy+. 


= ian 2 x\ 


sin 2 x 
1-sin 2 x 

:Q<X< 1 


.\0<sinx<l 


exp 


[( si 


sin 2 x+sin 4 x + sin 6 x + . 


)log e 2J 


_ ^tan 2 jc loge- 2 _ 2 <an 2 j: 


Now, x 2 -9x+8= 0 => jc=1,8 

It is given that 2 tan x satisfies the quadratic equation 
jt 2 -9x+8=0 

So 2 la " 2x =l & 2 ,a " 2jt =8 

=> tan 2 * = 0 & tan 2 * = 3 

=> x = 0, x = 7t/3 

sin x- cos x 

if x = 0 then 


sin x+cosx 


-=-l 


V3_i r 

_ __2 2 _ v3 - 1 . 

Jt >/3 1 V3 + 1 


^ sinx-cosx __2 2 _ -1 _ 0 /7 

if ■ X= T then s i n x- r ” r ~ 

J -^-+ — 

2 2 


10. v /(*)=7 + 2*log e 25-5' 1-1 -5 2- * 

=> /'( *)=21og, 25-5*' 1 log5+5 2_t log5 
=* /'(*)=(log,5)(4-5-*+5 2 -) 

=> /'(*)=^f^(5 2j: -20 -5^-125) 

=> /(^)= Z ^f^( 5i - 25 )( 5i + 5 ) 

For maximum or minimum, we must have /'(*)= 0 
i.e. 5 x -25=0 =*x=2 

clearly,/' (x) changes its sign from +ve to -ve in the 
neighbourhood of x= 2. So /(x) attains a local maximum 
at x = 2. 

Thus, if a is the first term of the infinite G.P., then 
a = 2. Let r be the common ratio of the G.P., then 


r- Lt \ 


t 2 dt 


= Lt 


x->ob * 2 (tan(7t+*)) *->0 3 • x 2 • tan * 


1 ^ A, * 

= 3 jc->o tanx 3 


Required sum = j—^ = 

1- 3 3 


Puzzle ??? 

Suppose there are twin brothers, one which always tells 
the truth and one which always lies. (So in this case 
they know what is true and what is false, or as you put 
it, both are accurate in their knowledge). What one yes- 
no question could you ask to either one of the brothers 
to figure out which one he is? 

Ans.: The question one could ask is, “If I were to ask 
your brother whether you always tells the truth, what 
would he say?” A reply of “no” means you are talking 
to the truth teller, a reply of “yes” means you are talking 
to the liar. 

Another possible question is, “If I were to ask you 
whether you always tell the truth, what would you say?” 
In this case a reply of “yes” means you are talking to 
the truth teller and a reply of “no” means you are talking 
to the liar. 

Both questions take advantage of the liar lying about 
what he or his brother would say, creating a double 
negative type situation. 


MATHEMATICS TODAY JULY 2004 


35 



10 ,h mathematical Challenge 


I.I.T. MAINS 


This section is designed to give IIT JEE aspirants a thorough grinding & exposure to variety of possible twists and turns of problems in 
mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
IIT JEE aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 


1. Let /„ = J e x sin n xdx , if n is an even integer, prove that /„ = 


( n)l 


n/2 

ntC2r) 2 + l] 

r=l 


2. Show that all the members of the family of curves represented by y" - ycot x + 2cosec x = 0 intersect the lines 
y = ± 2 at equally spaced infinite number of points. 


3. Find the number of integers which lie between the numbers 786 and 999786 having the sum of their di gits equal 
to 25? 


4. Show that the cube roots of three distinct prime numbers can’t be three terms of an A.P. (not necessarily 
consecutive). 


5. 


Tangents are drawn from any point on the rectangular hyperbola x l -y 2 = d 1 -b 1 to the ellipse 
that these tangents are equally inclined to the asymptotes of the hyperbola. 


r 2 v 2 

^ + ^- = 1. Prove 
a 2 b 2 


6. Let/(n, 0) - |l tan 2 )(l tan 2 4 )^1 tan 2 |) to n factors. Show that lim f(n, 0) = 6cot0. 

n— o 

7. Without finding the vertices or angles of the triangle, show that the three straight lines au + bv = 0, au-bv = lab 
and u + b = 0 form an isosceles triangle where u=x + y-b and v = x-y -a and a, b *■ 0. 

8. Let a H , a t , a v a y .... be real such that a } + la i = 0 and a 2 + 3 a 0 = 0, then prove that all the zeros of cubic 

polynomial a^x 3 + + a, x + a () will be real. 

n 1 

9. If x > 0 and n is a natural number, show that r- £ — - — . 

l + x + x 2 + +x 2n l + 2n 

10. Consider the non-zero vectors a, b , c and d such that no three of which are coplanar then prove that 
alb C d) + c[a b d] = b[a c d] + d[a b c] . Hence prove that a , b, c, d represent the position vectors 

of the vertices of a plane quadrilateral if and only if & c d] + [d b~ d] _ ^ 

[a c d] + [a b c] 
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N TWISTERS 

IIT MAINS 


Time : 2 hrs. 

1 . A cubic equation/ (x) = 0 has one real root a and 
two complex roots p + /y and p - /y. Points A,B,C 
represents roots a, P + iy and p — /y respectively on 
the argand diagram. Show that the roots of the derived 
equation f'(x) = 0 are complex. If A falls inside one 
of the two equilateral triangles described on base BC. 

2. Equilateral triangles are described externally on 
the sides BC , CA and AB of a given triangle ABC. Prove 
using complex numbers that their centroids form an 
equilateral triangle. 


3. Let £(*) = 


jl + jsin(ln;r*)j 
{.} denotes fractional part of .y and 


-e<x<\ 

1 < x < e 


where 


/(*) = 


xg{x) forg(.x) = 1 + -^sin( £nx 2 * ) 
*(g(- v ) + 0 otherwise 


discuss the continuity and differentiability of /(.x) over 
its domain. 


4. A parabola is drawn such that each vertex of a 
given triangle is the pole of the opposite side. Show that 
the focus of the parabola lies on the nine point circle 
of the triangle and that the orthocentre of the triangle 
formed by joining the middle points of the sides lies on 
the directrix. 

5. If the function /(jx) = jx 3 9.x : + 24.x + C has three 
real and distinct roots a,p,y then find the possible 
values of C. Hence or otherwise show that 
[a] + [p] + [y] can take only two values and determine 
these values where [.] denotes greatest integer 
function. 


By : S.K. Tiwari, Insight, Kota 

Max. Marks : 6( 

6. Change in cartesian form of these two comple> 

rnmber : 

■ v i) cot ( x + iy) (ii) e* ,n(x + iy) 

7. Let P n (.x) be the polynomial 

P n (x) = 1 + 2jx + 3x 2 + (/? + 1 )x n . Show that P„ (x 

has no real root if n is even and exactly one real roo 
if n is odd and the roots lie between -1 and 0. 

8. If -S’,, = + upto // term; 

evaluate 

// — >co 


CO CO 

xp v m“n 

9. Find the sum ol the series Zj Zj -jw Q n 

m= 1 /»= 1 3 + m3 


SOLUTION 


1. Since a, P + iy and p - iy are the roots o 
/ (.v) = 0 so let 
/(.v) = A(.v - a) (a- -P -iy) 


«(P <y) 


(A- - P + iy) 
= k(x- a) {(a - P) 2 + Y 2 } 
=»/(x) = k. {3-v 2 - 2.v(a +2P) 




/.(P) o 


C(p ri) 


+ P- + y 2 + 2apj 

So D=4(a + 2P) 2 - l2(P 2 + Y 2 + 2aP) 
= 4{a 2 + P 2 - 3y 2 - 2ap} 


\BC\ = 2 lYl ; \PL\=Jl\y\ 

Clearly ^l(a) lies inside A(a , 0) the equilateral triangle 
PBC and OBC. 

If AL < PL 


=>| p-a |< yfe ! y | => (P -a)“ < 3y“ 

=>P 2 +a : - 2 uP-3y 2 <0 

=> D < 0 So f'(x) = 0 has imaginary roots. 


2. Let the complex numbers r h z 2 ,r, represents th 
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PARADISE INSTITUTE'S 
CENTRE OF EXCELLENCE 


Paradise Institute's Patria IIT-JEE Classroom 
Centre aims to be one of a kind, offering superior 
inputs to students. Details such as duration of 
classes, total class hours, course material 
construction and 'mind preparation' of 
students have been analysed critically and 
addressed systematically. 

With the introduction of more sophisticated learning 
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* TWO YEARS CLASSROOM COURSE 
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vertices A , B and C p 
respectively of A ABC. \ 

Equilateral triangles 
BCD , C4£ and 
are constructed on 
the side BC , C4 and (- 2 )^ \p(rf) 

AB respectively. Let P, 

Q and R be the 
centroids of triangles 
BCD , CAE and ABF respectively. 

We have CP = y (Median of equilateral triangle BCD) 


1 - BC 
J’ ”73 


.§(fec 

similarly AQ = and AR = BR = ^ 

Let P, Q, R represents the complex numbers z\, z' 2 and 
r' 3 respectively. We have, 

ZCAQ = 30° ,=>22 -z, =-^(z 3 -z,)(cos| + /sm|j 


>Z 2 “ Z, --^j=(2 3 -Z|XV3+/) 


...(/) 


= 30° , ••• Z 3 “ z i = if < z 2 _ z i ) e ‘"' /6 

=> z 3 - Z 1 = ^( z 2 - Z 1 )( cos f ~ »' sin f ) 

=>z^-r, =^(r 2 -z,)(V3-/) ...(ii) 

Now,/ 2 -/j =(/ 2 -z,) — (z^-z,) 

= ~^( z 3 -z iX'/3 + ')--^j(z 2 -Z|)(V3-/) 
[using (i) and (ii)] 

= ^{( z 3 -z lX z 2 -z i)} + '^j , ( z 3 -z i) + ( z 2 -z i)} 
= ^( z 3 - z 2> + ^j'( z 3 - z i ) + ( z 2 - z i)> ... (iii) 


Similarly 

1 


(iv) 


z 3 - z ! - 2 ( Z 1 - z 3 ) + ^j(( z 3 _ Z 2 ) + ( z l “ z 2 )} • 

Now, (z{ -zj)e m/3 =( Z J - z 3)|cosj+/sin jj 

=( z ;- z 3>( 1± ^) 

= [f( z 3 - z l ) + ^-« z 2 - z 3> + ( z 2 - z ! )}](t + 


- [l( z 3 - Z 1 ) - ^{( z 2 - z 3) + ( z 2 _ Z 1 )} J + ' 

[jx (23 _Z,) + 773 {(Z2 “ z 3) + ( z 2 - Z l») 

= ^[( z 3 _ z l) _ z 2 + z 3 - z 2 + Z 1 1 

+ ^[ 3 ( z 3 “ Z 1 ) + z 2 - z 3 + z 2 ~ z ll 
= ^[2(Z 3 - z 2 )] + ^ [( z 3 - z l ) + ( z 2 - z . )] 

= \( z 3 - z 2> + ^j[ z 3 - Z 1 ) + ( z 2 - Z 1 )] 

= ( z 2 ~ z' 3 ) ... From (iii) 

Thus 

=> RQ = RPand ZPQR = j 

=> A PQR is an equilateral triangle. 

3. Given g(x) = |l +|-sin(lnx 27t )| for l<jc<e 
= 0 for -e < x < 1 

ie., g(x) = 1 + jsin(lnx 27t ) - j^l + ^sin(ln x 2n )J, 1 < x £ e 
= 0, -e < x < 1 

where [.Jdenotes the greatest integer function. 
Consider : 1 < x < e 

=> (l) 2 * < x 271 < <? 2n => ln(l) < ln(x 271 ) < \n(e 2 *) 
=>0<ln(jc 2n )<27r 

Case (i) If 0<ln(jt 2 *)<7i/.e., \<x<Je then 
0 < sin(ln(x 271 )) < 1 => 0 < ^sin(ln(x 27t )) < \ 
.■.[^sin(ln(* 2n ))] = 0 

.•.g(x) = |sin(ln* 2,t ) f or \<x<Je 
Case (ii) If 71 < ln(.r 27t ) < 2ni.e.,y/e < x <e 
then -I <sin(ln(x 2,t )) <0 jsin(ln(x 2,t ))<0 

••• [jsin(ln(jc 2jt ))] = -l 

.-. g(x)=l + |sin(ln(x 2 ’ 1 )) f or -Je<x<e 

Case (iii) If In (x 2n )=2n 
=> x = e =» g(x) = { 1 }= 0 
combining all cases, we get 
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2005) 
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• Mailing of Unit Tests already commenced 

Fees will be refunded to 1000 Rankers in IIT/AIEEE & 250 Rankers in DCE 2005 

Apply on a plain paper with 2 photographs & DD of required amount in favour of MTS, Delhi to Director (Admissions). Ashok Vihar Centre. 


Prof. (Dr.) A. B. Mathur 

MA, MSc (Maths), MSc (Appl Maths). Ph D 
Exocutiv* Director (Academic) 


IITS 


V. K. Kansal 
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Managing Director 


P\ I I 
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e-mail : info@iitsonline.com 







/(x) = x(l+isin(ln(jr 2,t ))j f or 4e<x<e 

= .v|l + -|sin(ln(jf 2,t ))| for 1 <x<4e 

= x (1 + 0) for -e < x <1 
= x (1 + 0) for x = e 

=> f(x) = x|l + isin(ln(^ 2,c ))J for 1< * < e 

= x for - e < x < 1 

.-./is differentiable in (- e , 1) and (1, e). 

Check the differentiability of /(*) at x = 1 : 


• ‘ -h /,->o -h 


/i->0 


and Rr (l )=lim OlthM 


/;-> 0 


(1 + /»).( 1 + Lin(ln(l + A) 2 " )) - 1 
= lim \ £ L 


= lim 
//-> o 


/j+ (l + A) s i n (in(i + / / ) 2 ’ t ) 

= lim =2 : 

//-► o h 

— lim ( . . 

h^o{ l + — J, ) 

= ! + i im (ii^) Hm gjgi iqo t hfUl 

h~* 0 3 h-*0 h 

-I lim (^ + ^) |j m sin{ 2 jiln(l + A)} 27 rln(l + /;) 

*-»o 3 a™ 2itln(l + A) ' h 

= l + (-^)-l-27t-l =1 + ^ • 

Thus/is not differentiable at x = 1 . Hence/is continuous 
and differentiable for all x e domain of / except not 
differentiable at x = 1. 


4. The circle circumscribing the triangle formed by 
joining middle points of the sides of the given triangle 
formed by the nine point circle. As the circle 
circumscribing the triangle formed by the three 
tangents on the parabola always passes through the focus 
of the parabola, hence, we have to prove that the lines 
joining the mid-points of the given triangle are the 
tangents on the parabola. 

Let the equation of the parabola be y- = 4 ax (i) 

Suppose the given triangle is ABC and let PQ be the 
chord of contact of A w.r.t. (1). Again as BC is given 


to the polar of A w.r.t. (i) BC and PQ must lie on the 
same line. Hence the line joining the mid points of AB 
and AQ also passes through the mid points of AB and 
AC. 

Suppose the co-ordinates of P and Q be (a/, 2 , 2a/,) and 
0 ot \ , 2 at 2 ) respectively so that the co-ordinates of 
the point of intersection of the tangents at P and Q 
\.e.,A are [a/,/ 2 , a(/, + / 2 )]. 

.*. Co-ordinates of mid-points of AP will be 

+/ 2 ) a(3*i+/ 2 ) l 

l 2 ’ 2 J 

Similarly, the co-ordinates of midpoint of AQ will be 
( q/ 2 (/i + / 2 ) a(t\ + 3/ 2 ) ) 

1 2 ’ 2 j 


The line joining the mid-points of AP and AQ is 

, ('i+3/ 2 ) 


a(3/, + / 2 ) 

, a(3*i+* 2 ) _ 2 


a/i(/i+/ 2 ) a/ 2 (/, +/ 2 ) 

2 2 




or 


y = 


/!+/*> 


-X + 




This is a tangent on the parabola as it is of the form 

v = fnx + — . 

m 

Again the ortho-centre of the triangle formed by the 
tangents is on direcrix and we have proved that the 
lines joining the midpoints of the sides of the triangle 
are tangents on the parabola. Hence the ortho-centre 
of the triangle formed by joining the mid points of the 
sides of the triangle lies on directrix of the parabola. 


5. Let us consider 
y = jr 3 - 9x 2 + 24a\ 
y\ - 3(* - 2)(.v - 4) 

For turning point 
=0 .\ * = 2, 4 are turning - 
points. 

y (2) = 8 — 36 + 48 = 20 
y( 4) = 64- 144 + 96 = 16 



From the graph we can see that x-axis will cut the graph 
3 times, if it is shifted downward by 16 to 20 units. 

C € (-20, -16) i.e. -20 < c < -16 
For [a] + [P] + [y] 

(i) If C e (-1 8, -16), a e (-20, -16) i.e. -20 < C < -1 6 
For [a] + [P] + [y] = 1 + 3 + 4 = 8 


Contd. on page no. 80 
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Contd from page na 26 

Again if C e (-20, -18) then a € (1, 2), p e(2, 3), 
Y e (4, 5) /. [a] + [P] + [y] = 1 + 2 + 4 = 7 
Finally we can say 

r l mi f 8 if -18 < C < 16 

[a] + [P] + [y] = 

|7 if -20<C<-18 

, /-x cntfr l :,A- COS(* + ;» _ 2cOS(X + /v) • Sin(* - /» 

" sin(A4-/» 2sin(jc + /»-sin(:c-/» 


sin2A-sin(2/y) = 
cos(2zy) - cos 2a 

2sin2x 

e~ 2y +e 2y - 2 cos 2 a 


sin 2 A-| 

1 e~ 2y - e 2y \ 

i 2 / / 

(e- z y+e 2y \ 

|- COS 2 A 

l 2 ) 


+ / 


<T 2v -e 2 ' 




^ c 2 - >, 4-e 2v -2cos2A 


■ 


(ii) e' 


,sin(.r+/V) _ ^sin.rcos(/y) 


+ cos x* sin (iy) 




+ cos a 


2 / 




cos a 


In this case /(-l) ='l (n + 2) - (n + 1) = - (n + I) 

= -(2 n + 2) < 0 and f(0) > 0 
So we can say that when n is odd the real root lies 
between 0 and -I. 


8. Above series can be written in form of integration 
as follows 

S= /( 1 -a 3 + x 5 -a 8 - x 13 + ...)dx 
o 

=> 5= J(l-;tV* 5 (l-*V* IO (l-* 3 )+..)<k 

0 


= f = f (x 2 + V 4- 1) 

SO-* 5 ) U+X 2 +X 2 +X + \ 


dx 


_ | adx + | bdx 
o (x 2 4* CX 4- 1) 0 (* 2 + dx 4- 1) 

so from partial fractions we can calculate a , b , c, d 






7. P n (x) = 1 4- 2x 4- 3X 2 4- 1 4- ... (/I 4- 1 ) x n 

(where a* > 0; P n (x) > 0) 
So, P„ (a) = 0 have no positive real root 
P„( a) = 1 + 2a 4- 3a 2 + .. 4- ( n + 1)a" 
xP„(x) = A 4- 2a 2 4- ... 4- nx* 1 4- (n 4- 1 )x l,+ 1 
=> ( 1 - x)P n (x) = 1 4- A 4- A 2 4- A 3 4- ... 

4 a” - (/? + 1 ) • A* 1 + 1 


1(1-jc" + i ) 

\-x 


-(m + 1)jc" + i 


l-(/i + 2)*' , + l -t-(/,+ l)y , + 2 
( l -*) 2 

For negative values of a, P n (x) will vanish whenever 
/( a)= 1 -{n 4- 2^ + ' 4- (,,4- iy , + 2 
/(-a) = 1 - (/; 4- 2)(-xY +l 4( W 4-l )(-xT +2 
If n is even, there is no change of sign in this 
expression and so there is no negative real root. If n 
is odd, there is one change of sign, so there can be 
one negative real root. 


From integration we can calculate 
5 = ^( io + 2V5) + V(1° + 2V5)]. 


9. Let S = I I 


nt 2 n 


i„ = i(w3"+w3") 


Let ii,, = 3" In 


Then S = £ £ 


1 


, = l „ = l a m( a m + a n ) 

Interchanging m and n we can write 

00 00 1 

s = X X ' 

m - 1 n = 1 ) 

Adding (i) and (ii) 

CO 00 / 

25 = ZZ- 

m = 1 n = 1 V a i 


1 1 


2 


= £ I— L_= fJL = (3V 

„t,„t Lr, 3") U/ 


16 


•• y iL = l 

' ,,4,3” 4 




-(ii) 


5 = 9/32. 
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(b) abc + 2fgh = 1 (c) abc - 2fgh = 1 

(d) abc + 2fgh - bg 2 -qf 2 - ch 2 = 0. 

19. A regular polygon has 104 diagonals. Then the 
number of its sides are 

(a) 11 (b) 12 (c) 16 (d) 17. 

20. If cosa + sina = ~J2 cosa, then cosa - sina = 

(a) >/2sina < b ) V2cosa 

(c) -Jl tan a (d) ^(cosa +sina). 

21 . (l + «*f )(l + cos f)(' + C ° S f X 1 + C ° S t) = 

(a) 1/2 (b) 1/4 (c) 1/8 (d) 1/12. 

22. The length of intercepted on the line 

3x + 4v + 1 = 0 by the circle (x - 1 ) 2 + (y - 4) 2 = 25 is 
(a) 5 ' (b) 7 (c) 6 (d) 8. 

23. A. B, C are three events such that P(A) = P(B) 

= P(C) = 1/4 and P(AC) = 1/8, then the probability 
that at least one of the events A, B, C occurs is 
(a) 7/8 (b) 3/8 (c) 5/8 (d) 1/8. 

24. For any complex number iz argz + argz = 

(a) 2mt (b) 2n (c) n (d) n/2. 

25. If (x - a) is a factor of the polynomial 

f(x) = a„x"+a„_ 1 x n ~'+...a„ repeated rn times 
(1 < m < n). then a is a root of fix) = 0 repeated 
(a) m 2 times (b) (m-1) times 

(c) (m + 1) times (d) none of these. 

cos5* 

26 ‘ , b ™ /2 73^72 e£ > uals 


(a) -5 (b) -6 (c) 7t (d) -Jt. 

27. If [2/ (x)] 2 = (x - 2) 2 , then at the point x = 2, the 
function f(x) is 

(a) continuous and differentiable 

(b) continuous but not differentiable 

(c) discontinuous (d) none of these. 

28. A curve has the parametric equation * = ^( r+ D 

and then * tS e< 3 uat ' on in rectan S ular 

cartesian coordinates is 

(a) ^ 2 + ^r = 1 (b) x 2 + y 2 = a 2 b 2 

a b 

(c) b 2 x 2 - a 2 y 2 = a 2 b 2 (d) none of these. 

29. If the points z„ z 2 . “3 are the vertices of an 
equilateral triangle in the argand plane, then 



(b) zf + z\ + zj - 3z 0 

(c) (z, - z 2 ) 2 +(Z 2 - z 3 ) 2 + (z, - z 2 ) 2 = 0 

(d) zj +z 2 +z| = 3Z|Z 2 zj. 

30. If E and F are independent events such that 
0 < P{E) < 1 and 0 < P(F) < 1 then 

(a) E and F are mutually exclusive 

(b) P(E ) and P(F) are equal 

(c) E and F are independent 

(d) P(E) and P(F) are equal. 


Note Blacken your choice with blue/black bjll pen. Cut and send the answer sheet given below. Students between age 17-21 years are 
eligible. Copy of your 10 th class board marksheet is a must. Last date of receipt of entries : 31 ” March. The name of the WINNERS of this 
contest will be published in the April 2005 issue. Send your entries to : Amity Institute for Competitive Examinations, 65 A. Kalu Sarai, 
Sarvapri ya Vihar, New Delhi-16. ^ 

MARCH ^ "AMITY” ENTRANCE EDGE CONTEST 

Name (Block Letters) and Complete Address * 


Name & Address of School : 


1. (a) (b)(5)(d) 

2. ®(§)©(d) 

3. @(B)©@ 

4. ®(B)©@ 

5. ®®©@ 

6 . ©(§)©© 


7. @®©@ 

8 . ®( 6 )©® 

9. @®©@ 

10. ®®©© 

11 . @®©@ 
12 .® ® ©@ 


13. ®®©© 

14. ®®©© 
15-® ® ©@ 
16®®©® 

17. ®®©® 

18. ®®©® 


19®®©® 
20 .®®©® 
21 -® ® ©@ 
22 .®®©© 
23®®©© 
24.®®©© 


25®®©© | 
26.®®©® | 

27. ® ® ©@ | 

28. ®®©® I 

29. ®®©© jL 
30® ® ©@ 


MATHEMATICS TODAY | MARCH 05 


79 


I IT- J EE 2005-06-07 



ar/i. 



for 


direct from 


I IT- J EE 

in a 3 day Workshop 


toppers 



2nd to 4th April, 2005 


Hum a 

Umited seats : Availability. on ftst come finl serve basis. For 
registration md HH in favour of 4Dream’ along with a Xerox 

copy of class X or XII Marksheet. 


Crash Course for AIEEE 


Starting on 31st March 2005 


Other Programs ; 

One year classroom program 
3 Two year classroom program 
3 Correspondence Course 
3 Weekend classroom program 
3 For 1 0th pass students admission in schools is our responsibility. 
Forenquirycallat:9811606011, 9811007811 


x i \ th/i 

x - . uin UP * 0 


Scholarship^ 

7 wh °H-%£ 20 °*< 

7 / \v V *^ 


Classes starting in Faridabad also 




Write / e-mail for a Free copy of prospectus or any other information 
m e-mail : i.dream@rediffmail.com 


/DREAM 


27 H/1, Jia Sarai, Near IIT, Haus Khas, New Delhi 





By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


1. If z lies on the circle \z - 1| = 1, show that 
~ ~~ = /'tan(argz). 

2. Find the number of ways of choosing triplets 
(x, y, z) such that z > max{jc, y } and 
x,y,ze {1,2,3,...,/*+ 1}. 

3. Find the value of the expression 

T = ZX(r + s)C r C s 

r<x 

4. If T 09 r„ r 2> r 3 , ... be the terms in the expansion of 
(x + a) n , then prove that 

(t 0 -t 2 + t 4 -... ) 2 + - r 3 + r 5 - ) 2 

= (x 2 + a 2 ) 77 

5. Prove that (1 + jr)" - nx - 1 is divisible by x 2 for all 
n G N. Hence, deduce that 2 3w - l n - 1 is divisible 
by 49. 


6. If x, y, z are three positive real numbers such that 
\x-y\ > r, \y-z\ > x then | ^ — jc| > show 
that one of x, y, z is sum of the other two. 


7. If jc, y, z are positive real numbers, such that 

, , x 1 x 2 +y 2 + z 2 z 2 

x <y < z, show that — < ' T+J , + z < —■ 


8. Prove that the lines * ^ ' = and 

x + 2j> + 3z - 1 4 = 0 = 3x + 4>> + 5z - 26 are coplanar 
and find the co-ordinates of their point of intersection. 

9. Let x, y t z be real variables satisfying the equations 
x + y + z = 6 and xy + yz + zx = 7. Find the range 
in which the varibales can lie. 

10. Find the position vector of the point of intersection 
of the three planes r • Wj = q^, r -n 2 = and 

r • /* 3 = <73 ; where /? 2 , and n 3 are non-coplanar 
vectors. 


SOLUTION 


1. \z - 1| = 1 represents a circle with centre at 1 and 


radius 1. 

applying rotation 

z -2 _ I* "2 1 /(e/ 2 ) 
z |z| 

2-2 PQ- 
z OP 

tan0 = 7^ 3,1(1 9 = ar g(z) 





z-2 

— — = /tan(argz). 


2. Let z - n + 1 => we can choose x, y from 
{1,2, 3, ..., n) 

Thus when z = n + 1 =» x and y can be chosen in n 2 ways 
Thus when z = n => x and y can be chosen in 
(n - 1 ) 2 ways 

.*. Total number of ways of choosing the triplets 

= n 2 + {n- l) 2 + ...+ 1 2 = l M ( / , + i)(2 M + l). 

o 


3. T = EI(r+s)C f C t 

r <.v 

= II(n-r + »-i)C„. r C„., 

r<s 

= I S 2nC r C s - I X (r + j)C r C, 

r < .¥ r < .v 

2T = In XE C r C, . t = "fV" - 2 ”< 

rc.v ’ 2 L 


4. We know that 

(x + a)" = "C 0 x'' + "Qx"~ ] a + "C 2 x"~ 2 a 2 + ... 

= T 0 +T t + T 2 + .... 

a — > ai 

(* + «)" = n C 0 x" + "Qx"-'(ai) + "C 2 x"- 2 (ai) 2 + .... 
— ^ (x + ai) = 7q + 7^i + T 2 i- + 7^/^ + ... 

(x + a»T = (T 0 — T 2 + T a ...) + i (7V 7- 3 + TV-.) 

Taking modulus on both sides we get, 
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\x + ai\ n = \](To - T 2 + T a — ...)*■ + (T\ -T$ + T s — ) 
squaring we get answer. 

5. We know that 

( 1 + *)" = "C 0 + n C V X + "QjJt 2 + "CyX 2 + ... + "C„x" 

( 1 + *)" - ”C x x - "C 0 = x 2 [ n C 2 + "C 3 * + "C 4 * 2 

+... + "C„x" 2 ] 

(1 + *)"- nx- 1 ~ x 2 [ ] 

=> (1 + jc)" - nx - 1 is divisible by * 2 . 

If we take x = 7 

(1 + 7)" - In - 1 is divisible by 7 2 
8" - 7w - 1 is divisible by 49 
=> 2 3 " - In - 1 is divisible by 49 

6. We have, r 2 - (x - y) 2 < 0 

x 2 - (y - z) 2 < 0 

^_( Z _JC)2<0 

=» [(z-x + y)(z + x-y)(y + x-z)] 2 <0 
=> (z - x + y)(z + x - y)(y + x - z) = 0 
=> at least one of x, y, z is sum of other two. 


7. 

=> 3; 
and 


X 2 + X 2 + x 2 < x 2 + yr + z 2 <z 2 + z 2 + z 2 


1 


1 


■} < 3z 2 


z < 3z 


«i 



3z x + y + z 

Multiplying (1) and (2), we get 

xi< x 2 +y 2 +z 2 , 
z x+y+z x * 


8 . 


Let 


x + l y + l 
2 3 



=> x - 2r - \,y = 3r- 1 , z - 4r - 1 
hence any point on the first line 

(2 r- 1,3 r- l,4r- 1) 

If this point lies on the plane 

x + 2y + 3z = 14 ; r = 1 
Thus point of intersection is (1, 2, 3) 
Clearly, the point satisfies the other plane. 


9. Eliminating z 

we get, y 2 + y(x — 6) + x 2 — 6x + 7 = 0 as y is real 
(x - 6) 2 - 4(x 2 - 6x + 7) > 0 
we get 3X 2 - 1 2x - 8 < 0 

=> 2 - 5 < x < 2 + |Vl5 

Hence x, y, z e j^2 - ^ + 


10. The vectors w, xw 2 , ri 2 *ri 3 and « 3 x«, are non- 
coplanar vectors, so every vector can be written as 
r = a(n, x n 2 ) + b(n 2 x w 3 ) + c(» 3 x n, ) 
apply r • h = ^ we get 

_ q 3 . ?L . r = Si 

0 [”l ”2 " 3 ]’ ["l ”2 ” 3 ] 311 [”l ”2 ” 3 ] 

=> r = r . J - J <7 3 (»i x ii 2 )+ (« 2 x « 3 ) + <7 2 (w 3 x n, )]. 

l«l n 2 W 3J 


EXAM ALERT! 


TAMIL NADU PROFESSIONAL COURSES 
ENTRANCE EXAMINATIONS (TNPCEE) 2005 
TNPCEE 2005 would be held on April 23 and 24. This 
examination is applicable for undergraduate professional 
courses offered by Anna University; the Tamil Nadu 
Agricultural University, CBE; Tamil Nadu Veterinary and 
Animal Sciences University, Chennai; Government, 
Government Aided and Government Quota seats in unaided 
colleges coming under the Directorates of Technical 
Education, Medical Education and Indian Medicine and 
Homoeopathy; and the School of Engineering and 
Technology of Bharatidasan University, Tiruchi. 

VELLORE INSTITUTE OF TECHNOLOGY 

ADMISSION TO B.Tech Courses for 70% Seats - VIT 
Entrance Examination (VITEE) 2005. Application Form and 
Information Brochure will be issued from 15.02.2005 
onwards. The application will also be available on website: 
www.vit.ac.in. 

EAMCET 2005 

ANDHRA PRADESH Engineering Agriculture Medical 
Common Entrance Test - EAMCET 2005 
The Andhra Pradesh State Council of Higher Education 
(APSCHE) has announced the schedule of Common 
Entrance Tests (CET).lt is to be conducted on April 29, 
2005 (Friday). 


Solution for Amity Edge Contest (Mathematics) 
February 2005 


1. 

(b) 

2. 

(C) 

3. 

(c) 

4. 

(c) 

5. 

(d) 

6. 

(b) 

7. 

(C) 

8. 

(c) 

9. 

(b) 

10. 

(c) 

H. 

(d) 

12. 

(b) 

13. 

(a) 

14. 

(c) 

15. 

(b) 

16. 

(c) 

17. 

(b) 

18. 

(c) 

19. 

(a) 

20. 

(a) 

21. 

(a) 

22. 

(d) 

23. 

(b) 

24. 

(a) 

25. 

(c) 

26. 

(c) 

27. 

(a) 

28. 

(a) 

29. 

(a) 

30. 

(c) 
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1. In MBC , three circles of radii x, y z are drawn 
touching the sides ( AB , AC), ( BC , BA), ( CA , CB) and 
the inscribed circle of the MBC, then prove that 
/* = yfxy + yfyz + yfzx. 

2. Consider the two equations in a; 

- 1 (ID - o 

The sets X { , X 2 Q [-1, 1]; Y 2 c [-1, 1] are such that 
X x is solution set of equation (i), X 2 is solution set of 
equation (ii) 

T, is set of integral values of y for which equation (i) 
possesses a solution 

Y 2 is set of integral values of y for which equation (ii) 
possesses a solution 

Let R { be the correspondence A', -» T, such that xRy 
for x e X { ,ye Y { , (*, y) satisfy equation (i) and R 2 be 
correspondence X 2 —> Y 2 such that for x e X 2 , y e Y 2 , 
(x, y) satisfy equation (ii) State with reasons if R { and 
R 2 are functions, if yes state whether these are bijective 
or into. -Jay ant Goya l , Meerut 

3. How to solve these type of questions? 

(i) f(x) = Max. {sin /, 0 </<jc, 0<x<2tc}, fmd/(x) 

(ii) f(x) - Max. {cos /, 0<f<;c, 0<x<2n}, find /(x) 


(i) 


sin ^ 


cos 


(iii) y' (at) = Min. {sin /, x<t<x+ -y, 0<jr<27t}, find f(x) 

(iv) f{x) = Max. {/ 2 - 4/ + 3, .* < / < x + 1,0 <jc< 4}, find 

/(*) 

4. Find greatest and least value of f(x) 

( Min{3/ 4 -8/ 3 -6r +24/, 1 </<jc,1<jc<2} 

/« = I 2 

j^Max {3/ + 2 + T-sin (ft/), 2 <t<x, 2<*<4} 
- Nitesh B hat ia , Ajmer 


SOLUTION 


I. DE = x, EF = r ; DF = AF - AD 



MATHS FORUM 

by Prof. S.S. Dahiya 

u 4 ^ 


Students of Class XI & XII 

Do you have any Maths 
problems to be solved? 

Maths Forum will do itfor you. 
Write to us, and get your 
problems solved by 
Prof. Dahiya. 



and z = rtan 2 | — - ^ j 


yfxy + yjyz + J~zx = 

r { tan a tan (3 + tan p tan y + tan y tan a} 
where a = ^p-, P = JL =A Y = ^p- and 
hence a + P + y = j 9 then 
tan a tan P + tan P tan y + tan y tan a = 1 
yfxy + yfyz + yfzx = r. 


2. In given equations y * 0, y e f,, K, = {-1 , +1 } 

ye f,,f 2 = {-!,+!}, hence value ofy is either+1 or-1. 



when y = 1 , cos 1 x = x = 0 
when y = -l,cos 1 x = which is impossible 

0 < cos- 1 * < n 
Therefore R { is a function and a bijective function. 

...x sin -1 X I A 

(ii) cos [— — J = 0 
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V V V 


wIIT Mains ITT Mams J 
^iins IiT I1T l 

itains Hi 
/M-iin-s I1T f 
I Mams TIT 
f Mains IIT 

ft Mains 1IT Mams H I Mams | 

({IT M^iins IIT Males ITT Maius 
r Mains TIT Mains ITT Mail 
IIT Mains! IT M 
(Mains IIT Mains [JT Man 
Mains IIT Mai 
|] Mains 


N TWISTERS 

for IIT MAINS 


Time : 2 hrs. 

1 . Show that 

fee tan" 1 ax • tan" 1 pA , n , 

Jo 2 dx = -? l0 S 


(tx + P)' 


a+p 


a a +p li 


Two functions^) and g(x) are defined such that 
/(*) = 


j[/ ? W]-|-^y^| for x g domain of h 
for x g domain of h 


£(*) = 


0 


sgn(//(A)) for x g domain of h 


where h(x) = 


0 


1 


for x e domain of h 


b-a 


y/b-a ' 


sin 2a i 

— >!a + b tan 2 . 




for b > a > 0 

where [.] denotes greatest integer function and 
denotes fractional part of a. 

Discuss the continuity of/and gat a = 0, n/2 respectively. 

#» r(r-2)( n C r f 

3. Evaluate X rr- —^r 

r=b("-'‘ + l)("-'* + 3) 

2 . 

4. Given that \^e~ x dx = yJn . Find /'(/) explicity 

00 i 

where f(/)= f e ,x dx, t> 0 

-CO 

5. (i) If e 2 < 1 then find the mean value of 
./(a) = log ( 1 — c 2 sin 2 0) on 0 e 

(ii) Find the mean value of 


r . log(l + cos<7-cosa) 

./(a) = — 2 * on 

COSJC 


'«H] 


6. An urn contains 6 black balls and unknown number (< 
6) of white balls. Three balls are drawn successively and 


By : S.K. Tiwari, Insight, Kota 

Max. Marks : 60 

not replaced and are all found to be white. Prove that the 
chance that a black ball will be drawn in the next draw is 
677 
909* 

7. Through a fixed point O are drawn two straight lines 
OPO and ORS to meet a circle in P and O and R and 5 
respectively. Prove that the locus of point of intersection 
of AS’ and OR is also that of the point of intersection of 
PR and QS is the polar of O w.r.t. the circle. 

8. Circles of constant radius r are drawn to pass through 

i 2 

X~ y 

the ends of a variable diameter of the ellipse — + = 1 

a~ b~ 

Prove that the locus of their centres is the curve 

(a * 2 + y l ){a 2 x 2 + fry 1 + a 2 + b 2 ) = r 2 (a 2 x 2 + b 2 yr) 

9. If A r A v A 3 and B r B v B 3 are two sets of collinear 
points, then prove that the points of intersection of the 
pair of lines /i,£ 2 ; A 2 B } ; A 2 B V A 3 B 2 , A 3 B V A { B. are 
collinear. 

10. If Z, + Z 2 + ... + Z n = 0, then prove that any straight 
line passing through the origin separates the points 
representing Z,, Z, ... Z , provided that they do not lie on 
this line. 


Solutions 


, f , rcc tan ax • tan Pa , 

1. Let / = j 0 ^ — dx 

x 

d/ f oo a* tan 1 Pa , 
Then da /. 2 ' 2 ’ 


l + ar 


d! 7 tan" 1 Pa* 

— J 7-T~dx 

r ' a o x(\ + a~x~ ) 

d /_d/\ f *> xdx 

Ida / Jo 


Then 


d P 


(l + P 2 .x 2 )x(l + a 2 .x 2 ) 


1 r | a 2 P 

(a 2 -p 2 ) Jo ll + aV 1 + pV 


i i * 
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(a 2 -p 2 ) 


j^atan 1 ax-Ptan 1 P-xJ Q 


V-p 2 ) L 


(cx - P)n 
2 


2(a + P) 


Integrating w.r.t. P then a 

'(a + Pf^ 


/= f'og 




a P 1 


sin 2 a- J acos 2 x + bsin 2 x 


2. Since h(x) = 


1 \lb-a 


cos* 


ylb-a Jo yjacos 2 x + bsin 2 x 

sin 2x 




| COSA| 

Domain of h is R - j nn+™, «e/| 


.*• Kx)=\ 


2sin.v ; a < — 


-2sinjc; a>tt 




it is clear that h(x) is continuous at x - 0 and 
n 


discontinuous at x = 


Performing differentiation then division by x and then 
again differentiation on (i) we get 

I r(r - 2) n C r -* r ~ 3= ^(”' (1 + X) ” 11 


r=0 


= w(1 + x) »-2f«£^Ll 


r 


...(ii) 


Performing Integration then multiplication by a and 
again Integration of (i) we get 


f "C„.y - f+3 _ f .v(l + x)- 
2- 7Z .. , n/„ mr “ J nxl 


\/l+l 


r=0 (/7-r + \)(n-r + 3) J /? + ! 


(1 + a)' *“ nx -f 2 a - 1 


••(iii) 


(w + l)(/? + 2) (/? + 3) 

Multiplying (ii) and (iii) and compairing the coefficient 
of a" on both sides, we get 

v2 


» r(r-2)( n C r ) 


r =o (n + l)(/i + 2)(n+ 3) 
= cofficient of a" in 


\2n 


-f(/zx — 1 )“ - 4 a“ ] 


n 


n(n + \)(n + 2) 

[( W 2 -4) 2n C„ - 2n 2 "C„ +t + 2 "C„ +2 


Since [a] and {a} are discontinuous for all integral values 
of a and continuous for all a g R- I. 


V /(x)=[/,<x)]-(^l} 


l 2 J 

Hence /(a) is discontinous at a = 0 and x = n/2 

( v h( a) is discontinuous at a = n/2) 
and q( x) = sgn (/7(a)) 


1 /7(A) >0 

0 /7(A) = 0 

-1 /7(A) <0 


( 77 4 - 1 )( 77 4 - 2)( 77 + 3) 

oo 2 . 

4. v j e~ x ~ • cbi = v7T 

-OO 

00 2 

Then in f c ' put y = a>/7 , = 


/'(/) = : 


1 0<A<rc/2 

-1 A>7l/2 

0 A = 0 

0 x — Til 2 


2/77 

5. (i) Mean Value = — 


J^ 2 log(l-e 2 sin 2 0) 


7t/2-0 


so, jQ /2 log(l-e'sin'0) = / = 7tlog t . 
By partial differentiation 

71 log,. 


1 + 


Vl -e 2 


Hence g(A) is discontinuous at a = 0 and a = 7t/2 

n 


By mean value = 




7t/2 


3. v Z ”C r x r =(l + x)" 

r=0 


-(i) 


= 2 log. 


■ 7l — e" 
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IT COULD BE 
YOU HERE 









NITIN GUPTA MADHUR TULSIYANI 



DUNGARARAM CHOUDHARY LUV KUMAR 


ANKIT GUPTA 


Stars of the Miftennium 

NITIN GUPTA AIR-1 IIT-JEE 2000 

MADHUR TULSIYANI AIR-2 IIT-JEE 2001 

DUNGARARAM CHOUDHARY AIR-1 IIT-JEE 2002 

LUV KUMAR AIR-3 IIT-JEE 2003 

ANKIT GUPTA AIR-3 IIT-JEE 2004 

(All from our 1 or 2 yr. class room courses) 

Our Performance In Last 5 Years 

827 



2000 2001 2002 2003 2004 


Your l*t Step 

What all you have to do, is to clear our entrance test; 
Your 50% job is over. 

As simple as you know that 50% of our students get 
through in IITJEE every year ! 

ADMISSION ANNOUNCEMENT 


IITJEE 2006 

(For Class XI to XII moving Students) 


:tion Test . 27.03.2005 
Eligibility : Minimum 75% marks in science + maths 
in class X board. 

Last date : Submit completed application form* by 
12.03.2005 (5.00 pm) 


IITJEE 2006 

(For XII appearing/XII-pass Students) 


Selection Test : 26.06.2005 

Eligibility : Minimum 75% marks in PCM in class 
XII or 75% in Sc. + Maths in class X or 
IITJEE Screening qualified. 

Lastdate : Submit completed application form* 
by 07.06.2005 (5 :00 pm) 


IITJEE 2007 

(For Class X to XI moving Students) 


Selection Test : 1 0.04.2005 (Phase I) and 

07.06.2005 (Phase II) 

Eligibility : Minimum 70% marks in science + maths 
in IX annual exams for (Phase I). 

: Minimum 75% marks in science + maths 
in X Board exam for (Phase II) 

Lastdate : Submit completed application form* 
by 22.03.2005 (Phase I) (5:00 pm) and 

31 .05.2005 (Phase II) (5:00 pm) 

'Application forms & brochures by post for our selection test may 
be obtained through cash or DD of Rs. 750/- in favour of M Bansal 
Classes”, payable at "Kota” . Write your name, address and 
present class of studying on the back of DD. Local students may 
get the application form, from any of our centre. 

For quick response apply online through our website. 


# BANSAL CLASSES 

■ KOTA ■ JAIPUR ■ AJMER 

2-K-1 7 , Vigyan Nagar, KOTA (Raj.) Ph : 2423738, 2421097 Fax : 0744-2436779 
92, LIC Colony, Vaishali Nagar, AJMER (Raj.) Ph : 0145-2633456 Mobile No. : 94141-83738 
4th Floor, 'Brij Anukampa', Ashok Marg, C-Scheme, JAIPUR Ph : 2328181, 2377766 TeleFax : 0141-2328182 

Website: www.bansaliitjee.com e-mail : admin@bansaliitjee.com 


□nwaro 





/ [ n/2 log(l + cosacosx) 
' ■'0 me r 


^ = J* /2 (l + cosacosx) 1 -cosx(-sina) dx 
and by integration with respect to x and a 


Let the co-ordinates of P and Q (x,,0) and (x 2 , 0) 
respectively 
So, x { +x 2 = -2 g 

X \ X 2~ C 

Similarily co-ordinate of R and S be (0, y { ) and (0, y 2 ) 
respectively 


So mean value = - 


u*i- a 2 

4 


-4 a s 


Till 


An 


6. Clearly urn contains at least 3 white balls. 

Let £ 3 = the event of the urn containing 6 black ball 
and 3 white balls. 

E a = The event of the urn containing 6 black balls 
and 4 white balls. 

E 5 = The event of the urn containing 6 black balls 
and 5 white balls. 

E u = The event of the urn containing 6 black balls 
and 6 white balls. 

each of £ 3 , £ 4 , £ 5 , £ 6 are equiporable and they are 

exhaustive. 

Now P(W/E 3 ) = Probability of 3 balls drawn being white 


in case £, 


_ 3 C 3 _ 1 




84 


Similarily P(W/E A ) = 

C3 


wv -u£- n 

by Bayes’ theorem for equiporable events. 


y\ + y 2 = - 2 f> yy 2 = c 

Equation of PS will be — + — = 1 ...(i) 

*1 y\ 

Equation of QR will be — + -^- = 1 ...(ii) 

x 2 yi 

The require locus by adding (i) and (ii) 



g x +fy + c = 0 ...(»») 

and polar of origin is also gx +fy + c = 0 ... (iv) 

Equation (iii) and (iv) are same. 

8. The ends of the variable diameter of the ellipse may 
be taken as P(a cos0, + b sin0) and (-a cos0, -b sin0) 

Circle with centre ( h , k) and radius r is 

(x - h ) 7 + (y - kf = r 2 

As it passes through P and Q therefore 

(a cos0 — h) 2 + (b sin0 - k) 2 = r 2 ...(i) 

and ( a cos0 + h ) 2 + (b sin0 + k) 2 = r 2 ...(ii) 

Adding equation (i) and (ii) we get 

h 2 + k 2 + a 2 cos 2 0 + 6 2 sin 2 0 = r 2 ...(iii) 

Subtracting equation (i) from equation (ii) we get 

a hcosQ + bk sin0 = 0, tan 0 = -ah! kb ...(iv) 

use equation (iv) in equation (iii) we get 


P(Ex , w) w jm 

rus3/ ' ’ P(lV/E 3 ) + P(W/E A )+P(tV/E 5 ) + P(lV/E 6 ) 


5 5 

909 

n , r , 154 

P(EJW) “ 9 Q 9 


h 2 + k 2 + a 2 ( . f b \ 2 Vl> 2 f 2 f h \ - 2 

\a 2 h 2 +k 2 b 2 ) Wh 2 + k 2 b 2 

Hence required is 

( x 2 + y ) (a 2 x 2 + 6 2 y + a 2 b 2 ) = r 2 ( a 2 x 2 + b 2 )! 2 ) 


7. Let the two lines OPQ and ORS be taken as axes of x 
and y respectively, O as origin and ZROP = 0. 
Equation of the given circle may be taken as 
x 2 +y+ 2xy cos0 + 2 gx + 2jy + c = Q 
Now equation of x axis isy = 0 
So x 2 + 2 gx + C = 0 


9. Suppose the points A r A v A 3 lie on the line OA and 
the points B v B 3 lie on the line OB. Since any two 
vectors are always coplanar. So, let OA and OB be two 
coplanar lines. Taking 0, the point of intersection of the 
given lines, as the origin of reference, let OA = a and 
OB = b • 
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Let X, a, X 2 a, X 2 a be the position vector of A,, A v A } 
respectively. Also, let the position vetors of points 




<0 


B r B 2 ,B 3 be \i\b,\i 2 b,\i 3 b respectively. 

The vector equation of lines A X B 2 and A 2 B { are 


r = X ] a + l(ii 2 b-X\a) and r = \ 2 a + m^b -X 2 a) 

Suppose Afi 2 and A 2 B t intersect at P y At their point of 
intersection, we have 

\{a + l([i 2 b - X^a) = X 2 a + mfab - X 2 a) 


=> (X ] -X 2 )-/X ] +mX 2 = 0 and = 0 

[ • • a and b are non coll inear vectors] 
- A.,) 

=> m = . - 7- 

p 2 ^2 “ 


Substituting the value of m in (ii), we see that the position 
vector of the point of intersection of A X B 2 and A 2 B X is 
given by 


*3 


— X'fQ 4- 


|I 2 (X 2 -X\) 

H 2 X 2 -Pi^i 


(\i x b-X 2 a) 


- - 1 

° F V]X\-ii 2 h 

| X 2 X t (pi -\i 2 )a + Pil^C^i "* ^2 )^} 

Similarily the position vector of r 2 point P 

7 = 1 

1 * 3^3 “ 1 * 1^1 

{X,X 3 (p 3 -P|)cr + PiP3(^3 ”^|)^} 

The position vector /j of the point P r the point of 
intersection of A 2 B 3 and A 3 B 2 is given by 

- = 1 
1 l i 2^2. _ l I 3^3 

|^ 2 \ 3 (p 2 -p 3 )^ + p 2 p 3 (A. 2 - X 3 )^J 

In order to prove that points />,, P p P 3 are collinear, it is 
sufficient to show that there exist scalars x p x v x 3 such 

that jc,r, 4- x 2 r 2 + * 3 r 3 = 0 


where + x 2 + x 3 = 0 

We observe that jc, +x 2 + x 2 = ZPiM^2^2 “^ 3^3) = ^ 
10. If possible let there be a line passing through the 
origin az + a : = 0. Such that the points representing 
z r z 2 ...z n lie on one side of it then, 

az, +azj>0 or az, + az, < 0 for all / = 1, 2, 3, ...n 


=> tfx0 + ax0>0ortfx0 + ax0<0 

This is contradiction so our proposition is wrong. 
Hence any straight line passing through origin seperates 
points z, z 2 ... z„. 

P(E 5 nv )= §§§, 

Let B = the event of drawing a black ball in the next 
draw. Now the ball in the next draw may be black after 
the 3 white balls were drawn from the bag containing 6 
black and 3 white balls. Its prabability is 
P(EJW) ■ P(B(EJW)) 

.-. By the theorem of total conditional probability, 

P(B) = P(EJW) ■ P(B/(EJW)) + P(EJW) ■ P(B/(E A W)) + 
P(EJIV) ■ P(B/{EJW)) + P(EJW) ■ P[B/(E/IV)] ...(i) 

Now P{B/(E 3 /IV)}= The probability of drawing I 
black in case-of £, when whites are already drawn = I . 

6/- , 

P[B/(E,/W)}= ^ = f, 

P{BKEJW)) = ^ = \ 

P\BI(E i IW)}=-£- = j 

C l 

L , _ 677 
Using (i) put the value so - 
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By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


£ ln-3r + \\\C l 
Find the sum of the series 2-^ n - r + \ )~^7 
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+ / 


, z and /' are the vertices of a 


2. Points 0, 
rhombus, then find the values of Argr and \z\. 

3. Show that 5 jc < 8 sin* - sinlv < 6* for 0 < * < n/3. 

4. Let /(tf) = 1 + ^ + y + then show that 

f(n) = j cot||j(l-cos"0W0. 

5. A function is such that it coincides with its 
derivative. Find all such possible functions. Using 

2 3 

this result prove that e x = 1 + yy h- -4- 

6. If the circle C, touches *-axis and the line 
y = *tan0 (tan0 > 0) in first quadrant and circle 
C 2 touches the line y - * tan0, ^-axis and circle 
C, in such a way that ratio of the radius of C, and 
C 2 is 2 : 1 then find the value of tan(0/2). 

7. Two dice are rolled simultaneously to define events 
A = sum of the numbers appearing on the tipper 
faces is 9. 

B = sum is divisible by 4 

C. - 5 has appeared on one of the dice. 

Find P(A u(5n Q). 


8. If tan (* + /;) = tan * + (//sin j>)(sinj') - 

,, . .2 sin 2 y .. . .3 sin 3 y 

(/7S1I1 v) y-^-+(/7Sin y ) — 


9. 


where * e (0, 1), y e (7i/4, 7i/2), then prove that 
y = cot" 1 *. 

Find the area bounded by the curves 

1 


y - |sin*| + |cos*| and y - 
0 < * < 271. 


|sin*| + | 


cos* 


for 


10. If (a, b, c) is a point on the plane 
3* + 2 y + z = 7, then find the least value of 
a 2 + b 2 + c 2 , using vector method. 


SOLUTION 


I. Let S= 

r=ov n-r+\ J 2 
2 r ) "C r 


5= SI- 

= y " C r l 2/- ;i! 

r= o 2 r r=o( w - , ' + | ) ;•!(«-/•)! ■ 2 r 

n nn n " r* , 

= = 


r=0 2 /*= 0 2 


r- 1 


2. Since — l - = l|coSy + /sin yj = e 

i +/sin f) = 


and i = I cos 


Now, I'J^I - 


AD ~Z 


V3- 


= 1 , 


OD = 


4 2 



3. Let/(*) = 8siav - sin2* 

/'(*) = 8cos*-2cos2* 

/"(*) = -8sin*-4sin2* = -8sin*(l -cos*) 
from these we see that /'( 0) = 6, 

/'(f) = 5. /(0) = 0, /W<0 in [o, f] 


Therefore 5 < f'(x) < 6 in 

Integrating from 0 to .v, gives 
=> 5a- < /(*) < 6a in 0, f 


°.f] 
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4. Let g(x) = 1 + x + x 2 + ...+ jc' 1 ” 1 = x ^ 


1 1 v" _ 1 

f(n) = \g(x)dx = j 

0 0 * 1 

Put x = cos0 => dx = -sin0 dQ 

. /•(„) = J (cos^0-lX-sin0)^ 0 

J (COS0-1) 


X — 1 


*/2 


k /2 (1- cos" 0)2sin~ cos ^ 
= 1 -tr 2 


o 

k/2 


2sin 2 f 


= J cot|® j(l-cos"0W0. 


5. Given f\x) = /(x) 
_ /'(*) 


Ax) 


dx = In f{x) = k + x or f(x) = k-e x 


Consider a function whose derivative is the function 
itself and/(0) = 1 

e x is only such function from above result 

but /(*)= ,+ ]T + ir + 3r + -- 

also satisfies f( 0) = 1 and f\x ) = f (x). This is possible iff 

6. Let m = tan0, then 



2 - 2 tan ^ = tan ~ ^ + tan 

tan'^ + 3tan^-2 = 0 
2 2 


tan - = 


0 _ -3 + yf\7 




7. (/? n C) => sum is either 4. 8 or 12 and 5 has 

appeared on one of the dice i.e. (5, 3) (3. 5). 

A u (ft n C) =» either (5. 3) or (3. 5) or sum is 9 
i.e. (6, 3). (3, 6). (5. 4). (4. 5), (5, 3). (3. 5). 

/'(/lu(/inO) = | r = l. 

36 6 


8 . 


tan (x + /?)-tan x 


= sin" v- Asin v 


sin 1 v 


- + ... 


Now taking limits of both sides as h — > 0, we get 
— = sin 2 ^ => x 2 = cosec 2 y - I = cot 2 y 



= 4[-cosx + sinx]* 2 -4/ h 


k/2 f 

where /. = f - ! dx 

0 sinx + cosjc 



— = 4=ln(3 + 2>/2) 


1 (y - 1) 2 - 2 72 


=> A = 8-2721n(3 + 272). 


10. (a, b, c) lies on the plane 

3x + 2y + z = 7=>3a + 2b + c = 7 ...( 1 ) 

We have 

(ai +bj + ck)(3i + 2 j + k) = 3a + 2b + c = 7 ...(2) 

Also (ai + bj + ck)-(3i + 2 j + k) 

= yja~ +b 2 +c 2 * V3 2 + 2 2 +1 2 cos0 — 0) 

where 0 is the angle between the vectors 
ai+bj + ck and 3i+2j + k. 

From (2) and (3) we get 

ci~ + b“ -f c" = y^sec0 > 

as L.H.S. is positive and |sec0| > 1 
Equality hold if sec0 = 1, which is the case when the 
vectors (J/ ^bj + ck and 3i + 2j + k are parallel. 
Hence least value of a 2 + b 2 + c 2 is 7/2. 
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Challenqin 


^PROBLEMS 


Co-ordinate Geometry 

By : A/ok Kumar, B. Tech, HT Kanpur 


1. A parallelogram is formed by the lines 
ax 2 + 2 hxy + by 2 = 0 and the lines through (p , q) 
parallel to them. Prove that the equation of that 
diagonal of the parallelogram which doesn’t pass 
through origin is 

(2a* - p)(ap + hq) + (2 y - q)(hp + bq) = 0 

2. If by an orthogonal transformation without change 
of origin, the equation ax 2 + 2 hxy + by 2 - c is changed 
into one, in which there is no term involving xy , 
prove that the transformed equation is 

(a + b + X) x 2 +(0 + b - X) y 2 = 2c, 
X=[(a-b) 2 +4h 2 ] ,/ > 

3. Prove that the equation of the circle circumscribing 
the triangle formed by the three lines whose 
equations are 

a,x + b,y + Cj = 0, / = 1, 2, 3 is 


(af +b?)/(a l x + b ] y + c,) cr, 
(al+b^)l{a 2 x + b 1 y + c 2 ) a 2 
(a 2 + bj ) /(ajjf + b 3 y + c 3 ) ay 


bi 

bl 



4. Find the equation of the circle whose radius is 5 and 
which touches the circle x 2 + y 2 - 2x - 4y - 20 = 0 
at the point (5, 5). 

5. Normals are drawn to the parabola y 2 = 4 ax at the 
points /, , / 2 , t 3 on it. Prove that the area of the triangle 
formed by the normals is 

Y (/| - <2 )('2 - h )('3 - h K<1 + h + 1 3 ) 2 

6. Find the locus of the poles of the normal chords 
of the parabola y 2 = 4 ax. 

7. Prove that the locus of the middle points of chords 


r - V* 

of an ellipse = ^ whose length is constant, 

say, 2c is 


2 ' .2 
a n 


2 2 > 
- v 4. y i 

fxi + Zl 

+ c 2 

( ■> 2 \ 

T + 7J -1 

v° l> ) 

1 a 4 A 4 J 

a'b~ 

2 + .2 
U b ) 


= 0 


8. Prove that the area of triangle inscribed in an ellipse 
is lab sin^-^sinL^sin^-^ 1 where a, (3,yare 
the eccentric angles of the vertices. 


9. Find the co-ordinates of the limiting points of the 
system of circles determined by the two circles. 

x 2 +y 2 + 5x+y+4 = 0 and x 2 + y 2 + 1 Ox - 4y - 1 =0 


10. Three normals from a point to the parabola 
y 2 = 4 ax meet its axis in points whose abscissas 
are in A.P. Show that the locus of the point is 

Hay 1 = 2(x - 2a)\ 


SOLUTIONS 


1. 


The combined equation of AB and AD is 


5, = ax 2 + 2 hxy + by 2 
= 0 

Now the lines through 
(p q) and parallel to the 
lines given by = 0 
are 



C(p.q) 


A (0.0) B 


S 2 = a(x - p) 2 + b (y - q) 2 + 2h (x - p)(y - q) = 0 
We have to find diagonal BD which passes through 
the intersection of 5, and S 2 . 


For all values of + XS 2 = 0 represents the curve 
through the intersection of S } = 0 and S 2 = 0. 
Choosing X = -1 , we get 5, - S 2 = 0 as the curve 
through the intersection of S, and S 2 . But as 5, 
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a x a 2 + Xa 2 Oy + Y ia i a \ ~ ^1^2 + ^^2^3 + M-^3^1 


and S 2 have the same terms of 2 nd degree, 
S { - S 2 = 0 reduces to linear equation which will 
represent a straight line and that will be the equation 
of diagonal BD. 

S ] - S 2 = 0 gives 

a[-2xp + p 2 ] + 2h [-py - qx + pci ] 4- 

b [-2 yp + q 2 ] = 0 

=> -ap (2x - p) - hq ( 2x - p) - hp (2 y - q) 

- bq (2 y - q) = 0 
i.e. (2jc - p) (tfp + /7<r/) + (2;> - <7) (/></ + hp) = 0 


2. The axes should be turned through an angle 0 given 


by tan 20 = -^r 
a-b 


for xy terms to disappear. 


sin 20 _ cos 20 _ Vsin 2 20 + cos 2 20 _ 

2h ~ a ~ b " ^h 2 + (a-bf ~ X 

and the transformed equation is 

a'x 2 + b'y 2 = c 
or 2ci 'x 2 + 2 b'y 2 = 2c 

Where 2ci — (a + b) 4- [2/? sin20 4- (cr - A) cos20] 


/ » \ 4/7 2 -h (car — />) 2 X 2 

= (cr + 6) + ^ — = (a + b) + — 


2*/' = (tf 4- £) 4- A. 

Similarly 26' = (<7 + b) - X 
Hence the transformed equation is 
(a + b 4- A.)x 2 + (a + b - X)y 2 = 2c 
X = [(a-b) 2 + 4/? 2 ] 


or 

( G\G 2 — b\b 2 ) — b 2 by) ^ \x(a 2 a j — b^b\) = 0 ...( 2 ) 

and 

(r/,^ + o 2 b\) + X(ci 2 b 3 + ^362) + + ^1^3) = 0...(3) 

write ( 1 ) in the form 

r-r~ +x r + n r = 044) 

ayx 4- by x 4- Cy cr,x + b { v + c, a 2 x + b 2 v + c 2 

Eliminating X and p from (2), (3) and (4) we get 


1 1 

a-yX 4* by)> + Cy a, A* + b^y + c, 

£ 7 | a-) — b\bi a-)Gy — b^by 
G\b~> + a 2 b\ ^2^3 "t" fl^bt 


1 

a 2 x + b 2 y + c 2 


a 3 a \ ~ b\ by 
Gyb\ + G\by 


= 0 


Again the coefficient of -7 — 7 — in the above 

a 3 x 4* KJ V 4- Cy 

determinant is 


(a 2 c / 3 — b 2 by) (a^b) + byG ] )-(ayCi ] - byb^) (a 2 b^ + a 3 b 2 ) 

= ay (a 2 b^ - a\b 2 ) + by (-a^h + b\a 2 ) 

= - + b$ )(ci\b 2 - a 2 b \ ) 

Hence the equation of the circle can be given as 


1 

rt|.v + 6)V + c-| 

a 2 + b 2 

a 2 x 4- b 2 y 4- c 2 

2 1 2 

**3 +by 

GyX + byy + Cy 


G\ A, 




/> 2 


= 0 


^3 ^3 


3. From the equation f 

(fl,x 4- b x y 4- c,) (ape 4- bpy 4- c 2 ) + 

X(a 2 x 4- bp> 4- c 2 ) (cr 3 x 4- bpy 4- c 3 ) 4- 
p(a 3 x + byy + cy) (aix + b x y 4- c,) = 0 ...(1 ) 
Above equation is satisfied by the points obtained 
by taking any two of the three given equations, 
i.e. it is satisfied by the vertices of the triangle 
formed by the given equations. For the equation 
to represent a circle, coefficient of* 2 and y 2 should 
be equal and the coefficient of xy should vanish. 


4. Centre of the given 
circle is (1, 2) and 
/*, = 5. If (a, (3) be 
the centre of the 
other circle and 
r 2 = 5, the point of 
contact P ( 5 , 5) divides C,C 2 in the ratio of radii 
5 : 5, so the point of contact is the midpoint of 

5 = and 5 = - r ^ centre (a, P) is (9, 8) 
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Required circle is 

(x-9 ) 2 + (y- 8) 2 = 5 2 
i.e. x 2 + y 2 - 1 8jc — 1 6y + 120 = 0 

5. The three points of intersection are 
[2 a + a(t{ +V 2 + t 2 +^ 2 )]* etc 


A =i 


2a + a(t\ 4 i\t 2 +/?) -tfV2( / i + *2) 1 

2 o + d(t~) + ) — flr / 2 / 3 (/2 ^ 3 ) 1 

2tf + ^(^3 + /3/1 + /f ) — ^f/3/ 1 (/3 -f /| ) 1 


split the determinant into sum of two determinants. 
One of them is zero for two column, 1 st and 3 rd are 
identical. 


A = -- 


'l 2 +'l' 2+'2 V 2 ('l+' 2 ) 1 

f 2 + hh + f l + * 3 ) * 

*3 + hh + f \ hh (h + * 1 ) 1 


a~ 
' 2 


' 1 +V 2 + ': 


/|/ 2 (/i +/ 2 ) 


1 


+ h + h) hih'~ t \)^\ + h + h) 0 
(.h ~h) (0 + *3) *i(*3 ”^2X0 + *2 + * 3 ) 0 

/e 2 -> r 2 - rt, 

/?3 — > /?3 — y?i 

1 / 2 
1 '1 


” ~^"(^3 ”*lX*3 ^2 X^l + *2 +^3) 


- — h )(^2 ~h)(h ~ *l)(*1 +/ 2 + *3)" 

6. Let (/?, A:) be the pole or point of intersection of 
tangents, so that the equation of the chord is 
ky = 2a (x + h) ‘ ...(1) 

Since it is a normal chord, its equation should be 
of the form 

y = nix - 2 am - am 3 , m e R ...(2) 

comparing (1) and (2), we get 

m — and h = -a(2 + m 2 ) 

Eliminating m between them yields 

h + 2a + a^- = 0 
k 2 


Thus locus is 
y\x + 2a) + 4 a ? = 0 


7. Let (h, k) be the middle point 
of the chord whose inclination 
to the major axis be 0, then a 
the extremities P and O of the 
chord are (h + c cosG, k + c o 
sin0) and (h - c cos0, k - c sin0) 

x 2 y 2 

Both these points are on the ellipse, -y + — = 1 

a b~ 



(// + CCOS0) 2 (A + csin0) 2 

„2 + a 2 • 

a b 

(/7-ccos0) 2 (£-csin0) 2 , 

and 3 + 5 = 1 

a~ b 

To Eliminate 0 between them, add (1) and (2) 


».(1) 

...( 2 ) 


h 2 , k 2 , 2 ( cos 2 0 , sin 2 0 

— + TT + C — — + 

a b \ a b 


Subtract (1) from (2) 


= 2 


...O) 


4c/?cos 0 _ 4c/: sin 0 _ Q /rcos 2 0 _ * 2 sin 2 0 


b 4 


, cos 2 0 sin 2 0 _ cos 2 0 + sin 2 0 1 


4 nr 


f 4 !k~ 


a -+h. 


/r k 2 

Plugging the values of (4) into (3) 

<t + b I 

f£ , A 2 | 2 !? kj _ , 
a 2 b 2 

h 2 k 2 


a ' , A' 1 
h 2 + k 2 . 


...(4) 


(a 2 ' 6 2 'J ' ” {a A k 2 +b 4 h 2 

[4 + 4_,] + £w 

V a~ b~ ) a A b A 


Locus of (/7, k) is 


/t 2 *1 

a 2 V 


hL,lr_ 

a* b A 


= 0 


= 0 


( 

x“ 

1 

r kl 

H 

\ 

j 

( ^ 
X “ 

+ Z] 

+ c 2 I 

fii + 

• v2 l 

w 

b 2 

y 

L 4 

b 4 i 


U 2 

* 2 > 


= 0 


8. The three vertices are (a cosa, b sina), etc and area 


of triangle is j {a-| (y 2 ~ >'i ) + •••} 


MATHEMATICS TODAY | APRIL 05 


57 


= -i- {tfcosa (Z>sinp-6siny) + ...} 

= -^ab {sin(a - P) + sin(P - y) + sin(y - a)} 


= ~jrab 2sin 


. (a-P) a-P « . p-a 
™ v ^cos — — + 2sin — 


cos 


a -f p - 2y 


1 , * . a-P/ a-p a + p-2y\ 
= -±ab- 2sin — ^1 cos — ^ - cos j 

= -ab • sin • 2sin ^-y^sin 


„ , . a-p . P-y . y-a 

= 2^sin-^-sin 11 Y i ' s,n 2 ” 


9. The equation of the co-axial system of which two 
members are given by 

(x 2 +y 2 + 5x+y + 4)-X(x 2 +y 2 + 10* -4y- 1) = 0 


2 2 

or x +y 


+ 


5 — 1 0A. 
\-X 


x + 


i±4X i±X 
\-X y 1-X 


= 0, X*1 


The centre of this circle is 


/ 5(1 -2X) 

1 + 4X \ 

l 2(1 -X) ’ 

2(1 -X)j 


Radius is given by 


7 (5-1 OX.) 2 + (1 + 4\) 2 - 4(1 - X)(4 + X) 

4(1 -X) 2 


_ 120X 2 -80X + 10 
4(1 -X) 2 

Radius will vanish if 120X 2 — 80A. + 10 = 0 

=> 12A. 2 - 8X + 1 =0=»(6X-l)(2?i-l) = 0 

X = 1/6 and 1/2 

Substituting these values of X we get the limiting 
points as (0, -3) and (-2, -1). 


10. Any normal y-mx- 2am - am 3 meets the axis of 
the parabola i.e. x - axis where y = 0, in the point 
(2a + am 2 , 0) 

Since the abscissas are in A.P. 

2(2a + am \ ) = (2 a + am , 2 ) + (2a + am] ) 


2(2 + m 2 ) = 2 + fti] + 2 + mj 


2 ? 2 

=> 2m 2 = ni] + 

2222 2 

=> 3mJ = mf + mj + mj = (m, + m 2 + m 3 )' 

- 2(m ] m 2 + m 2 m 3 + m 3 m| ) 


^ 3w 2 =0 -2^^ 
4 /i 


, m 2 = l (a-m... (1) 


3a 


Again 

2m 2 = (mj + m 3 ) z - 

=> 2m? =(-m->) 2 + 2— 

z z am 2 


3 2k 
=> m 9 = — 
z a 


_ m 2 - 2k 
m-j = 

flm 2 

from (1) and (2) 

Ah -2a? 4X 2 

27a 3 a 2 

Locus is 27ay 2 = 2(x - 2a) 3 . 


...( 2 ) 
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19 th mathematical Challenge 

for 


I.I.T. MAINS 


This section is designed to give IIT JEE aspirants a thorough grinding & exposure to variety of possible twists and turns of problems 
in mathematics that would be very helpful in facing IIT JEE. Each and every problem is well thought of in order to strengthen the concepts 
and we hope that this section would prove a rich resource for practicing challenging problems and enhancing the preparation level of 
IIT JEE aspirants. 

The detailed solutions to these problems will be published in the next issue alongwith a new set of such problems. 


1. Show that the conics through the intersection of two rectangular hyperbolas are also rectangular hyperbolas. If 
A, B, C and D be the four points of intersection of these two rectangular hyperbolas, then find the orthocentre 
of the triangle ABC. 

2. Find the area of a right angle triangle if it is known that the radius of circle inscribed in the triangle is r and that 
of the circumscribed circle is R. 

3. <2 is any point on the line* = a. If A is the point («, 0) and OR , the bisector of the angle OQA , meets OX in 
then prove that the locus of the foot of the perpendicular from R to OO has the equation 

(* - 2a) (* 2 + y 2 ) + a 2 x = 0 

4. Show that the equation r 4 + 2r 3 + 3z 2 + 4r + 5 = 0 with (Z € C) have no purely real as well as purely imaginary 
root. 


5. 


Prove that 


6. A straight line moves so that the product of the perpendiculars on it from two fixed points is a constant. Prove 
that the locus of the foot of the perpendiculars from each of these points upon the straight line is a circle, the 
same for each. 

7. Prove the identity : 

2 — 2/4 

Jot?-' - dz = e 4 J 0 V ; dz, deriving for the function /(*) = £ e a ~‘dz a differential equation and solving it. 

(X Q ^2 7 

8. Let a, (3 be the roots of a quadratic equation, such that aP = 4 and Find the set of values 

a i p - 1 a~ —4 

of a for which a, P G (1,4) 

9. Investigate the function/*) =* 5/ - - 5*^ for points of extremum and find the values of k such that the equation 
* 5/3 - 5x m = k has exactly one positive root. 

10 . Let >4 = {1,2,3 100}. If.Vis a subset of .4 containing exactly 50 elements then show that X p mm = ,0, C 5 | 


pex 


Solution of Mathematical C hct/lcngcs 18 and 19 will be published in next issue. 


By : Shailendra Maheshwari, Career point, Kota 
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Special Facilities for outstation students: 

•Continue your CBSE through Sahil's association with Schools. 
* Excellent Hostel Arrangement 




Win 

mm 

I Ranks Achieved 

■ Ranks Achieved 

\ln 2001 

■ In 2002 

1 t AIIMS 

2nd AIIMS 

1 st DCE 

2mlDPMT 

2uiDPMT 

4 th DPMT 


Ul 

I 


Ranks Achieved 
In 2003 


1 st m MC 

2 DPMT 

4 ih DPMT 
6:1 AIIMS 


Ranks Achievea 
In 2004 


1st MAHE 
2nd DPMT 
3 AIIMS 

3 - DPMT 
3rd MAHE 

4ih JIPIRER 
6 DPMT 

7th DPMT 

8th DPMT 


SsW Advantage 

•Evolved Teaching Methodology 
•In-Tandem Syllabus 
•Maximum Hours Of Coaching 

• Individual Doubt Sessions 

• Detailed Assessment of Tests 

• Problem Solving On The Net 
•Consistent, Full-Time Faculty 
•No Screening Tests 

•Well Researched Assignments 
•Regular Parents' Interaction 

• High Success Rate A fc 

• Proven Performance 



Coaching 
Institute 
of the 
Capitol 


Corp. Office & Center: 

STUDY CIRCLE B-l/637, 1st Floor, Janak Puri, New Delhi-110058 Phone: 51588944, 25554045, 9818557084, 9891077601 
Delhi: • 2, Jagriti Enclave, Vikas Marg Ph.: 55172119, 9818557084 •23-B. Pusa Road Ph.: 25728818, 9818557082 • A-2/1 95. Sector-8, Rohini Ph: 55172120, 27944562 27944284 
9818557086 • 63 Mall Road, Kingsway Camp Ph: 55172118, 27659407. 9818557080 • 0-211 Laxman Plaza, Munirka Ph: 26160884, 26180972 9818557083 NCR • SCF-138 1st 
Floor, Sector-17, Faridabad, Haryana Ph: 5073222, 5072444* 15/16, II Fir., Friends Colony, Jharsa Rd., Ph: 9312638998, 951245035984 Meerut: • 95, RL Sharma Road, ’Ph.: 
9837031707 Patna:* Paramount Campus. Annie Besant Road, Ph.: 3102757 • BalvaNiwas. Boring Road, 0pp. A.N. College, Patna- 1 3 /a/n/m/: • 409/A. Gandhi Nagar, Ph • 2430037 
94191:81000/88946/30420 • Ne w Sectt. Road, Jammu. Ph - 2466621 Bhopal: - B-79. Sarv Dharam Colony. Kotar Road. Ph: 9893021703 Nepal. - NECO Complex. New Baneshwar! 
GRO.-9Q26 Ph.: 4783871, 4780123 Email: info@sahilstudycircle.net www. S3hilstudydrde.net 


Franchisee Enquiry Solicited 
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V 



By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


1 . 


2 . 


3. 


4. 


5. 


6 . 


7. 


8 . 


From a point (1, 1, 21), a ball is dropped onto the 
plane x + y + z = 3, where x, y-plane is horizontal 
and z-axis is along the vertical. Find the co-ordinates 
of the point where the ball hits the plane the second 
time. 


If the curve y = ax m + bx passes through the point 
(1,2) and lies above the x-axis for 0 < x < 9 and 
the area enclosed by the curve, the x-axis and the 
line x = 4 is 8 sq. units. Determine a and b. 


sina - cosa tan0)sec0 = tan0 • sec(a - 0) then 


ABC.D is a rectangle with 2AD = AB = 2r. Find the 
area of the shaded region if arc(APB) and arc(DQC) 

are semicircles. 


Prove that the curves 2|z| 2 - 4 a Re(z) + c 2 = 0 and 
2|r|2 _ 4 b Im(z) + c 2 = 0 touch each other if 
a 2 > c 2 , b 2 are in H.P., where a, b, c e R - {0}, 

1 If 2/(x) + /(-x) = -jsin|x-~j, then find the 

a 

value of f f c ^ x ‘ 

\/c 


If y x and y 2 are the solution of differential equation 

+ Py = Q , where/ 3 and Q are function of x alone 
* f G, 

-\—dx 

anu y 2 = y\Z, then prove that z - 1 + c-e y] , 


where c is an arbitrary constant. 

If / is an increasing function such that 
/"(*) > 0 V x e (0,1); /( 0) = 0; /( 1) = 1, 
prove that /(x). / ] (x) < x“ V x e (0, 1). 


9. If A/, N be two square matrices of order X x X whose 
all the elements are positive integers, show that 

XriMN 2 ) > X\ 

10. Find the coordinates of the points in the rectangle 
{(x, y): |x| < 10, \y\ < 3} which lie on the curve 
y 1 = x + sinx and at which the tangents to the curve 
are parallel to the x-axis. 


SOLUTION 


1. Since it falls along the ^ 

vertical, the x-y coordinates 
of the ball will not change 
before it strikes the plane. 

=> If O be the point where 
the ball meets the plane 1st 
time, then Q = (1, 1, 1) 

Speed of the balls just before 
striking the plane is 

V2xl0x20 = 20 m/s. 

Now let 0 be the angle between PQ and normal to the 
plane 

=>cos0 = -)==> cos 20 = -^-, sin20 = ^p- 

>/3 3 3 

Now component of velocity in the direction of z-axis 
after it strikes the plane 

= -2Osin^20-|j = ~y m/s 
Hence in t time the z-coordinate of ball becomes 

1-— /--xlO/ 2 = l~^/-5/ 2 
3 2 3 

The component of velocity in x-y plane is 

2Ocos(20 - 1) = 20 sin 20 = — ^ 

Using symmetry, the component along the x-axis =40/3 
and the component along the 3'- axis = 40/3. 

Hence x and y coordinates of the ball after t time 
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IIT-JEE i AIEEE ASPIRANTS 


PIE TAKES AWAY THE DISTANCE FROM DISTANCE LEARNING 


PIE Education an ISO 9001 certified & leading training institute 
for Engineering Aspirants, brings its established expertise^ 
to Distance Learning Program 

First time in India 

Program Details for 2006-07 PIE Education 

.brings DLP with 


IIT-JEE 


1 year Program Fees: Rs. 9,808/- 

2 year Program Fees: Rs. 10,910/- 


AIEEE 


1 year Program Fees: Rs. 4,408/- 

2 year Program Fees: Rs. 5,510/- 


Service Tax Included 

To Register: Apply on a plain paper with 2 passport size 
photographs & a D/D in favour of PIE Education Ltd. 
A/C ICICI Bank, payable at New Delhi. 


To know more about our other programs 
log on to: 

www.pieeducation.com 



71 Interactive 

CD's to enhance time 
management skills. 

K Flexible 

Online answers to your 
queries within 24 hrs. 

7T International 
Standards 

Designed as per global 
education programs 

71 Free Ad Ons 

50hrs of classroom 
program & Test Series 
at select centers. 


10 % 


off 


If 


D/D 


sent 


by 


20/6/05 


Scripting Success Stories 


Each program is packed 
“with complete study material^ 
exercises, periodic postal test, 
designed to prepare you for the future. 


Corp off: 44 A/2, Kalu Sarai, Sarvapriya Vihar, New Delhi-16 Ph: 011-51828585. 
Fax: 26962662 E-mail:info@pieeducation.com 
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= 1 + T' 

=> after t time the coordiante of the ball will become 

, « * 80. 20. , t 2 _ n 
It lies on the plane ~ u 

=> 20/ - 5t 2 = 0 => t = 4 

=> coordinate of the point where the ball strikes the 


plane the second time 


163 263 -317 ] 
L 3 ’ 3 ’ 3 J* 


2. Since the curve y = ax m + bx passes through the 
point (1, 2). 2 = a + b ...(1) 

by observation the curve also passes through (0, 0). 
Therefore the area enclosed by curve, x-axis and x = 4 
is given by 

A = }(ax ul +bx)dx = 8 =* y-8+|-16 = 8 


- >Y +b = ] 


■^2) 


Solving (1) and (2), we get a = 3, b = -1. 


sin 0- cos 0 


sin 20 


3. R = l 

q sin(a-0)cos(a-0) sin(2a-20) 

q_ = 2sinacos(20-a) 

+ p sin 20 

- = cot20cosa + sina 

(p+q) 


2/?sina 


cot 20 = 


2/?sina 


-sin a 


cos a 


e = i C or ‘^ +pcos — ^ 


i ( q + p cos2a ] 
^ /?sin2a J 


4. The required area is double of the area QEFQ. 
In A EPG, a Q h 

co S 9.^.i=e=|. 

Since area QEFQ = area of 
segment PEQFP - A 

area of triangle PEF 
= i r 2 x 2^ _ r r tan3QO 
2 3 2 2 

=> Area QEFQ = j 7 tr 2 -^-r 2 
=> Shaded area is 



2r 


n $ 
3 4 


= ^[47t-3V3] 
o 


...( 1 ) 


5. The two curves are circles and their equations can be 
rewritten as 2\z\ 2 - 4aRe(z) + c 2 = 0 

•) r 1 

=> \z\ - 2aRe(z) + = 0 


=> z-z-a(z + 


z) + a 2 = a 2 ~Y=>U-a\ = ja 2 -y 


Similarly for second curve | z-ib 
The curves will touch each other if c,c 2 = r, ± r 2 


W+b 2 - 




2 a 2 b 2 =c 2 (a 2 + b 2 )^c 2 =- 2a2b2 


a 2 , c 2 , b 2 are in H.R 


a 2 +b 2 


6. Since 2f(x) + f(-x) = — sinjx- — J 
••• 2/(-x)+/(x) = isin(x-lj 
2 /(x) + /(-*) = 2 :/(-x) + /(x) => /(x) = /(-x) 
3/w ■ 

Hence / = j f(x)dx = i j — sin(x--W 


1/tf J l/t" 

1 1 


Now, put x = -, dx = — 


' ' - * i’i" 7 sin ('“?)‘* 

= _i J isin(/-i)c*=-/=>2/ = 0=>/ = 0. 

hid \ ' 1 

7. We have been given, 

now »•«.- = 

= >yr^+:Q = Q~yi^ = QV-*) 

=> = -—dx => ln|z — 1| = J-— tft + X 

2-1 

A. being constant of integration 

J-iU 

=> 2 = 1 + c • e -* 1 


10 


MATHEMATICS TODAY | JUNE 05 


Ihe 'Battle' with the beinhmk mimes 

IIT-JEE 2005 

SCREENING RESULT 

{From our Kota based Classroom coaching) 


IH 


MILES TRAVELLED 


TOTAL 

SELECTIONS 


□ 


8 5 5 


YET MILES TOGO.. 

(Including 130 students from our Kota based year long test senes ) 


Congratulations III 

All the successful RESONTTES & 
Best Wishes for IIT-JEE (Main) 2005 

ADMISSION ANNOUNCEMENT 


FOR IIT-JEE 2006 & 2007 


Yearwise % Selection 
GROWTH in IIT-JEE 
(Screening) 



TARGET 

ELIGIBILITY 

COURSE 

CODE/NAME 

ROUND 

SELECTION TEST 
(Date/Time) 


IIT-JEE 

For X to XI 
moving 

B 

Round 1 

29.05.2005 (Sunday) 
(02 30 pm -05 30 pm) 


2007 

Students 

(Phase-ll) 

VIPUL 

Round II 

07.06.2005 (Tuesday) 
(09:00 am -12:00 noon) 


IIT-JEE 

For XII 
appeared/ 

R 

Round 1 

19.06.2005 (Sunday) 
(02:30 pm -05:30 pm) 


2006 

passed 

students 

(Phase-ll) 

■% 

VI JAY 

Round II 

26.06.2005 (Sunday) 
(09:00 am -12:00 noon) 



2002 2003 2004 2005 

•Count Continues... 


TARGET IIT-JEE 2006/07 


Distance Learning Course - vistaar 

Registration is open for X, XI & XII passed students. Visit www.resonance.ac.in 
or e-mail/write to us for course details and fee structure. 

How to get the Application Form & Information Brochure : 

a) By Post/Courier: Send a Bank DD of Rs. 750/- favounng 'RESONANCES payable at Kota (Raj.) with details like name, address & present 

class of studying on the backside of DD. b) From Institute's Reception Counter: Rs. 700 A (Cash/DD/Payorder). 

c) Visit our website for detailed information, to download/ send an e-mail to get the Application Form on-line for various Selection Tests. 

Selection Tests to be held at Kota only for Round I & at various Test Centres including Kota for Round II. 



RESONANCE 

Where you will be in resonance with IIT-JEE 


Head Office : 

J-2, Jawahar Nagar Main Road, KOTA (Raj.) 

Ph. 0744-3091927, 2437144 Fa/ : 0744-2425569 
Website : www.resonance.ac.in 
E-mail : contact@resonance.ac.in 
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Onward 





8. The function f(x) is > 


increasing and/(0) = 0 


L-7 1 

H> f(x) > 0 V X 6 (0, 1) 

r\x)/ 

/ 

Now since 

/ 

/m 

f"(x) > 0 V JC g (0, 1) 

/ > 

/ 

=>f(x) is concave upward. 


> 


Simultaneously, /(1) = 1, 0 

therefore/(x)<* V x e (0, 1) 

Now, /-'(*) is symmetric about y = x 

=> f-\x) > X V X E (0, 1) 

For any x G (0, 1 ), Applying AM > GM for f(x) and 
/-'(*), 

/(a-)+/ '(x) > (/(,)/-' ( X )y« 

Also, — — = a- (symmetry) 

=> f(x)f~'(x) £ x 2 V A € (0, 1). 


9. Let in,! and n it be the elements of the matrices M 
and N respectively. 

Thus, tr(M)- £ m (j and tr(N) = £ n,j 

i~j / = ./ 

As all the elements are positive integers, m iit n tJ > 1 

=> £ m f j ^ X and S "/y — ^ 

/= 7 '=/ 

=>/r( M)>\ and /r( N)>\ 

Hence, t^MN 2 ) = tr(M)(tr(N)) 2 > X 3 . 

o c/y 

10. v = x + sinx => 2y-f- = l-cosx 

ax 

dy 1 - cos* _ 1 - cosx 

dx ” 2Vx + sinx 

when tangent at (x, y) is parallel to x-axis, 
dy 

-p- = 0 => 1 - cosx = 0 => cosx = 1 
dx 

=> x = 0, ±271, ±471, ±671,... 
but -10 < * < 10 x = 0, ±27t 
when x = 0, y 2 = 0 + 0=>y = 0 
when x = 271, y 2 = 271 + sin27C => y = ± ^2n 
both of these satisfy -3 < y < 3 
when x = -271, y 2 = -2tc + sin(-27i) => y 2 = -2n 
which is not possible for real y 
Now, the slope is undefined at (0, 0), hence it is rejected 
Thus the coordinates of the required points are 

(271, V2tx ) and (2n, -yjln). u 


Sea Shell Spirals 


T ie chambered nautilus is a sea creature that belongs 
in the same class as the octopus. Unlike the ! 
octopus, it has a hard shell that’s divided into chambers. 
As the nautilus matures and grows, it per iodically seals 
off the shell behind it and creates a new, larger living 
chamber. The shells of adults may have as many as 30 
such chambers. 

This growth process yields an elegant spiral structure, j 
visible when the shell is sliced to reveal the individual 
chambers. Many accounts describe this pattern as a 
logarithmic (or equiangular) spiral and link it to a 
number known as the golden ratio. 

A logarithmic spiral follows the rule that, for a given 
rotation angle (such as one revolution), the distance 
from the pole (spiral origin) is multiplied by a fixed 
amount. 

When this fixed amount is the golden ratio, 1 + V5/2, ! 
or 1.6180339887. . . , you get a particular type of 
logarithmic spiral. Such a logarithmic spiral can be 
inscribed in a rectangle whose sides have lengths 
defined by the golden ratio. 

Does the spiral of a chambered nautilus shell actually 
fit such a model? 

In 1999, it was found that the spirals of these shells 

could be inscribed within rectangles with sides in the 

ratio of about 1 .33$# 1 5 1 ; not 1 .6 1 8 . . . , as they would 
be if a spiral based on the golden ratio matched the 
shell shape. 

Roughly speaking, the spiral of the chambered nautilus 
triples in radius with each full turn whereas a golden- 
ratio spiral grows by a factor of about 6.85 per full turn. 

It was observed that shell spirals are logarithmic spirals, 
many people automatically assume that, because the 
golden ratio can be used to draw a logarithmic spiral, 
all shell spirals are related to the golden ratio, when, in 
fact, they are not. 

Nonetheless, many accounts still insist that a cross 
section of nautilus shell shows a growth pattern of 
chambers governed by the golden ratio. 

“One of the amazing things about such misconceptions 
is that it is so widespread, even by mathematicians who 
should know better”. “It is a prime example of why 
geometry needs to be taught more widely and not only 
geometry, but the visual appreciation of shape and 
proportion.” 

And it’s always useful to check things out in the real 
world. 

OO 
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Consistent Performance by Career Point's Students in 

I IT JEE 


Our Star Performers in I IT- JEE 2004 


Total Selections : 387 



Jfj 



MR-2C 

Srikant 


AIR-29 AIR-39 AIR-43 AIR-54 

Venkat Maori Vikas Gelra Abhshek A.K. Arun 


III 


MR-1 


Our Star Performers in IIT-JEE 2003 


AnkitSingla Shiv Shankar Shrub Sanadhya TallurSiddharth 

Total Selections : 305 


0, 

EE 










AIR-18 AIR-19 AIR-49 AIR-70 AIR-84 

DeepakMemgu Deeplanshu Shukla Mohd.HAnsari Chaitanya G. Gokhaie Girish K Sahani 


Our Star Performers in IIT-JEE 2002 


MR-1 (P 

Kartik 




IIR-K 


Ml 


SantoshArya Nitin Agarwal Abhishek Ghosh 

Total Selections : 280 








a 







i 




AIR-4 


AIR-17 


AIR-23 AIR-28 AIR-34 AIR-42 AIR-75 AIR-84 AIR-94 

B.Sandeep Sreekanta Reddy Shashi Mittal SudheendraN. Avinash Vaidyna HemantSinghal Pawan Kumar Prateek Jain Sriram P. Malidi 

Our Past Results in NT JEE : At a Glance 

1995 1996 1997 1998 1999 2000 

51 101 


Year 

Total Selections 


1994 

15 


1997 

111 


1998 

153 


1999 

163 


1 FOUNDATION COURSE 

IIT-JEE 2007 

CPR& TARGET COURSE 

IIT-JEE 2006 

[for class X to XI Moving Students] 

EntraeceTest : 6th June, 2005 

Test Centre : Listed below 

Medwm : English & Hindi (Separate Batch) 

[for class XII Appearing/Pass Students] 

Adnoene: Direct Admission for IIT-JEE Screerwg QuaSfied/NTSE 
Qualified (al round) in CPR batch Else Through Entrance Test on 
25* June 2005 for admission to CPR & Target batches. 

Test Centre : Listed below 

Medium : Engfeh & Hindi (Separate Batch) 


2001 

247 


2002 

280 


2003 

305 


2004 

387 


IIT-JEE 2006 


[For Cbss XII AppearaVPass Students] 

A 45 days bas»c fundamental oevetopmen: progtMn, essential 
before yrw start preparation for Iff Jfcfc. After tfus course, 
eligible students wd be merged wrth CPH b target Course. 
Admission Criteria : Direct Admission if student has 
m.nimum80% in Science + Maths in class X 
Class Starts on : 23rd May, 2005 


* Entrance Test Centres : ♦ Ahmedabad ♦ Ajmer ♦ Bhopal ♦ Bikaner ♦ Chandigarh ♦ Delhi ♦ Guvvahati ♦ Indore ♦ Jaipur ♦ Jodhpur 
♦ Kolkata ♦ Kota ♦ Lucknow ♦ Nagpur ♦ Patna ♦ Pune ♦ Raipur ♦ Ranchi ♦ Satna ♦ Udaipur ♦ Varanasi 
By Hand: From our Kota Office on cash payment of Rs. 700/- ❖ ByPost : Send Demand Draft of Rs.750/- in favairofCareer Point, payable at Kota. Write yourname. address & the class 
in w4iich studying on the back side of DO. ❖Through Internet : Download application form from our website, aid send it to us along with the demand draft of Rs 750/- in favour of 'Career 
Point* payable at Kota 


[CAREER POINT 


IIT- JEE DIVISION 


Kota Centre b Head Office : 112, Shakti Nagar, Kota (Raj.) 324009 Tel : 0744-2500092, 2500492, 2500692 

website : www.careerpojntgroup.com E-mail : info@careerpointgroup.com 
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^. r > l/l> Jsis' i»* (/ r \s / Jf -> * ^ 


PROBLEMS 


1. If x 5 - x 3 + * = a, prove that x 6 > 2a - 1 . 

2. The equation x 2 + \9x + 92 - m 2 = 0, where m is 
an integer, has integer roots. Find them. 

3. The sum of certain number of consecutive positive 
integers is 1000. Find these integers. 

4. Prove that 

cos70 = 64cos 7 0 - 112cos 5 0 + 56cos 3 0 - 7cos0 
and find the seven roots of the equation 

64* 7 - 1 12x 5 + 56 jc 3 - lx - 1 =0. 


5. Find an expression for ^V 4 as a polynomial of 
degree five in n. 


r = 1 


1 


6. Prove that cos 8 0 = —^— [cos 80 + 8 cos 60 + 28 cos 40 

128 

+56cos20 + 35] 

n/2 

Evaluate J (cos 8 0 + sin 8 0)<i0 . 

7t/4 

7. Prove that (x + y + z)(jc + yio + cd 2 z)(jc + u> 2 y + coz) 

= jc 3 + y 3 + z 3 - 3 xyz, 
where 0 ) is a complex root of unity. Hence or otherwise, 
solve the following problems. 

(i) Prove that the product 

(x 3 + y 3 + z 3 - 3 jc yz)(a 3 + b 3 + c 3 - 3 a be) 
is expressible in the form A 3 + B 3 + C 3 - 3 ABC 
where A = ax + by + cz , B = ay + bz + cx, C = az + bx + cy. 

(ii) Solve the equation: x 3 - 9x + 12 = 0. 

8. (a) If ( 1 + px + x 2 ) n = 1 + a x x + a<x 2 + ... + a 2n x 2f \ 

prove that 

1 + 3a, + 5a 2 + ... + (4n + 1 )a 2rt = (2/7 + 1)(2 + p) n . 
(b) Find the coefficient of x r in (1 + x + jc 2 + x 3 ) n . 


1 


9. (a) Prove that the inequality 

Isina + sin2a + ... + sin na\ < . . 

1 1 |sma/2 1 

is valid for any number a (a * 271/7, n 6 z). 

(b) Compare the numbers 




lo Si/3 ~ and lo gi/2 


By : B.L. Sharma, Jaipur 


1 


15+V2 


10. (a) Show that 

/ x (r x i ) + jx(rx j) + kx(rxk) = 2 r. 
where r=xi+yj+zk. 

(b) (i) Prove that if three variable points z,, z 2 , z 3 are such 
that z 3 = Az 2 + (1 - A)z b where X is a complex constant, 
then the triangle with vertices z, , z 2 and z 3 is similar to the 
triangle with vertices at the points 0, 1 and X. 

(ii) ABC is a triangle. On the sides BC y CA, AB, triangles 
BCA\ CAB ABC are described similar to a given triangle 
DEF. Prove that the centroids of the A ABC and A A'B'C' 
are coincident. If ADEFis equilateral, then the centroids 
of the triangles BCA', CAB', ABC' form an equilateral 
triangle. 


1 . a = x(x 4 - x 2 + 1 ) = 


SOLUTIONS 


x(x 6 + 1) 


x 2 + \ 


... (0 


From (i) if x < 0 => a < 0 

If jc > 0 => a > 0 


x b + \ = a 


( x 2 + \ ^ 


-°(+ 


[from (i)] 


x > 0 => x+- > 2 (A.M. > G.M.) 

x 

jt 6 + 1 > 2a or, x 6 > 2a - 1 . 

2. x 2 + 1 9x + 92 — /w 2 = 0 
- 1 9 ± V 4m 2 - 7 

X = 

2 

Since the roots are integers 
=> 4 m 2 - 1 - tr or, 4 m 2 - n 2 = 7 
=> (2m - n)(2m + n) = 7 
=> 2m - n = ±1, 2/w + /7 = ±1 
or, 2m - n = ± 1 , 2//; + /? = ± 7 
=> 2m = ± 4 or, /w = ± 2. 
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We congratulate our winners in 

IIT-JEE Screening 2005 

TOTAL SELECTIONS 

GB OUT OF 254 

OUR CLASSROOM STAR PERFORMERS IN IIT-JEE Main 2004 


SOUGATA SARKAR 

(RANK-33) 


1 

cm 

ft || 

p^ll 


1 



JITENDRA K. YADAV 

(RANK-70) 


ANMOL AJIT 

(RANK-139) 


IIT Reg. No. 65061 25 IIT Reg. No. 6209290 IIT Reg. No. 6605007 


SUYOG GUPTA 
(RANK-181) 

IIT Reg. No. 6113047 


ADITI DHAR 
(RANK-230) 
IIT Reg. No. 6206144 


ABHISHEK GUPTA 
(RANK-276) 
IIT Reg. No. 6109097 


VIKASH AGARWAL 
(RANK-787) 

IIT Reg. No. 6106304 





a 



■ v >] 






SATYAPRIYA OJHA 
(RANK-831) 
IIT Reg. No. 6502243 


JEEVANJYOTI 
(RANK-1022) 
IIT Reg. No. 6301016 


SANJEEV KUMAR 
(RANK-1312) 
IIT Reg. No. 6214127 


ISHAN SRIVASTAVA 
(RANK-1329) 
IIT Reg. No. 6113295 


S. SRIVASTAVA ASHISH AGARWAL SUDIP CHAKARBORTY 
(RANK-1392) (RANK-1467) (RANK-1550) 

IIT Reg. No. 6404178 IIT Reg. No. 6103111 IIT Reg. No. 6507159 


PARADISE INSTITUTE'S 
CENTRE OF EXCELLENCE 


Paradise Institute's Patna IIT-JEE Classroom Centre aims to 
be one of a kind, offering superior inputs to students. Details 
such as duration of classes, total class hours, course 
material construction and 'mind preparation' of 
students have been analysed critically and addressed 
systematically. 

With the introduction of more sophisticated learning aids, 
better facilities and more student-teacher interaction, 
we have no doubt that our Classroom Courses will lead the 
way to IIT-JEE. 

At Paradise's Patna IIT-JEE Classroom Centre, you 
will be taught by some of the most respected and 
sought-after teachers. Experts who have successfully 
put batch after batch of students through the JEE. 


SEPARATE HOSTEL FACILITY FOR BOYS & GIRLS 
OFFICE OPEN ALL 7 DAYS FROM: 10.00 A.M. TO 8.00 P.M. 


AH Students are from our one or two 

year classroom contact programme. 


♦IIT-JEE-2006 

FOR 12th PASS 

♦ IIT-JEE 2007 

FOR 10th PASS 


BATCHES : 15th & 30th JUNE 
15th & 30th JULY 
10th & 20th AUGUST 


PARADISE INSTITUTE 


CORPORATE OFFICE : 

LAXMI COMPLEX, BORING ROAD, PATNA-1. 
MOBILE : 09431458045, 

PHONE (0612) 2202854. 


HEAD OFFICE 

ARYA KUMAR ROAD, NEAR RAILWAY 
OVERBRIDGE, RAJENDRA NAGAR, PATNA-16. 
MOBILE 09334317912. PH. (0612) 2683500. 
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:.x = -8, * = -11. 


* = - 


— 1 9 ± -v/l 6 — 7 — 19 ± 3 


3. Now, m + (m + 1) + .... + (m + £) - 1000 

A±I[2/» + (*)] = 1000 or, (2m + k)(k + 1) = 2000 

Also, (2m + k) - (k + 1) = 2m - 1 (odd number) 

=> 2m + k> k+ 1 . 

If 2m + k is even then k + 1 is odd. If k + 1 is even then 
2m + £ is odd. 

Equality has the following solutions. 

(i) 2m + k = 2000, k + 1 = 1 => m = 1000, k = 0 

(ii) 2m + k - 400, £+1=5 => m = 148, £ = 4 

(iii) 2/;/ + £ = 80, £ + 1 = 25 => m = 28, £ = 24 

(iv) 2/77 + £ = 125, £+1 = 16 => m = 55, £ = 15. 


4. cos70 + /' sin70 = (cos0 + /sin0) 7 
= cos 7 0 + 7 C|(cos0) 6 (/ sin0) + 7 C 2 (cos0) 5 (/' sin0) 2 
+ 7 C 3 ( cos0) 4 (/sin0) 3 + 7 C 4 (cos0) 3 (/ sin0) 4 
+ 7 C 5 (cos0) 2 (/sin0) 5 + 7 C 6 cos0 (/ sin0) 6 + 1 C 1 (i sin0) 7 
Separating the real and imaginary parts, we get 
cos70 = 64cos 7 0 - 112cos 5 0 + 56cos 3 0 - 7cos0 
(ii) Put cos70 = 1, and x = cos0, we have 
64a 7 - 1 12a: 5 + 56a: 3 — 7a: — 1 = 0 


Now, cos70 = 1 = cos2/77i + / sin2/77t 

, n = 0, 1, 2, ...., 6. 


„ . 2/771 . 2/771 

0= COS h/sin 

7 7 


. ^ ( 2/771 . . 2/771 

The roots are * = cos0, 0 = 1 cos -^- + / sin— 


0 = 0 , 1 , 2 , .... 6 . 




5. Assume ^ /* 4 = A + Bn + Cir + Dr? + En A + Fn ' 

/•=i 

Changing n to n + 1 , we have 


J /- 4 = A + B(n + 1) + C(n + 1) 2 + D(n + l) 3 

r=l 

+ £(/7 + l) 4 +F(/7 + l) 5 

By subtraction, (/7+ l) 4 = B + C(2n + 1 ) + D(3/7 2 + 3//+ 1 ) 
+ £(4/7 3 + 6// 2 + 4/7 + 1 ) + T 7 ^/? 4 + 1 0/7 3 + 1 On 2 + 5/7 + 1 ) 
Equating the coefficient of n 4 on both sides, we have 
1=5 F or F= 1/5. 

Equating the coefficient of n 3 on both sides, we have 
4 = 4£+ 10F= 4£ + 2 or E = 1/2. 

D= 1/3, C = 0, Z? = -1/30 
When /7 = 1 , A = 0 




+ 


1 4 1 

— /7 +-/7 

2 3 


3 


1 

/7 . 

30 


6. z = cos0 + / sin0, — = cos0-/sin0 

2cos0 = z + — , 2cos20 = z 2 + 4r, 2 cos/70 = z n + — - 


(2cos0) 




=L- 8 + 


?) 


+ 8 I z 6 +— 


8 + 8z 6 + 28z 4 + 56z 2 + 70 

56 28 8 1 

+— + — + — + -J 
z z z z 

+ 28|z‘ , +-U + 56(z 2 +4| + 35 


= 2cos80 + 16cos60 + 56cos40 + 1 12cos20 + 70 
(cos 0) 8 =—!— [cos 80 + 8 cos 60 + 28 cos 40 


128 


7t / 2 


71/4 


tt/2 


+56cos20 + 35] 
| (cos0) 8 ^/0 = | (cos 80 + 8 cos 60 + 28 cos 40 

+ 56 cos20 + 35)c/0 


7t/4 

= 35TC/256. 


7. (i) ,v 3 + y 3 + z 3 - 3.yyz = (a: + y + z)(a 2 + y 2 + z 2 

- AT) 2 - yz - zx) 

Also to + to 2 = -1 and to 3 = 1 . 

x 2 + y 2 + z 2 - xy - yz - zx = x 2 + y 2 + z 2 + (to + co 2 )yz 
+ Ay(to + to 2 ) + za(co + to 2 ) 
= a(a + coy + co 2 z) + co 2 y(A + coy + co 2 z) + co z(x + coy + co 2 z) 
= (x + a) 2 y + wz)(x + coy + to 2 -) 

Hence the result. 

,4 3 + B 3 + C 3 - 3/l£C = (A + B + C)(A + co B + co 2 C) 
(^+co 2 5+coC) = ( ax + by+cz+ay+bz+cx+az+by+cy ) 
(ax + by + cz + acoy + bo)z + ctOA + tft0 2 z + b(firx + t0 2 cy) 
(ax + by + cz + aco 2 y + &co 2 z + cco 2 a + acoz + 6 coa + cocy) 
= (a + b + c)(a + 6co + cco 2 )(a + 6co 2 + cco)(a + y + z) 
(x + yco + zco 2 )(a + yco 2 + zco) 

Hence the result. 

(ii) jc 3 — 9ac + 12 = 0 

(a) 3 + (3 ,/3 ) 3 + (3 2/3 ) 3 - 9a = 0 
(x + 3 1/3 + 3 2/3 )(x + co a i/3 + co 2 3 2/3 ) 

(a + co 2 3 ,/3 + co3 2/3 ) = 0 
a = — (3 1/3 + 3 2/3 ), -(co 3 1/3 + co 2 3 2/3 ), 

-(CO 2 3 1/3 + CO A 2/3 ) 


8. (a) (1 + px + x 2 ) n = 1 + a { x + a 2 x 2 + ... + a ln x 2 " 

Replace a* by a 2 

.*. (1 + px 2 + a 4 )" = 1 + a 2 + a^x* + .... + #2/1 * 4n 

Multiply by a on both sides, 

a( 1 + pX 2 + A 4 )” = A + , A 3 + QpC* + ... + d^X 4 ” + 1 

Differentiating both sides with respect to a, 

(1 + px 2 + a 4 )” + /ta(4a 3 + 2px) n = 1 + 3tf,A 2 + 5tf2* 4 

+ ... + tf 2 , ,(4/7 + l)* 4 * 

Put a = 1 and we get the result. 
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experience the Power of Stable Faculty Team 



Mr. D.B.Singh Mr. Rajan Khare Mr. Purushottam Kr. Sharma 


Sound of Silence 1 56/368 


It had to happen because it is the result of the combined efforts of dedicated mentors and committed students. 

At the end of very first year of it's inception Vigyan Gurkul, Kota has emerged as one of the leading coaching 
institute engaged in imparting coaching to exclusively l.l.T. aspirants. 

We take this oppourtunity to salute our students who have made us proud in IIT Scr. - 05. 



Th© following Courses ar© exclusively meant for the bright students who dare to dream to get in to IIT. 
Students will be admitted to these courses on the basis of their performance in our admission Test. J 


• Foundation - Target 2007 - 2 years Course for X Passed Students 

Test Date : Phase II : 29.05.05 (Sunday) & 08.06.05 (Wednesday) 

• Repeaters « Target 2006 - 1 year Course for XII Passed Students 

Test Date : Phase II : 19.06.05 (Sunday) & 27.06.05 (Monday) 

Prospectus & admission form 

obtain by sending DD Rs. 500/- in favour of Vigyan Gurukul payable at Kota. (Highlight the course applied for). 
The prospectus may also be collected on cash/DD payment from the counter of the Corporate Office. 



Corporate Office : - 14-C, Nursery Road, Talwandi. Kota 5 (Raj.) Ph : Rim (0744) 3091422 
Academic Block : - l-D-14, S.F.S. Talwandi, Kota 324005 (Raj.) Ph : (0744) 2428962 
WebSite : - www.vigyangurukul.com e-mail i lnfo^» vigyangurkul.com - Fax 0744-2412117 
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(b) (1 + x + x 2 + x 3 )" 

= (1 + X 2 )" (1 + x) n 

= 

i+Z Tv** 

V = 1 

1+Z'T* 2 ' 

t=\ 

= 1 + '^ j a r x r . 

If r = 2m, then a r = n C 
and if r = 2m + 1 

„ + "C m _,"C 2 + 

n C m . 2 n C< + 


— nr 1 4 . nr 1 

^ m - 1 

"C 3 + "C„,_ 2 "C 

'5 + - 


9. (a) We can easily show that 


sina + sin2a + ... + sinw? = - 

|sina + sin2tf + ... + sin/?a| = 

1 


. na . (n + \)a 

sin — sin- — 

2 2 


sm- 


sina/2 
na 


. ( n + \)a 
sin- — 


|sina/2| 


sin 


a j 2 1 , provided sin all * 0 le. a * Inn. 


(b) log 1/3 j^— j < log 1/3 

\5 + y/2 > 16 and log 1/2 
It follows that 

l0S,/3 ( 8^) < l0gl/2 


a- 


4 and 


1 


15+V2 

1 

15 + V 2 J ' 


> logi/ 2 | — 1 = 4 


10. (a) Using the relation 

ax(b x c) = (5 • c)b - (5 • c)b 
i x(rx/) = (/ /)r -(/ r)i =r-xi , similarly 
/ x (r x /) = r - yj ; kx(r xk) = r - zk 

.-. L.H.S. = 3 r -(xi +yj + zk) = 2r. 

(b) (i) z 3 = A.z 2 + (1 - A.)zj, z 3 — z, = X(z 2 — ^ 1 ) 



1 -3 ~ r 2 1 _ 1 1 ~ ^ 1 BC = FE 

I -1 - -2 I 1 , £ ' AB~ DE 

=» Two triangles are similar. 


(ii) z,' = (1 - X)z 3 + Xz 2 
z 2 - (1 - X)z ] + Xz 3 
z 3 = (1 - X)z 2 + Xz, 

z! + z 2 + z 3 

Centroid of A A'B'C = - — j 1 

_ (1 - X)z 3 + Xz 2 + (1 - X)zj + Xz 3 + (1 - X)z 2 + Xzj 
3 

z, + z 2 + z 3 

— , hence the result. 

(iii) In case A DEF is equilateral, then 

X 2 -X + 1 = 0 (using z, 2 + z 2 2 + z 3 2 -z 1 z 2 -z 1 z 3 -z 2 z 3 = 0) 
=> X = -to. Then 

_ (1 + 0 ))z 3 - coz 2 + z 2 + z 3 (2 + co)z 3 + z 2 (l - co) 

3 3 

q, .. (2+oa)z 1 +z 3 (l-co) _ (2 + co)z 2 +z 1 (l-(o) 

2 3 ’ 3 3 

Then AGi'G 2 ' G/ is equilateral if we prove that 
G 3 ' = ( 1 + 0))G,' - <i)G 2 ' 

_ (1 + (o)[(2 + (0)23 + z 2 (l — co)] — o)[(2 + o)Z] + z 3 (l-to)] 
__ 

_ z 2 (2 + co) + z,(l-(o) 

3 

Hence the result. ■ 


Smartest animals in sea may be 
dumber than humans 

A dolphin has failed its Maths exam in an 
embarassing and unexpected outcome to an 
experiment to test the intelligence of the animals. 
Scientists at the University of East Anglia had 
been undertaking tests to establish the brain 
capacity of the beasts, which are frequently 
referred to as the smartest in the animal kingdom. 
However in a job swap test, the chosen 
specimen, Splashy, scored an embarassing 29 
per cent in the Mathematics exam. Worse still, 
the so-called super intelligent fish actually failed 
to complete the exam, dying of dehydration half 
an hour into the test. 

Head of the Anglia team, Professor George 
Engelmung, admitted that the results had come 
as a shock to his team. ‘Everyone knows dolphins 
are the smartest - only last week this bunch of 
tuna hating activists were saying humans should 
try to be more like dolphins. But this may be the 
proof we need to finally come out of the shadow 
of this self-proclaimed super race’. 
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The 

Engineering 
Success Story 
Continues... 


6 1996-97 1997-98 1998-99 1999-00 2000-01 2001-02 2002-03 2003-04 
%73.2% 73% 73% 50% 55% 55% 60% 90% 


After the astounding performance in Medical'05, we at Sahil are busy 
compiling our success story in Engineering'05! 66 selections in AIEEE, 
19th rank in DCE... yes, it promises to be another year of 
performance for Sahil - both in Engineering and Medical. Visit our 
website for a complete update on our performance. 


Special facilities for 
outstation students: 


•Continue your CBSE through 
Sahil's association with Schools^ 
• Excellent Hostel 


Arrangement 


Enrol 
For Sure 
Success! 


Complete list available on our 
website: www.sahilstudyciiicie.net 


j Registration Open!! 

j S ahil's Regular Courses/’ 


ENGINEERING ENTRANCES 


1100 Hrs - 

r vi . j • of Coaching 

For XI studying 


2 Yrs. 


1 Yr. 


For XII passed 


640 Hrs 

of coaching 


CORRESPONDENCE 
COURSES FOR I &2 YEARS 


Exhaustive, quality study material 
experienced ft 


by the experienced faculty of Sahil. 

Registration Open!! 


STUDY CIRCLE 


Corp. Office & Center: B-l/637, 1st Floor, Janak Puri, New Delhi-110058 Phone: 51588944, 25554045, 9818557084, 9891077601 
East Delhi : • 2, Jagriti Enclave, Vikas Marg Ph.: 551721 19, 9818557084 West Delhi :• 23-B, Pusa Road Ph.: 25728818, 9818557082 North Delhi:* A-2/195, Sector-8, Rohini 
Ph: 55172120, 27944562, 27944284, 9818557086 • 63 Mall Road, Kingsway Camp Ph: 55172118, 27659407, 9818557080 South Delhi:- D-211 Laxman Plaza, Munirka Ph: 
26160884, 26180972, 9818557083 NCR:* SCF-138, 1st Floor, Sector-17, Faridabad, Haiyana Ph: 5073222, 5072444* 15/16, il Fir., Friends Colony, Jharsa Rd„ Ph: 9312638998, 
951245035984 Chandigarh: • SCO 362-363, 4th Floor, Sector-34, Ph.: 5025257, 5025258, 9316007897 Meerut: • 95, PL. Sharma Road, Ph.: 9837031707 Pate* Paramount 
Campus, Annie Besant Road, Ph.: 3102757 • Balva Niwas, Boring Road, Opp. A.N. College, Patna- 13 Jammu: • 409/A, Gandhi Nagar, Ph.: 2430037, 94191-81000/88946/30420 • New 
Sectt Road, Jammu. Ph.: 2466621 Bhopal: • B-79, Sarv Dharam Colony, Kolar Road, Ph: 9893021703 Nepal: • NEC0 Complex, New Baneshwar, G.RO.-9026, 4783871,4780123 


Email: info@sahilstudycircle.net 
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Franchisee Enquiry Solicited 


www.sahilstudycircle.net 
























PROBLEMS 


By : B.L. Sharma, Jaipur 


1. If (o is a root other than 1 of the equation co 7 = 1 
prove that other roots are co 2 , a) 3 , co 4 , co 5 , co 6 . 

If a = co + co 6 , P = a) 2 + co 5 , y = co 3 + (*>\ prove that the 
equation with roots a, P, y is z 3 + z 2 - 2z - 1 = 0. 
Hence or otherwise, find the values of 


COS + cos “y - + cos ^ 


(i) COS — 

(ii) COSyCOSy COSy 


2. By considering the product (P + y)(Y + cx)(a + P), 
find the necessary and sufficient condition that two roots 
of the equation x 3 + px 1 + qx + r = 0 (r * 0) should be 
equal in magnitude bu t t opposite in sign. 


3. Solve the simultaneous equations 

jc + y + z = 2; x 2 + .y 2 + z 2 = 30; x 3 + y 3 + r 3 = 16. 

4. ABCD is a plane; quadrilateral whose sides CD, BA 
intersect at O. If /\ £7 are the mid-points of the diagonals 
AC, BD, prove that the area of A OPQ is one-quarter of 
the area of the quadrilateral ABCD. 


probability that ~(a 2 +b 2 ) is a positive integer is 9/25. 

8. If p is a prime and r is any integer less than p - 1 , 

prove that the sum of the products of the numbers 
1, 2, 3, p - 1 taken r together is divisible by p. 

9. (a) Show that if m is prime to n, the equations 
x" = l and x" = 1 , have no root common except 1 . 

(b) If n = pqr, where p, q , r are primes, show that the 
roots of x" = 1 are the n terms of the product 

(1 + a + a 2 + ... + a p - ')(1 + P + P 2 + ••• + ') 

(i +y + y 2 + ... - r-') 

where a is a root of x p = 1 , P of xf = 1 , Y •* ‘ 1 

1 0. (a) Prove that the derivative of 

/ (x) = e x (x 2 - 6x + 1 2) - (x 2 + 6x + 12) 
is never negative for any real value of x. 

(b) a 0 , a„ a 2 , a 2 „ are given constants and 

P r (x) = a 0 x r + ra, xT ~ 1 + j r{r - \)a 2 x r ' 2 + ... + a r 
where 0 < r < 2n. Prove that P' r (x) = r P r _ ,(x) and that 


5. ABC is a trir.ngle and points L, M, N are taken on 
BC , CA, AB res pectively such that 




cm =vl JE =v 


MA NB 

(1 + A.pv)A/!Br 


LC 

Prove that ALMN = (1 + X)(1 + ^ 1 + v) 
if LMN is a straight line, X|iv = -1. 


and deduce that 


6. (a) U sing vector product, solve the following three 

linear simultaneous equations. 


3x -> 5^+82 = ”1 


2x + 3y + 4z = 3 
4* - 1 - + 5z — — 2 

(b) 'Using the method used in 6(a) find a necessary and 
su fficient condition for the existence of a non-trivial 
solution to the set of three homogeneous linear equations. 
+ b } y + c,z = 0, 
ape + biy + c 2 z = 0, 
ape + bjy + cpz - 0. 


7. If a and b are positive integers, prove that the 


z (-l) r 2n C r P r (x) P 2 „-r(x) is a constant. 

r=0 


SOLUTIONS 


i , 2/271 . • 2/271 1 o /e 

1. X 1 = 1, JC = cos-y- + /sin-y-, /2 = 0, 1, 2 ...» 6 

271 .271 2 4tc . • 471 

co = cos ^y + zsin^y, or = cos— + /sin— 

\ 6n . 6 tt 4 671 . . 67c 

co 3 = cos— + /sin — co = cos— -/sin— 

7 7 ’ 7 7 

c 471 . . 4 71 6 2 71 271 

co 5 =cos / sin — co = cos— — /sin— 

7 7 9 7 7 


a = 2cos^-, P = 2cos-^-, y = 2cos^— Noteco 7 =l, 

1 + 00 + co 2 + co 3 + co 4 + co 5 + co 6 = 0 
a + p + y = co + co 2 + co 3 + co 4 + co 5 + co 6 = -1 
aP + Py + ay = (co + co 6 )(co 2 + co 5 ) + (co + co 6 )(co 3 + co 4 ) 
+ (co 2 + co 5 )(co 3 + co 4 ) = -2 
aPy = (co + co 6 )(co 2 + co 5 )(co 3 + co 4 ) = 1 . Thus, 
a, P, y are the roots of the equation 
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TJEE saieee aspirants 


TAKES AWAYTHS DISTANCE FROM DISTANCE LEARNING 

Education an ISO 9001 certified & leading training institute 
or Engineering Aspirants', brings its established expertise 
to Distance learning Program 

First time in India 
PIE Education 
brings DLP with 



program Details fojr 2006-07 

1 year Program Fees: Rs. 9,80 31 - 
JEE 2 year Program Fees: Rs. 10,91i9 A 

1 year Program Fees: Rs. 4,408/- 

SE E g year Program Fees: Rs. 5,510/- 

Service Tax Included 



egister: Apply on a plain paper with 2 passport size 
>tographs & a D/D in favour of PIE Education Ltd. 
A/C ICICI Bank, payable at New Delhi. 


To know more about our other programs 
log on to: 

www.pieeducation.com 


K\ 

a 

E D U 

«z 

II fl II □ 

0 

. . . because tamcyi/uxw^ you/iS' 


zripting Success Stories 


K Interactive 
CD's to enhance time 
management skills. 

7T Flexible 

Online answers to your 
que ries within 24 hrs. 

% International 
Standards 

Designed as per global 
education programs 

7T Free Ad Ons 

50hrs of classroom 
program & Test Series 
at select centers. 

_ Each program is packed 
Vith complete study material, 
exercises, periodic postal test, 
designed to prepare you for the future. 


p off: 44 A/2, Kalu Sarai, Sarvapriya Vihar, New Delhi-16 Ph: 011-51828585. 
Fax: 26962662 E-mail:info@pieeducation.com 

,er Contact Centers: Saharanpur: Institute of Engineers & Technologies. Ph.: 0132-3094928/ 
9412358639. Ranchi: Brilliant Coaching Institute, Ph.: 0651-2203512/9431353713. 
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z 3 + z 2 - 2z - \ =0 
Sum of the roots = a + (3 + y 


= 2 | cos— + cos— + cos— 
111 


= -l 


271 4tt 671 1 

cos — + cos — + cos— = 

7 7 7 2 

271 47T 671 1 

cos — cos — cos — = — 

7 7 7 8 ' 


2. a + p + y = -/? 

P + y = -p - a or, y = -p - x 
x--p-y. 

( -p - y ) 3 + p(-p - y ) 2 + q(-p - y) + r = o 
- (p 3 + 3 p 2 y + 3 py 2 + y 3 ) + p(p 2 + y 2 + 2/?y) 

-qp-qy + r = 0 

or, y 3 + jr(2/? + 3/? 2 ) + y(q - 2 p 2 ) + r - pq = 0 
has roots (P + y), (y + a) and (a + P). If the original 
equation has two roots equal but opposite in sign then 
(p + y) (y + a) (a + P) = 0. 
r = pq. 

Sufficient : Let r = pq. 

=> apy = (a + p + y)(ap + Py + ya) 

aPy = a 2 (p + y) + P 2 (a + y) + y 2 (a + p) + 3aPy 
or, a 2 (P + y) + P 2 (a + y) + y 2 (a + P) + 2aPy = 0 
(a + p)(p + y)(a + y) = 0. Hence the result. 

3. Let x , y, z be the roots of the equation 

t 3 - at 2 + bt - c = 0 
Thus, a = L x = 2 

To find c, we use the identity 

x 3 + y 3 + z 3 - 3abc = (jc + y + z)(x 2 + y 2 + z 2 

— be - ca - ab) 

c = 10. 

Thus x 9 y, z are the roots of the equation 
t 3 - 2t 2 - 13/- 10 = 0. 

By observation, / = -1 is a root. 

(/ + 1)(/ 2 - 3/ - 10) = (/ + 1)(/ + 2 )(/ - 5) = 0. 
x = -1, y = -2, z = 5. 


4. Take O as the origin. We take 


B 



The vector area of OPO - p*q ) 

= Ua + c)x(\a + [icj = l-(ii-\)(axc) 

O O 

But since ABCD is a plane quadrilateral, its area is the 
magnitude of the sum of vector areas of MBC and A BDC. 
Thus, 

A BCD = —[d xb+bxa+axd]+ —[d xc + cxb + bxd] 
2 2 

= — [ bxa + axd + dxc + cxb] 

2 

= ^-[i a x(d -b)-cx(d -b)\ 

= ^[(« - c) X (d - 6)] = - c) X (nc - Xa) 

= ^-(p- \)(axc). Hence the result. 

5. Take O as the origin. 

OA = a, OB = b, OC = c 

Now, OL = - 1^ - " , 

1 + A. 

OM = C -±2L, 

1+M 

ON 

1 + V 

Vector area of MMN 



(b 4- A,c) x (c + \ia) t (c + \xa) x (a + vb) 
(l+*)(l+p) (1 + pMl + v) 

| (a + vb)x(b + \c) 

(1 + vXl + X) 

1 + A.|iv 


= — [(b xc) + (cxa) + (ax 6)] - 


2 l \ 7 /-v + + + 

If LML is a straight line then area of ALMN = 0. 

/. 1 + Xpv = 0. 

6. (a) The three equations represent three planes P u 

P 2 , P 3 ; their solution consists in finding the point Q 
common to each plane (assuming such a point exists). 
From equations P, and P 2 , we obtain 3P, + P 2 , the equation 
of a plane through the line of intersection of P u P 2 
containing the origin. Thus, 

\\x + 18 y + 28r = 0 : P A 

is a plane containing O and Q. Similarly, (2P, - P 3 ) 
2 jc + 8y + 1 lz = 0 : P s 

is a plane containing O and O. 

Thus, OO is perpendicular to both 1 1/ + 18/ +-28^ and 
2/ + 87 4* 1 \k • 
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VIDYAMANDIR 

IITJEE - 2005 RESULTS 


The ORIGINAL 
PROVES it again. 
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SANCHIT ARORA 

020 

SANCHIT GARG 

051 

OTKRIST GUPTA 

055 

UMANG MITTAL 
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SIDDHARTH AGGARWAL 

070 

ROHIT GOEL 
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NISHANT 
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CHINMAY AGARWAL 
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RIPUDAMAN SINGH 
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ANKIT JAIN 
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RAHUL GUPTA 
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CHANDER MOHAN 
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ANURAG SINDHU 
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264 
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{4, 9, .... 5N - 1} = A(4) 
Sample space = Sn C 2 


••• OQ = X(1 1 /' + 18 j + 2U)x(2i + 8 j + 1 U) 

= — 1 3A.(2/ +5j-4k) 

and O has co-ordinates (— 26A, -65X, 52X) where A. is 
some scalar. Write, 

-13A = p, Q has co-ordinates (2 p, 5p, -4p). 
Substituting in P u we find p = 1 . Hence the solution 
x = 2, y = 5, z = - 4. 

(b) As in 6 (a), 

P A is (a, - a 2 )x + ( 6 , - b 2 )y + (c, - c 2 )z = 0 
Ps is (a ] - a 3 )x + ( 6 , - b 3 )y + (c, - c 3 )z = 0 
OQ is perpendicular to both 


(a, -a 2 )i + ( 6 , -b 2 )j + (c l -c 2 )k 
and (a, - a 3 )/ + ( 6 , - b } )j + (c, - c 3 )k 
OQ = X[{(a l -a 2 )i + (b i -b 2 )j + (c l -c 2 )k} 

x {(a 1 -a 3 )/ + ( 6 ,-£>jX/+(c I -C 3 )*}] 
= A- [t )(C| - c 3 ) - (c, - c 2 )(£, - 63 )) 

+ i((ci -c 2 )(a, -a 3 )-(a, -a 2 )(c, -c 3 )) 
+ k((a l -a 2 )(b i -b 2 )-(b l -b 2 )(a, - a 3 ))] 
= A. [/' { (V 3 - c 2 * 3 ) + (*|C 2 - c,^ ) + (c,6j - b\C 3 )} 

+ J ( ( c 2 a i ~ a 2 c 3> + ( c l a 2 ~ a \C2 ) + (0|C 3 - C,a 3 )} 


+ * {(<*2*3 —* 2 ^ 3 ) -*-(^1*2 - V2) + ( 6 l a 3 
2 has co-ordinates 

(X(b 2 c 3 - c 2 b 3 ) + X(b^c 2 - c x b 2 ) + X(c, 6 3 - 6 ,c 3 ), 
X{c 2 a 3 - a 2 c 3 ) + X(c,tf 2 - a,c 2 ) + X(< 3 ,c 3 - c,a 3 ), 
X(a 2 b 3 - b 2 a 3 ) + X(a ] b 2 - 6 ,<? 2 ) + X(b { a 3 - a, 6 3 )) 
2 lies on P l 


a x (b 2 c 3 - c 2 b 3 )X + <3,(6,c 2 - c,6 2 )A. + Xa ] (c l b 3 - 6,c 3 ) 

+ 6,(c 2 <3 3 - a 2 c 3 )X + 6,(c,a 2 - a \ c i)X + X6,(a,c 3 - c,a 3 ) 

+ a ] (a 2 b 3 - b 2 a 3 )X + c,(a,6 2 - b^a^X + Xc,(6,a 3 - a } b 3 ) 

= 0 ... (i) 


We denote 

^i> ^1, Cj, 


a \ 

bi 

c i 



a 2 

*2 


= 

A 

a 3 

bi 

^3 



^2> 

b 2 , 

C 2 , 

A 3 , 

B 3 , C 3 are co-factors of 


a y , b y , c y ,y= 1, 2, 3. Thus, 

XA + X(<3,^ 3 + 6,Z? 3 + c,C 3 ) + X(a { A 2 + 6,Z? 2 + c,C 2 ) = 0 
or, XA = 0 , A. can not be zero. .*. A = 0 . 

It is left as an exercise for the students to prove that it 
is sufficient. 


7. We take 1, 2, 3, ... 5 N. Now we divide this set in 
the following manner. 

{5, 10, ..., 5 N} = A(0) {1, 6 , .... 5N-4 } = A( 1) 

{2, 7, 5JV-3} = A( 2) {3, 8 , ... 5N - 2} = A( 3) 


a 2 + b 2 

(i) If a, b G A (0), then — - — is a +ve integer. 


Number of favourable cases = n C 1 


(ii) \fae A{\),be A (2), then 


a z +b z 


is a +ve integer. 


.*. Number of favourable cases = n 2 . 

2 ,2 

(iii) If a E A( 1), b 6 A( 3), then — - — 
Number of favourable cases = n 2 . 

2 , r 2 

a +6 


is an integer. 


(iv) If ere A(2),be A( 4), then 

Number of favourable cases = n 2 . 

2 b 2 

(v) If a e A( 3), b e A( 4), then — - — 

Number of favourable cases = n 2 
Total favourable cases = n C 2 + A "' ) 

Probability = lim P = lim - + ^ =— . 

n— >oo 77 w ->« 5 «( 5/7 — 1 ) 25 


is an integer. 


is an integer. 


8 . Let /(*) = (x+ l)(x + 2) ... (x + p - 1); we denote 
a r the sum of the products of 1 , 2 , 3 , ..., p - 1 taken r 
together. 

f(x) = xP~ 1 + ct.\xP ~ 2 + c t 2 x 1 ’- 3 4- ... 4- oc /; _ , ... (i) 

Now we have, (x 4 - p)f(x) = (x + l)f(x 4- 1 ) ... (ii) 
i.e. (X 4- p)(x p ~ X + QL\X p ~ 2 4- + ... 4- a p _ ,) 

= (x+ \) p + a l ( x + 1 Y ~ ] + a 2 (x + 1 y ~ 2 + ... 

+ a^.,^ + l) ... (iii) 

Equating the coefficient ofx^ -2 , x /; ~ 3 , ...., x, we have 
pa x = p C 2 + P ~'C ] a, 
pa 2 = P C 3 + p ~'C 2 a, 4-^- l c,a 2 


>^-2 - p C P -\ + p ] C r - 2 a,+ ... + 2 C, a /3 _ 2 
Now p C r is divisible by p, r < p\ and p ~ l C n p ~ 2 C r etc. 
are all prime to p . 

If follows in succession that 

a,, a 2 , q 3 , ...., q p _ 2 are all divisible by p. 

9. (a) Let q be a common root, then 

a pm = 1 and ctf" = 1 , where p, q are any positive integers. 
Therefore a pm ~v n = 1, since m is prime to n, p and q 
can be found so that pm — nq - ±\ => q = 1 . 

(b) Take the case of three factors p, q, r; similar reason 
apply for all cases. 

Any term of the product, for instance a a P* y c is a root. 
(q fl ) n = (CL p ) atir = 1, 
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and similarly, (P' 7 ) 71 = 1 , and (y^ = 1 . 

If any two terms are equal, for instance, if 
a a $ h y c = a a ' p*' y c ', then 

P b-b' yc-s = a i/- a w hich is impossible for P * “ b ’ y c " d is 
a root of x^ r — 1 =0 and a?'* is a root of jc /7 ~ 1 = 0, since 
p is prime to qr , these equations have no common root 
except 1. 


10. (a) Let F(x) = /(jc). Then 
F (jc) = e*(jc 2 - 4x + 6) - (2x + 6) and /( 0) = 0 
f'(x) = e x (x 2 -2x + 2)-2 and f'(0) = 0 
f"{x) = e* x? and is positive when x * 0. 

When x > 0, 

/'( 0) = 0 ,/"(*) > 0 together gives /'(jc) > 0; 

/ (0) = 0 ,/'(*) > 0 together gives / (jc) > 0; 

F (0) = 0, F \x) -f{x) > 0 together gives F (jc) > 0. 
When x < 0 

/'( 0) = 0,/"(jc) > 0 together gives /'(jc) < 0; 

/ (0) = 0 ,/'(jc) < 0 together gives / (jc) > 0; 

F (0) = 0, F '(jc) - fix) > 0 together gives F (jc) < 0. 
Thus/(jc) is never negative when jc is real and Fix) has 
the sign of jc when jc * 0. 

(b) P' (jc) = ra 0 x r ~ 1 + ra,(r - 1 )xT “ 2 

+ 2 Hr - l)(r - 2 )a 2 x r ~ 3 + .... + r C r _ , a r _ , 


a Q x r ~* + a x (r-\)x r 2 +^a 2 (r -l)(r -2)x r 3 


+ + a r-\] = r P r -\(x) ... (i) 

Note P. j = 0 
Differentiating, 

F’(x) = J (-D f 2 "C r r P r . x (x) P 2n . r (x) 

r=0 

+IH/ 2n C r P r (x )(2n -r)P- >„_ r _| (x) ... (i i) 

r=0 


2 n 

= I(-D' 

r=0 


2n 


2/7 ! 


(2/7 — r)! (r — 1)! 


Pr-\ P 2n - 2 
2/7! 


(2/7 — / — 1)! r ! 


= Z (-l) r {a r +b r } where 

r=0 

„ P 
r (2/7 -/*)!(/* -1)1 r " 1 2n ~ r 

2n\ 


P r P In-r - 1 


... (A) 


and b r = P r A.. r _, ... (B) 

r (2«-/ -l)!r ! r 2n r 1 v 2 

••• *r=Or + l -(iiO 

We put r = 0, 1 , 2, ..., 2/7 and using the relation (ii), we 
get F '(jc) = 0. Hence the result. ■ 




for 


solving 


MCQ'S 


• The multiple choice question, consists of two parts: 

1 . The stem - the statement or question. 

2. The choices - also known as the distracters. There 
are usually 3 to 5 options, that will complete the stem 
statement or question. 

You are to select the correct choice, the option that completes 
the thought expressed in the stem. There is a 20% chance that 
you will guess the correct choice if there are 5 choices listed. 
Although multiple choice questions are most often used to 
test your memory of details, facts, and relationships, they are 
also used to test your comprehension and your ability to solve 
problems. Reasoning ability is a very important skill for doing 
well on multiple choice tests. 

Read the stem as if it were an independent, free-standing 
statement. Anticipate the phrase that would complete the 
thought expressed, then compare each answer choice to your 
anticipated answer. It is important to read each choice, even 
if the first choice matches the answer you expected, because 
there may be a better answer listed. 

• Another evaluation technique is to read the stem together 
with each answer choice as if it were a true-false 
statement. If the answer makes the statement a false one, 
cross it out. Check all the choices that complete the stem 
as a true statement. Try to suspend judgment about the 
choices you think are true until you have read all the 
choices. 

• Beware of words like not, but, except. Mark these words 
because they specify the direction and limits of the answer. 

• Also watch out for words like always, never, and only. 
These must be interpreted as meaning all of the time, not 
just 99% of the time. These choices are frequently 
incorrect because there are few statements that have no 
exceptions (but there are a few). 

• If there are two or more options that could be the correct 
answer, compare them to each other to determine the 
differences between them, and then relate these 
differences with the stem to deduce which of the choices 
is the better one. (Hint: select the option that gives the 
most complete information.) 

• If there is an encompassing answer choice, for example 
“all of the above,” and you are able to determine that 
there are at least two correct choices, select the 
encompassing choice. 

• Use hints from questions you know to answer questions 
you do not. 

• If you do not find an answer, try to relate each answer to 
the stem to evaluate which one logically completes the 
thought. 

• Make educated guesses — eliminate options any way you 
can. 
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V 

■SUi 
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* 


ZAHID HUSSAIN 
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C.B-S.E-G.M.O.Matf* 
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INVERSE 

RIGONOMETRIC 


(Concept & Analysis) 


UNCTIONS 


By : Prof. S.S. Dahiya, Director Academics, 
Doon Ace Education Pvt. Ltd. 


n) 1 . _|f 1 ) 7T 

sm — = — <=> sin - = — 

6 J 2 12 J 6 


Inverse Trigonometric 
function 

Domain 

Range 

y ~f(x) = sin - '(a*) 

-1 < A < 1 

— < y < — 

2 * 2 

y = g (a) = cos -, (a) 

-1 < A < 1 

0 < y <n 

y = §(x) = tan 1 (a) 

a G Real 

n n 

— <y< — 

2 2 

y = (a) = cor'(A) 

ag Real 

0<y<n 

y = G (a) = sec _, (A) 

A<-lorA> 1 

n n 

0<v<7i, y * — 

* 2 

y=F(x)=cosec~ l (x) 

a<- 1 or A> 1 

--£y<-,y*0 
2 2 


10. Determinor for sin '(a) is n (explain the rearson) If 
odd number of determinors are used than sign change 
gives answer, if even number of determinors are used then 
there is no sign change. 

| Example: sin _, (sinlO) = 0 then find 0 

n _ „ _ 7i 


-1 


\ m cosec (A:) = sin 
-II 1 


(i) 


Because ^ 0 ^ — whereas 10 radians « 570 degrees 

10 radians = 3 ti + 30° approx or 10 - 371 lies within 
the required range, three determinors are used, hence 
0 =- (10-371) = 371- 10. 

1 1 . Determinor for tan \k) is 7t and there is no criteria of 
sign change (explain the reason) 
tair 1 (tan 10) = a =, find a 


71 71 

Because — — ^ a < — , 1 0 — 371 is approx. 30° 


.\ a = 10-371 


2. sec '(/) = cos 


3. cot '(<7) = 


-1 

fO 

tan 

— 

< 

U; 

_i 

rn 

tan 1 

— 


U; 


, if <7 > 0 
+ n if q <0 


12. Determinor for cos~‘(f) is 2n (explain the reason) 

In first step adjust complete rounds, if angle left e [0, 7t] 
then angle left is answer, if angle left 6 (7t, 2n) then 
27t - angle left gives answer cos -1 (cos 10) = 0, find 0. 

1 0 radians = 2 71 + 2 1 0° approx. 

1 0 - 271 = 2 1 0° approx, e (7t, 2n) 

0 = 27t-(10-27i) = 47t- 10, 
cos -1 (cos 15) = a, find a 
1 5 radians = 271 + 271 + 135° approx. 

1 5 - 4 7i = 135° approx G [0, 7i] hence 0 = 15 — 471 


4. sin (a) + cos (a) = — . -1 < a < 1 


13. Find a if -y = tan 1 (a) , because -y < tan \x)< ^ 


5. tan -1 (/;) + cot , (A) = -^ 


271 


there tan -1 (a) = — is not possible, hence no value of x. 


6. sec ’(O + cosec (/) = y <-lor/> +1 


14. 0 = tan-'(;c) -f tan -1 (y) + tan -1 (2) and tan(0) = 0 ther 
find all possible values of 0 


7. sin ] (-A) = -sin ] ( x ) 

8. tan _1 (-/;) = -lan~\k) 


Because < tan *(A) + tan '(jO + tan \z )< ^ 


9. cos 1 ( — X) — 71 — cos \X) 


- 1 / 




0 G {-71, 0, 71} . 
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5. /; x, y z are real numbers such that r 2 = x 2 + / + z 2 


and tan j + tan — ) + tan 
possible values of 0. 


— 1 = 0 then find all 


*v 


ta.r'1 

— + tan 1 

f-i 

I = tan" 1 

/ > 
rx ry 
— + — 
yz zx 

( 

= tan” 1 

1 

{yz) 

U-A-J 

1 

^ Z ) 

\ 


(C) cos 


/, 2 ^ 

f 

\-x 

_ J 

ll+A 2 J 

1 


2 tan ] (x), x>0 


-2tan 1 (*),*< 0 


(D) For domain 0 <* < 1, 


-rz 

xy 


. tan 0 = tan 




tan" 




rz | 

— +tan 1 


r \ 


-rz 


\W j) 


= 0 


*. 0 e { -7i, 7i }, here 0^0 because /; x, y, z cannot be zero 


rx ry rz 

md either all of are positive or all are negative. 


6. sin 1 [xyj\-y 2 + yj ]-x 2 ) = 

-sin _, (j:)~sin _, (^) + 7i, *>0, y>0, a* 2 + y 2 > 1 
sin" , (*) + sin'' , ( i y) \fx 2 +y 2 <\ or xy < 0 
-sin” 1 (*) - sin -1 (y) - n if *<0,;/ <0, x 2 + y 2 > 1 

I .v .71 


sin 




= tan 


-i 


2 a 


1 - A 


= COS 


-I 1-A" 


1 + X 


= 2 tair'(A). 


2I.(A) sin '(2 a7i-a 2 ) = 


-2 sin '(a) — it.-l <a<-I/V2 


2sin ' (a). — ;L s.tS-L 

75 


i/2 


-2sin '(A) + 7t, y < a < 1 

72 


_i „ ? 2cos '(a) 

(B) cos '(2 a- -1) = 


A>0 


27r-2cos '(a), a<0 


7. If sin (±A) + sin 1 (±3^) = ±-j then a 2 + y = I. 


8. If x < 0. y < 0 or* >0.>>>0 
ten cos” 1 [xy + >/l - x 2 J]-y 2 J = 

jcos~ l (x)-cos~ 1 (y) when x<y 
[cos -1 (jA-cos _1 (*) when y<: x 
If* < 0,y < 0 or* > 0,^ > 0 then 
tan” 1 (*) + tan” 1 (.y) = 

-l (*±A 


22. In inverse trigonometric function, start with angle 0, 
after simplification if angle decreases i.e. becomes 
1 a I, 


■-0, “0 etc then lies within the domain, if angle increases 

2 j 

i.e. becomes 20, 30 etc. then is liable to go out of domain 
and to bring it within the domain using determinor, dif- 
ferent branches of the formulae are formed. 

Example : cos(40) = 8cos 4 (0) - 8cos 2 (0) + 1 ; 

Put cos0 = x 0 = cos~ ! (*), -1 < * < 1 


tan" 


1 -xy) 


- 7t, when * < 0, y < 0, xy > 1 


cos 1 (8* 4 -8* 2 +1) = 


1 - xy 


tan 1 f — |, when 0 < xy < 1 


tan 1 (t^) + 7C ’ when x > Q* y > *y > i 


l. (A) : sin' 




(B) tan 


-l 


(i5)= 


-2 tan _I (*)-7i, w|ien*<-l 
2tan _, (*), when -l<x^l 
-2tan" 1 (*) + 7r, when*>l 

2tan _1 (*) + 7r, *<-l 


2tan *(*), -1 <*<1 


2tan 1 (x) — 7i, *>1 


4 cos ’(*), -L < x < \ 

J2 


27i-4cos 1 (*), 0 < * < 1 


V 2 


4 cos \x)-2n, — ;L<*<0 

V 2 


47T-4COS ’(*), -\<X< }=r 

J2 


23. Express 2tan _, (*) in terms of tan 
Hint use 20(B) 

-if 2x 


-if 2x 


2 tan '(*) = 


tan" 


1 -*' 


n 

'2 


tan" 


I ( 2x 


l-x d 


1 -* 2 
7C, *<-] 

, * = ~1 
, -1<jc<1 

, X = 1 


tan 1 f ----- I + 7t, * > 1 


1 -*' 
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24. Convert sin" 1 (x) - sin-‘(y) = n/2 in the form y =/(*) 


sin 1 (x) + sin \-y) = ^ 0 < x < 1, 


-l 


0<-^<l, (x 2 ) + (-y 2 ) = l 


Therefore, 0 < x < 1, - 1 < .y < 0. Hence y = - VI - x 2 . 

25. Solve for * the equation 


tan 


-.r 2, w(i=£)-f 


1 — jt 


Answer: x = -fi, jc = —(2 — V5), x = -p, x = 2 + fe. 

V3 


26. In inverse trigonometric functions wrong questions 
have been given in various books and other sources, for 
example prove that 




The question is wrong because for 9 ""“3"’ ^ 3 


Left hand side is positive whereas right hand side is nega- 
tive correct version of the question is 


, 1 _1 ( COS0 + COS<|> ^ . -1 

Prove that -cos ^ T _- j-J = tan 


0 <|> 
tan ^ tan ^ 
2 2 


Further tan 


-1 


+ ... 


ya x y + x) + 


+tan -< ^LZ^rLl + tan- 1 
l 1 + a n ci n _\ 


is wrong, the correct version of the question is 

i( 


tan 


{ oix-y') 

+ tan“'f ° 2 -a * 1 

l^ + xj 

^l + a 2 a,J 


+ ....+ 


tan 


-1 


a n -a, 


l n - 1 


1 + a n a n . x 


+ tan 


-1 




+ Xn 


where X e integer and -n<X<n. 

27. (i) Express shT 1 (3x - 4x 3 ) in terms of 3sin-‘(x), 


-1 <*< 1 

(ii) Express cos _I (4x 3 - 3x) in terms of 
3cos -i (jc), - 1 <x< 1 

1 f 3x-x 


(iii) Express tan 


1 -3x 


in terms of 3tan~ l (x) 


XG 


-HI 


28. (i) J\-x 2 +}jl-y 2 = a(x-y) 
where xe [-1, 1 ],j>e [-1, 1] 
convert in inverse trigonometric function. 


(ii) Express tan 


-1 




in terms of tan _, (x) 


v x 

xe R-{ 0}. 

For any difficulty write to us or to the author a 
Jai Plaza, 2nd Floor, 56, Rajpur Road, Dehradur 
Ph.: 0135-2740523 e-mail : doonace_iitpmt@rediffmail.cor 




PROBABILITY THEORY 
Mathematics of Chance 


r probability, as the concept is most commonly understood, 
is a mathematical expression of the relationship between 
a particular outcome of an event and the total number ot 
possible outcomes. In its commonest form, like a gambling 
game, probability becomes the ratio of the chances of 
winning — expressed in a number of ways: 50-50, a chance 
of I out of 2, 50 per cent chance, a .5 probability, and so 
on. 

Probability is therefore concerned with the analysis of 
random phenomena. The outcome of a random event cannot 
be determined before it occurs. The actual outcome may 
be any one of several possible outcomes, and this is 
considered to be determined by chance. 

Chance and Risk : The concepts of chance, fortune and 
luck are as old as the first dice games. Archaeologists have 


found evidence of games of chance in prehistoric 
excavations, indicating that gaming and gambling 
had been a major pastime for different races since 
the dawn of civilization. 

For centuries human beings speculated about 
probabilities in connection with legal questions of evidence 
and contracts and, at times, insurance schemes. The 
Babylonians had several forms of maritime insurance. The 
Romans had annuities, i.e., exchanges of a lump sum in 
return for regular payments over a long time — the risk 
being that the person taking out the annuity would not 
live to collect the lump sum. 

Given the penchant of the people of Greek. Egyptian, 
Chinese and Indian dynasties for gambling, one would 
expect the mathematics of chance to be one of the earliest 
to have developed. Surprisingly, it wasn’t until the 17th 
century that an accurate mathematics of probability was 
developed by French mathematicians Pierre de Fermat 
and Blaise Pascal. 

♦ ♦ 
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for 


IIT-JEE (MAINS) 


By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


1. Use integral calculus to find the sum of the series 

1 4! 8! 

4! + 8! + 12! °°‘ 

2. Find the minimum odd value of a (> 1) such that 


J -^dx< i 

10 \+x“ 9 

3. Find the area of the region bounded by the curve 
2 W \y\ + 2 W ~ 1 < 1, with in the square formed by the 
lines |;c| < 1/2, \y\ < 1/2. 

4. Let /(x + 2 y) = /(*)(/ (y)) 2 for all * and y. If 
/'( 0) = ln2, then prove that 

f{x) + f(2x) + f(3x) + ... + f(nx) = 

(consider /(x) is non-negative function). 

5. If H(x 0 ) = 0 for some x = x 0 and 

-^•//(*) > 2 cxH(x) V x> x 0 , where c > 0, then prove 
that H(x) cannot be zero for any * > x 0 . 

6. Find the domain of the function 


/(*) = ! 


r~3 sl 


. (7x+l)! 


[*ji] J7T ' ' 

(where [•] represents the greatest integer function.) 

7. Integrate j , — . 

y V+y ) 

x 2 y 2 

8. A tangent to the ellipse — + -=y- = 1 cuts the circle 

x 2 + yr = 4 at points A and B, C is any point on the 
circle x 2 + yr = 4 such that A, B and C are to the same 
side of x-axis. Find the maximum area of the A ABC. 

fjc 3 -AT 2 +I0JC-5, X<1 

9. Let /(*) = 

[-2x+Iog 2 (A 2 -2), x > 1 

Find all possible real values of b such that/(x) has the 
greatest value at x = 1 . 


10. A curve with equation of the form 
y - ax 4 + bx 3 + cx + d has zero gradient at the point 
(0, 1) and also touches the x-axis at the point (-1, 0). 
Then find the values of* for which the curve has negative 
gradients. 


SOLUTION 




= I 


l 


0 (4A + l)(4A + 2)(4A+3)(4A + 4) 


= i(—L 
*=oU(4A- 


1 1 


+ 1) 2(4A + 2) 2(4A + 3) 6(4A + 4) 
Now consider the following definite integrals, 

}x 4k dx = — 1 — • J x 4k + 'dx = — 1 — 

0 4A + 1 ’ o 4A + 2 

1 


j x 4k + 2 dx = -jr- — — • I x 4k + 3 dx = — 1— 

0 4k + 3 ’ o 4£ + 4 

^5= I 1 Ux 4k -\x 4k+ ' + ±x 4k + 2 -±x 4k+3 )dx 
k = 0 o' 6 2 2 6 J 


1 co / 

= 1 I 

0 k = 0 ' 


Lr 4k _ir 4i + l +iv 4 * +2 _iv 4i+3 Lv 
6* 2 x +2 * 6 x JOX 


-jl I x 4k (\-3x + 3x 2 -x 3 )dx =1 } (l x)3 

On Jr^n 6 0 1 -x 4 


5 o *=o 

= 1} 0-* 


6 0 (l + x)(l + x 2 ) 
Integrating, we get 


= 7 Ifr 2 — JLt r) dx 

+ X 2 ) 6 0 l 1 + JC l + x 2 J 


5 =[i|n(l + x)-^ln(l + x 2 )-itan- | x]| ) 
.(i_±),„ 2 _i, i ln2 _JL. 


19 


19 


19 


1 


2. I = < J — ! — dx < j 

iol+x" io 1 + x" io 1 + 10" 

or 1 < — - — or, 1 < — - — < 1 


-dx 


1 + 10 " 


1 + 10 " 9 
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~ 2 x i y lk +x ) +y2=0 


x 2 + y 2 - 2 xy—- 2x 2 = 0 or x 2 -y 2 + 2 xy = 0 

tie 

54. (d) : 9a: 2 + 4y* = 36 

X 2 y 2 

— + — =1 (equation of ellipse) 

4 9 

Remember area enclosed by ellipse is nab. 
i.e. n 2*3 = 671 

55. (b) :(2x-y+ \)dx + (2y-x + \)dy = 0 

dy 2x- y + \ 
clx x — 2y — 1 

dy 2x-y + 2h- k + 1 
dx x - 2y + h - 2k - 1 
s.+ 2/7 — /: +1 = 0 => /?=— 1 


put x = x + h; y = y + k 


h-2k-\ =0 


* = -1 


afy 2x-^ 
cfct *-2.y 


put ^ = v* 


.,*L=v + X^ 


„ x ,dv 2x-vx 2-v 

K + A — = = — — 

jc - 2vat 1 - 2v 

2-v-2v 2 _ 2v : -2v + 2 
cic" l-2v " 1 -2v 


dx _ (\-2v)dv 
x 


2v - 2v + 2 


put V 2 - V + 1 - t 


dx -dt 

•• T = — .'. log jr = log / 


:. x = / 

jc 2 = (v 2 - v + 1 ) = constt. 
( , .. , , X 2 

U + D 3 


(2v - 1 ) dv = dt 
log c 

x = (v 2 - v+1) * C 


= constt. 


(Z±iL_ 0 ±H+i 

(x + 1) 2 x + \ , 

(y+ I) 2l tv+ !)(* + 1) + (-v+ l) 2 = c 
y*-rx 2 — xy + 2y-r2x- x— y+\ — 1 + 1 = c 
y 2 + x 2 - xy + x + y = c 


56. (d) : y = tan 


Vl + x 2 -y]\-X 2 

7 \ 


+ X 2 +yJ\-X 2 


put .V 2 = cos 20 or 0 =- cos -1 x 2 


y = tan 


= tan 


, yj\ + COS 20 -y]\ - cos2 0 

yj 1 + cos 20 + y]\ - cos 2 0 

( cos 0 - sin 0 ^1 
1 cos 0 + sin 0 J 


= tan 


i T 1 - tan 0^1 

^ 1 + tan 0 J 


= tair 1 tan | — -0 | = — -0 — cos x 


dy 1 
• *'- = + — 


2x = - 


+x 


dx ' 2 "" VT^ 

57. (d) : x = sin t\y- cos pt 


A ^g-psin nf • -psinp/ 


— = cos t • 
dt ’ dt 


dx 


cos / 


-cos/ p 2 cos pt(dtldx)- psm pt sin t {dt / dx) 

~dS = 

^ *<afy 

Hx 2- -^ 


cos 2 / 




58(a) 

59 (c) : Solving equations jc 2 + < y 2 = 5 and^y 2 = 4x 
we get x 2 + 4x - 5 = 0 i.e. x - 1,-5 
for x = 1; y 2 = 4; => y = ± 2 for x = -5; y 2 = - 20 
(imaginary values) points are ( 1 , 2) ( 1 , -2) 
m ] forx 2 +y = 5 at (1, 2) 

dx 


( 1 . 2 ) 


= -- Similarly, w, for .y 2 = 4jc at ( 1 , 2) is 1 
2 


.*. tan# = 


- m 2 


1 

K) | — 

1 

1 + /7/,/w 2 


l_I 


2 


= 3 


60. (b) : Volume = v = -nr , ^ 

dv 2 dr 

=> — = 4 nr • — at /* = 7 cm 
dt dt 


dv 4 
3 


3 — = — 7t-3r 2 — 


> dr 
~dt 


, dr dr 


35 


<// 


#/ 4tt (7) 


35 cc/min = 4 ti(7) 2 

S.A. = 4nr 2 
ds n dr 87 c -7*35 

^ = 87t ^ = 4 ji ( 7) 2 =,0cm /min 


Answers for SUDOKU Challenge 
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or. I + 10" > 81 => a = 2, 3, 4, 5, 
Minimum odd value of a is 3. 

3. 2 1 *! • \y\ + 2 1 *' 

Clearly, this region 
is symmetrical about 
x and y axis 
Let, x > 0, y > 0, 
equation (1) gives, 

2 X • y + 2 T ’ 1 < 1 


>y< 


1-2 


,x-l 



= 2' x - - 
2 

Clearly, bounded region in the first quadrant is OABC. 
The required area is 4 times the area of the region 
OABC 

? ( -X V /2 

Required area = 4Jf [l~ x -\)dx = J Q 


(1 - 2“ I/2 ) - 1 


In 2 


4. /'(*) = lim 

// — >0 


f(x + h)-f(x) 


h h-*Q n 


h — ►O 




6 j^£zlj = 0 for OS^yLl for 1 < x < 3 
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[¥] 


is defined for all xeR-[\, 3) 


sin -1 * 2 is defined for -1 < x < 1 
=> 3 sin " ,jr2 is defined for* e [-1, 1] 

(7jc + 1)! is defined for lx + 1 > 0 with 


xe 


-—0 — 1 

r ’ r ’ 


= /(x)/'( 0) = /(*)ln2 [since, /(0) = 1] 

^ J rf £ 7 =ln ( 2 ) => ^ (A:) = 2Jt+c 

Since, /(0) = l=>c = 0=>/(x) = 2’ r 
/(x) + /(2x) + ... + /(«x) = 2 Jf +2 2 ' +...2“ 
2 J (2”-1) _ /(x)(/(/tx)-l) 

2 X -1 /(x)-l 

5. Given that -^7/(x) > 2 cxH(x) 

zs-4-H(x) - 2 cxH(x) > 0 => -f(H(x)e- cx2 ) > 0 
<zr <2* 

tf(x)e is an increasing function. 

But /f(x 0 ) = 0 and e~ cx2 is always positive 

=> H(x) > 0 for all x > x 0 

=> H(x) cannot be zero for any x > x 0 . 


lx + 1 G N u {0} 

r— is defined for x e (-1, °°) 

,/x + l 

taking intersection of all these domains 
D, = R-[ 1,3) 

Dj — N u {0} = x e , 0, ...| 

D 3 = (-1, “), Domain = D, n D 2 n D 3 


2 

7’ ■" 


7. Put y = tan6 

dy 


r — ^ — = rssdide = | 

y/ 2 (l + .y 2 ) 3 sin 2 0 
_ f (1 - 3sin 2 9 + 3sin 4 8 - sin 6 8)c/8 

sin 2 0 

= J(cosec 2 9-3 + 3sin 2 0-sin 4 0)f/9 
= -cot0-30 + -|j(l-cos20)c/9“J(l-cos20)‘c/9 
= - — -—tan -1 y -^sin( 2 tan' 1 y) - -L-sin(4tan~' _y) + c. 

y 8 2 JX. 

8. For a fixed line AB, 
area of bACB will be 
fixed only when tangent 
at C is parallel to AB. 

Let equations of tangent 
AB and tangent to the 
circle at C paral lel to AB 

are y — nvc + ^4 m~ + 1 

and y = mx + 2^1 + /n 2 since, y = mx + V4m 2 +1 cuts 
the circle x 2 + y 2 = 4 at A and B then : 


(1-sin 2 0) 3 ^0 


sin 2 0 



x 2 +(mx + 3/4 m 2 + 1 ) 2 = 4 
-2 my 4 m 2 + 1 


x, + * 2 = 


1 + m z 

2 / „ _2 


and *1*2 “ 


4/w 2 -3 

1 + m 2 


4/?7 2 (4m 2 + 1) 4(4m 2 -3) 

> (x.-x 2 ) — ^ — 

1 2 (I + /77 2 ) 2 \ + m 2 
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1 6/w 4 + 4 /m 2 - 1 6m 2 - 1 6m 4 + 1 2 + 1 2nr 12 


(l + w 2 ) 2 
(ti -yi) = m(x t -x 2 ) 


(1 + m 2 ) 2 


J\2 _ Jn 


> AB = + - 

(1 + /;;-) Vl + m 2 

► Altitude of triangle ABC = Distance between tangents 


2^1 + m 2 -^A m 2 +1 


Vl + nr 


Area of A ABC 

2 JiTi? 

...Jsf-J— £=5 


1 Vl2 (2}j] + /n~ - ^4 nr +1) 


VTm 


Vl + /77 2 1 + 


/W" 


4^ = V3. 

dm 


2m- Am 


3 >i 


-/;/ 

(1 + /;/")' “ (1 + m 2 ) 2 ^Am 2 + 




m 


Vl + nr V Am 2 + 1 + 2 - 4m 2 


2 \2 


0 + "f) 


V4/77 2 + 1 


= 0 


=» m - 0, At m - 0, changes sign from positive to 
negative. So there is maximum. 



=> /( x) is a decreasing function for x > 1 
f(x) will have the greatest value at x - 1 if 
lim f(x)<f(\) => lim /(I + h) < /(I) 

jr->I + 

=> -2 + log 2 (b 2 -2)<5=> log 2 (b 2 - 2) <7 
=> b 1 -2 < 2 7 => A 2 < 130 
Again 6 2 - 2 > 0 for log 2 (6 2 - 2) to be defined 
=> 2 < b 2 < 130 

/. b e [-VnO, -2) u (V2, Vl30] 



ALL INDIA ENGINEERING ENTRANCE EXAM 

CBSE-PET 


1 0. y = ax 4 + Ax 3 + cx d 
y touches x-axis at (-1, 0) 
so (-1, 0) lies on it and dy/dx = 0 
so, 0 = a- b- c + d 

From ( 1 ), = 4ax’ + 3 bx 1 + c 

dx 


-( 1 ) 

...( 2 ) 

-(3) 


Hence 


Also 


(±) = 
\dxJ{- 1.0) 

(±) 

VdxL 


0 -Aa + 3b + c = 0 44) 


= c = 0 (since curve touches (0, 1 )) 

Ao.i) 

=> (0, 1) also lies on it hence d- 1 

Putting values of c and d in (2) and (4), solving for a 

and b we get a = 3, b = 4 

Therefore (3) becomes = 12.x 3 +12x 2 


dy 

Now -p< 0 
dx 


12x 3 +12x 2 <0 


12 at 2 (x + 1)<0 => x < — 1 . 


Shortcut 

Methods 

for 

Cracking 
AIEEE / 
PET’s 


2000+ MCQs Chapterwise Theory 

500+ Shortcut Techniques 
Previous Years Solved Papers 

Available at all leading bookshops. 

MTG Books 

— 

SO* 503, Taj Apartment. Near Safdarjung Hospital 
books Rin 9 Road. New Delhi - 110 029 Tel : 26191599 

e-mail : info@mtg.in website : www.mtg.in 
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& Group Faculties has completed Successful Academic Year. Now Announces its Following 
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COURSES 
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I 


ntroduction 

CONICS 


C onic sections are the curves which result from the 
intersection of a plane with a cone. These curves 
were studied and used by the ancient Greeks, and were 
written about extensively by both Euclid and Appolonius. 
They remain important today, partly for their many and 
diverse applications. 

Although to most people the word “cone” conjures up 
an image of a solid figure with a round base and a pointed 
top, to a mathematician a cone is a surface, one which 
is obtained in a very precise way. 

Imagine a vertical line, and a second linV intersecting 
it at some angle <\> (phi). We will call the vertical line 
the axis, and the second line the generator. The angle 
<J) between them is called the vertex angle. Now imagine 
grasping the axis between thumb and forefinger on either 
side of its point of intersection with the generator, and 
twirling it. The generator will sweep out a surface, as 
shown in the diagram. It is this surface which we call 
a cone. 



Notice that a cone has an upper half and a lower half 
(called the nappes ), and that these are joined at a single 
point, called the vertex. Notice also that the nappes extend 
indefinitely far both upwards and downwards. A cone 
is thus completely determined by its vertex angle. 
Now, in intersecting a flat plane with a cone, we have 
three choices, depending on the angle the plane makes 
to the vertical axis of the cone. First, we may choose 
our plane to have a greater angle to the vertical than 


does the generator of the cone, in which case the plane 
must cut right through one of the nappes. This results 
in a closed curve called an ellipse. Second, our plane 
may have exactly the same angle to the vertical axis as 
the generator of the cone, so that it is parallel to the 
side of the cone. The resulting open curve is called a 
parabola. Finally, the plane may have a smaller angle to 
the vertical axis (that is, the plane is steeper than the 
generator), in which case the plane will cut both nappes 
of the cone. The resulting curve is called a hyperbola, 
and has two disjoint “branches.” 



Ellipse Parabola Hyperbola 

Notice that if the plane is actually perpendicular to the 
axis (that is, it is horizontal) then we get a circle - showing 
that a circle is really a special kind of ellipse. Also, if 
the intersecting plane passes through the vertex then 
we get the so-called degenerate conics; a single point 
in the case of an ellipse, a line in the case of a parabola, 
and two intersecting lines in the case of a hyperbola. 
Although intuitively and visually appealing, these 
definitions for the conic sections tell us little about their 
properties and uses. Consequently, one should master 
their “plane geometry” definitions as well. It is from 


these definitions that their algebraic representations may 
be derived, as well as their many important properties, such 
as the reflection properties. We will now look at each 
conic section in detail. 


Ellipse 

The set of all points in the plane, the sum of whose 
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distances from two 
fixed points, called 
the foci, is a 
constant. Sometimes 
this definition is 
given in terms of “a 
locus of points” or 
even “the locus of a 



Distance to F t + distance to F 2 « a constant 


point” satisfying this condition - it all means the same 
thing. 

For reasons that will become apparent, we will denote 
the sum of these distances by 2a. 

We see from the definition that an ellipse has two axes 
of symmetry, the larger of which we call the major axis 
and the smaller the minor axis. The two points at the 
ends of the ellipse (on the major axis) are called the 
vertices. It happens that the length of the major axis is 
2a, the sum of the distances from any point on the ellipse 
to its foci. If we call the length of the minor axis 2b and 
the distance between the foci 2c, then the Pythagorean 
Theorem yields the relationship b 2 + c 2 = a 2 . 



By imposing coordinate axes in this convenient manner, 
we see that the vertices are at the jc intercepts, at a and 
-a, and that the y-intercepts are at b and -b. Let the 
variable point P on the ellipse be given the coordinates 
(. x , y). We may then apply the distance formula for the 
distances from P to F x and from P to F 2 to express our 
geometrical definition of the ellipse in the language of 
algebra: 

2a = PF l + PF 2 = s](x + c) 2 +y 2 + yj(x - cf + y 2 
Substituting a 2 - b 2 for c 2 and using a little algebra, we 
can then derive the standard equation for an ellipse 
centered at the origin, 



where a and b are the lengths of the semimajor and 
semiminor axes, respectively. (If the major axis of the 
ellipse is vertical, exchange a and b in the equation.) 


The points (a, 0) and (- a , 0) are called the vertices of 
the ellipse. If the ellipse is translated up/down or 
left/right, so that its center is at (h, k), then the equation 
takes the form 

( s -/ Q 2 O '-*) 2 

a 2 b 2 

If a = b, we have the special case of an ellipse whose foci 
coincide at the center that is, a circle of radius a. 

The ellipse has the 
following 
remarkable 
reflection property. 

Let P be any point 
on the ellipse, and 
construct the line 
segments joining? 
to the foci. Then these lines make equal angles to the 
tangent line at P. 

Consequently, any ray emanating from one focus will 
always reflect off of the inside of the ellipse in such a 
way as to go straight to the other focus. Architects have 
exploited this property in many famous buildings. The 
“whisper chamber” in the United States Capitol is one; 
stand at one focus and whisper, and anyone at the other 
focus can hear you with perfect clarity, even though 
they are much too far away from you to hear a whisper 
normally. The Mormon Tabernacle in Salt Lake City 
was also designed as an ellipse (indeed, it is the top 
half of an ellipsoid), to provide a perfect acoustical 
environment for choral and organ music. 

Ellipses occur in nature as well, and are critical to 
understanding the motion of planets and other bodies 
moving in space. In Physics Kepler’s laws are also depend 
upon this principle. 

Parabola 

The set of all points in the 
plane whose distances from 
a fixed point, called the 
focus, and a fixed line, called 
the directrix, are always 
equal. 

The point directly between - and hence closest to - the 
focus and the directrix is called the vertex of the parabola. 
To derive the equation of a parabola in rectangular 
coordinates, we again choose a convenient location for 
the axes, placing the origin at the vertex so that the 
y-axis is the axis of symmetry. We denote the distance 
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from the vertex to the 
focus by p, so that the 
directrix is then the line 

y = -p. 

Using the distance 
formula for the distance 
from P to F, and noting 
that the distance from P 
to the directrix is evidently 
y + p, and setting these distances equal, we obtain 



y = -p 


Jx*+(y-p ) 2 =y+p 

A direct application of ordinary algebra reduces this to 

x 2 = 4 py 

This then is the equation of a parabola opening upwards, 
with its vertex at the origin. If we introduce a negative 
sign, we get a parabola opening downwards. If we 
interchange the roles of* andy, we get a parabola opening 
to the right (or to the left if there is a negative). We may 
translate the parabola up/down or back/forth, putting 
the vertex at the point (h, k) if we write our equation as 
(x - h) 2 = 4p(y - k). 

The reflection property of parabolas is very important 
because it has so many practical uses. Let P be any point 
on the parabola. Construct the line segment joining P 
to the focus, and a ray through P that is parallel to the 
axis of symmetry. The line segment and ray will always 
make equal angles to the tangent line at P. Consequently, 
any ray emanating from the focus will reflect off of the 
parabola so as to point directly outwards, parallel to 
the axis. This property is made use of in the design of 
flashlights, headlights, and spotlights, for instance. 
Conversely, any ray entering the parabola that is parallel 
to the axis will be reflected to the focus. This property 
is exploited in the design of radio and satellite receiving 
dishes, and solar collectors. 

The reflection property of 
parabolas is related to the 
curious property that the 
tangent lines at the 
endpoints of any chord 
through the focus (as shown 
above) intersect on the 
directrix, and always do so 
in a right angle. 

Parabolas are also important in the study of ballistics, 
the movement of a body under the force of gravity. 



Hyperbola 

The set of all points in the 
plane, the difference of 
whose distances from two 
fixed points, called the 
foci, remains constant. 

Mimicking our procedure 
with ellipses, we will 
choose the constant 2 a to 
represent the difference of 
these distances, that is, PF ] -PF 2 -2a. We will call the 
two points of the hyperbola which lie on the line 
connecting the foci the 
vertices, and we then 
see that the distance 
between the vertices 
must be 2a. Also, we 
will call the distance 
between the foci 2c. 

Finally, we will define 
the constant b by b 2 = 
c 2 - a 2 . (We may do this 
since evidently c > a.) Placing co-ordinate axes at the 
center as before, we obtain this picture. 

Applying the distance formulas and substituting for c 
as we did in the previous cases, we can derive the standard 

formula of a hyperbola: 



We note that solving this equation for y yields 



a 


and letting x become arbitrarily large causes this 
expression to become arbitrarily close to 

y = ±—x . 
a 

Thus we see that the crisscrossing lines in the diagram 
above are asymptotes for the hyperbola, that is, the curve 
becomes indefinitely close to these lines as the absolute 
value of * grows without bound. 

As before, if the principal axis of the hyperbola is vertical 
instead of horizontal, we switch the roles of a and b. We 
may also translate the hyperbola up/down and back/forth, 
placing the center at ( h , k) by modifying our equation 
thusly: 




PF y - PF 2 = a constant 


C x - h ) 2 O '-*) 2 

2 f2 

a b 
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The reflection property of 
the hyperbola is of great 
importance in optics. Let 
P be any point on one 

branch of the hyperbola. F 2 

Then the line segments 
joining P to each of the foci 
form an angle which is 
bisected by the tangent line at P. 

Consequently, any ray approaching one of the foci from 
a convex side of the hyperbola is reflected to the opposite 
focus. An example of an application of this principle is 
the Cassegrain reflecting telescope: 




A concave parabolic mirror forms the back of the 
telescope, and this shares a focus with a convex hyperbolic 
mirror, the other focus of which is at the eyepiece. 


Eccentricity 

The unifying idea among these curves is that they are 
all conics, that is, conic sections. We have seen the 
geometric realization of this unifying notion, but how 
can it be expressed algebraically? The key notion is that 
of eccentricity. 

To define the 
eccentricity of a conic, 
we must first observe 
a feature of the ellipse 
and the hyperbola that 
we neglected before, 
namely, that each of 
these curves has a 
directrix, just as the 
parabola does. Indeed, 
the ellilpse and hyperbola each have two directrices. 
Now let P be a point on the conic curve, and consider 
its distance to a focus, and its distance tc the corresponding 
directrix. The curve’s eccentricity is the ratio of these 
distances. 

Eccentricity = 

PL\ PD 2 • 

We will denote the eccentricity by the letter e. It can be 
shown geometrically that e is always equal to the ratio 



of c and a as these constants were defined in each case. 
That is, we always have e = c/a. It can also be shown 
that the directrices of an ellipse or hyperbola with principle 
axes horizontal are always the vertical lines given by 

x = ±— 
e 

as shown in the diagrams above 
Now recall that in a parabola the distance from a point to 
the focus, and from the same point to the directrix, are 
always the same. Consequently, a parabola always has 
eccentricity e = 1. An ellipse, on the other hand, always 
has e < 1 , and for a hyperbola e > 1 . (A circle is the special 
case of an ellipse with e = 0.) In summary, we have 
e < 1 ellipse 
e = 1 parabola 
e > 1 4-> hyperbola 

The names of these curves are related to their 
eccentricities. “Ellipse” comes from a Greek word 
meaning “deficiency” or “something left out,” and is 
related to the English words “ellipsis” and “elliptical.” 
The word “hyperbola,” on the other hand, comes from 
the Greek word for “excess,” and is related to the English 
word “hyperbole.” Finally, “parabola” means something 
like “just right,” and is related to the words “compare” 
and “parable.” 

What this discussion shows is that we may consider 
that there is only one general kind of curve, called a 
conic, with special cases called ellipse, parabola, and 
hyperbola depending on the conic’s eccentricity. 
Algebraically, we may now consider conics in complete 
generality. To do so, consider a second degree polynomial 
in two variables, x and y. 

Ax 2 + Bxy + Cyt + Dx + Ey + F = 0 
The \*y’ term can be eliminated by a rotation of axes. 
The algebraic techniques for doing so can be found in 
any text on calculus with analytic geometry. By then 
completing the square with respect to both x and y, one 
will obtain one of the standard equations given above, 
for either an ellipse or a hyperbola. If only one of x and 
y appears as a square in the original conic equation, 
then the standard equation of a parabola may be obtained. 
The study of conic sections is one of the most beautifu 1 
topics in classical mathematics. Every student of 
mathematics should take the time to master conic sections 
thoroughly, not only for the esthetic appeal of the subject, 
and not only because their applications are so varied 
and important, but also because they show - in a deep 
and clear way -the fundamental unification of geometry 
and algebra in the field of analytic geometry. ■ 
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By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 


1 . If JlcosA = cosB + cos 3 B , sin A = sin B - sin 3 B , 


prove that sin(/l-/?) = ±-. 


2. If f(x) = (x-a\x-b)-[^+^ and/(x) = 0 has 
both non-negative roots, then prove that 


/(*) * - 


{a + bY 


3. Find the fifth degree polynomial which leaves 
remainder 1 when divided by ( x - l) 3 and remainder 
-1 when divided by ( x + l) 3 . 


4. solve the equation jc 3 - [x] = 5, where [*] denotes 
the integral part of the number x . 

5. If the quadratic equation 

4SCC 2 u *2 + 2x + (p 2 - (3 + = 0 

have real roots, then find all the possible values of 
cosa + cos _l p. 

6. A circle x 2 +y 2 + 4x-2^2y + c =. 0 is the director 
of circle 5, and S', is the director circle of circle S 2 and 
so on. If the sum of radii of all these circles is 2, then 
Find the value of c. 

7. Let S(n) denotes the sum of the First n terms 

" f( r \ 

of an A.P. Then find S = lim £ - — where 

/?->c0 /•=-/; n 

/( " S(2n)-S(n)' 

8. Three numbers in A.P. are removed from First n 
consecutive natural numbers and average of remaining 
numbers is found to be 43/4. Find n as well as removed 
numbers if one of the removed number is perfect square. 


ANSWERS 


1. sin(/l - B) = sin/1 cos B - cos A sin/? 
substituting values of cos/1 and sin/1 from the given 
equations, we get 


sin B cos 2 B cos B -(cos B + cos’ B) sin B 




-sin Z? cos/? 

V2 


Squaring and adding given equations 

(cosZ? + cos 3 /?) 2 + (sin/? — sin 3 /?) 2 = 2 

=>cos 2 Z? + cos 6 Z?+2cos 4 /? + sin 2 /? + sin 6 /? - 2sin 4 Z? = 2 

=> 1 + 2(cos 2 Z?+sin 2 Z?) + (sin 4 Z?+cos 4 /?-sin 2 Z?cos 2 Z?) = 2 

=> 1 + 2cos 2 Z? - 2sin 2 /? + 1 - 3sin 2 /? cos 2 /? = 2 

=> 3cos 2 2 B + 8cos2 B -3 = 0 

=> cos 2/? = ]- => sin 2/? = ±^~- 
3 3 

. , , sin 2 B j. 1 

=± _ 

2. Given that f(x) = (x-a)(x-b) - -j 

Sum of the roots of the equation/ (x) = 0, will be positive 
=> (a + b) > 0 

The product of the roots of the equation will be greater 
than and equal to zero 


ab 


-(¥) s 


0 


Now/(;c) will be minimum, when f'(x) = 0 
a + b 


=> x = 


( t, [a + bY ( a + bY [a + b\ 


-(a + b)- 


+ ab 


_(£±A) 




-(a + bY -2(a + b) + 4ab 


-(a + bY ~2(a + b) + 4ab 


^ -(a + bY ~ 4ab + 4ab __ -(a + bY 

- 4 " 4 
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3. Let/(jc) be the required polynomial. Then f\x) is 
divisible by (jc - 1 ) 2 and (jc + 1 ) 2 . 

Hence /V) = A(x 2 - 1 ) 2 = A(x 4 - 2x 2 + 1) 

=> /(.v) = 

But/(1) = I and /(— 1 ) = -1 (by remainder theorem) 
Therefore /(*) = y(3x 5 -10* 3 + 15x). 

4. x = (6) ,/3 

Y x = [x] +f where 0 < f < 1 

given equation becomes jc 3 - (jc -/) = 5 
i.e. x 3 - x = 5 -/=> 4 < X 3 - * < 5 
Now, jc 3 - x is negative for x £ (-«>, -1) u (0, 1 ) 

So, possible values of jc lie in the interval 

[-1, 0] u [1, oo) 

for -1 < x < 0, we have jc 3 - jc < 1 < 4; 
for jc = 1 , we have jc 3 - jc = 0 < 4 
further for x > 2 we have 

jc 3 - jc = jc(jc 2 - 1) > 2(4 - 1) = 6 > 5; 

Therefore, 1 < jc < 2 => [jc] = 1 

Now the original equation can be written as jc 3 - 1 =5, 

hence x 3 = 6, i.e. jc = (6) ,/3 


5. The quadratic equation 

4 SCL a x~ +2x + + = ^ have real roots 

=> discriminant = 4 - 4. 4 sec " a + > o 



...( 1 ) 


But 4 scc2u >4. P 2 -3 + i = (p-i)" + -J- > -J- 
i.e. equation will be satisfied only when 4 sec2(X = 4 and 

p 2 “P + y = y => sec 2 a = 1 and |p~J =0 
=> cos 2 a = 1 and P = y => ot = tm and P = y 
cosa + cos -, p= cos /771 + cos” 1 —■ 

= 1 + y when n is even integer 
= -1 +y when n is odd integer 
i.e. values of cosa + cos" 1 p is y-1, y + 1. 


6. Radius of given circle 

= >/4 + 2-c = y]6-c - a (say) 


Radius of circle S\ = —= 


fi 


Radius of circle S-, = — so on « + -j= + — ■+ 
2 2 V2 2 


-f ... + oc = 2 


1 — 1 / 1/2 


= 2 => a 


JL 

a/2 - 1 


= 2 


a = 2 -a/2 => a/6 ~c = 2-^2 
=> 6-c = 4 + 2-4a/2 => c = 4a/2. 


7. Let the first term of A.P. be a and its common 
difference be d. 

Given that 5(3«) = ^-[2a + (3n-\)d] 

5(2/7) = 2n\2a + (2n-\)d] 

S (n) = l[2a + (n-\)d] 

=>S(2n)-S(n) = l[2{2a + (2n-\)d}-2a-(n-\)d\ 

Now S = lim — ^ f(r) = lim s( - n+ - ^ ) = 6. 
n — >ao n _ n-+ oo \ n ) 


8. Three numbers in A.P. with least and greatest sum 
are (1, 2, 3) and (n - 2, n - 1, n) respectively. 


43 

sum of removed numbers = — x(«-3) 
-^-3(//-.)<f(/7-3)<^-6 


_ (»-3)(/7-2) „ 43, .. - „ (/»-3)(/i + 4) 

2 " 4 1 ' " 2 

=>18 < n < 23 

So, possible numbers are 18, 19, 20, 21, 22, 23. 


As 


43 

4 


(n-3) is a natural number 


=> (A7 - 3) should be divisible by 4 
so, only possibilities are 19 and 23 


n(n + \) 43 

Also, -(n-3) is sum of removed number 


=> this should be divisible by 3 => 1 9 is only possibility 
so, sum of removed number = 190 - 172 = 18 
=> middle term of removed A.P. = 18/3 = 6 
so, removed numbers can be 

(1,6, 11), (4, 6, 8), (3,6,9). 
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1. For jc > 1 prove that 


In jc 


(*+l) 


(jc 3 -1) 3(jc 3 -hjc) 

2. Prove that | z, + z 2 | 2 + |z, - z 2 \ 2 = 2|z,| 2 + 2|z 2 | 3 
Give geometry of the result and deduce that 


a + yja 2 -P 2 + a-ija 2 -[3 2 


= a + 


P| + | a - P| 


3. Find area of triangle whose angular points are /,, t v 
1 3 on parabola y 2 = 4ajc. 

4. Find locus of mid-points of normal chords of 

parabola y 2 = 4 ax. Gagandeep Singh , Aligarh 

5. Find all natural numbers n such that n\ ends with 
exactly 26 zeroes. 

6. Show that there is no natural number n for which 
n\ ends with exactly 29 zeroes. 

7. Find the largest two digit prime number which 
divides 2<K, C l()0 

8. In A ABC, prove that value of 

tan A tan B + tan B tan C + tan C tan A 
cannot lie between 0 and 9. 

Arvind Kumar , Dibrugarh 

9. Find natural numbers x and y, if x + y = 52 and 
LCM of jc and y is 168. Alok Kumar , Patna 

10. Three integers are taken at a time from 

{1,2, 3, , n } and are multiplied, S n denotes 

sum of all such products. For example {1, 2, 3}, 

S 3 = 1 x 2 x 3 = 6 

{1,2, 3, 4}, S A = 1x2x3 + 1x2x44-1x3x4 
+ 2x3x4 = 6 + 8+12 + 24 = 50 
Establish a rule to find S n+l and hence find S w 
K. V.R. Mur thy, Vishakliapatnam 

11. Find the area bounded by jc = t 2 , y = 2/, .x-axis for 
/ = 1 to / = 2 

12. Find area of region generated by jc = a sin t , 
y = a sin 2/ 

13. Find area bounded by curve r = 2 sin 0 

14. Convert r = 2 sin0 in cartesian form 

Nitesh Bhatia , Ajmer 


ANSWERS 


1 . For jc > 1 prove that 


Injc (jc + 1) 


x 3 -l 3 (x 3 +x) 


Given that x> 1, therefore x*>l or f-l is positive 

hue (* + l) 
then rewrite - ** 


(x 3 -l) ' 3 (x 3 +jc) 
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(jc 3 -l)(x + l) 

as 3 In x < .3 . 

(jc 3 + jc) 

(x 3 -1)(JC + 1) 

.*. To prove ”1 7 > 3 In x for jc > 1 

F (jT+jc) 

(jc 3 -1)(jc + 1) .. ~ . 

or v = — — 3 In jc > 0 for jc> 1 

(JC 3 + X) 

./ v (JC 5 -1)(X+1) 

Let y = f(x) = — — 31njc 

(* +*) 

= x + 1 - 31nx 

* (* 2 + 0 

/'(*) - I + -T + 41 3 


Jt 2 (x 2 +\) 2 x 


'«-(-*)♦(+*} 


4.c 1 


(jc 2 +1) 2 * 


f'( ^ = (JC_1)2 (*-D 2 (x + l) 2 _(x-l) 4 (x 2 +x + l) 

J{X) x 2 x(x 2 +\) 2 x 2 (x 2 + \) 2 

/'(jc) > 0 for jc > 1 /(jc) T forjol 

Y /(1) = 0, /(jc) t for jt>1 f(x)>f( 1) 
or /(*) > 0 for jc > 1 

2 * 1-1 + -2| 2 =(-l +:: 2) (“1 “2 ) 

= 1-1 1 | r 2 | + - 1-2 + - 2-1 
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I-," -2 1 2 = (-1 - =2 ) ft~h) 


" 'I 


| 2 -*-|-2 1 2 "-I-2 -=2=l 


Add 


\z,+:-,\ +\:,-= 7 


= 2|_, | 2 + 2 1 - 2 


Geometrical representation : In a parallelogram sum 
of squares of lengths of diagonals is equal to sum of 
squares of lengths of four sides 


Now using | w\ 2 = | w 2 | 


. |a + P . |a-P 

,pu‘ - Z 2=J— 


in 


or 
We get 


-i +-2!" +|-i --2I' - 2 l-tT 2 I- 2 |" 

(-1 += 2 ?\ + |(-1 -r 2 )’| = | 2 -| 2 | + | 2; 


loc + ^a 2 -p 2 + |a-^a 2 -(J 2 = |a + p| + |a-p|. 


3. Three points 

A(atf, 2 a/,), B{at\, lat 2 ), C(at J, 2al 3 ) 



at 

2a/, 1 



h i 

1 

Area A ABC = — 

at \ 

2a/ 2 1 

2 

= a“ 

t\ 

<2 1 

2 

at\ 

2 a/ 3 1 



h • 


Area A ABC = a 2 (t, - / 3 ) {t 2 - (,) (t, - /,). 


4. To parabola y 2 = 4ax, normal at A(atf , 2al ] ) 

o 2 

meets the parabola at B(at J, 2 a/ 3 ) then / 3 = -/, — . 

h 

Eliminate /,, / 3 

2x' = <?{(/, +/ 3 ) 2 — 2/,/ 3 }, 2y' = 2a(/, +/ 3 ) 

Put <!+<,-£. 'J-'t-f- 
■ 2a 

" ,| y ’ 


2a:' = a 


^r + 2/, 2 +4 
a~ 


y 2 8a 2 I 

't+ — r +4 f 
a 2 y 2 


2*’ = a j 

locus is 2axyr =y* + 4a 2 y 2 + 8a 4 


5. [100 = 5 24 (Number not divisible by 5) 

|100 ends with 24 zeroes 

For ending with 26 zeroes, we need (5 * 2) x (5 x 2) 
multiply of 5 more than 100 are 105,110,115, 


.*. [100 = 5 26 , (number not divisible by 5) 

Lx ends with 26 zeroes when *=110,1 11,112,113, 114 

6. Show that there is no natural number * for which 
[x ends with exactly 29 zeroes. 

[1 15 = 5 27 x (Number not multiple of 5), 

1 120 = 5 28 x (No. not multiple of 5) 

[125 = [120 x (121 x 122 x 123 x 124 x 5 3 ) 

= 5 31 x (No. not multiple of 5) 

.\ there is no value of n for which [n ends with exactly 
29 zeroes. 

7. Find the largest two digit prime number which 
divides 2(K, C I00 

200 r = 1 200 

100 [100 [100 

In 1 200 there are exactly two numbers which are mul- 
tiple of 67, 68, 69, , 99, 100 whereas in [100 there 

is one number multiple of 67, 68, , 100 (number it- 

self) 

.*. These numbers 67, 68, , 97, 98, 99, 100 gets 

cancelled from numerator & Denominator in value of 

loo* 

In [200 there are exactly three numbers which are mul- 
tiple of 5 1 , 52, , 66 where as in [100 there is one 

number multiple of 5 1 , 52, , 66 (number itself) 

1 200 (61)'(No. not divisible by 61) 

" U2Q 1100 ■ (61 x No. not divisible by 61) 2 

= 61 x integer Answer 61 

8. To prove tan A tan B + tan B tan C + tan C tan A 

>9 

or tan A tan B + tan B tan C + tan C tan A < 0 
In any MBC , A -t- B + C = n 
tan A + tan B + tan C = tan A tan B tan C * 0 
Case I : Triangle is acute angled, tan A > 0, tan B > 0, 
tan C > 0 

Using (x { +x, +x.) 

for x r x v x 3 as positive 

( tan A + tan B + tan C) ( — - — + — + — ! — ] > 9 
v \tan A tan B tan C) 

.*. tan A tan B + tan B tan C + tan C tan A > 9 


1 1 1 

— + — + — 

<] *2 *3 ) 


> (3f 
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Case II : Triangle is obtuse angled 

/. Two angle acute (less then n/2) one angle obtuse (more 

than 7i/2) 


In any A, cot A + cot B + cot C = 

1 1 1 
- + + >0 


2 R(a 2 + b 2 + c 1 ) 


labc 


>0 


tan/t tan B tanC 
tan A tan B + XanB tan C + tan C tan A 


>0 


tan A tan B tan C 
Because tan A tan B tan C < 0 
.*. tan A tan B + tan B tan C + tan C tan A < 0 
Value of tan A tan B + tan B tan C + tan C tan A 


on number line is 0 

and hence does not lie between 0 and 9 

9. H.C.F of x, y, x+y, L.C.M. of x andy is common 
H.C.Fof 52 and 168 is 4. Let x = 4 m, y = 4/7 where m 
and n are coprime (No common factor) 

(4/t?) (An) 

.*. 4/77 + 4/7 = 52, L.C.M. = - — 7^ = 168 

4 

777 + n = 1 3, 77777 = 42; on solving m = 7, n = 6 
.'. x = Am = 28, y = An = 24 
The two numbers are 28, 24 

10. s»+i = (»+i)Z O' ;)+^» 


KJ 


/i(/i+ 1)V »(« + !) (2/i + l) 1 


- (^) - 


+ S n 


O (jf-1)/?(w+l)“(3/I+2) , c , . 

< - 24 

Here 5=0, 5, = 0 


For n = 2, 5 3 = 


l x 2 x (3) 2 x 8 


24 


+ So = 6 0 — 6 


For 77 = 3, 

„ 2 X 3 X ( 4 / X 1 1 

5 4 — 

4 24 

Second Method 

_ n (A -l)^ + l) 2 (3A + 2) 
" +1 *-1 24 


+ 5 3 = 44 + 6 = 50 and soon. 


h h ^ 

11 . Area upto jc-axis = = ~dt^ t 


dx dy . - </y 2cos2/ 

— = acos/, — = 2acos2/, — = 

dt dt dx cost 


t 

0 

71/4 

n/2 

371/4 > 

, n 

X 

0 

a/JT 

a 

al Jl 

0 

y 

0 

a 

0 

-a 

0 

dy 

dx 

2 

0 

00 

0 

-2 



Area = J< asin2/)flCOsrf/ 

0 0 

Put cos t = j, -sin/ dt = dr 

1 , , .1 


= j 2a 2 : 2 dz = 4« 2 j; 2 <fc = — . 
-1 0 3 


13 . Curve 7 =2 sin 0 


e 

0 

7t/4 

n/2 

3n/4 

n 

/• 

0 

vr 

2 

Jl 

0 


Area = I V = |2sin 2 Q dQ 


7t/2 

= 4 | sin" 0 dQ = 71. Area of sector = ~r 2 ^ 
0 

1 4. To convert Polar curve eq. to cartesean eq. 



r = Jx 2 +y 
x = r cos0 


y = r sin0 



PV't /• = Jx 2 + y 2 ; Sll10_ n, 3 

VJ r+y 

cos9 = , * tan 0 = — 

jx'+y x 


= f(2/)2/rfr =^- 

i J 


4(8-l) 28 


units. 


v ?+7 = 2 . / T 

■Jx-+y 

or a 2 + y 2 = 2y or a* 2 + y 2 - 2y = 0 


1 2. a* - a sin /, y = a sin It 
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IIT-JEE 


By : Zafar Ahmed, e-mail : zai-alpha@hotmail.com 


The problems appearing in this section are meant for those students who are very well prepared for IIT-jEE 
and looking for rrewTypes of problems. The standard of these problems may be only slighly more than that 


of JEE and this endows them with an Extra Edge at IIT-JEE. Those who are not so well prepared may look 


into these problems/solutions at a later stage. 

1. If 2 a + 10/? + 29 c = 0, prove that the equation ax 3 + bx + c = 0 will have at least one root in (0, 1). 

2. Find the image ofx 2 -yr = 1 under inversion (co= Mz) in Argand plane (oo = // + iv). Also find the area enclosed 
by the transformed curve. 


3. Determine whether S^, and 5^,+ i can be found in closed forms, if S n = £ (-1)* sin”—. 



is a more accurate formula to convert such summations into integrations. Hence evaluate 



a + b r~u ^ (a-b) 2 (a + 3b)(b + 3a) 
— jab > — . 

ft(a + h)(a 2 +6cib + b 2 ) 


5. For positive numbers a and b prove that 


k/2 

6. Prove that { log(sin.v)log(tan*VZx < 2. 
o 


7. Find all values of k , if straight lines x + 2y = 3, 2x + 3y = 5, Irx + ky = -1 represent a triangle which is not 
right-angled. 


8. The triplet of vectors ?7, , z7 2 , are linearly independent non-orthogonal vectors. If the triplet v, , v 2 , v 3 are 
orthogonal and of the type v, = /7, , v 2 = u 2 +av, , v 3 = /7 3 + pV| 4- yv 2 . Find a, p, y. Hence or otherwise find 
a triplet of normalized orthogonal vectors for -/' + j + A\ / -j + k , / + j - k. 

9. If A is a non-singular square matrix whose elements are in general complex, prove that 
det(/ + AA J ) = det (I + A r A) and that det(/ + A4*) is real. Here .4 y and A* denote the transpose and the complex- 
conjugate of the matrix A , respectively. 

10. Out of the six planes ox + z = /, x + cy + bz = g % x + dy + bz = h y ax + y + z = a 2 , dy + cz = 0, 
fa + £y + hz = 0, the first three planes are known to meet in a line. Prove that the next three planes will not 
meet in a point and if adf * 0 the last three planes will make a prism. 
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N TWISTERS 

for IIT MAINS 

By : Er. S.K. Mishra, Career Point, Gorakhpur 


1. Two lines and L 2 are drawn from point (a, a) 
making an angle n/4 with the lines L 3 =x + y-f(<x) = 0 
and L a =x + /( a) + y = 0. L, intersects L 3 and Z, 4 at 
zf and B and L 2 intersect L 3 and L A at C and D respectively 
(|2a| > | f (a)|). If area of trapezium ABCD is independent 
of a, find /(a). 

2. Let a + (3 = 1 , 2a 2 + 2P 2 = 1 and/ (jc) be a continuous 
function such that /(jc) = 2 -/(* + 2) for all x e [0, 2] 

and p = J f(x)dx- 4, q = Then find the least 

o P 

positive integral values of for which the equation 
ax 2 - bx + c = 0 has both roots lie between p and q , 
where a, b, c e N. 

3. If /(jc) is a polynomial with integral coefficient 

such that /(a,) =/( a 2 ) = /(a 3 ) =/(a 4 ) =/(a 5 ) = m 
where a,, a 3 , a 4 , a 5 are all different integers and 

m is a prime number. Prove that there exist no integer 
P such that /(P) = A/, where M is another prime number 
such that A/ - m = 5. 


4. A function / : (0, «>) -» /? satisfy the equation 


f(xy) - 2/(*)-/^— J. lf/is differentiable on R and 
/(I) = 0,/'(l) = 1, then show that 

(i) f(y) = -/^j (") f'W = “* 

And hence determines f(x). 

5. Let /(jc) is the periodic function such that 


j (f(i)) 3 dt = - l j 




Vjcs R-{ 0}. Find the 


function /(jc) if /( 1 ) = 1. 


6. Find the value of t so that volume contained 
inside t he plane 
tUt 2 -5t + ? 


jc = 2 + ■ 


12(1 —/ 2 ) 1/4 


JC?x + t: = 2i|lT7; : = 0; 

and | v I = 2 is maximum. 


7. A variable point C is on the circle x 2 +y 2 -1=0 
lying on XY plane. From point C perpendicular CN is 

• jc — 2 y — 2 

drawn to the line — — = = -j. Find minimum 

length of perpendicular. 

n 

8. Show that lim 

»->o° r= , 

a + h 

A. = - J log,. <(>(*) <**• 

a 

9. Consider A is any point and O being origin. The 
circle on OA as diameter is drawn. Points B and C are 
taken on the circle to lie on the same side of OA such 
that ZAOB = ZB = ZC = <)>. If A, B, C are z,, z 2 , z 3 
such that 2x/3z? = (2 + J3 )z, • z 3 then find angle <|>. 


>K) 


= e\ where 


10. If f(x) = and/W = 0 has 

both non negative roots, then prove that 


.fix) > - 


( a + b Y 


SOLUTION 


1. Distance between parallel lines AC and BD is 



Again area of trapezium ABDC - ~ >/2/(a)-4V2a 

= 4a /(a) 

If area is independent of a, then / (a)=/?/a where pe R 


2. As given we have a + P - 1 


...( 1 ) 
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2a 2 + 2P 2 = 1 ...(2) 

From above two equations a = P = 1/2 



and given f(x) + f(x + 2) = 2 V x e [0, 2] ...(4) 

4 2 4 

Thus p = \f(x)dx- 4 = ff(x)dx + ff(x)dx- 4 
o 02 

2 2 

= ff ( x)dx + \f(t + 2)dt - 4 [suppose x = t + 2] 

0 0 

2 2 2 

= jf(x)dx + J[2 -/(*)]<& -4 = 2j<ft-4 = 0 
0 0 0 

Then p = 0; q = 1; Let the roots of equation 

ax 2 — bx + c = 0 be a and P 
Let / (jc) = ax 2 - bx + c; 

Now f(x) = a( x - a)(jc - P) ...(5) 

Since equation f(x) = 0 has both roots between 0 and 1 

/. /(0)./(l)> 0 ...(6) 

But f(0) */(l) = c(a - b + c) = an integer ...(7) 
Least value of/(0) •/(!) = 1 ...(8) 

Now from equation (5) 

/(0) •/(!) = aa po(l - a)(l - P) 

= a 2 (ap)(l - a)(l - P) ...(9) 

a(l - a) has greatest value 1/4 at a = ^ and P( 1 — p) 

has greatest value ^ at P = ^- 

But a * p. Then from equation (8) greatest value of 

/(0)-/(O <f;r ...(10) 

From equation (8) and (10) : 

a 2 

1 < — - => a~ — 1 6 > 0; a < -A or a > 4 
16 

a e N => least value of a = 5. 

3. Let if possible there exists p e TV such that 
/(P) = M Since difference of two prime numbers can 
be odd only when one prime number is 2. 

=> AY = 7 and m = 2 => /( P) = 7 ; 

i.e. /( x) -7 = (x - P)g(x) => -5 = (a, - P) • g (a,) 

=> values of (a, - P), (a 2 - P), (a, - P), (a 4 - P) and 

(a 5 - P) can be 5, -5, I or - I 

=> any two of a,, a 2 , a 3 , a 4 , a 5 must be equal hence 

contradiction. 

4. (0 f(xy) = 2 f(x) - /^j 

Since/(1) = 0 ; putting x = 1 in above functional equation 



(ii) /'(*) = I'm 

h — >0 


/(* + /Q-/(x) 



...( 1 ) 


= lim — 

//-►OX 




h! x 


— - lim 
J x 2 //->0 


h!x l 


f 


= -/'(!)— r' im - 

X x 2 /,-* 0 


(HH) 


h/x 2 


-H^i) 


Differentiating (1) w.r.t. y, we have 

using this result we have 

/'(*)=--/'(*) = 0 i.e. f'(x) = - 
X X 

On integration f(x ) = log^x + zfc; 

/(1) = 0 gives k = 0 =>/(*) = log^- 


X 

5. Let antiderivative of J f(t)dt is g(x) 
o 

=>/(x)=g’(x) => j ( g '(x)) 3 dx = -kg(*)) 3 ; 

0 A* 

Differentiation w.r.t. x 

(g'(x )) 3 = 3^ 2 (g(Ar)) 2 g , (x)-(g(jr)) 3 -2x 


* 3 (g'(*)) 3 = 3x(g(x)) 2 g'(x)-2(g(x)) 3 



g(x) = cx (on integration) f(x) = c , (f (x) = g'(x)) 
But when p = -2 function is not periodic. 

Hence f(x) = c is the required function 
Now as /(l) = I => c = 1 . Thus /(*) = I. 
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6. All the given planes are at right angles toxz plane, 
so a cross section parallel to xz plane will be same every 
where. Thus volume will be maximum when area of 
triangular cross section is maximum. 

If we cut it by y - 0, the triangle so obtained is ABC 


where A = / 


4r-5/ + 2 
1 2(3 — / 2 ) l/4 


Let ZCAB = 0 = angle between first plane and AY plane, 
then cos0 = t 

Area of A ABC = A = AB ) 2 tan© 

1 / 2 ( 4/ 2 -5/ + 2) ^2-/ 2 _ I M 2 -St 2 +2t 

2 , 2(1 — / 2 ) l/2 *' 2 \2 
For maxima or minima 

^ = 0 => 12r-10/ + 2 = 0 

dt 

=> t=\ or {; = 24r-10 

2 J ' dr 


A is max at / = 1/3. 


^Y < 0 for t = \ 
dt 2 3 . 


7. Let the point P (cos0, sin0, 0) and a fixed point 
M on the given line be (2, 2, 0) ^ M 

MN = projection of PM on the line 

= (cos0-2)-p + j= 

V3 

(PM) 2 =(cos0-2) 2 +(sin0-2) 2 - 



_j_ 

73 


V (cos0, sin0, 0) 

-i2 


(cos0 - 2) + -p-(sin 0-2) 
V3 


(PN) 2 = ^[5-2cos0-2sin0-cos0-sin0]; 
j 

Let x = 5 - 2cos0 - 2sin0 - cos0 • sin0 
- 2sin0-2cos0 + sin 2 0-cos 2 0 

c/e 

= (sin0-cos0)(sin0 + cos0 + 2) = 0 

=> tan0 = l => 0 = t, 

4 4 

X occurs when 0 = — as — changes sign from 

m ,n 4 c/e 

negative to positive. 

s y _ c _ 2 _ 2 _ 9. _ o fj 

Amin " 5 72 72 2 2 2n 


PN = 

1 n \w\\\ 




8. S = lim ]“[ 

n-M0 r = I 


•K)f 


>th sides with respect tc 

log* < f'( a + ~) + -logf b[ a + 


= lim 

n — _ 

Taking log of both sides with respect to base e 

log,, S = lim — 
h->oo n 


,(/ + /> 


= Jlog t ,<t>(a + /or)oEr = j f log c <| )(z)dz 


(by a + bx - z) 


9. By rotation formula we have 
z 2 = ^jZ, e' 9 = Z,cos0 e' 9 ....(1) 

z 3 = -e 2 ' 0 = z i cos 20 -e 2 ' 9 ....(2) 

(considering A0C/0 f UJ ' 

Now z 2 2 =z 1 2 cos 2 0-e 2 ' e 
o z}z 3 cos 2 0 

^="i^20- 


(from equation 2) 



a 


=> z\ cos 20 = Z]Z 3 cos 2 0 

=> 2>/3z|cos20 = 2>/3z 1 z 3 cos 2 0^ ^ ..(3) 

It is given that 2$z\ = (2 + >/3)z,z 3 ; using this result 
in equation 3, (2 + V3)z,z 3 cos20 = 2>/3 z,z 3 cos 2 0 
=>(2 + V3)(2 cos 2 0-1) = 2^3 cos 2 0 


> cos 


i 2 Q _ 2 + V3 _f >/3-fl 
2>/2 


\2 


; 0 = 15°; (0 is acute). 


10, 


Given that /(*) - (* - )( x - b) - ( a * ^ ) 

sum of roots of the equation /( x) = 0, will be positive 
=*(a + b)> 0; the product of the roofs of the equation 
will be greater than and equal to zero 

=> ab-(2±^> 0 

Now /(*) will be minimum, when f\x ) = 0 

-<a*L -(^f-( £ r L ) !+ »‘-( £ r : ) 


(a + b ) 2 


ah + (Jj±bfj-2(a + b) + 


4ab 


-( a + by - 2 (a + b) + 4ab 
4 

s2 
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yjedic Mathematics 

1 o9?JW$(S>z;Z 1 

Contd. from July issue B Y * Ramkrishna B.S. Khandeparkar, Dept, of Mathematics, 

Smt. Parvatibai Chowgule College, Goa 


CUBE ROOT USING LOGARITHM TABLE: 

Using logarithm table we can find cube root of a 
number in a single step. But this step entails having 
to find the value of the antilogarithm of a number. 
Since the logarithm table or antilogarithm are listing 
each number only in four or five digits, we can find 
the cube root with precision of at most 4 or 5 digits 
using logarithm table. These table also refer to 
logarithms where the base is TEN. To find cube root 
of a , we have 

logio* 1 ' 3 = h°gio« 

Example 1 : Now, Let a - 6, then log| 0 6 i; " 

= tI°Sk) 6 = —(0.7781) [4 digits of precision] 
= 0.2594. 

Now, to get value of a , we need to find antilogarithm 
of 0.2594 which gives 1.8172. 

$6 = 1.8172. 


CUBE ROOTS USING NEWTON 

-RAPHSON METHOD 


Newton - Raphson method is much better when 
compared with other methods, specially when we aim 
at accuracy to as many decimals as we need. According 
to this method, the cube root of a number a is found 
by beginning with a guess, say x 0 , of the cube root. 
To find cube root of 6, let us take 


*° = \ 

This guess * 0 is based on simple reasoning that cube 
of 2 is 8 and therefore 2 is too high and cube of 1 is 
1 which means 1 is too low. We have the formula. 


1 

• V ' = 3 


2*o +T 
*0 


Example 2 : Let a = 6 or we find ^6 using Newton’s 
method. 





= 1.888... 

27 


We can repeat the process, and successively obtain 
better and better approximation 


by taking *o = §* ves ft = 1 .8198 

The same thing can also be achieved by solving 


3 = 


equation x 
Let f(x) = x 3 - 6, f'(x) = 3x 2 

Let x 0 be the first guess at the root function then 
final approximation can be obtained using 
fix 0 ) 


A, = A n - 


fix o) 


*o = l then a, = ^ 6 = 1.888.... 

2 2 3(3/2) 2 

Taking x 0 = 1.8888, a better approximation to cube 
root can be obtained. 


Example 3 : To find cube root of 89 
Let jc 0 = 4.5 then 



Alternatively, we solve x 3 = 89 
Let / (jc) — x 3 — 89, f\x) = 3a 2 


*1 


= *o- 


fix o) 
fix 0 ) 


4.5- 


(4.5) 3 -89 
3(4. 5) 2 


= 4.5- 


2.125 

60.75 


4.5-0.03498 = 4.4650 


Babylonian method : 

The algorithm given below is named as modified 
Babylonian algorithm. I am, rather doubtful, whether 
this method was known to them. Recently the view 
that Vedic Mathematics is a derivative of old 
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Jws# look at our GROWTH sinte we came into being ... 


161 + 170 + 312 + 355 


2002 2003 2004 2005 


=998 


Selections in 
IIT-JEE (Main) 
in Just 4 years 


DON'T WE DESERVE AN EXTENSION OF COMPETITIVE EDGE OF OUR CLASSROOM COACHING ??? 

To quench the ever increasing thirst of students 
living countrywide & gearing up for IIT-JEE 2006 

RESONANCE proudly annountes laumh of its 

All India Test Series (R-AITS) 


(THE CHOICE FOR REAL ASSESSMENT) 


TOP 10' SALIENT FEATURES 


1 .Tests synchronized with our year-long classroom coaching 
at Kota. 2. Test papers to be prepared by the most 
experienced teaching faculty of institute's classroom 
coaching. 3. All India Ranking along with more than 3000 
students of our classroom coaching at Kota. 4. Perfect blend 
of Periodic Test, Open Test & JEE Preparatory Test in a single 
Test Series. 5. Frequent check of JEE preparation through 
2Q Tests at appropriate intervals. 6. Countrywide coverage 
through 7 5 Test Centres 7. All the tests will have real 
examination like environment (No dispatch at home). 
8. Competitive & cost effective fee structure. 9. Scholarship 
to deserving students. 10. Need based options to choose 
from various packages on offer. 


HOW TO ENROLL 


To Get Application Form & Information Booklet : 

Option 1 : By Post/Courier : Send a Bank DD of Rs. 500A favouring 
‘RESONANCE' & payable at Kota (Raj.) with details like 
student’s name, complete mailing address with phone/ 
mobile nos. on the backside of DO. 

Option 2: From Institutes Reception Counter (in person ) : By paying 
Rs. 500/- in Cash or through DD/Pay order. 

Option 3: Visit our website www.resonance.ac.in for online 
application/ to download application form. 


IMPORTANT DATES 


Registration Starts : 
First Periodic Test : 


16.08.2005 (Tuesday) 

11.09.2005 (Sunday) 


75 R-AITS TEST CENTRES* ALL OVER INDIA 

Agra, Ahmedabad, Ajmer, Allahabad, Alwar, Amritsar, Aurangabad, Banglore, Bareilly, Bhagalpur, Bharatpur, Bhatinda, Bhilai, Bhilwara, 
Bhopal, Bhubaneswar, Bikaner, Bilaspur, Bokaro, Chandigarh, Chennai, Dehradun, Delhi, Dhanbad, Durgapur, Faridabad, Gaya, 
Gaziabad, Gorakhpur, Gurgaon, Guwahati, Gwalior, Hisar, Hyderabad, Indore, Jabalpur, Jaipur, Jalandhar, Jammu, Jamnagar, 
Jamshedpur, Jhansi, Jodhpur, Kanpur, Kamal, Kolkata, Kota, Lucknow, Mathura, Meerut, Mumbai, Muzaffarpur, Nagpur, Nasik, Nellore, 
Panipat, Patna, Pune, Raipur, Rajkot, Ranchi, Rohtak, Rourkela, Saharanpur, Satna, Sikar, Sri Ganganagar, Surat, Thane, Udaipur, Ujjain, 
a O ara, aransi, Vijaywada, Vishakhapattnam (‘Proposed Test Centres. The institute has all the rights to add/drop any test centre into/from the list given.) 


Distance Learning Course - vistaar 

INVITED 

TARGET IIT-JEE 2006/07 

Registration is open for X, XI & XII passed students. 

Details of R-AITS (Course Name - VIKALP) will be available on our website 
from 16.08.2005 onwards. For further queries please send an e-mail or write us. 

Enquiries solicited from interested 
persons/schools to function as Test 
Series Associate (TSA) in various 
cities all over India. Download 
Application Form for TSA from our 
website. 



RESONANCE 

(Where you will be in resonance with IIT-JEE) 


Head Office : 

J-2, Jawahar Nagar Main Road, KOTA (Raj.) 

Ph. 0744-3091927, 2437144 Fax : 0744-2425569 
Website : www.resonance.ac.in 
E-mail : contact@resonance.ac.in 
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IIT-JEE (MAINS) 



1. If n is a positive integer, prove that 
|lm(z n )|<«|lm(z))|zf 1 . 

2. If 1, a„ a 2 , a„_, are the n, nth roots of unity, 

1 , 1 + + ! 

then prove that 2 -a, 2-a 2 2-a n _, 

(/»- 2)2 n ~'+l 
2”-l 

3. Find a quadratic equation whose roots x t and x 2 
satisfy the condition 

jCj 2 + x\ = 5, 3(jrf + jc|) = ll(x, 3 +x: 2 ), 
(Assume that x it x 2 are real). 

nJ 4 1 

4 jf J n = | tan "xdx y show that 
o 

1 1 1 


By : Er. Akhlak Ahmad, ABC Classes, Gorakhpur 

9. If x 2 y = 2 x - y and |*|<1, then prove that 

3 ..5 


V + — + — + oo = 2 

^35 


3 5 

. X , X , 

T T 


/ 2 + / 4 ’ 


/ 3 + V / 4 +/ 6 / 5 + V 
common difference. 


form an A.P. Find its 


5. Show that ^(n/3+i) + 1 is divisible by 2" +l for 

all neN, where [.] denotes the greatest integer 
function. 

6. If * > 0, y > 0, z > 0, prove that 

^log c , y- log L .z + ^log c z-log e *- + z \og e x-log c 

7. If a, b, c are all positive and a < b < c, show that 


a 2 ^ a 2 +b~ +c~ ^ c~ 
c a+b+c a 


8. Consider the cartesian plane R 2 , and let X denote 
the subset of points for which both co-ordinates 
are integers. A coin of diameters 1/2 is tossed 
randomly onto the plane. Find the probability p 
that the coin covers a point of X. 


10. Find the matrices of transformations T X T 2 and T 2 T X , 
when is rotation through angle 60° and T 2 is 
the reflection in the y-axis. Also verify that 

t x t 2 *t 2 t x . 


SOLUTION 


1 . We have 


lm(z") 



Im z 


z — z 


/_\n-l 


z n - 1 +z”- 2 z+z”- 3 (z) 2 + +(z)" 

^izr' + izr 2 izi + izr 3 izi 2 + + |zT 

=i.-r , + i--r + i.-r , + 

M 


i/i-l 


Im 


lm(z) 


* n\z\" ' f llm(z”| < «|lm z||z| 


1/1-1 


2. v x n -l=(x-l)(Ar-a,)(x-a 2 ) (x-a„.,) 

Taking logarithm both sides 

ln(jc"— 1) = ln(x - 1) + ln(x - a,) + ln(x - a 2 ) + ... 

+ ln(x - a„ _ ,) 

Differentiating both sides w.r.t. a- then 

wx” -1 _ 1 , 1 , 1 [ + 1 

x n - 1 (*-0 (*-«,) (*-« 2 ) (^- a »-i) 

Putting x = 2 then we get 

»( 2)"'' 


— 1 =3^— + ^ + .... + T— 

2-a 


2" -1 2 ~ a i 2_a 2 


n - 1 


3. We have 3(x, 5 6 7 8 +a 2 ) = 1 i(a 3 + x 3 ) 

a, 5 +x 2 ii 


x +*; 
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( x f + 4 )( x i + 4 )- x f x l ( x i +x 2 ) 1 1 
(* 3 + 4 ) 3 

f* 2 ** 2 ) — _n 

( x i +x i)( x ? +x l~ x \ x 2 ) 13 

5 X I X 2 11 4 _ 

5-xjf 2 3 3 5 — jc, jc-, 


=> M + / + /' = ( 73 + 1) 2 ” + (73 - 1) 2 " 

- (4 + 275)" + (4 - 2 V3)" - 2"{(2 + V5)" + ( 2 - V5 )" ] 
-2".2['C 0 (2)" + ”C 1 (2)- ! (j3) 2 + 'C < (2r < (73) 4 t ,.,} 

=> \x] + f + f = 2 n+x k. ...(3) (where k is an Integer) 


=> 3JC, 2 * 2 + 4x { x 2 - 20 = 0 


3 x \x\ + I Ojc, jt 2 - 6x t x 2 - 20 = 0 

* (V2-2)(3^+10) = 0 XjX 2 =2,-— 

/e have (*, + * 2 ) 2 = x 2 + x\ + 2x,x 2 
= 5 + 2xjX 2 

( x i + x 2 ) 2 = 5 + 4 (if jc, jc 2 = 2) 

= 9 

*i + *2 = ± 3 

(*i + x 2 f = 5 + 2(— 10/3) (if = - 10/3) 

= z 5 
3 

hich is not possible x 2 are real 

ius required quadratic equ ations are x 2 ± 3x + 2 = 0 

We have I n +I n+2 =tf\\m n x+\m n+2 x)dx 

jt/4 . 

= / tan"*(l + tan 2 x]cbc 

o v ' 

7t/4 

= f tan" x sec 2 x dx = 
o 

1 


Hence/ + /' is an integer. 

> / + /' = 1 
from (3) [x] + 1 * 2 n+l k 


{■: 0 </+ -'<2} 


this shows that 
all neN. 




+ 1 divisible by 2 n+l for 


6. Let log, x = a, log, ^ = b and log, z = c 
x = e a , y = e h y and z = e c 
then given inequality becomes 

e a(b-c) +e b(c- a ) + e c( a -b) k3 

Since A.M. > G.M. 

e °(*~ c ) +g *( p - g ) + e c i a - l >) 




e 4h-c) ^(c-o) ^(o-A) ] I/3 


tan n+I * 


n + 1 


n/4 


1 

/7 + 1 


! n +I „^2 


= /7 + l 


tting /* = 2, 3, 4, 5, 


1 


- = 3, 


1 


= 4, 


7 2 + / 4 ’ A+A ’ A+A 


l 


J 3 TJ 5 

1 


1 =5, 7— = 6, 


4 T '6 

1 1 


/ 5 +/ 7 


nce WWMW are in A P - 

h common difference is 1. 


or 

or e^Ke^Ke^^ 

Hence, x lo *c y - ,0 h<~ + yog* * - log, * + z i og ,.r - i og , y > 3 
7. Since a < b < c 

we have a+a+a<a+b+c<c+ c +c 

or 3a < a + b + c < 3c (j) 

and 3a 2 < a 2 + b 2 + c 2 < 3c 2 ’ ’( 2 ) 

from ( 1 ) y~> [ — >-L 

3 a a + b + c 3c 


or 


^-< — ! — <-* 


Let * = (73 +l) ”=[*] + / 
ire 0</<l 

vlet (73-l) 2 "=/' 

:re 0 </' < 1 

ling (1) and (2) we get 


• 0 ) 

..( 2 ) 


3c " a + b + c ^ 3a —(3) 

Multiplying corresponding sides of (2) and (3), we 

get 3 a 2 7-<g- + 6 +c2 <3c 2 .— 

3c a + b + c 3a 

Hence, ^<^±^<1. 

c a + b + c a 


'HEMATICS TODAY | SEPTEMBER ’05 


13 


8 . Let S denote the set of points inside a square 
with corners ( a , b)> (a, b + \), (a + 1 , b + 1 ), 
(a + 1 , b) e X. Let P denote the (a, 6 + 
set of points in S with distance 

less than ^ from any corner 



point. (Observe that the area (a. b) {a+\. b) 

1 


and 73,7 ] \ - 


'-1 0 " 

1 

'i -S 

0 1 

x — 
2 

S 1 . 



-1 + 0 V3+0 

0 + yfe 0 + 1 


of P is equal to the area inside a circle of radius 4 ). 

Thus a coin, whose centre falls in 5, will cover a point 
of A' if an only if its centre falls in a point of P. 

M.*. 



-1/2 S/2 

Si 2 1/2 


...( 2 ) 


It is clear from ( 1 ) and (2). Tfo * I'-J'x 


area of P 
Hence, P ~ area of s 


16 


Available 


9. Given x 2 y = 2x - y, y(\ + x 2 ) 2* 


2x 

y= T 77 


Now L.H.S. = y + ~Y + 5 




f 2 jc ^ 
1 + — 




1 + x 


1 - 


2 jc 


iv 1 + x* ) 

1 (o+*) n 
= 2 l08 {( l ^) 2 


1 , ( 1 + x 2 + 2x 

= 2 1o H777^. 
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10. T,= 


cos 60° 

-sin 60° 


' 1/2 -Si 2 

sin 60° 

cos60° 


S/2 1/2 


1 —S 
S 1 



and T 2 = 


-1 0 
0 1 


rj. i-i 


i - S ' 

S i 


-i o 

o i 


' - i+o o-S 

_ 1 

■-1 - S ' 

— S +o o+i 

2 

-S 1 . 


-1/2 -S/2 
-S/2 1/2 
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BEST 



ALGEBRA 

By Er. Tapas Kumar Yogi, Lucknow 


1. Find all numbers ‘ a ’ such that the equation |x+|x|+fl| + \x -|x|-fl| = 2 has exactly three solutions. 


2. Let the sequence of integers a h a 2 , a 3 , .... be defined by a } = 2, a 2 = 3, a 3 = 7, a 4 = 43,.... and in general 

1 


a n + , = 1 + a } a 2 a 3 ... a n for all n > 1. If S n = —+— + ....+— and P n = - 

a n <*\a 2 ' a i - a n 


are the sum and 


the product of the reciprocals of the first n numbers in the sequence, then compute S2005 + ^2005* 


3. Let f f 2 f 3 ... be a sequence of integers satisfying/,., + f n = 2n v n > 2. If/, = 100, Find /, 0 oo- 

4. Find all positive integers n such that n 2 + 25w +19 is a perfect square. 

5. The cubic polynomical p(x) = x 3 - 4x 2 + 2 has three distinct real roots say a, P and /•. Find a 4 + P 4 + r 4 . 

6. If x is any real number and [*] denote the largest integer that does not exceed x. Suppose a & b are positive 

numbers such that — + — = 1. If m and n are positive integers such that [ma] = [nb], show that ma & nb are 
a b 

integers. 

7. For any positive integer n , let S(n) denote the sum of its digits. Show that the equation n + S(n) = 1,000,000 
has no solution. Also solve the equation n + S(n) = 1,000,000,000. 

8. Let F, = 1, F 2 = 1, F 3 = 2, F 4 = 3, F s = 5 and in general F n = F n _ , + F n _ 2 v w ^ 3. (This is the famous 

f 

Fibonacci sequence). Show that —7 —<1.7 V«>4. 

Fn - 1 

9. Let / be a function which assigns to each positive integer c «’, a positive integer / (/?). We suppose that 

/ = / (a) •/ (6) -f(a)-f(b) + 2 for all positive integers 0, b and that/ (c !) = c ! + 1 V c > 10 10 . Show 
that f(n) = n + 1 for all n. 

10. Some of the people attending a party hate each other, but no one at the party hates more than three other guests. 
Prove that it is possible for all of the people at the party to assemble in two large rooms so that in each room, 
no individual hates more than one other person in that room. Assume that the hatred relation is symmetric, 
which means that if A hates B , then B also hates A. 
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SOLUTION 


1. |x+|jc|+a| +|x -|x|— a| = 2 changing x to -x in the 
LHS of the above equation, we have 

|-x+[-x| + a|+|-x-H-a| 

= |-x+|x| + a| + |-x-|x|-a| 

= |x — | jc| - a\ + \x + |x| + a\ = 2 from above. 

Hence, if jc is a solution then -x is also a solution. 
Thus, in order to have an odd number of solutions, it 
is clear that x — 0 must be one of these, 
substituting x = 0, we obtain 
|a|+H = 2^2|a| = 2=>|a| = ±l 
If a = 1 and x > 0 then 

|x + x + l|+|x-x-l| = 2; |2x + l| + l = 2 

2x + 2 = 2; x = 0. But -x is a solution. Iff x is, so there 
is only one solution in this case on the other hand if 
a = -1 and x > 0 then |^ + j:-l| + |x-^ + l| = 2 or, 
x = 0, 1 . Thus in this case we have the three solutions 
x = 0, 1, -1. 

a =-l is the required value of a. 


2. a n + 1 = 1 + a ] a 2 a 3 ...a n 


1 1 


S n + — +... — 

a 2 a n 

P - 1 _ 
r n 

a\a 2 ...xj„ 

Let t„ = S n + P„ 

now, 5^, = j - +s »- ( b y< 2 )) 

a n + 1 

and P„+ 1 = P n (by (3)) 

o n +\ 


•••(I) 

-( 2 ) 

...(3) 

...(4) 


Now, P„-P n+ i=P„ — — = P n 

a n+\ 


a n+l ~ 1 


tfn+1 . 


Pn * 

a n + 1 

P n ^ 1 

a n + 1 Pn 


1 

a n+\ 

Hence, from (4) and (5) 


By (l) 
By (3) 
••(5) 


1 


\ — S„ P„ — P„ +i — 

a n+\ 

or, S n + 1 + P n+i — S n + P n or, — t n . 
^2005 ~ ^2004 ” — = H = *1 = + P\ ~ I 


3. Consider +/, = 2n V 2 ...(1) 

then/„_, +/„_ 2 = 2 (« - 1) V « > 3 ...(2) 

substracting (2) from (1) we get 

fn-fn - 2 = 2 V M>3 
i.e.f„ = 2+f n . 2 y n>3 
SO ,f n = 2 +/„_2 = 2 + (2 +/„-„) = 4 +/„-4 

Un-2) + f 2 if mg even 
similarly,/, = 8 +/^ = | (|f _ 1) + yr we odd 

and f 2 + /, = 4 from (1) 

So, / 2 = 4 -/, = 4 - 100 = -96 


(m-2)-96 if neeven 
(m-1)+ 100 if we odd 

(m-98) if mg even 


Hence, /„ = 

/.e. f — 

n + 99 if n e odd 
So, /i ooo = 1000 - 98 = 902. 


4. Now, (« + 4) 2 = n 2 + 8w + 16 < n 2 + 25w +19 
and ( n + 13) 2 = n 2 + 26« + 169 > n 2 + 25w + 19 
Hence, rr + 25 n +19 = (n + A:) 2 = n 2 + Ink + k 2 
for some integer &, 5 < k < 12. 

So, from the above eqn. we have 

k 2 -19 


25w + 19 = 2wA: + A: 2 or, n = 


...( 1 ) 


25-2 k 

by considering the eight possible integers k between 
5 and 12, we see that k can only equal 8, 11 or 12. 
when k = 8, (1) gives n — 5 
and k - 11 gives n = 34 ; k =12 gives n = 125. 
since, n 2 + 25n + 19 = (n + k) 2 for all such pairs (w, k), 
we conclude that 

n- 5, 34 and 125 are the only possibilities. 

5. x 3 - 4x 2 + 2 = 0 has a, P, y as its roots so,by standard 
results of theory of equations, we have, 

a + P + y = 4 

aP + Py + CXY = 0 and ocPy = -2 
Let S k = a* + p* + Y* for every integer k > 0 ...(1) 

Now, S 0 = a 0 + p° + Y° = 3 

1 S 1 = a+ P + Y = 4 from above 
S 2 = a 2 + p 2 + y 2= (a + P + Y) 2 - 2 (ap + Py + ay) 
= (4) 2 - 2(0) = 16 

As a is a root of the equation, so a 3 - 4a 2 + 2=0 
Multiplying by a*" 3 , a*- 4a*" 1 + 2a*" 3 = 0 
similarly, P* - 4P*" 1 + 2P*" 3 = 0 

and Y* ~ 4 y* _1 — 2y k ~ 3 = 0 

Adding and in view of (1); S k - 4S*.! + 2S k _ 3 = 0 
So, S k = 4 S k _ x — 2S k _ 3 
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Hence, S 3 = 4S 2 - 25 0 =58 
and S A = 4 S 3 - 2S ] = 224 

Obviously, we can continue this process to compute power 
sums with larger and larger exponents. 

6 . Let k be the integer with k = [ma] = [/? 6 ]. 
then, k < m < k + 1 

k k + 1 • -i , k ^ + 1 

or, — < m < similarly, —<n< 

b b b b 

Adding the above inequalities and using 

— + 7 = 1 , we have k<m+n<k+ 1 
a b 

But, since (m + n) is an integer (by given data), so we 
must have k = /;? + > 1 and hence all the < inequalities 
above must be equalities. In particular ma and nb are 
both equal to the integer k. 

7 . Consider the equation n + S(n) = 1,000,000. 

Here S(n) > 0, we have n £ 999,999. Thus n has at the 
max. 6 digits and hence S(n) £ 6 * 9 = 54. It follows that 
n > 1,000,000 - 54 = 999,946. So, n = 999, 9 xy where 
x, y, are digits (i.e. between 0 & 9), with x > 4. 

Now, n - 999,900 + (10*) + (y) and 
S in) = 36 + * + y so the original equation becomes 
999,900 + 10* + jy + 36 + *+ >> = 1,000,000 
i.e., 1 1 a- + 2y = 64. 

Obviously * < 5, because if * = 5 then 2y = 9 and if 

* = 4 then 2.y = 20. In either case, y is not a digit. 
So, the eqn. has no solution. 

We solve the eqn. n + S(n) = 1,000,000,000 in a similar 
way. Here n has atmost 9 digits. So, S(n) <9x9 = 81 
and n > 999,999,19. 

Thus n = 999,999, 9 xy = 999,999,900 + 10* + y, with 

* > 1 and S(n) = 63 + x + y. So, the given eqn. and a 
bit of simplification becomes 11* -+- 2j^ = 37; clearly 

* is not even and < 3. If * = 1 then 2 y = 26 and y is not 
a digi t. Hence * = 3, 2y = 4, y = 2. so, n = 999,999,932. 

8. We use mathematical induction on n to show that 

-^-<1.7 Vn>4 
F „- 1 

Fa 3 , _ , _ 

To start with, we have = — = 1 .5 < 1 .7 
F 3 2 

Fc 5 

and — = — =1.67 <1.7 and therefore we need 
F 4 3 

consider only cases where n > 6. Let us assume that we 
have already proved. 

F k f . 

— — < 1 .7 when 4 < ^ < /7 - 1 and so in particular, we 
^t-i 


have (by taking k-n - 1 and then k-n-2). 


£2=*- < 1.7 
F n -2 


a,IU F„_3 

Hence, = F*., + F w _ 2 < 1.7 F /f _ 2 + 1.7 F^ 3 
i.e., F„ < 1.7 rF n _ 2 + F„_ 3 ) or, F„ < 1.7 F 
F„ 

we conclude that “ <17 and the result follows by 

*n~\ 

induction. 

9. Let us say that a positive integer n is “good” if 
/(*) = /?+ 1. Our aim, therefore, is to prove that all 
positive integers are good. First, we show that if n and 
m are positive integers and both n and nm are good, ther. 
m is also good. We have 

nm + 1 =f(nm) =f(n) • f(m) -f(n) -f(m) + 2 
= (n +l)/(m) - (n + l)-/(m) + 2 
solving, /(/w) = w + 1 and thus m is good, as claimed. 
Ifc > 10 8 * lo thenc- 1 > 10 10 and we know by assumption 
that both (c - 1)! and c ! are good. But c ! = c x (c-l)! 
and so if we set n = (c - 1 ) and m = c, our previous result 
shows that c is good. Now, consider the set A of all 
positive integers that are not good, and assume that A is 
not the empty set. We have seen that no member of A 
can exceed 10 10 and so A contains some largest number 
k. Then (k + 1) is good and so is k (k +1). If therefore 
follows by our earlier observation that k is also good. 
But this is not true since we chose k in the set A. This 
contradiction proves that our assumption that A is non 
empty must be wrong and so, A is empty. In other words, 
all positive integers are good. 

10. Start by randomly dividing the guests in the two 
rooms. Measure the intra-room hatred by counting the 
total number N of pairs of people who are in the same 
room and who hate each other. If there is someone who 
hates more people in his own room than in the other room, 
choose one such person and move him to the other room. 
Note that this move causes the quantity N to decrease. We 
continue, for as long as we can move one person at a time 
from one room to the other, reducing N with each move. 
At each stage, N is an integer and since it can never be 
negative, we cannot continue to reduce it forever. 
Eventually we must arrive at a situation where no move 
will reduce N. When that happens, no one will hate more 
people in his own room than in the other room. Since each 
person hates at the max. three people in total, we see that 
when /V has been reduced as far as possible, no one will 
hate as many as two people in his own room. ■ 
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dividend, Q stands for quotient and R stands for 
remainder. Also to begin with we take an example 
of an exact cube and find its square root by 
general method and in the next article switch over 
to finding cube root of any number using this 
method. 

Example 9. Find the cube root of exact cube 2*^474853. 
The given cube has 258 ' 474 ' 853 three groups and 
therefore cube root has three digits, say, xyz. 

The largest perfect cube less than 258 is 216 = 6 3 . 
We write, D — 3 x 6 2 = 108, Q = 6 and R = 42. Also 
we have x = 6 

258 ' 4 7 4 853 

108 42 

6 ~: 

Next, D = 424, 424 +108 giving Q = 3 and R = 1 00. We 
get^ = 3 

258 ' 4 7 4 8 5 3 

108 42 100 

6 : 3 

Next, D= 1007, 3 xy 2 = 3 x 6 x 3 2 = 162 
1007 -162 = 845 

845 + 108 giving Q=1 and R = 89. We get z = 7. 
Now note the following steps which are very 
mua’h important when the number is not a perfect 
cufbe. 

258 ' 4 7 4 8 5 3 

/ 108 42 100 89 

3 7 

Next, D = 984 , y 3 + 6 xyz = 27 + 756 = 783. 
894-783 = 111 

111 + 108 giving 0 = 0 and R = 111. 

258 ' 4 7 4 8 5 3 

108 42 100 89 111 

6 : 3 7 

Next, D = 1118, 3XZ 2 + 3 zy 2 
= 882 + 189 = 1071. 

1118-1071 = 47 

47 + 108 giving 0 = 0 and R = 47. 

258 ; 4 7 4 8 5 3 

108 42 100 89 111 4 7 

6 : 3 1~~ 

Next, D = 475 , 3 yz 2 = 441. 

475-441 = 34 

34+108 giving 0 = 0 and R= 34. 


258 ' 4 7 4 8 5 3 

108 42 100 89 111 47 34 

6 : 3 7 

Next, D = 343, z 3 = 343. 

343 - 343 = 0 
giving 0 = 0 and R = 0. 

Thus, the process terminates and we get required cube 
root 637. to be continued ... 
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PROBLEMS 


By : Deptt. of Mathematics, Momentum, Jabalpur 


1. Let f(x) is polynomial having n real roots such 
that /(-l) =/(l). Each root a of/ is real and satisfies 
0 < a < 1 . Prove that the product of the roots doesn’t 
exceed 1/4". 

2. Two runners A and B start at the origin and run 
along the positive x-axis, with h running 3 times as fast 
as A. An observer, standing one unit above the origin, 
keeps A and B in view. What is the maximum angle of 
sight 0 between the observer’s view of A and B1 

3. If /(x) = { prove that 3/(2) < 1 . 

, 2 + 1 

4. Find the value of the positive integer n for which 

n 

the quadratic equation Z (*+£-l)(* + &) = 10 n, has 
k = l 

solution a and a + 1 for some a. 

x 2 y 

5. If j f(t)dt is independent of x and /( 2) = 2, find 

JC 

X 

the value of \f( x )dx. 
l 

6. Show that an equilateral triangle is a triangle of 
maximum area for a given perimeter and a triangle of 
minimum perimeter for a given area. 

7. A boat starts off from one side of a river at a point 
A and heads toward a point B on the other side of the 
river directly across from A the river has a uniform width 
of c meter and its current downstream is a constant 
a m/s. At each moment, the boat is headed toward B 
with a speed through the water of b m/s. Under what 
conditions on a, b and c will the boat ever each the 
opposite bank? 

8. Let f(x) be a non-negative continuous function 
such that f'(x)-f(x) < 0, V x > 0 and /( 0) = 0. Find 
the value of/(l). 


ANSWERS 


1 . Let/(x) = (x - a,)(x - a 2 ) (x - a n ) 

/H)=/(l) 

=>(-l-a t )(-l-a,)...(-I-a /i )=(]-a,)(l -a 2 )...(l -a„) 


=> (-1 /(I +a,)(l +a 2 )...(l +a )=(1 -a,)(l -a 2 ) ... 

(1-a )....(!) 

v each root a,, a 2 ... a ;j is between 0 and 1. 

.-. right side of equation (1) will be > 0 

and if right side (+ve), then left side will also be (+ve) 

=> (-1)"(1 + a,)(l + a 2 ) ... (1 + a n )> 0 

=> (-1 )" = +ve = 1 

so, from equation (1) 

(1 + a,)(l + a 2 ) ... (1 + a ) = (1 - a,)(l - a 2 ) ... (1 - a ) 
Now, (1 +a,)(l - a,) = l- a ? < 1 

(1 +a 2 )(l-a 2 ) = \- a \ < 1 

=> [(1 +a,)(l +a 2 )...(l -a )][(1 -a,)(l -a 2 )...(l -a )] < 1 

=*(l+a,)(l+a 2 )...(l-a,)<l ...(2) 

from AM - GM inequality, 

^->[(a,)(l)] ,/2 

^£[(l)(a 2 )] ,/2 

^>[(l)(a n )] 1/2 

=>(l + ai)(l + a 2 )...(l + a n ) £ 2"(a,a 2 ...a„) 
=>a,a 2 ...a„ < -^-(l+a 1 Xl+a 2 )...(l+a„) 

=> (a,a 2 ...a„) < 

4 

(v (l + a I )(l + a 2 )...(l + a„) < l) 


2. Let distance of A 1 ^ 
from the origin is *. Then 
B is 3x units from origin. 

Let 0, be the angle 
between y-axis and the 
line of sight of A , and 0 2 
be the corresponding 
angle from B. 

Then 

From figure, tan0, = * and tan0, = 3 jc 
from equation (1), 



tan0 = 


t an(e 2 -e,) = i ^ n V an9 ' 

2 1 l + tan0 2 tan0| 


•-(I) 
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Problem File 


A collection of conceptually challe?iging problems with 
solutions which has no motive to demoralise you 

This file contains problems in three sections - 

(a) Screening file 

(b) Mains Short questions file 
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T he problems are right upto the JEE level 
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tan0 = 


3jc — jc 


2x 


l+(3x)(x) i+3x 2 

Since, 0 is beween 0 and rc/2, 
so, maximizing 0 means to maximize tan0 
2x 

=> we have to maximize 


Let y = 


2x 


\ + 3x z 

dy _ 2(1 — 3jc 2 ) 

1 + 3jc 2 ~~ dx (1 +3x 2 ) 2 

= 0 x = — U (jc cannot be < 0) 

dx J3 


dry -24jc n f 1 

— f = r-r < 0 for x = —j= 

dx 2 (l + 3;c 2 ) 3 V3 

=> v is maximum for x = — L 

V3 

2(l/^) , 

- max<,a " e) “I TmW ’ 7> =* 9 "“ ’ 30 '- 


* $ 

3. Given, /(jc) = J - — r 
i 2 + r 


Differentiating w. 

=> /’(x) = — — -4 
2 + jc 


•r.t. jc, f'(x) = /L ~ 


2 + jc 


v f'(x) is continuous and differentiable 
Now applying Lagrange’s Mean value theorem in the 
interval [1,2] 

/(C) ~ 2-1 2 + c 4 1 


dt 


1 


/0) = lr ili T = 0=>/(2) = — T 
1 2 + x 2+c 

v 1 <c< 2 => 3<1 + c 4 <18 
=>/(2)<!=>3/(2)<l. 


4 Z (x + ^ - l)(x + k) = \0n 

k = \ 

=> x(x + 1 ) + (x + l)(x + 2) + . . . + (x + n - lXx + n) = 1 On 
=> nx 2 + x { l + 3 + 5 + ... + (2n - 1 )} + 

{2 + 6 + 12 + ... + n(n — 1 )> — 1 0/7 = 0 
=>nx 2 + xn 2 + s- 1 0/7 = 0 ...(1) 

where, 5 = 2 + 6+12 + ... + n(n- 1) 


5 = I *r-l) = ”l »(/ + 1) = l'i 2 + ”Zi 


n 

Z 

r = 2 


/ = ! 


; = 1 / = 1 


= l( w -lXn-l + l)(2n-2+l) + (/»-l) ( ” * + 1) 

= i(«-l)n(2n-l) + («-l)| 

c, _ n(n- \)( 2w-l , _ n(n - 1)(2m + 2) 

< 

Putting the value of 5 in equation (1) 

2 2 w(w-l)(2rt + 2) 

nx z +xn 2 +— - — 1 0/7 = 0 

2 6 

nx 2 +« 2 jc+-^Z — — — 10/j = 0 

/. equation has roots a and (a + 1). 

=> (Difference of roots) 2 = 1 


( 4 ) 


n 2 -4 


n 2 - 1 


-10 


= 1 


=> 3n 2 - 4n 2 + 124 = 3 => n 2 = 121 => n = 1 1 . 

ar 2 ^ 

5. ’•* j f{t)dt is independent of x, 

jt 

=> f(t)dt = 0 => 2xy f(x 2 y) - (1) f(x) = 0 


=> 2 xyf(x 2 y) = f(x) 

1 2 

on putting y = -=• => - /(l) = /(x) 
x x 

Notv J f{x)dx = 2/(1)] ^ 

1 1 * 

=> j /(x)cfr = 2/(1) In X 
l 

on putting x = 2 in equation ( 1 ) 

=> f/0) = /( 2) => /(l) = /( 2) = 2 

=> } f(x)dx = 2(2) In x => J /(jt)cir = 41nx. 
1 1 

6. Let a, b, c are sides of a triangle, 


...(1) *• V 


\ 


Then area, A = yjs(s - a)(s - b)(s - c) 

Using AM-GM inequality for three (+ve) numbers 
(s - a)(5 - b) and ( s - c), 

(*-a)^,-b)Hs-c) 2 [(s . oXs . tx ,. c) y/! 
=> 3s-(,+b+c) 
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[(*-aX*-6)(*-c)] ,/3 <4 


s(s - a)(s - b)(s - c) < 


27 


^ A < -> A < (where p = 2s is perimeter) 

2 

From above relation, /T = 

12 V 3 

and equality holds only iff, 

(s - a) = (s - b) = (s - c) => a = b = c 

triangle is equilateral 

If A < 

12V3 


Then p 2 >\2^3A=> p>yjYhfi(A) 

So now perimeter will be maximum for given area A, 
when equality will hold and equality holds when 
(s - a) = (s - b) = (s - c) => a = b = c 

triangle is equilateral. 

7. Let B be the origin. 

The direction of axes are as 
shown. 

Resultant velocity of boat in 
X direction is b cos0 along 
negative X. 

\ ^ = -bcosQ ...(i) 

at 

In Y direction resultant velocity is 6sin0 - a 
[0 is angle as shown] 

=6sin0-a ...(ii) 

__ . ... „„ t dy 6sin0-tf 

Dividing („) by (.) ^ ...(Hi) 

If instantaneous co-ordinates of boat are (x, y) then from 
figure 

y 



sin0 = 




and cos0 = 


y]x 2 + y 2 


Equation (iii) becomes ^ 

dx bx 

Now this is a homogenous differential equation of order 
one in * and y 
Let y = zx 


z + x 


dz 

dx 


= aJl77 + bz ^ ± = 

b dx b 


dz a f. J 


r dz a rdx 

yj\ + z 2 & x 

^ | yj\ + z 2 + z | = In | * | + In (where In d is constant) 

Z + Vl + Z 2 | = d \ *| 


y + Jx 2 +y 2 


= d\x\ 


\a/h 


^y + JTTy 2 =dx^ + '^ 

At / = 0 , x = c and y = 0=> d = c~° /h 

; c a/h y x 2 +y 2 +y ) j = x olh+ ' 


Thus 


>y 2 c u,h 


(x a/A + l - , 


,2 a/h -\-alh 


)■ 


Case I : If 1 - - = 0 (In this case, b<a, that the current 

is faster than speed of boat) 

Then as x -» 0, y -» -00 

(boat never reaches the opposite bank). 

Case II : \ = 0 

b 

(In this current is same as speed of boat) 

Then as * — > 0, v — > — -c 
2 

(boat reaches at a distance below B equal half of width of 
river). 

Case III : 1 " > 0 (boat is faster than current) 

Then as x — > 0, y — » 0 
means boat reaches point B. 

8. Given f’(x)-f(x) < 0 V x > 0 
=>e- x f'(x)-e~ x f(x) <0Vjc>0 

=> ( e~ x f(x)Y <0Vr>0 

Let g(x) = e~ x f(x) => g'(*)^0 V jc>0 

=> g (*) is decreasing function V x > 0 

=> g (x) < g (0) V * > 0 

=> g(x)< e~ {) f(Q) V x>0 

=>g(x)</( 0) V x>0 

=>g(x)< 0V*>0 ('-■ / (0) = 0) 

=> g(l)< 0 =>e“'/( I) < 0=>/(l) £ 0 (v e~ x >o) 
But it is given that f(x) is non-negative =>/(!) = 0. 
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SOLVED PAPER 2005 



1 . A tall electric pole is to be kept in a vertical position 
by a stretched wire from a point on the ground. The 
wire has to clear a wall of height a m and this wall is 
8 a m away from the pole. What is the least length of the 
wire that can be used for this purpose? 

(a) I Or/m (b) 12am 

(c) 5\[5a\n (d) —y/Sam 

2. If (2 - 3A +A ?) k =A 0 + A{k + A 2 X 2 +...+ A 2k X u and 

/t 0 + ^ + /l 4 + /J 6 ... + A 2k = 648. What is the value of A? 
(a) 4 (b) 5 ~ (c) 6 (d) 7 

3. Five-letter words are to be constructed using the 
letters of the word 'Equation' so that each word contains 
exactly three vowels and two consonants. How many of 
them will have all the vowels together ? 

(a) 3600 (b) 1800 

(c) 1080 (d) None of these. 

Directions : The following five (5) items consist of two 
statements : one labelled as the 'Assertion (A)’ and the 
other as Reason (R)\ You are to examine these two state- 
ment carefully and select the answer to these items using 
the code given below : 
code : 

(a) Both A and R are individually true and R is the 
correct explanation of A. 

(b) Both A and R are individually true but R is not the 
correct explanation of A. 

(c) A is true but R is false. 

(d) A is false but R is true. 

? * ln M -o 

4. Assertion (A) : J ,, , 


o (i +<r 

x In | . 
(l+JC 2 ) 2 


- by A l ok Kumar, B.Tech., I IT Kanpur 

Reason (/?) : J 1 ^ /( x) exists if the left-hand limit 
is equal to right-hand limit. 


Assertion (A) : 


1 +- 


J_1 


1 0000 


ioooo j 

where [.] is the greatest integer function. 


= 2 


Reason ( R ) 


: 2 <(l + — 
V n 


<2.5 foraIl/7e/V. 


8. Let R„ be set of all real numbers except zero. A 
binary operation * on R 0 is defined by a*b = |c/| ft, where 

\a\ is the absolute value of a. 

Assertion (A) : (/? 0 , *) is not a group. 

Reason (/?) : * is not associative on R 0 . 


9. 

(a) 

10. 


If 


sin 0 5045 


0 5046 

1/30 (b) 1/29 


what is the approx, value of 0 ? 


(d) 1/27. 

7; then what .Is 


Reason (R): /(*) = '"T l is an odd function - 


5. Let 5, = p + (p + q) + (p + 2 q) +...+ {p + (n-\)q) 
and S 2 = / + //* + tr 2 + ... + tr"~ x where p, q , /, r > 0. 
Assertion (A) : If p + (n - 1) q = /r"" 1 , then S 2 < S { . 
Reason (R) : The geometric mean of any two unequal 
positive integers is always less than their arithmetic mean. 

J l-cos(2v-2) 

6. Assertion^): hm = exiSii 

X-\ 


(c) 1/28 

I f a * b = a * h — 2, and if * * 3 
the value of a 1 ? 

(a) 4 (b) -2 (c) 6 (d) 1. 

11. What is the coefficient of cos 3 0 in the expansion 
of cos 70 in powers of cos 0? 

(a) -112 (b) -56 (c) 112 (d) 56 

12. What is the smallest positive number p for which 
cos (p sin x) = sin (p cos x) ? 

(a) n/2 (b) Ji/(2^2) 

(c) 1 /(2-Jl) (d) ti/72- 

,, , f 2 4 6 8 

1! 3! 5! 7! 
what is the value of jc 2 ? 

(a) sin 2 (b) 1 - sin2 

(c) 1 + sin2 (d) sin2-l. 

14. What is the value of 

cos 6 5° - 1 5 cos 4 5° sin 2 5° + 1 5co s 2 5° sin 4 5°- sin 6 5°? 
(a) 1/2 (b) 1/^2 (c) >73/2 ( d ) 1. 

15. If cos (x - v)= -1, what are the values of 
(sin x + sin v) and (cos a* + cos y), respectively? 

I (a) 1 and I (b) 0 and 1 

! (c) 1 and 0 (d ) 0 and 0. 
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Mob. : 9837433932 


email : crboard@hotmail.com Visit us at : www.crbinstitute.com 


HEMATICS TODAY | NOVEMBER '05 


37 












By : Er. Akhlak Ahmad, ABC Classes, Gorakhpu 



1. If line jc = y = z intersect the line 

b 2 x + (2 - 4 a)y + z = 1 ; z 2 x + ( 1 - 2 b)y + z = - 1 
then find all the possible values of a and b. 

2. Prove that tan (- 314°) > 61/59. 


n 1 

3. If % = Z - — > then prove that 

r=° C r 

n 2 

+ 0(« + 2)a n+2 - 3(n + l)a n+ , 

+ a„ - (n + l)(w + 6). 

4. Let f(x + 2 y)=f (x)(f (y)) 2 for all x and y. 

If /'( 0) = ln2, then prove that 

/(*)(/(«*) - 1 ) 

/( x) +/(2x) +f(3x) + ... +J[nx) - f( x )-l 
(consider /(.x) is non-negative function). 

5. Let 2x + 3y = 6 be a line meeting the coordinate 

x y 

axes at A and B respectively. A variable line ~ ~ = 1 

meets the axes at P and Q respectively in such a 
way that the lines BP and AQ always meet at right 
angle at R. Find the locus of the orthocentre of the 
A ARB. 

If the argument of ( z - a)( z - b) is equal to that 
(V 3+/)(i+^f 


6 . 


of 


1 + 7 


, where a, b are real numbers, 


then find the locus of z in the argand diagram. Find 
the values of a and b so that the locus becomes a 
circle with its centre at (3 + /)/ 2. 


4 

tan ^ 

y] 


l tan 1 | 


+ tan _1 

[25+jc 2 -10x] 


\dx 


7. Evaluate / = J 


where [.] denotes the greatest integer function. 


8. Solve the differential equation 

(xy 2 -e' ,x )dx-x 2 ydy = 0. 

9. An ellipse has the points (1, -1) and (2,-1) as its 
foci and *+>>-5 = 0 as one of its tangent. Find 
the coordinates of the point where this line touches 
the ellipse. 


10. If any tangent to the curve ax 2 + 2hxy + by 2 = \ 
(Jr * ab) makes with co-ordinate axes a triangle o 
constant area, then show that the curve is a rectangula 
hyperbola and also find the area of the triangle. 


SOLUTIONS 


1. .x =y =z = /: If both lines intersect then intersectioi 
of first line with both the planes is same. 

1 = 1 
, e - b 2 + (2-4a) + l a 2 + 1-26 + 1 
i.e. (b — l) 2 + (a — 2) 2 = 0 => a — 2 and b = 1 . 


2. tan(-3 14°) = tan 46° = 


1 + tanl° 


1 -tanl° 

l + tan l80° ; * + 180° ; l + 180° _61 

i _ tan 71 1 ZL i 3 59" 

180° 180° 180° 


n 2 n 


(r+jT 2r + ] 


n c n c 

J 


£ , . i\ 77 + 1 £ 2r + l 

= I n (r + 1) ^V 

r=° C r+| r=Q C. 


n r , 9 n i 

=(n + DI 1 ^— («+i)Z=r: 

r=0 C r+ , r=0 C, 


r + 1 


_ 2 i£±i+i-L 

r=0 "C. r=0"C. 


-(«+lX»+2)i- 7 A (/, + DI-ii— 

r -0 C n + 2 r ~° L w+ i 


1 


-*" +I >Z«£- + fcrr ...0 

r = 0 C r+] r-0 C r 


= ( W + l)(n + 2) I n+2 L — =( W + 1) I 1 


r =0 


-r+2 


— n + 1 ^ 

r=0 C, 


r+1 


-2(« + l) I 

r= 0 C r+ , r =0 "C 


-+ I — 


= (« + !)(/» + 2) 


a n+2 /h-2^ n+2^ 

C 0 C 1 


1 


1 
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-3(« + l) 


a n + 1 ;i+|. 


-0 J 




= (n+\)(n + 2)a n + 2 - {n+ 1)(/J + 2) - (n + 1) 

-3 ( n + 1 )a„ + , - 3(w + 1) + 

- (/? + l)(/7 + 2K + 2 -3(/7+ \)a n + \+a„-(n+\)(n + 6) 

x .. f(r + h) — f(x) 

l f (x)= lim — ; ■ ■- 

* • v 7 /»->o h 

. | im /w/ i (*^)-/w. /w „ m /!& 

h h-+Q h 


4 

M 


tan [(5-x)'] 


i tan l [(5 — jc) 2 ] + tan '[x 2 ] 


dx 


...( 2 ) 


Adding (1) and (2), 2/ = f<Ar r^>2/ = 3 =>/=4_ 


8. xy(ydx - xdy) = e dx 


l/jr 


/»-»0 


/,_»(! (2x/j/2) v V2/ y 

= /(*)/' (0) 


[since, /(0) = 1] 


= /Wln2=> £ ?= ln2 => f(x) = 2 x + c 

fix) 

>ince,/(0) = I => c = 0 =>/(*) = 2 V 
(at) +/(2x) + ..../(/ix) = 2 r + 2 2t + 2 nx 

_ 2 x (2 nx -\) _ f(x)(f(nx)-\) 

2 X - 1 /(*)-) 

>. Since AB is fixed for all positions of R and 
CARB = 90°, locus of R is a circle with AB as diameter, 
.e. required locus is 

x(x - 3) + y(y - 2) ~ 0 => x 2 + y 2 - 3x - 2y = 0. 
>. (z - a)(J - b) = zz - a z - bz + ab 

(v r = * + iy) 

= x 2 + y 2 - ax - bx + ab + i(a - b)y 
argument of (z - a)( ~z - b) 


= tan 


-l 


y(a-b) 


x 2 + y 2 - ax- bx + ab 


...d) 


Uso (73+/)(l + V37) _ V3-V3 +/(! + 3) 2|2 . 

1 + / 1 4* / 

Argument of 2 + 2/ = tan‘ , (2/2) = 7t/4 


...( 2 ) 


: rom (1) and (2) 


y(a-b) 


< x 2 + y 2 - (a + b) x + ab 


= 1 


=* x 2 + y 2 - (a + b)x - (a - b)y + ab = 0 

"hus the locus of r is a circle. 

, . 3 + / a + b _ 3 

jiven centre is => — ^ 

a-b _ 1 
2 2 


nd 


* = 2,Z> = 1. 


Let / = f tan ~'[^ 2 ] 

i tan _l [j: 2 ] + tan’ l [25 + Ar 2 -lOx] 

ft /. 

tppling !/(*)<& =J /(a + 6 -*)<&, we get 




=> —(xdy - ydx) = ^~dx 

y 2 2 l/x 3 

Integrating, we get — r = Te +c - 

x J 

9. Given 5(1, -1) and S' (2, -1) are focii. 

Hence 2 ae = 55' = -y/(2-l) 2 + (-! + l) 2 = I 

=> ae = 1/2 . ...(I) 

Also P t P 2 = ^r, where P h P 2 are lengths of perpendiculars 
from 5 and S' to the tangent. 


So ’ J2*j2~ b2 0Xh ll 10 


•( 2 ) 


1 0. Let any point on the curve be (a, p), then the equation 
of tangent at this point will be, 

T - 0, i.e. aax + hay + hfix + h$y = 1 
This tangent will cut the co-ordinate axes at 


/, (oa + /i| 3 ’ 0 ) and + 


Now it is given that the area of the triangle 
OAD = constant = £(say) 


1 

So, 2 


(tfa + /7P )(/xx + 6p) 


= k 


=> h(aa 2 + bfi 2 ) + (ab + h 2 )afi = ±\/2k 
Now, as (a, P) is on the curve, 
aa 2 +6p 2 = 1 - 2hafi 
So, h( 1 - 2/?aP) + (ab + hr) «P = ± 1/2A:. 

1 


(h 2 -ab)ct$=h±-^ 


h± wr: 

a(3 = -^ 
hr - ab 


As, (a, P) represents a general point on the curve, the 


curve is the rectangular hyperbola xy = 


h ± 


2k 


h 2 - ab 


Now, comparing the coefficients with given curve we 

1 h± 7k 1 

get, a — b — 0 and — = ^ ■ => k = T y 1 

2 h h 2 -ab H 
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Q.A : Given an odd function/ defined and integrable 
everywhere and periodic with period 2. Let 
g(*) = J of(t)dt 
Answer the following questions- 

1. /( 4) is equal to- 

(a) 0 (b) 2 (c) 4 (d) none of these. 

2. g (4) is equal to- 

(a) 0 (b) 2 (c) 4 (d) none of these. 

3. g (jc +'2) is equal to- 

(a) g(x)g(2) (b) g(x) + g(2) 

(c) g(*)-g(2) (d) none of these 

4. If /'(- 2) = -2 , then what should be/'(2) ? 

(a) 0 (b) -2 (c) 2 (d) none of these. 

5. If g(x~) = x (1+x) , then roots of the equation 
jc 2 -/(jc 2 ) = 0 are 

(a) (b) ^>2 (c) ~ 2 >~ 2 (d) ~~ 2 ’> ~ ^ 

Q.B : Ramesh, a student of class XII found when the 
graph of a one-one function is reflected about the line 
y - x , the result is graph of the inverse function. He also 
found that image of any point on the graph of function 
taken about 45 line, lie on the graph of inverse function. 
Answer the following questions- 

6. Suppose/(jc) = (jc + 1 ) 2 — 1 Vjc>— 1 . If g (jc) is the 

function whose graph is the reflection of the graph of 
f(x) with respect to the line y = jc, then g (jc) equals- 

(a) yjx + 1 — 1, jc > — 1 (b) Jx — 1 — 1, x > 1 

(c) yjx— 1, JC > 1 (d) —yjx + 1 — 1, X > — 1 

7. What will be the solution set 

S = |.t:/(jc) = f~\x)} in part (ii) ? 

(a) Empty (b) {0,-1} 

(c) {0, 1,-1} 

(d) lo,-i,- 3+, ' g ,- 3 - | ' g | 

V l 2 2 

8. let e I(x) — In jc . If g(*) is the inverse function of 
/(*), then g'(l) equals- 


(a) 0 (b) e (c) 1 (d) none of thes 

9. If (1,2) is a point on the graph of a function, Wh; 
should be its image on the inverse function ? 

(a) (1,-2) (b) (2,1) (c) (1,1) (d) none of thes 

1 0. Product of slopes of tangents drawn at point A havin 
x co-ordinate x, ,of graph of function /(jc) and at poii 
B having jc co-ordinate jc, of graph of inverse of functioi 
is (Point B is mirror image of point A\- 

(a) 1 (b) -1 (c) 2 (d) -2 

Q.C : Let Z is any complex number satisfying th 
equation Z 2 + pZ 4-^ = 0; q €C and both the roo 
of the equation have unit modulus. 

Answer the following questions- 

11. Modulus of q is- 

(a) 1/2 (b) 2 (c) 1 (d) 3 

12. Which of the following is true? 

(a) \p\ < 2 (b) |/j|< 1 (c) \p\>] (d) \p\ > 2 

13. If arg(p) = a and arg(^) = [3, then realtio 
between a and p is- 

(a) a = 2p (b) 2a = p (c) a = i (d) a = -p 

Q.D : Consider the function /(jc) = max 

{x 2 ,(jc-1) 2 , 2jc(1-jc)},0<jc<1 
Answer the following questions— 

14. Which of the following is true ? 

(a) /(jc) is differentiable for all jc 

(b) /(jc) is differentiable for all jc except at one poin 

(c) /(jc) is differentiable for all jc except at two poin 

(d) /(jc) is not differentiable at more than two point* 

15. Area bounded by /(jc) with jc-axis between lin< 
jc = 0 and jc = 1 is 

(a) 17/27 (b) 19/27 

(c) 11/27 (d) none of these. 

16. What should be the answer in above question, 
f(x) is min {jc 2 ,(jc-1) 2 , 2jc(1-jc)}, 0 < jc< 1 

(a) 7/12 (b) 1/12 (c) 3/12 (d) 5/12 


Contributed by Deptt. of Mathematics, Momentum, Jabalpur (M.P). Ph.: (0761)5005358 
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Challenging Problems 

[algebra] 

By : Tapas Kumar Yogi, Lucknow 


1. Find the smallest positive integer m such that m is 
not a square and yet in the decimal expansion of V/w, 
the decimal point is followed by atleast four consecutive 
zeros. 

Soln. : Let k be the integral part of then according 
to question 

a: <V^<k+ o.oooi 


1 


£ 

so, K 1 < m < K 2 + ! — T + — — 

(10000 ) 2 5000 

since m is an integer, it follows that 


-£— + l - — > 1 so, /T > 5000 

5000 (10000 ) 2 

Hence, the smallest m occurs when k = 5000 and 
m = k 2 + 1 = (5000) 2 + 1. 


2. Determine whether or not the number 

\/26-15n/ 3 + ^26+1573 is an integer. Prove that 
your answer is correct. 

Soln.: Let a = ^26-15%/3 and b = ^26 + 15>/3 
Note that a 3 + 6 3 * = (26 - 1 5>/3) + (26 + 1 5n/3) = 52 

and ab = ^/(26 - 1 5>/3)(26 + 15%/3) =1. 

Let x = a + b 

Now, jc 3 = a 3 +b 3 + 3 ab(a + b) i.e., x 3 = 52 + 3(1 )(x) 
or, x 3 - 3x - 52 = 0 or (x - 4) (x 2 + 4x + 13) = 0 

i.e., (x-4)^(x + 2 ) 2 -h 9 J = 0 clearly x = 4, an integer. 

3. Find all positive real numbers x y y and z that satisfy 

the following three equations : 

a a a 

x + — = 3, y + — = 3 and z + — -3. 
xy yz zx 

Soln. : Without any loss of generality, we assume that 

x is the largest of the three unknowns. 

In particular x > y — > ( 1 ) so, zx > zy as z > 0 

4 4 44 

Thus, - and this gives z = 3 >3 = y 

=X zy 6 zx zy 

i.e., z >y -> ( 2 ) 


Again, zx > xy as x > 0 
4 4 

So, z = 3 >3 = x i.e., z > x — > (3) 

zx xy 

From (1), (2) and (3) and in view of assumption we have 

4 

x = z and thus the third equation gives, x + — = 3 i.e., 

x 

x 3 - 3x 2 + 4 = 0 i.e., (x+ l)(x-2)(x-2) = 0 or, x = 2, -1 
So, x = 2 is the only positive solution. 

Hence, x = 2 = z and y also = 2. 


4. Let a and b be positive numbers with — + — = 1 

a b 

and let [x] denote the largest integer that does not exceed 
the number x. If neither a nor b can be written as the ratio 
of two integers, show that each positive integer is either 
of the form [ma] or [mb] for some positive integer m. 
Soln. : Let t be a positive integer and suppose, we assume 
the contradictory that t * [ma] and t * [mb] for any 
integer m. If ra is the largest integer multiple of a at most 
equal to /, then ra <* t and (r + 1) a > t. In fact 
(r + 1 ) a > t + 1 since otherwise we would have 
t < (r + 1 ) a < t + 1 and / = [(r +1) a]. Further ra * t 
and (r + 1 ) a * t + 1 since a is not the ratio of two 
integers. In other words, we have 
ra < t < t + 1 < (r + 1 ) a 

t / + 1 . , A x 

or, r < — < <r + l (a> 0 ) ...( 1 ) 

a a 

similarly there exists an integer S with 


t t + \ 

s < — < <5 + 1 

b a 

Adding (1) and (2) we get. 


...( 2 ) 


r + s < t 


e-iMW) 


<r+s+2 


using given condition, r + s < t < I + 1 <r + j + 2 ; but 
there is only one integer strictly contained between r+s 
and r + s + 2, so this is a contradiction. Hence, we must 
have t = [ma] or t = [mb] for some integer m. 
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5. Given a real number*, the floor of*, denoted by [* J 
is defined to be the largest integer n such that n < x. 
Similarly, the ceiling of*, denoted by f *] is the smallest 
integer m such that * < m. We also define average (*) to 
be the average of [*J and |~x] . 

Prove that [x + yj< avg. (*) + avg. (y) < f * + y ] for all 
real numbers * and y. 

Soln. : If * is an integer then 
[x + y\ = x + ly} ...(1) and [x+y^x+fy] ...(2) 
Now, |_.yj£avg.(.y)<M 
Adding x, x + [.vj £ x + avg. (y) < x + 
or, [_* + y\ ^ avg (x) + avg (y) £ [or + y] in view of (1) 
IYUM x+x 

and (2) and avg. (*) = ' — ! — - = * if * € /. 

2 ^ 

Hence the result, similarly the result hold ify is an integer. 
Finally, suppose that neither * nory is an integer. Then 
for some integers a and 6, we have 
a < x < a + 1 
b < y < b + 1 

a + b<x+y<a + b + 2 ...(3) 

and [Y| = a + l,L*J = a 

1 1 
so, avg.(*) = a + — and avg. (y) = b + — 

so, avg.(*) + avg.(y) = a + b + 1 ...(4) 

Now (3) gives |"x + y"|£a + £ + 1 ...(5) 

and |_* + y_|<a + 6 + l ...(6) 

combining the results (4), (5) and (6), we have 
[* + y J < avg. (*) + avg. (y) £ |"x + y] . 

6. Do there exists primes p and q such that the 
quadratic equation px 2 - qrx + /? = 0 has a rational solution? 
If so, find all possibilities. 

Soln. px 2 - qx + p = 0 

Note that / (0 )=p(> 0) and sum of the roots is also positive. 

m 

So, it is clear that if * is a real root then * > 0. Let x = — 

n 

where m and n are positive integers with no common 
factors. 


1 

M 

I 2 I 

M 

p\ 

7 

1 H 

7 


Simplifying a bit, m (qn - pm) = Pri 2 
Thus, m divides pn 2 and since m and n have no proper 
factors in common, we see that m divides p. In other 
words, m = 1 or p and similarly n - 1 or p. 

Thus, * = min = I, p or 1 Ip. 


If * = 1 then the quadratic equation yields q = 2 /?, 
contradicting the fact that p and q are prime. And if * 
1 

= p ox p then quadratic equations yields q = p 2 + 1 . 

Now if p is odd, then q is an even number > 10, 
again cortradicting the fact that q is prime. Hence, 
p must be even and p - 2, q = 5 and the roots of 
, 1 
2* 2 - 5* + 2 = 0 are 2 and — . 

7. Let a, b f c and d be four distinct integers. Find the 
smallest possible value for 

4 (a 2 +b 2 +c 2 + d 2 )- (a + b + c + cff. 

Soln. : Consider E = (a — b) 2 + (a - c) 2 + (a - d) 2 
+ (b - c) 2 + (b - d) 2 + (c - d) 2 
Simplifying this we have, 

E = 4(a 2 +b 2 + c 2 + d 2 ) - (a + b + c + d) 2 
and so our task is to minimise E subject to the condition 
that a , b , c, d are distinct integers. 

Without loss of generality, we can assume that 
a > b > c > d 

Now each of ( a - b) 2 , (b - c) 2 , (c - d) 2 is at least 
1 2 = 1 and each of ( a - c) 2 , ( b - d) 2 is at least 2 2 = 4 and 
finally (a - d) 2 is at least 3 2 = 9. 

So, the smallest E could possibly be 

1 + 1 + 1+ 4 + 4 + 9 = 20 
Infact by taking d =*1, c “ 2, b * 3, a = 4 .*. E = 20. 


8. I want to buy a pair of fish for my aquarium. The 
salesman at the pet shop says that if he nets 2 fish at 
random from his big tank, the probability that both will 
be of the same sex is exactly 1/2. 

Assuming that the salesman is telling the truth, prove 
that the number of fishes in the tank is a square. 

Soln. : Given a set of n objects, there are exactly 

C 2 - — - — pairs 

Now let m and / respectively be the numbers of male and 
female fish in the tank. The total number of pairs of fish 
(m + f\m + / - 1) 

is, therefore, • We know that exactly 

half of these are same-sex pairs and thus exactly half 
consist of one male and one female. 

But there are m ways to choose the male and / ways to 
choose the female, giving mf male-female pairs. 

So, ^,l x <"^X^/-l) 

simplifying, m + f= (m + f) 1 - 4 mf = (m -ff 
Thus, the total no. of fish in the tank = m+f is a square. 
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Conki fhym page no. 11 

(a) (?, -5) if | PA- PB\ is maximum 


(c) /' (x) is strictly increasing on the left of 0 

(d) /' (x) is strictly increasing on the right of 0 


(b) \PA - PB\ is maximum 

(c) (7, -5) if | PA - PB\ is minimum 

(d) f j, jj if | PA - PB\ is minimum 


45. The equation axy + bx +cy + d = 0 represents a 
pair of straight lines, then 

(a) bc = ad (b) the line are parallel 

(c) the lines can not be parallel 

(d) the lines are coincident 

46. The function^) = cos -1 

is defined, if x lies in 
(a) [-2,6] (b) [-6, 2) 

(c) (2,3) (d) (-2,2)u(2,3) 

47. If /(x) = (x - 1 )/x for all real numbers except x = 0 

and g (u) = u 2 + 1 for all u e R then f\g[u)\ is defined for 
(a) all real numbers u (b) u = -1 

(c) u 2 = 1 (d) u = 0 

48. Let g(t) = [/[ 1 //]] for / > 0. ([•] denotes the greatest 
integer function). Then g{t) has 

(a) Discontinuities at finite number of points 

(b) Discontinuities at infinite number of points 

(c) g (1/2) “ 1 (d) g (3/4) “ 1 




+ (log (3-x)) 


-l 


49. Let f(x) 


_ jx a sin 2 

= l o 


2 \/nx,x*0 

,* = 0 


where ns I, 


n * 0. If Rolle’s theorem is applicable to /(x) in the 
interval [0, 1], then 

(a) a > 0, greatest value of n is — 

71 

(b) a > 2, greatest value of n is i. 

1* 

(c) a > 0, least value of n is — 

(d) a cannot be < 1 71 


50. 


If/(*) = 


x 2 + 2, x <0 
3 , x = 0, then 

x + 2 , x>0 


(a) /' (x) has a maximum at x = 0 

(b) /' (x) is strictly decreasing on the left of 0 


51 . If > X 2 are roots of x 2 + kx - 1 = 0, then 

7T 

(a) tan -1 - tan -1 X 2 = 

1 71 

(b) tan -1 X, + tan -1 — = 

A,| 2 

(c) tan -1 X. + tan -1 — = 

X 2 2 

(d) tan -1 A., - tan -1 X 2 = 

52. If x + y = 60, x > 0, y > 0, then the expression 
x 2 (30 -y) 2 has 

(a) least value = 0 (b) greatest value = 15 4 

(c) two extrema (d) no greatest value 

dy _ y 

53. Ify = ae~ {lx + b is a solution of ~ - ~ , then possible 
values of a and b are 

(a) a = 2,b = 0 (b) a = 5,6 = 0 

(c) a = -2,b = 0 (d) a= 1,6= 1 

54. Let d = x/ + x 2 / + 2k, b =-3/ +j + k, 

c = (3x + 1 1 ) / + (x - 9) j -3 k be three vectors. Then 
angle between a and b is acute and angle between c 
and a is obtuse, if x lies in 
(a) (-*», l)u(2,3) (b) (-oo, i) 

(c) (2, 3) (d) none of these 

55. If a + P + v + 8 = 27t, then 

cos 2 a + cos 2 P - cos'y - cos 2 6 = 

(a) 2 sin (P + y) sin (y + a) cos (a + p) 

(b) 2 sin (p + y) cos (y + a) sin (a + P) 

(c) 2 cos (P + y) sin (y + a) sin (a + P) 

(d) 2 sin (P + y) cos (y + a) cos(a + P) 


ANSWER 


1. 

(C) 

2. 

(d) 

3. 

(c) 

4. 

(c) 

5. (d) 

6. 

(a) 

7. 

(c) 

8. 

(d) 

9. 

(a) 

10. (c) 

11. 

(b) 

12. 

(c) 

13. 

(b) 

14. 

(b) 

15. (a) 

16. 

(d) 

17. 

(C) 

18. 

(c) 

19. 

(d) 

20. (a) 

21. 

(a) 

22. 

(c) 

23. 

(d) 

24. 

(a) 

25. (c) 

26. 

(b) 

27. 

(a) 

28. 

(d) 

29. 

(a) 

30. (d) 

31. 

(b) 

32. 

(b) 

33. 

(c) 

34. 

(a) 

35. (d) 

36. 

(b) 

37. 

(a) 

38. 

(c) 

39. 

(d) 

40. (b) 

41. 

(b,c,d) 

l 42. 

(b,c,d) 

43. 

(All) 

44. 

(a) 

45. (a,c) 

46. 

(b,c,d) 

I 47. 

(All) 

48. 

(b,c) 

49. 

(a,c,d) 

50. (a,c) 

51. 

(c,d) 

52. 

(a,c) 

53. 

(a,b,c; 

1 54. 

(a,b,c) 

55. (a) 
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PRACTICE PAPER for 

West Bengal JEE 2006 

Note : Actual paper will consist 100 questions. 1 mark will be awarded for each correct answer and -A for each wrong answer. For 
detailed information see prospectus for JEE 2006 or visit at http://jexab.becs.ac.in 

Time : 1 hr Marks : 1 for each correct-Va for each wrong 



i. J 2 +V 2 +V 2 +.. .00 is equal to: 

(a) -1 (b) V2 (c) 2 (d) 1/2. 


2. I, m, n are pth , qth and rth term of G.P. are all 
log / p 1 


positive, then 


lo gm q 1 
log n r 1 

(a) -1 (b) 2 


equals: 
(c) 1 


(d) 0. 


, o ru • 2 8 26 80 

3. Sum of the senes 9 + 27 + g7 + " tow terms is: 


(a) «--|(3"-l) 
(c) » + i( 1-3-") 


(b) « + ^(3”-l) 
(d) m + ^(3‘"-1). 


4. 


In the expansion of 



the term independent 


of x is: 

(a) non existent (b) 9 C 2 

(c) -2268 (d) 2268. 


5. f:R—>R is a function defined by f(x)= lOx - 7. 
If g =/"' then g(x) is equal to: 


(a) 

10jc-7 

(b) 10x + 7 


x + y 

, . x-1 

(c) 

10 

(d) 10 ' 

6 . 

If the two 

pairs of line x 2 - 2 mxy - y 2 = 0 and 


x 2 - 2nxy-y 2 = 0 are such that one of them represents 
the bisector of the angles between the other, then: 

(a) mw + 1=0 (b) mn - 1 = 0 


(C) — + - = 0 
m n 


(d) - — - = 0. 

m n 


7. The lines represented by the equation 
Ax 2 + 2 Bxy + Hy 2 = 0 are perpendicular if : 

(a) A + H = 0 (b) B + H = 0 

(c) AH = -1 (d) A + B = 0. 


8 . The angle between a pair of tangents drawn from a 
point P to the circle jc 2 +y 2 +4;c-6j'+9sin 2 a+ 13cos 2 a=0 
is 2a. The equation of the locus of the point P is 

(a) x 2 + yP- + 4* - 6y + 4 = 0 

(b) x 2 + y 2 + 4* - 6y - 9 = 0 

(c) x 2 + y 2 + 4x - 6y - 4 = 0 

(d) jt 2 + y 2 + 4x - 6y + 9 = 0. 

9. The equation 2 * 2 + 4 xy - ky 2 + 4x + 2y-l=0 
represents a pair of lines. The value of k is : 

(a) -5/3 (b) +5/3 (c) 1/3 (d) -1/3. 

10. The angle between the lines x 2 + 4 xy + y 1 = 0 is: 

(a) 60° (b) 15° (c) 30° (d) 45°. 

1 1 . The radius of the circle x 2 + y 2 + 4x - 6 .y - 1 2 = 0 
is: 

(a) 9 (b) 5 (c) -3 (d) -6. 

cos( 2 x 3 )-l 

12> -0 sin 6 ( 2 .x) is eqUal t0: 

(a) 1/16 (b) -1/16 (c) 1/32 (d) -1/32. 


(1 + Jt ) n -1 . 

13. Iim is : 

JT-.0 x 


(a) 0 
(c) n 


(b) -1 

(d) non existent. 


14. Equation of the hyperbola whose vertices are 
(±3, 0) and foci (±5, 0) is : 

(a) 16x 2 - 9f = 144 (b) 9x 2 - 16 y 1 = 144 

(c) 25x 2 - 9y 2 = 225 (d) 9x 2 - 25^ = 8 1 . 

1 5. The angle between the asymptotes of all hyperbola 
21x 2 - 9y 2 = 24 is: 

(a) 30° (b) 120° (c) 60° (d) 240°. 


16. What is the equation of the tangent to the parabola 

y 1 = &x and perpendicular to the line x - 3y + 8 = 0 
(a) 9x + 3y + 2 = 0 (b) 3* + y + 2 = 0 

(c) 3 x — y — 1 =0 (d) 9x — 3y + 2 = 0. 

1 7. The equation of a chord of a contact of tangents 
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(d) f\x)=xf(x) 


(a) 0 (b) nJ4 

( c ) j (d) none of these 

49. The total number of non-negative integer pairs 

(mj, n) such that 2/m 2 + 5/mm + 3m 2 - 29 m - 30m + 27 = 0 are 
(a) 7 (b) 4 (c) 3 (d) 2 

50. 20 objects are arranged in a row. A subset of 4 
elements is selected such that no two of the selected 
elements are consecutive in the given arrangement. 
Number of such subsets is 

(a) 2380 (b) 2480 (c) 2580 (d) 2180 

SECTION - (II) 

True or False (Q. No. 51 to 55) 

51. LetA^+ Y 1 +X+ Y= 1 whereA'=>'-2*, Y=xl2+y 
represent a conic. The eccentricity of the conic in ( x , y) 
plane is zero 

52. Using the sense of the infinite G. P that 

(1 -z)- 1 = 1 +z + z 2 + z 3 + if|z| < 1, one can expand 

f(x) = rr as f(x) = c + J a n x" + £ b„x” for 

(x — 2)(x 3) n-\ »*l 

2<x<3. Here c, a n , b n are non-zero & independent of x. 

53. y(x) = a + log bx + ce J *‘-'° sc with a, b, c,das non- 
zero parameters is the solution of a differential equation 
of order three. 

54. Given a variable lin ey = x + c and a set ofM-points 

(x ,y), i = 1,2, 3 m. If the sum of squares of the 

perpendicular distances from each point on the line is 
the least, then c = y-x. Here x,y are the arithmetic 
means of x and y r respectively. 

55. If x, y, z are distinct natural numbers such that 

tan_^ = tan_B = tanC then the tr j ang i e abC. is not 

x y z 

always possible. 

SECTION - (III) 

(May have one or more than one options correct) 
(Q. No. 56 to 63) 

56. Number of distinct neckless which can be formed 
using 36 identical diamonds and 3 identical pearls is 

21! 

(a) 127 (b) ig| 3 j 

(c) 1330 (d) U C 3 - S C } - ‘C, 

57. Let / (x) be cubic polynomial with two real zeros 
as 1 and 5. Which of the following polynomial 
equation(s) will have at least one real root in (1, 5) 

(a) / (x) = 4/'(x) (b) /'(x) =/ 2 (x) 


(c) x/'(x)=/(x) 


' V 9 

58. The function y = x \—f-dx 

with /(x)= j 2 — dx is one solution of 

(a) y " -y = Q X (b) (]-x)y" + xy'-y=0 

(c) (x 2 - 2 x)y' + (2 - x 2 )/ = 2 (x - 1 ) 

(d) none of these 

59. Let a function / (x) be continuous, differentiable 
and monotonic in the domain [1, 9] such that 
2/(x) +/(10 - x) = 81/x. The value(s) of N so that we 
necessarily have a e (1, 9) and satisfying /(a) = N is 
(are) 

(a) 50 (b) 0 (c) -20 (d) —25 


60. Let A = 2 fgh + abc - af 1 - bg 1 - ch 1 . The 
parametric condition(s) that the equation 
ax i + by 2 + 2 hxy + 2fy + 2gx + c = 0 does not represent 
any figure (curve/lines/points) in x-y plane is(are) 

(a) A = 0 and h 2 < ab (b) /i 2 <af).aA>0and/)A>0 

(c) h 2 < ab and aA > 0 or M > 0 

(d) aA > 0 and b& > 0 

61. If AD and AD' are the internal and external 
bisectors of ZA of A ABC (b < c). The points B. D, C, D' 


are collinear, then 

ac 

c + b 
2abc 


(a) BD ~ 
(c) DD' = 


(b) 


5D' = - 


S-b 1 


c-h 

(d) a AD> b BD 


62. Which of the following function(s) does (do) not 
have a maximum or a minimum 
(a) 10-(x-7)" (b) (x- 3) IJ 


(c) x 9 + x 5 + 1 


(d) x l4 + x l5 + 2x 


63. Number of ways in which x & y can be selected 
from the set of first 25 natural numbers such that x 4 - / 


is divisible by 5 is 

(a) U C, - 4 • 5 C, • 5 C, (b) 23 C 2 

(c) 2 3 ('Cj) 2 (d) 2 V 2 - 2n C 2 


ANSWERS 


1 (a) 2. (d) 3. (d) 4. (d) 5. (c) 6 (b) 7. (d) 

8. (b) 9. (F) 10. (T) 11. (F) 12 (F) 13. (T) 

14. (a,b,c,d) 15. (a,c) 16. (a,d) 17.(a,b,c) 18 (a,b,d) 

• 19 (c,d) 20.(a > c) 2l.(a,c) 22. (a) 23. (a) 24 (a) 25. (b) 

26. (a) 27 (b) 28. (b) 29. (a) 30. (T) 3 1. (F) 32. (T) . 

33. (F) 34. (T) 35. (a,b,c) 36. (a,b,c) 37. (a.b) 38. (b,c) 

39. (a,b,c) 40. (a,b) 41. (a,b,c)42. (c) 43. (c) 44. (b) 45. (d) 

46. (c) 47. (a) 48. (b) - 49. (a) 50. (a) 51. (F) 52 (T) 

53. (F) 54. (T) 55. (F) 56. (a,d) 57.(a.c.d)58 (a.b) 

59. (a.b.c) 60. (a,b) 61.(a,b,c)62. (a,c) 63.(a,c) 

For Paper II See Physics For You ■ 
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Concepts 

& 


How to 

Prepare for IIT-JEE 



FUNCTIONS 


By : Prof. S. S. Dahiya 


Part (i) 

While dealing with functions mainly consider 

(i) Existence of a function (ii) Continuity of the function 

(iii) Differentiability of the function. 

Consider /*) = (*)" where x g R,n g R this function is 

discontinuous everywhere for x<0 and n = — where 

2q 

p & q are coprime integers./*) = (*)” is continuous at 

x = 0 only when n = — - — form where p, q g N. 

2q — \ * 1 

Because (*) 3/2 is discontinuous at * = 0 because left 

hand limit = Lt (0 -h)* 12 which is imaginary. 
h — >0 

Similarly for /(*) = I x -Sin (7)’ is discontinuous 


Part(iii) Lt [cos 2m (n! a x)}. This limit does not exist 


m-xao 
w-> oo 


for * g Irrational. When* g rational then n\nx = 2kn 
where k e N for large values of n , here say * = -y . Hence 

cos(a?!7u*)= 1 . For * = — , we consider the case 


1 


V289 Th 


0 


, * = 0 


at * = 0 for n = ~~ where p&q are co-prime integers. 
For continuity of /*) at x - 0 n must be of the type 

~ ~ ~ where p. q e N 
f\x) = sinf -1 -x"- 2 cosf - 


Here n - 2 > 0 and n must be of type 2 + — - — 

2qr-l 

P 

If n > 2 and n ~~ tyP 6 Ihen left hand derivative 
becomes imaginary. 

Part (ii) 

Consider f[x) = f*) 2 ", and g(x) = (* 2 )" If n is an integer 
then f[x) = g(*). If * > 0 and n g R then fix) = g(*) . 
Surprisingly when * g /?, n g R then these functions 
may be equal, may not be equal 

Example : fix) = f*) 2 ", g(*) = g(* 2 )" For * = -5, n = - , 

3 ^ 

value of /*) is imaginary; For * = -5, n = — , value of 
g(x) is (25 r 4 

Lt (*) 2 " does not exist for n g R 

X-40 • 


whereas Lt (* 2 ) n iszero 

jr— >0 
/;— >oo 


h — > 0 then x -» — therefore n\n x 2 k n As a result 
cos(n!7tx)->l then Lt cos 2m (n!7i x) is Indeterminant 

m— >oo 
/i— >oo 

form 1* . Therefore no conclusion can be drawn for this 

limit when * is irrational 

r, \ i ( 21n *+2 
Part (iv) /(*) = log A 


-* 


For domain of 


function /*) e 2 x > 0, e 2 x * 1 and 


2 In (*) + 2 


>0 




0 


-* 

-> 


1 


we get * > 0, * ^ — . 

e L 


Therefore domain is 

xg ^0, — — j g(*) = 1 + {*} where {*} denotes 

fractional part of * where * e R and I < g(*) < 2 
Therefore fig(x)) is not possible whereas gifix)) exists 

Part (v) : Some functions are based on their particular 
properties, for example/a * + p y) = a fix) + p fiy) 
where * g R y y g R is property of linear function. 


Similarly for property f(x)+f\ 




and 


J[x) is polynomial then fix) =x"+] or fix) = -x" + I 
Here the property can be changed by putting — = y 
we get fix) + fiy) = fix) .fiy) and xy = I ; when xy= I 
then fix y) =fi 1 ) We can rewrite the property as fix) + 
.fiy) =.fix) ..fiy) +fixy) -fi 1 ). Therefore for property fix) 
+ Jiy) -fix) - fiy) +fix y) -fi I ) and fix) is polynomial, 
our function is_/(x)=x"+ 1 or^(x) = -x"+ I. ♦>«> 
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Limit, Continuity & 
Differentiability 


Class XII 


The response from the readers is overwhelming. To make our booster rockets more powerful, MTG has decided 
to create under the aegis of Mathematics Today- The l.l. T. Think Tank, to pool the experience, insight and knowl- 
edge of a panel of experts. 

We shall be bridging the gap between the school syllabus and that of the Engineering entrance examinations both 
objective and subjective questions of various types will be given in order to prepare you to face anv tvoe of 
examination better - whether it is l.l. T. (JEE), DCE, AIEEE and at the same time CBSE also. 

This is meant for the total development of our readers. 

— By : MTG Editorial Board 


Evaluating Limits 

1 . In all the problems given below find the value of 
the limits. 

(cosa)* -(sinct)* - cos 2 a 

*-4 

(e x -\)-(e xcosx -\) 


(i) lim 

x — >4 


ae(0, n/2) 


(ii) 


lim 


* + sin* 

-2i 


( . H) , im t_an([-7i 2 ].r 2 )- tan([-7i] 2 )r 


(iv) 

(v) 


A'— >0 

lim 

x — >0 


sin 2 * 


e-(\ + x) 


1/jr 


lim f 

x-*0\ 


tan* 

1 * + 2 * + 3 * + ...+ 
n 


4 


(vi) i"""* {<» + »(»4)("4M" + 2Tt)} 

2.(i) A square is inscribed in a circle of radius' R, a circle 
is then inscribed in this square, then a square in this circle 
and so on for n times. Evaluate the limit of the sum of 
areas of all squares as n — » «>. 

.... „. . i.„ VjTT7-3V2x-3 

(n) Find * im 3 i — 

•^2 <[x + 6 -2^j3x -5 

(iii) Calculate the values of a and P in order that 
, im *(l+acos*)-psin* = { 


x — >0 


A 

V 2 - cos 0 -sin 0 


(iv) ,im 

V ; 0— >7t/ 4 (40 -7l) 2 

(v) Without using L’Hospital rule evaluate 


lim 

X — >• I 


x A+l -(* + !)■* + * 

(*-l) 2 


Testing for continuity 

3.(i) Let /(.)- C 0 S ~'< | -W 2 )- si n~ l ( | -W) 

V5(W-w J ) 

71 

2 

Consider another function g(*) defined by 
[/(*), *>0 


for **0 


for * = 0 


g(x) = 


2V2 /(*), *<0 


(ii) 


g(x) = 


Let /(*) = * 3 - 3*“ + 6 V x <= R 

max{/(/):* + l </<* + 2 , - 3 <*< 0 } 
1 -*, for *>0 

Find the points where the function g(x) is discontinuous 
in the interval * e [- 3 , 1 ]. 

(iii) Let [*] denote the greatest integer function and/(*) 
be defined in a neighbourhood of 2 by f(x) given by 




/w = 


exp{(x + 2)ln4} 




4* -16 
1 -cos(*- 2 ) 


* < 2 


* > 2 


(*- 2 )tan(*- 2 )’ 

Find the values of A and /( 2) in order that/(*) may be 
continuous at* = 2 . 

(iv) It is given that the function 

,, % 2-(256-7x) l/8 

/(*) = 1 TTT — - 

(5x + 32) ,/s -2 

is continuous everywhere, then what is the value of/( 0 )? 

Mixed Problems on Continuity and Differentiability 

[* + 2 , 0<*<2 
6 -*, *> 2 ’ 


4-(i) Let /(*) = 


40 


MATHEMATICS TODAY | JANUARY *07 


g(x) = 


1 + tan*, 0<x<n/4 
3-cotx,n/4<x<n 


Find the composite function fog(x) and test its continuity 
and derivability. 

(ii) Given that / and g are differentiable functions, 
evaluate (using L’ Hospitals rule) 

lim Assume /(2) = 2, 

x-*2 x ^ 

/'(2) = -3, g(2) = 4 and g'(2) = 1 . 

5.(i) Let g(x) be a polynomial of degree 1 and/(x) be 
defined by 

g(x), x<0 

\Ux 

x>0 


m = 


1±£V 

.,2 + xJ ’ 

Find the continuous function satisfying/'(l) -/(-l). 

(ii) Test for continuity the function 

r/ v .. (l + sinjt)” + ln* 

/(*) = lim ^ — 

n ->°o 2 + (l + sin*) 

(iii) If a function / ( x ) satisfies 

v v « * 

and/'(0) = 1 , then prove that / (x) is continuous for all 

xe R. 

(iv) Let /: R —* R be a function defined as 

uisn 

and 


/(*) 


= I 1 " 1 * 1, 

to , 


I*I>1 

g(x) =/(x -!)+/(*+ D V xeR 
Describe g(x) in terms of x and test for its continuity and 
derivability. 

6. (i) Let/: [0, «») — ^ [1, °°) be a one-one function 

s at i s fy i n g /~ (x) /' (_y ) + 2 =/ (x) +/ (y) +f (xy ) V x, y>0 and 
i 

f\])=2*f(0) Evaluate J f(x)dx 
0 

(ii) If/be a polynomial function satisfying 

* +/(*) f(y) -/to +/to +/to) V X, yeR 
and if /(2) = 5, then fmd/(/'(2)). 

(iii) Define /(x) = x 2 - 2x, x e /?. Let g (x) be defined 
by g(x) = f(f(x) - 1) + /( 5 -/(x)). Show that 

g(x) > 0 V x € R. Also find the critical points of g(x). 

Application to function-based questions 

7. (i) A function/ (x) is defined for allxe R and satisfies 


f(x + y) = f(x) + 2y 2 +kxy V x,yeR where k is a 
given constant . If/( 1 ) - 2,/ (2) = 8, find/(x) and show 


that f(x + y)-f 


1 


x + y 


= k, x + y * 0. 


(ii) Let/and g be real function such that 
f(x+y)+f(x-y) = 2f(x)g(y) V x,y e R. 

If /(x) is not identically zero and | /(x) | < 1 V x e R, 
then prove that | gOOl ^ 1 V yeR. 

(iii) If e~ xy f(xy) = e~ x f(x) + e~ y f(y), V x,yeR * , 
and /'( 1) = e, determine/(x). 

Miscellaneous 

8.(i) Find the values of a , b, c if the function 
/(x) = a |sin x| + f>e |x| + c| x | 3 is differentiable at x = 0. 

(ii) Test for differentiability of the function 
/(x) = (x 2 - 1) | x 2 - 3x + 2 1 +cos | x | 

cotxtan~ l (/»tanx)-mcos 2 (x/2) 

sin 2 (x/2) 


9.(i) Find ■ 


(ii) Find l’ |m 


.Ux 


,b Ux +c llx 


10.(i) Let/: R-+R be a function satisfying 
/(x + 2 y) =/(x)e 2 ' +/ (2 y) e'+x 2 (l - e 2 >) 

+ 4y*(l — e“) + 4 xy V x, y e R. 

Also /'(0) = 1. Find/(x). 

(ii) Let / (x) be a continuous function in [-1, 1] 
and satisfies /( 2x 2 - 1) = 2 x/(x) V x e [— 1, 1]. Show 
that/(x) is identically zero V x e [-1, 1]. 


MULTIPLE CHOICE QUESTIONS 


1. The value of lim 
*-►0 


sin 'x-tan 'x 

.1 
. x 


IS 


(a) V2 (b) 1/V2 (c) -1/2 (d) 1/2 

2. A function / (x) satisfies 3/ (x) + 4/^ j = — 5. 
Then the value of /( 2) is 

(a) -3/14 (b) 3/7 (c) 3/14 (d) -3/7. 

3. Let /(x) = /(x)g(x)/i(x) when / g, h are 
differentiable function. Assume f\x 0 ) = 13/(x 0 ), 
f(x 0 ) = 9f{x 0 ), g\x 0 ) = 4g(x 0 ) then 

h’(x 0 )/h(x 0 ), (h(x 0 )*Q) is 

(a) 0 (b) 26 (c) -26 (d) 17. 
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4. About the function represented parametrically as 
•* = 2/ — | / 1, y = 7 + 7| / 1, which of the following 
statement is correct? 

(a) / is differentiable everywhere, except x - 0 and 
x=2 

(b) /is differentiable everywhere except x = 0 

(c) /is differentiable at x = 0 and /'( 0) = 0 

(d) /is differentiable at x = 0 but /'( 0) * 0. 

5. f(x) is a real valued function not identically equal 
to zero such that/(x +y) =/(x) + (f{y))\ys R and n is 
natural number > land /'(()) > 0, then which of the 
following statements is correct? 

(a) /(15) = -15,/'(20)=1 

(b) /( 15) = 15, /'(20) = -l 

(c) /( 1 5) = -1 5, /'(20) = l 

(d) /(15)= 15, /'(20)= 1 

6. Let D be the domain and R the range of 

fW = [ In (sin -1 7* 2 +3x + 2] 
where [•] denotes the greatest integer function, then of 
the following which statements is correct? 


(a) D = 


(b) £> = 


-3-y/5 


-2 


u 


- 1 , 


-3 + 75 


3-y/5 


R = real of non*positive integers 




- 1 , 


-3 + 75 


(c) 


D.( 


-3-75 


R = set of non-positive integers 
“3 + y/E 


-2 u 


- 1 , 


(d) D = 


-2 


R - set of non-negative integer 


u 


(-«• 


-3+75 


R - set of non-negative integers. 


7. 

If x+y = e x y , then 

ix 

cbr 

at x = x t) is given 

(a) 

4e y ° 

(b) 

4<7° 

e*° + e y ° 

e x ° +e y ° 


Mx 0 +yn) 

(d) 

4(x 0 +y 0 ) 

IW 

£ 

1 

£ 

+ 

H 

(*o + 3'o + l) 2 


8. The value of lim 


27* -9* -3* + 1 


mil , — . — jg 

*->0 V5 - V4 + COS* 

(a) 475(ln3) 2 (b) 875(ln3) 2 

(c) 475(ln3) (d) 875(ln3) 
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9. The value of a such that /is continuous at x = 0, 

where /(*) = sin2 ?+ asin * , is 

X 

(a) -2 and then / (0) = -1 

(b) 2 and then /(0) = -l 

(c) -2 and then/(0) = 1 (d) 2 and then/(0) = 1 

10. The value of Hm cosf ^ ]cos4cos-£....cos— j s 

/»-4oo \2) 4 8 2 n 

(d) 


, » smx /f x x 

<*> — <"> SI 


, x sm* 

<«) — 


2x 
sin jc 


11. The values of a and b if the function given by 
Jx 2 +ax + l, x rational 
[ax 2 +bx + 1, x irrational 


m =« 


are respectively 
(a) 1 and 2 

(c) 2 and 1 


(b) 1 and 1 
(d) land-1. 


12. The value of lim (4 n + 5 n ) Un is given by 

n —* x > 

(a) J2 0 (b) 4 (c) 5 (d) 4.5. 

13. Let /(-*) = cos 2x cot -xj. Given that / is 

continuous at x = 7t/4, the value of/(7t/4) is 
(a) -2 (b) 2 (c) 1 (d) -1. 

14. Let / and g be two continuous and differentiable 
functions satisfying f(x+y) = f(x) + f(y) \/x,y e R. 
Also/(x) = Then |/(15) — /(— 1 5) | is 

(a) -30 (b) 30 

( c ) 0 (d) cannot be determined. 


15. The value of lint 

JC— >1 


x l/3 -* l/4 -2 

x 3 -I 


(a) 1/36 (b) -1/36 (c) -1/12 (d) 1/12. 


SOLUTIONS 


(cosa) v - (sin a)* - cos 2a 
x-4 

_ |j m (cosa)* -(sina) Y ~(cos 2 a -sin 2 a)(cos 2 a + sin 2 a) 


1. lim 

.v->4 


x-+4 X-4 

;rn (cosa)* -(sina)* - cos 4 a + sin 4 a 

x-4 

• (cos a ) ,r - cos 4 a - (sin a) v + sin 4 a 


= lim 

.r-»4 


= lim 
x->4 


x-4 

\.x - 4 


. | |m (cosa) j (cosa7 4 -lj - sin 4 a { (sin a 7 ~ 4 -lj 

Jr->4 X-4 
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4 (cosa) -1 .4 (sina) 4 -1 

= cos a-lim- : sin a lim- 

.v— >4 *-4 .r-»4 *-4 


= cos a - lim 


a "- 1 


- sin 4 a - lim 


b k - 1 


hTo h ~ h 

where a = cosa and b = sina 

a h -\ e /,Iog **-l 


...( 1 ) 


Now lim 


f = lim- 
/;-» 0 h h->0 


= In a 


Using this we have from (1) 

the desired limit = cos 4 a • ln(cosa) - sin 4 a • In(sina). 


(ii) lim 

.r-»0 


(g Y -l)-(g JrCOSY -l) 


* + sin* 


e x - 1 e x 

= lim : lim e 


r -l 


,_►<)* + sin* jr->o * + sin* 

X , „xcosx 


= lim 
*->0 


= lim 

A->0 


e*-\ 


x 

e x -\ 


+ " '- 0 ^cosxfsecx + ^] 

V X ) V xcosx) 


-1 


XCOSX; 
-1 1 


= lim 


.t— >0 x 


1 ('♦ ! r) 

f ,im 7“ 

^.Y->0 1 + 


-lim- 

* cos * sec* + -^- 


xcosx 


e x -\ 


1 


(sin*/*) 


f lim — — -Tf lim 

xcosx J 


1 


*->0 sec* + (tan*/*) 


= J_ = I_I = o. 

1 + 1 1 + 1 2 2 

Remark : Note now we have pulled x and x cosx 
from the numerator while evaluating limits e* - 1 and 

e x -l 

e xcosr - 1, to make use of the fact that lim = 1. 

x — >0 x 

Such obervations help greatly when you want to simplify 
your ca/uclations and avoid the traps laid by L Hospital 
rule. 


tan([-7i 2 ]* 2 )-tan([-7r 2 ])* 2 
sin 2 x 


(iii) lim 

x -+0 

(Observe that n = 3.14 => n 2 = 9.86 
=> -n 2 = -9.86 /. [-ti 2 ]=-10). 

tan(- 1 Ox 2 ) - (tan(- 1 0))* 2 


= lim 

x — ► 0 

= lim 
x — v 0 

= lim 
x 0 


sin 2 * 

- tan( 1 0* 2 ) -f (tan 1 O)* 2 
sin 2 * 

(- tan( 1 0* 2 ) + (tan 1 0)* 2 )* 2 
(sin 2 *)/* 2 


.. -10 • (tan(10* 2 )/10* 2 ) + tan 10 

= lim z 

*-►0 (sin*/*) 

= -10i + tanl0 = tanl0 _ lo 

i2 


i" 


% e-(l+x)' lx e -e"*' +x)Ux 

(iv) lim — — = lim — — — 

*->0 tan* x->0 (tan*/*)* 

flY ) 

_ e (l/ar)ln(l+x) e _J< x A X 2 + 3 4 + 

= lim 

x-+0 


= lim 

x-*0 


Jjx | 

e-e-e 3 4 ' 

= lim — - 


*-+o 


= -e- lim 

x->0 


= -e* lim 

x-^0 


U 3 4 J_ ] 



[l- 

1 1 

T 

+ 

^ In 

[H 

(i- 

5-{ 

1 

1 1 

1 

l 2 3 

* 

4 

'■■■) 



(V) lim f 1* +2* +3* +... + /? Jf j* 


lim f l J +2* +3* +•■■+»* , 

-*CK n 


lim 

- e x -*0 

lim 


■)■ -f 


lim f 1 ** 2* +..+«* -»0 . 2 

-M n ) * 

)im | (l jr -l)+(2 jr -l)+— +(i> x -l) l . 2 

i->0 l x I " 

,m.jf=U lim 2f=i + ... + «« /£=ll.2 

,.r->0 x .r-»0 x x -+0 x j n 


(Ini +ln2+... + In/i) • - { ln( /?!)} — 

e n = e n 


-ln(//!) 


= e Hn\f ,n = (n!) o/ " 


< vl > 

= lim ( (H"4)-"("+2 ^t) 1 

-~l n” ' 

= lim |w+l ”+2 ^JEl} 
n n n J 
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N>| 


= lim 


\ n 


n-+ao 

} ” > \ n ) { 

n y . 



2 n 


2” ~ 1 n 

= lim 

1. . if l u 1 VT 

r 1+ i 

12"-' 

oo 

Lr»J ra - 

l 2" _1 • 

J J 


limfl+lf 

>oo \ n) 




lim 1 + 


I n-*co\ 




2 n ~* • n I 
2"-' 


= e -e U2 ■ e l/4 . 


...e 


l/2 i 


»/i-l 


= e 


l + 5 + i + + =e l-(l/2) 


2.(i) If in a circle of radius R , we inscribed a square, 
then its side is given by 
_ diag onal _ ZR _ _ a (say) 

v2 v2 

Let a { be the side of another square, 
then ci\ V2 = a => cj\ = —j= 

Again a 2 yf2 = a x 
S = sum of square of all areas 



^ (9)2"‘ -6-i-(l)2 _l 


l 


l 


1(8)3-' _ 6. 1. (1)3 


1-1 


1-1-3 

2 3 

1.1.9 

3 4 ‘ 


= - — x — 

6 X -23 


34 
23 ’ 


(Hi) | im M1+«cosx)-P_sinx = | 


.T— >0 
X 

i.e. lim - 

. r — >0 




x 3 

lim 1+(X ~P + lim (-“. + !)+ lim (— -- 2- 
,->0 v 2 2! 3!/ woU! 5! 


i.e. lim 

jc-*0 


JC ...= 1 


As the limit tends to a finite value, we have 

l+a-p = 0 and -fi + f^ 1 '-e-3a + P = 6 
Solving we get a = -5/2, P = -3/2. 

yjl -cos0-sin0 


(iv) 


«i a 


2 2 2 2 
- cr + af + a 2 + ...+ a„ 

2 2 

= a 2 + — +^- + ...+ to n terms 
2 4 

1 '' 


= a 


1 2” 

4; 


= 2a 


H) 


lim S n = 2a 


= = 


4/? 2 . 


lim 


Tx + 7-372x-3 


(ll) *^2 y[x~+6 - llfsiT-i 

_ 7T+ 7-79 + T9-372x-3 

*™2 n/x + 6 -yJi + yH- llfix - 5 

{ (x + 7) 1/2 -9 1/2 }-3{(2x-3) 1/2 -l} 

"~ 2 {(x + 6) ,/3 -8 I/3 } -2{(3 jc- 5) ,/3 -l} 


= lim 

jr— >2 


(x + 7 )*/ 2 _9'' 2 

f(2x-3) 1/2 -l] 

•2 

* + 7-9 

} (2x - 3) - 1 j 

(x + 6) 1/3 -8 ,/3 J 

(3x-5) 1/3 — l l/3 

H 

x + 6-8 

(3x — 5) — 1 


lim 

0_> 4 


( 40 - 7 T ) 2 


= V2 lim 

0 — >7l/ 4 


1-| -^=cos0 + ~4=sin0 j 
(40 -7i) 2 


7T 


1 

tt 


= 72 lim 

e-Mc/4 I6(0 -(ti/4)) 2 

Set 0 = ~ + h , so that when 0 — > ti/4, h —> 0 
4 

above limit = V 2 lim - — lim - — 
h-+0 16 h 2 16 /»— >0 h 2 


■ — ~f~~ ’ lim 
8 V 2 /»->o 

1 


^2 sin 2 (A/2)'' 


A 2 


8>/2 /.-*>V A /2 J 4 


1672 1672' 


.. x* +l -(A + l)x + A- .. (jc* +1 - jc)- A:(jc- 1) 

( V \ lim 5 J = lim 3 - — ^ - 

V ’ J-H (.X — 1 ) 2 JT-41 (x-l)‘ 

Jf->oo (x-l)“ 

.. x(x — + x k ~~ + ...+ x + 1) - k(x — 1) 

= lim r 

(Jf-1) 2 
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lim l +x k 2 + ... + * + !)-£) 


(x-Vf 

x k +x k ~ l +... + JC 2 + x-k 

x-\ 


= lim 

X — > 1 

jj x k -f- x k ~^ + ...+ x 2 + .x-(l + l + ...to A: times) 

x — > 1 X — \ 

= , jm (x*-l) + (x*- | -l) + ...+(x 2 -l) + (x-l) 

*-►1 JC — 1 

_ 1 x k ~ 1 _ 1 y — 1 

* — > I X-l x — > 1 X-l jc->1 JC — 1 

=-* + (*- 1) + (*-2) + ... + 2 + 1 = -- ( * 2 +1) . 

3.(i) For * > 0 

Right hand limit = *im /(O) = lim f(h) 

*->0 + h-y 0 + 

- lim cos~ l (l-{/»} 2 ) sin- | (l-W) 

*-» 0 n/2({A}-{A} 3 ) 


cos"'(l-/» 2 )sin~ l (l-^) 

V 2 (//- A 3 ) 

cos~ l (l-/j 2 )sin~ l (l-/j) 

£* sl2 h(\-h 2 ) 

_ [im cos~'(l-/») 2 sin -1 (1-6) 
h-y o V2 • /j(1-A)(1 + 6) 


= lim 
/?—>() 


= lim 


= lim 


sin 


lim 


cos ] (l-/7 2 ) 


h-^o \fl(\ - h)(\ + h) h-+o 

_ sin -1 1 20 

•J2 0™ 72 sin0 

_ sin -1 12,. 0 . . _i ... jt 

" V2 V2eToii^0- (Sm 1)1 ~2 

Forx< 0 

Left hand limit = lim f(x) = limf(O-h) 

x->0~ h->0 

= | im cos~'(l -{0-/j} 2 )sin~ l (l-{0-/j}) 
*-*> V2({0 - //} - {0 - A} 3 ) 


= lim 
/;— »0 


cos '(1-11 - A? 2 ) sin~‘(l -{1- A}) 


n/2({1-/j}-{1-6} 3 ) 


= lim cos ~ l (^(2-^))~sin ~ l h 

/>->0 V 2 ( l -//)- (2 - A )-/) 

= | im . cos- 1 ^-/,) ., irn sin^ 
A -»0 v 2 • (1 — //)(2 — 6 ) *->0 h 


_ cos 1 0 , Jt Jt 

'17 T'-Wj A| s° /(<,) ’2 

Thus / (x) is discontinuous at * = 0. 

Checking the continuity for g(x) 

£(0)=/(0) = ti/2 

Right hand limit = lim g(x)= lim /(*) = — 

jr->0 + jr-*0 + ^ 

Left hand limit = lim g(x)= lim 2>/2 f(x) 

jr— >0~ jc->0~ 


= 2jl lim /(x) = 2>/2~ 
*-»0- 4V2 


7C 

2 


Thus g(x) is continuous at x = 0. 

(ii) f(x ) = x 3 - 3 jc 2 + 6 
/'to = 3x 2 - 6x => x = 0, 2 

These are the critical points of the function / (x) 

/"(x) = dx,/'"(x) = 6, /" (2) = 12 > 0 
/. x = 2 is anoint of local minima and x = 0 is a point of 
local maxima. 

Clearly /(x) is increasing in (-», 0) and (2, °°) and 
decreasing in (0, 2). 

x+ 2 < 0 => x <-2 => g(x) =/(x + 2), -3 <x <-2 
Ifx + 1 < 0 and 0 <x + 2 < 2 i.e. x <-l and -2 <x < 0 
Thus -2 < x < -1 , g(x) =/(0) 

Now, for0^x + l,x + 2<2=*-l<x<0, 
g(x)=f(x+ 1) 

/(x + 2) - 3 £ x < -2 
/(0) - 2 < x < -1 

/(x + 1) -1 ^ x<0 

1-x x£0 

Thus g(x) is continuous in the interval [-3, 1]. 

(iii) For finding left hand limit, observe that 1 <x < 2, 
so that [x + 1 ] = 2 

LHL = lim . , im — 4(2* t 4) 

x->2~ 4 X - 16 x-y2~ (2 X - 4)(2 X + 4) 


g(x) = 


= lim 
x^>2' 


( 2 ^ + 4 ) _ 8 " 


RHL = A lim - 1 Cos ^ 2) = A lim 

jt— >2 + ( x “ 2) tan ( x - 2) h tan h 

where x = h + 2, so that when * -» 2 + ,.h — > 0 

- A lim iSpm ■ ^ , im 2jj£W2) 
h -+ 0 htanh h-*ojj 2 . (tan /?/ /j) 

/sin(A/2)7 1 , 

■ /< lim »' 2 L±-, A i.d 

h-y o tan/j 4 2 
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For continuity at x = 2, LHL - RHL -/( 2) 
=> A= 1 and/(2)=l/2. 

(iv) /(0) = Right hand limit 

= lim f(x)= lim /(0+A) = lim 2 ~ (256 
.v-*0 A-vO 


1/8 


(5A + 32) 1/s -2 


(256- 7A) I/8 -(256) 

A -»o (5/? + 32) l/5 -(32) ,/s 

(256-7/>) l/8 -(256) l/g 

.. (256 -7/;) -256 

— lim ■ tic | / r 

*->■0 (5A + 32) ' 5 -(32) 7 5 


0/8 


•(-7A) 


(5/z + 32) -32 


(5/7) 


7 (1/8X256)«~ 7 U/ 


i (256) 


.-7/8 


(I) 


(32)5 


i-l 5 


(i)-(32)" 4/5 


7 1/8 (2)~ 7 = 7 J_ = J_ 
51/2 (2) ‘ 

4.(i) /(x) = 


£(*> = 


h(x)=f(g(x) = 


5 1/2 ’(2)“ 4 8 2 3 64 

[x + 2, 0<x<2 
[6-x, 0>2 
fl + tanx, 0<x<7t/4 
(3-cotx, n/A£x<n 
For 0 <x < Jt/4, g (jc) = 1 + tanx 
So /(g(x)) = /(I + tan x) = 1 + tan x + 2 
Now x e [0. Jt/4) => 1 + tanx e [1,2) 

and for xejjp n gW = 3-cotx 

Also for xejjp Jtj, 3-cotxe[2, oo) 

So/ (g(x)) =/(3 - cotx) = 6 - (3 - cote) 

Again denote by h(x) the composition off w.r.t. g 
l3 + tanx, 0<x<Jt/4 
(3 + cotx, Jt/4<x<Jt 
/(x) is obviously continuous in [0, Jt] 

A ' + (f) = , l li + ( ' cosec2x)= ' 2/ '(T) 

= lim (sec 2 x) = 2 

.X->7t/4“ 

Thus/ (g (x)) is differentiable everywhere in [0, Jt) except 
atx = Jt/4. 

.... Iim /(*)*( 4-x)-/(4-x)g(x) 

(") x->2 


x-2 


Let h = x - 2, so that when x — » 2, A — » 0 

= |; /-(/7 + 2)g(2-/7)-/(2-/7)g(2 + /7) 

A->o h 

/( 2 + /j)g(2 - A) - /(2)(2 - A) + /(2)g(2 - A) 

.. -/(2- A)g(2 + A) + /(2 - A)g(2) - /(2 - A)g(2) 

= lim r — 

A ->0 " 

g(2 - A)[/(2 + A) ■ - /(2)] - /(2 - /7)(g(2 + A)- g( 2)) 

+ g(2-A)/(2)-/(2-A)g(2) 

= lim r 

/i->0 « 

= g(2)/'(2)-/(2)g'(2)+ 

|: g(2-/7)/(2)-/(2-/7)g(2) 

h-*0 fl 

= 4 • (-3) -21 + 

.. f(2)g(2 - A) - /(2)g(2) + /(2)g(2) - /(2 - A)g(2) 

lim 7 

/;->0 * 

.-, 2 -2 + /(2){lim«e^l7i(2)j- 

g(2fc /OM) 

= - 1 4 + /(2) • (-g* (2)) + g(2)f'(2) 

= -14 - 2 • (+1) + 4 • (-3) = -14 -2- 12 =-28. 

5.(i) Consider^*) = ax ± b t where a and /> are constants 
to be determined. 

ax + 6, , 

}Jx 

x>0 


/w = 


.(M - 

lim /(x)= lim /(x) =* (^) = A => A = 0 

v.n + r— *0~ ' 2 / 


lim 

*-►0 

/d)=f 


( 1-4- 

on takin 8 logarithm yields 
ln/(x) = — { In | x + 1 1 — In 1 2 + x |} 

- ml . 'hiti. — - — 


/(x) x 2 2 + x x(x + 1X^ + 2) 


- ta W 


•Ao-H+14-H+i 


/H) = A-a 

<. 2, 3 1 

=> b — a = — In — H — 
3 2a 


. 0-77 = |ln| + i 
3 2 9 
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• a = - — In — -— Thus /(a) = -f-^ln^+T-W 
*• a 3 2 9 \3 2 9) 

(ii) / (a) is defined for V x g (0, oo) 

Now, for a = /i + 1,1+ siax = 1 

xe((2n-l)n , 2/ra), 0 < 1+sinx < l 

For x e (2/m, (2/i + l)7i), 2>l + sinA>l 

Thus /(a) can be described as 

1 + In a* 


/« = 


x = mz 


xe((2w-l)7t, 2/m) 


1, AG(2wt, (2/7 + l)7t) 

It is seen from the above that /(a) is discontinuous at 
integral multiple of7i. 

(iii) Given relation is 

V x, ye R 

Replacing x by 3a and y by 0, we get 

f(x) = f(3x) + 2/(0) - => /( 3a) + 2/(0) = 3 fix) 

=> /(3a) = 3/(x)— .2/(0) 

Now /X0)=.im ^ + ^-^ 

/;->0 n 

/( 3jc + 2 • (36 /2) \ _ y (x) 

= lim — — r 

/?->o h 

= i;ul /(3 a) + 2/(3/z/2) - 3/(a) 

/?— >0 3/? 

.. 3 f (x) - 2/(0) + 2/0A/2) - 3/(a) 

= lim — tt 

/»— >0 3/7 

/? — >0 (3/7/2) 

Thus /'(a) = 1 =>/(a) = a + c, which being a linear 
function in a is always continuous. 

fo 


(iv) Rewrite /(a) as /(a) = 


>/(*-« = 


, A G (-00,“1) 
1 + A , ag[-1, 0) 

1-A , A G (0, 7] 

0 , AG(1, 00) 

0 a-1 g(-oo,-1) 

1+(a-1) a-1g[-1, 0) 
I-(a-I) a-1g(0, 1] 

0 a-1g( 1, oo) 


or /(a-1) = 


0 

A 

2- A 

0 


Also /(*■+!) = 


0 

1 + (a + 1) 
1-U + l) 
0 


, A < 0 
, 0<A<1 

, 1 <A< 2 

, A > 2 

A+l G(-00,-l) 

A 4* 1 G [—1,0] 
A+l G(0,1) 

A + l G(l, OO) 


0 

2 + A 
-A 
0 


a<-2 
-2<a<-1 
-1<a<0 
A > 0 


0 

, a<-2 

2+a 

, - 2 < a < - 1 

-A 

, -1<A<0 

A 

, 0<A<l 

2-a 

, 1 < A < 2 

0 

, a>2 


Now, £(*) = /(*"’l) + /(* + l) : 


It is easy to check that #(a) is continuous V a eR and 
non-differentiable at a = -2, -1, 0, 1 , 2 and differentiable 
else where. 

6. (i) We have /(. x)/(y ) + 2 = /(*) + /Cv) + / (xy) 
Let a =y = 1, we get/ 2 (l) + 2 = 3/(1) =>/(!) =1,2 
Setting a = y = 0, we obtain 
/ 2 (0) + 2 = 3/(0) =>/ (0) = 1 , 2 
As/is 1 - 1 and /(0) * 2 =>f(0) = l and/(l) = 2 




/ (a)= lim— ; ■— = hm 

/(a)/(i + £) + 2-/(a)-/(i+£)-/(a) 

= lim t 

>/— >o h 

(/(a)-1)/(1+(6/a))-2(/(a)-1) 

= lim 

h — >0 h 

(/(*)-l)(/0+(A/*))-2) 

= lim 

/»->o h 

(/(*)-0(/0+(*/*))-/(D) 

= lim : 

/i-*0 /7 

.. (/W-1)(/(1+(A/X))-/(D) /(*)-! 

= iTo TmaTI) = “7— y (,) 

VW = 2 (/(*) - 1) 

Integrating both sides w.r.t x in between 0 and 1, we 
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obtain 

J xf'(x)dx = 2 J(/(x) - l)<*c => x/(x) 


- f/Wdx 


0 0 


= 2 jf(x)dx-2=> J/(x)dx = ^ 


(ii) 2 + fix) fiy) = fix) +f(y) + fixy) 

=> 1 - fix) -fiy) +f{x)fiy) - f{xy) - 1 

=> (1 - fix)) (2 -fiy)) = fixy) - 1 

The above holds if and only if/(x) = 1 + x" for if fix) 

= a J' + a ,,-\ + + fl o 

Then consider (1 -/(x)) (1 - fiy)) =fixy) - 1 
Compare constant term on either side 

1 - 0 O = a 0 - 1 =* °0 = 1 
Compare coefficient of x n y ft 
=> V = => a„ = I 

(a w * 0, for then polynomial could not be of ri) 

Again compare coefficient of a , x 2 x"~ ] on either 

side, we have a ] = a 2 = = 0 

=> a n = 1 and /(a) = 1 + x" 

/( 2) = 3 => 1 + 2 W = 3 =* 2” = 4 = 2 2 /. w = 2 
Thus / (a) = 1 + a 2 and f(f( 2)) = /(5) = 1 + 5 2 == 26 


(iii)g(A') =/(/•«) - 1) +/(5 -/(a)) 

^(a) = {f\f(x) - 1) -/(5-/(a))}/'(a) 

Since /(a) is differentiable everywhere => g(A) exist 
for all a € R and then there is no point on which function 
is not differentiable. 
g(x) is thus continuous as well. 

For critical points g\x ) = 0 

=>/'(*) {/'( fix) - 1) -/'(5 -/(A))} = 0 

Either /'(a) = 0 or /(a) - 1 = 5 -/(a) 

=> a = 1 or a is given by /(a) = 3 
/(a) = 3 a 2 - 2a — 3 = 0 a = -1, 3 
Thus a = -1, 1, 3 are the critical points. 
g(Aj=/(A*)- D+/(5 -/(a)) 

= (A*) - 1 ) 2 - 2 (/-(X) - I ) + (5 -/W) 2 - 2 (5 -/(x)) 
= f 1 - 2f+ 1 - 2/+ 2 + 25 - 10/+ / 2 - 10 + 2/ 

= 2/ 2 - 12/> 1 8 = 2(/ -2 - 6/+ 9) = 2 {/(x) - 3} 2 > 0 

7.(i )/(x + y) =/x) + 2^ + Axj 

Setting x = 1 , y = 1 , we get f{x) = f I ) + 2 + k 

=> 8 = 2 + 2 + k => A = 4 


Now /(* + y)-/(f) =2 , + fcc 

. . _ , y ,fix + h)-f(x) 

Let y= h => t 


= 2h + kx 


f (x + h)- f(x) .. / x 

Taking limits lim- : = lim(2/? + ALx) 

& »o /; //-+0 


=> f\x) = kx = 4a 

/(1) = 2=>C = 0 
Here /(a) = 2a 2 and 


/(a +y) •/ 



=> /(a) = 4.^ + C = 2a 2 + C 


frf * 4 -* 


(ii) Let max / (a) = Af, where 0 < M < 1 (Becauses / (a) 
is not zero identically and |/(a)| < 1 V a e R) 

Now fix + y) + fix -y) = 2 f(x) ■ g(y) 

=* 2/(x) giy) = fix + y) + fix - y) 

^ Wix)f&)\ = \fix+y)+fix-y)\ 

=> 2|/(x)| |g<»| 5 |/(x + y)\ + \f(x-y)\<M+M 

=> ?|/(x)| \giy)\ < 2 M=>\g(y)\ £ jy^j 

=> (g’O)l ^ If i.e. |g(y)| ^ 1 

(iii) fixy) = e~ x fix) + e^/(y) ( 1 ) 

Let a = >> = 1 in ( 1 ) to obtain 

e-'/(D = e- , /(l) + e-'/O) 

=>/(!) = 2/(1) 1 ) = 0 


By definition/'^) = lim 

h — >0 h 

/(x(l + (A/x)))-/(x-l) 

= lim ; 

h-*o h 

e x+h {e~ x f (x) + + ( /»/ x))} 

= |im ' fe -e x (e- jr /(x)+e~ l /(l» 




= lim 
/»-» 0 


e ; 7(x) + e"*' l "V(l + (/i/x))-/(x)- e jr -'/(l) 


/»-»o h h-+o x-(h/x ) 

= /(x)' l +e *-'.L^ = /(x)+ £lL£ = /(x)+ 


=> /’(^) = /(*)+7- => e- x fix)-e- x fix) = 1 

on integrating, we have e' x f( x) = In a + A: 
as /( 1 ) = 0 k = 0, / (a) - Inx • ^ 

8(i)/(A) = tf|sin a| + + C|a| 3 


/(0 + )= lim 
/»-► 0 


/(0 + /7)-/(0) 

h 
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asm h + be h + ch' - b 


= lim 
//-*« o 

= lim 

//-» o 


f'(0 ) = lim 
h-*0 




( £ x 3 ) +ca2 


= a + b 


f(0)-f(0-h) 


= lim 
//-> o 


(b-as\nb + be h +ch J ) 


for / to be differentiable at * = 0, 
we have a + b = - (a + b) 

=> a + b = 0. Thus the values of a , 6, c for / to be 
differentiable at a, b e R : a + 6 = 0 and C e R. 

(ii) /(*) = (* 2 -l ) |* 2 - 3* + 2| + cos|*| 

= (* 2 - 1 ) |(* - 1 ) (jc — 2)1 + cos* 

Thus /(jc) = -(* 2 - 1 ) (x - 1 )(jc - 2) + cos*, 1< * < 2 
= (x 2 - 1 ) (jc - I ) (x - 2) + cos*, *e(-oo, 1 )u(2, go) 
The only points where the function may fail to be 
differentiable is * - 1,2. 

For x = 1 

r(1+)=lim /0±AWW 

//->o h 

f j 1 - (1 + h ) 2 } ( 1 + h - 1)(1 + h - 2) + cos(l + /z)l - cos 1 

= lim 

/>-» o h 

.. (h 2 + 2h) • h(\ - hi) cos(l + /z)-cosl 

= Inn 1- lim - — 


//— >o 


h — ►() 


A .. -sin(l 4 -/ 7 ) 

= 0+lim = —sin 1 

//— >0 1 

/-(■-)=. 

//-►(> h 


cosl -[(1 -hf - ](l - h- 1X1 -h- -2) +cos(l - h)] 

= lim - 

/»->o h 

.. -(/z 2 - 2/z)/z(l + /z) cos 1 — cos(l — h) 

= lim — - + lim 


//-> 0 


h-+o 


A .. -sin(I -/?) 

- 0 + lim = 0 - sin 1 = - sin 1 

/>-* 0 h 

Hence /is derivable at jc = 1 
For jc = 2 

/!-> 0 h 

[{(2+h)- -l}(2 + /;-l)(2+//-2) 
+cos(2 + /z)l-cos2 

= Inn 

A— >0 /z 


(/z 2 + 4/? + 3)(1 + h)h cos(2 + /z)-cos2 
= lim —+ lim 


//-> 0 


//-+0 


* .. -sin(2 + /z) . . _ 

= 3+ lim = 3 -sin 2 

/j-+o h 

h-M) h 

= . cos 2 - [1 - {(2 - /z) 2 } (2 - /z - 1)(2 - /z - 2) + cos(2 - /z)] 
/»— >0 /z 


= lim 
//-> 0 


-(/7"-4/z + 3)/z( 1-/7) |; _ cos2-cos(2-/z) 


- + lim - 
A->0 


- — sin(2 — /7) 

= -3 + lim = -3 - sin2 

h — >0 h 

As/(2 + l) * f\2~). thus/(*) is not differentiable at 
jc = 2. Then the only point where the function not 
differentiable is * = 2. 

cotJctan“ , (/zztanjc)-7zzcos 2 (jc/2) 

»• ® * a — 


= lim 

. v ->0 


sin 2 (jc/2) 
cotJctan _1 (/7ztanjc)-/w^l -sin 2 (jc/2)^ 
sin 2 (jc/2) 


cotjctan 1 ( /7z tan*) — 777 
= lim 7 + /7z 

*-►0 sin"(*/2) 

tan _I (777 tan*)- /zztan* 

= lim 5 + /Z 7 

•v->« tan*sin“(*/2) 

tan _, (/zztan*)-/7ztan* 

= lim = + m 

x-+o *-(*/2 ) 2 

tan _, (/77tan*)-77ztan* 

= lim ; + /77 


.Y-»0 


jc 3 /4 


/-tan/ 

= lim — T +m (set m tan* = tan /) 

t->or/4mr 

. 1 .. / — tan/ •> 1— sec 2 / 

= /n + 4/n 3 hm t — =/n + 4»j 3 lim- r — 

-..2 


/->0 t 


. i,. -2sec‘/tan/ 
= m + 4/;z‘ lim 


z->o 3 r 


t-+ 0 


6 / 


(applying L’Hospital rule) 
4 

— / 

3 


= m + 4/ZZ 3 [ -— 1 = 777 - — 77Z 3 


(ii) lim 


fa u * + b t,x +c Uxy?X 


= lim 
z-> 0 


y 

/ , , , \3/z 

Q 1 
Set / =— 


-lime 1 

t-+Q 


(</+h' + c') 

- Ini 3 J 
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Now, 
lim — In 

I-+Q t 


( a + b* + c l ^ 


= lim -In I 1 + 
t-+o t 


a'+b'+c-^ 


= lim 
/->o 


a 1 + b 1 + c - 3 


In 1 + 


a'+b'+c'- 3 


a' +b‘+c‘- 3 


/->0 t l-> 0 u 


= lim 
*->o 


V-D , ^-i) 


r *'- 1 
lim 

/-*o / 


/ / 

\ 


+ lim 


*'-l 


\ / 


1 


/->o / 


lim 


c'-l 


/->o / 


= In a + In b + In c = In ( abc ) 

Hence the limit is e ]n ^ ahc) = abc. 

1 0.(i) We have / (jc + 2y)=f (x) e 2 >' +f(2y).e x + 
x 1 (1 - e 2y ) + 4y* (1 - e*) + 4 xy 

Set x = y = 0, we obtain /(0) = 2/(0) =>/(0) = 0 


By definition /"(x) = 1“J* 
2h , x , 


= lim 
/!-*() 


= lim 
/»-> o 


f(x + 2h)-f(x) 

2h 

-e 2/ 

(l-e x ) + 4x/i-/(x) 
2h 


f(x)e 2h + e V(2/») + x 2 (l-e 2A )+4/j 2 


/(x)(e 2/ ’ - 1) + e*(/(2/») - /(0) - (e 2 * - l)x 2 
+ 4x/;-4/i 2 (l-g*) 

2h 


rs \ V e2h ~' , * lim /( 2A >-/< 0 > T 2 
= /(jc) lim — + e hm * 

/j->o 2/z /»->o 2 /j 


lim 


e 2A -l 


+ 2x 


/»-► 0 2/7 

= /(x) + e*/'(0)-x 2 + 2x 

=>/'(x)=/(x) + e*-x 2 + 2x 

=> e x f'(x)-e*f(x)= I + 2xe x -x 1 e x 

=>e x f(x)=x+x 2 e x +k 

As/(0) = 0 => * = 0 f(x) = xe x + x 2 

(ii) /(2x 2 -1) = 2xf(x) V x e [-1, l] 

Replacing jc by — jc, we obtain 

/(2x 2 - 1 ) = -2x /(-x) => 2x/(-x) +/(2x 2 - 1) = 0 


2x/(-x) + 2x/(x)=0 
2x(/-(x)+/(-x))=0 Vx 6 [-l, 1] 

/ (x) + / (-x) = 0 Thus /x) is odd. 

As /(x) is odd and continuous in [-1, 1] =>/(0) = 0 

.. . f{ 2x 2 -I) ... „ , /( 2x 2 -1) n 

► /(^) = ii i=>l lim /(x)= lim = 0 

J 2x x->o x— >o 2x 

Replacing x = cos0 in the given functional equation, 
we obtain 


/(cos20) = 2cos0/cos0) = 2cos0 
= 2 2 cos0cos— /[ cos— 


(, 0 J 0 n 

2 l 2JJ 


i • 0 

= 2‘cos0 cos 


efo e A e \ 

>- 2cos— / cos- 
21 4 J { 4J 


0 0 

= 2 /,+1 • COS 0 • COS — • COS r • COS 

2 2"" 1 


0 J e ^ 

— f\ cos — 

2" { 2" J 


= sin 20- 




sin- 


r 


Taking limit on both sides as n -> oo, we get 




lim /(cos20) = sin 20 lim 

sin — 
2 n 


= sin 20 lim 

/?-> 00 




_ /)+ | 


= sin 20 


lim 


/ ( 2si " Z i^r- 1 ) 


n_> " 2sin ^rrr • COS 


0 


y>+l -.n+l 


0 


= 0 


Thus /(cos 20) = 0 V 0 6 
This gives /x) = 0 Vxe[-1, I] 

SOLUTIONS TO MCQS 


sin 'x-tan ‘x 


1. (d) : Hm 


,T-»0 


= .in ' --til 


= lim 

.r-»0 


3jc 2 




• v - >0 3x 2 (l + x 2 Wl-x 2 
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(l + x 2 ) 2 -(l-x 2 ) , 

= lim — rp , ■ -i ’ 1 

*-*°3-r[(i + Jf 2 ) + Vi-x 2 J 


= lim 


x 4 + 3x 2 


= lim 


JC 2 +3 1 1 


3x 2 () + ;r 2 ) + 7l-x 2 x ~*° 3 22 

2. (c) : The functional relation is 

3/(x) + 4 /(^) “ 7 " 5 ••••(') 

Changing a* to 1 /a in (1) we have 

3/(jj + 4 f(x) = x-5 ....(2) 

Multiplying (1) by 3 and (2) by 4 and then by subtracting 
9/(x) - 1 6 fix) = 3^ - 5 j - 4(x - 5) 

=>-7/(x) = -15 + 20 + — -4x 


3 2 2 

=> fix) = 

flim /W T = 

lim /(3' + (°) - /(°)l 



U-o y J 

<y-*° y > 


/( 2 ) = 


8 — (3/2) — 5 _ 16-3-10 _ J_ 


7 2x7 14 

3. (a) : F(x)= f(x) g(x) h(x) 

Taking logarithm, we have 
In F (x) = In/ (x) + lng(x) + ln/i(x) 

Differentiative w.r.t x we obtain 
/■/.v) _ /'(a) | g'(x) | h'(x) 

F(x) f{x) g(x) h(x) 

/"(Xq) _ /'(Arp) [ g'(Xp) | /)'(Xq) 

^ F(x 0 ) /(x 0 ) g(x 0 ) /;(x 0 ) 

^13 = 9 + 4 + ^^ =>0 = •. /,'(x n ) = 0 

/7(A 0 ) /?(A 0 ) 

4. (c) : a = 2/ - | / 1, y = Z 3 + t 2 \ t \ 

Function takes the form 
a = 3/, y - 0, when t < 0 
x = f, y = 2Z 3 , t > 0 

Eliminating the parameter, we obtain 

y = 0 a < 0 

2a 3 a > 0 

Differentiation w.r.t a gives 

^ = 0, x < 0 

dx 

= 6x 2 , x > 0 

Hence the function is differentiable everywhere and 
/'( 0 ) = 0 

MATHEMATICS TODAY | JANUARY '07 


5. (d) : fix + yn) =/(x) + ifiy)) n 

Set x = y = 0 => /( 0) =/(0) +/(0) =/(0) = 0 

fix + yn) — / (x) _ (/(.V))" 

^ ow I'Z 7 iZo^r- 


=(./( 0))"= constant 
/. / (x) = ax + b,fi 0) = l,/(0) = 0 a T, b - 0 
Thus f{x) = x /(1 5) = 1 5,/ (20)= I 

6. (a) : For domain 0 < x 2 + 3x + 2 < 1 

x 2 + 3x + 2 > 0 => (x + I) (x + 2) > 0 

=> x e i~<>°, -2) u (-1, «) 

x 2 + 3x + 2 < 1 =>x 2 + 3x+ 1 <0 

'-3-75 -3 + 75 


> A6 


Thus domain D = 


2 ’ 2 

’- 3-J5 


u -I, 


- 3+75 


. For range, 0<sin 'Vx 2 +3x + 2 < ^ 

=* — 00 < In ( sin - 1 Jx 2 + 3x + 2)-* n T 

Thus ln|sin~' -v/x 2 +3x + 2 j can take all non-positive 

integral values. 

7. (b) : x + y = e* >’ 

Differentiating w.r.t x, we get 

1 + ± = e ' ■ {'"* 1 => / + 1 = e" v(, " y) 
dx 

=> / + 1 = (x + y)(l - /) => y'(x + y + 1) = x + y - 1 
Differentiating again 

y(x+y+i)+/(i+y)=i+y 

=> /’(x + y+l) + / 2 -1 = 0 

'x + y- if 


>y"(x + y + 1) + 


U + T+' 


-1 = 0 


■ (x + j'+l) 

(-4(x + yi)) ,, 4(.v+v) 

=>/'(x + > + l) + — =Tf = 0 =>>'=■ 


ix + y+\Y 


ix+y+\Y 


d 2 y , . _ . _ 4(x n + ,Vq ) _ 4e Jf|> ~ > '° _ 4c v " 
dx 2 |X - ' Xo “(x 0 + T 0 + l) 3 \+a Xo ~ yn e*+c* 
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J 


27 v -9 jr -3 Jr + l (9 T - 1X3^ - 1) 

8 . (b) : I'm — 7 = lim ^ L 

.v->o — v4 + cosa -n/3 - v4 + cosa 

(9 v -I)(3 v -I)(75 + V4 + COS A ) 

= lim r 

5 -(4 + cos a) 


(9 x -lX3 r -l)(>/5 + 74 + cos a) 
= lim 


,v->0 

'nn. 2^1 

,Y — ♦() X 


1 -COSJC 

3^-1 

lim — I lim 

Y->0 X J.V-40 


2 sin 2 - 

2 


■(Vs+Vs) 


= In 9 • !n3 • 2 • ijs = 2!n3(ln3) • 4 n/5 
= 8x/5(ln3 ) 2 


9 . (a) : I'm ,f(x) = lim 

.v— >0 .r->0 


sm ZA + flsinA 
~ 


= lim 

,v ->0 


2 COS 2.V + G COS A 

3? 


For the limit to exist i.e. to be finite, the numerator 
must tend to zero when denominator tends to zero. 

2 + a - 0 => a - -2 
Putting the value of a , we obtain 
2 (cos 2 x-cosa) 


lim /(x) = lim 

.V~»0 A" — >0 

= lim 

.r ->0 


= Ym-U— 1 + 

X — M) 


3a 

2 (- 2 sin 2 .v-f sinx) 


6x 


.| im If£iHl = _l 

a— > o 3 ^ .v J 3 


+- = - 1 . 
3 


XXX X 

10. fc) • l ,m COS — cos — cos— cos — 

2 4 8 2 n 


= lim 

//—♦CO 


= lim 

//—►on 


//-♦co 

A* A 

cos — cos - 
2 4 


.cos- 


2" 


sin- 


2" 


sm- 


A A 

cos- cos — 
2 4 


2 n 

1 A 

• sin- 
2" 


sin- 


2 " 


= lim 

//—♦CO 


XX X 

-cos — cos- sin T 

4 2 4 ~>"~ 2 


sin 


= lim 

//— >OC 


sin a 
2" 


7" 


= lim 


A 

2 n 




sin a 

X 


s'inx / 
lim 


sinA j _ sinA 


a /-»osin/ A a 

(we have repeatedly made use of the identity 

•oo - 0 0 

sin 0 = 2 sm — cos — ) 

2 2 ] 

11 . (b) :/is continuous at a = 1 
=>a + 2 = a + b+ \=$b=\ 

/is continuous at a = 2 => 2ci + 3 = 4a + 2b + I 
2a + 3 = 4a + 3 => 2a = 2 a - I 


( 4 " + 5")" =‘ lim 

I 5 " 

+ 1 

» ' ' //-♦OO 

t 

5 " 

v J y 



= lim 5" i+ i 
/,->« ( [ 1,5 

= 5(1 + 0) = 5 

13. (b) : Since t is continuous at a = nl4 
/( 7 i/ 4 )= lim cos 2 a cot a 

.V — > 7t/4 ^4 

f -2 sin 2 a ^ 

-2- I 


= lim 


n 

A— ♦ — 

4 


-sec 2 f- - jcl 

U J 


-I 


= 2 


14. (c) : We have/(x + y) = f(x) +f(y ) (A) 

and f(x) = x 2 g(x) 

As f(x) is differentiable, by definition, 
i.-_ f(. x + h ) -/(*) f(h) 

f () “ & a _ J“S,T (us,ng A) 

= lim t L JzStl = |j m hg(h) - 0 
/?— >0 h /;-> 0 

=>/(*) = 0 /. f(x) = constant = c (says) 

Thus |/‘(15)-/(-15)| = |c-c| = 0 

x i/3 -^ ,/4 -2 (a i/3 — 1 )_(jc i/4 _l) 

15. (a) : I'm : = lim- ’—± - 

x-*\ * 3 -l v-»i x 2 -\ 


lim 


(jc i/ 3 - 1 )-(jc 1 / 4 - 1 ) 


*-»• (jt — I)(jc jr + I) 

f . x' n -\ x' U 

lim lim 


-1 


*-♦1 A- I 


X-*l A — 1 
1 


I 


( 1“+1 + 1 ) 




-Ill- 

4)3 


I 1 I 

12 X 3 36 


OO 
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15. If f(x) = 


cos(* + a) cos(* + p) cos(* + y) 
sin(* + a) sin(* + P) sin(* + y) 
sin(P-y) sin(y-a) sin(a-P) 


20 


and f(2) = 5, then £/(*) ec I ua I s 

(a) 5 r '‘ (b) 10 

(c) 100 (d) none of these 

16. Given /(x) = log l(> x and g(*) = e* ,v 

f(x)g(x) [/(.V)]« (I) 1 

If <!>(*)= f(x 2 )g(x 2 ) [/(a: 2 )F (x2) o 

Ax 3 )g(x 3 ) [/(Jt 3 )] K<xJ) I 
(a) 1 (b) 2 

(c) 0 (d) none of these 

17. If x > 0, y > 0, z > 0 then the value of determinant 

*log2 1 5 + (log4) x 

A= vlog3 2 10 + (Iog9/ IS 
r log 5 3 15 + (log25) r 
(a) lx + 3y + 5 z (b) x\og2 x +;4og3>' + zlog5 r 

(c) 1 (d) none of these 

18. The roots of the equation 

3jc 2 x 2 + jrcosp + cos 2 Px 2 + *cosP + cos 2 P 

3 cos 2 p 1 + (sin2p)/2 

jc 2 + jrsinp+sin 2 p l + (sin2p)/2 3sin 2 p 

(a) sin P, cos : P (b) sin 2 p, cos 2 p 

(c) sin 2 P, cosP (d) sinp, cosp 

19. The value of determinant 

2 a + b + c + d ah + cd 

a + h + c + d 2(a + b)(c+d) ab(c + d) + cd(a + b) 

ab+cd ab(c + d) + cd(a + b ) labcd 

(a) 2 abc (b) ablcd (c) a+b+c+d( d) 0 

2 


= 0 


is 


20. If sin2* = 1, then 


0 cos* -sinjc 
sin a: 0 cos* 
cos* sin* 0 
(b) 3/2 


equal 


(a) 0 

(c) 2/3 (d) none of these 

21. The value of 

1 1 1 
(e m -e~ ia ) (e ia - e~' a ) 2 -(siny-cosy) 2 
(e ,ot - e~ ,a ) 2 (e ,a -e~ ,a ) 2 -(siny + cosy) 2 
(a) 0 (b) e' a eV 

(c) 1 (d) (e ia /(e^ sin y)) 2 


A = 


is equal 


22. If maximum and minimum value of the determinant 
sin 2* 


I + sin 2 * 


cos 2 * 


sin‘* 1 + cos 2 * sin 2* 

sin 2 * cos 2 * l + sin2* 


are a and p then 


(a) a + P" = 4 (b) a 3 - P 3 = 26 

(c) (a 2 " - P 2 ") is integer (d) None of these 

23. If *, y, z are the integers in A.P., lying between 

1 and 9 and *5 1 , >4 1 , r3 1 are three digit numbers, then 
the value of 

5 4 3 

*51 3>41 z31 j s 
x y z 

(a ) x + y + 2 (b) x-y + z 

(c) 0 (d) none of these 


24. If f(x) = 


sin* sec* x z - I 
cosec* *sin* cos* 
tan* * tan ir * 2 + 1 


dx equals 

(a) 1 (b) tc/3+1 (c) 0 


ANSWERS 


+ 7C/3 

then J f( x ) 

-n/3 


(d) tt/3-I 
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10 


SUBJECTIVE 

PROBLEMS 


CO-ORDINATE 

GEOMETRY 


1. Two straight lines PBC , PAD are drawn through 
P (-1, -2) to intersect 5* + 12y- 13 = 0 in A and B and 
5x + 1 2y - 39 = 0 at C ai\d D respectively and such that 
BC = 2 units length and AD = 26/5 units length. Find the 
equation to PBC and PAD. 

v 2 y 2 

2. The ellipse -r-+-^y = l is rotated through a right 

a b 

angle in its own plane about its centre which is fixed. 
Prove that the locus of the point of intersection of a 
tangent to the ellipse in its original position with the 
tangent at the same point of the curve in its new position 
is (a* 2 + y 1 ) (a 2 + y 2 - a 2 - b 2 ) = 2 (a 2 - b 2 )xy 

3. From any point P on the curve b A x + 2a L y 2 = 0 chords 

X 2 y 2 

are drawn to the hyperbola — r = l • Tangents are 

a b 

drawn at the extremities of the chord to hyperbola which 
intersect at Q. Prove that Q moves along a straight line 
for a given P. Also show that the straight line always 
touches a fixed parabola. 

4. A parabola of latus rectum /, touch a fixed equal 
parabola, the axes of two parabolas being parallel. Prove 
that the locus of the vertex of the moving parabola is a 
parabola of latus rectum 21. 

5. Find the equation of the circle touching the pair of 
lines lx 1 - 1 8 xy + ly 2 = 0 and the circle x 2 - 8x - 8y = 0, 
and contained in the given circle. 

6. Given the base of a triangle and the ratio of the 
tangents of half the base angles. Show that the vertex 
moves on a hyperbola whose foci are the extremities of 
the base. 

x 2 v 2 

7. A line intersects the ellipse — + ^— = 1 at P and O 

a b 

and the parabola y 2 — 4d (x + a) at R and S. The line 
segment PQ subtends a right angle at the center of the 
ellipse. Find the locus of the point of intersection of the 
tangents to the parabola at R and S. 

8. The distance between two parallel lines is 1 . A point 
a lies between the lines at a distance ‘a’ from one of them. 
Find the length of the side of an equilateral triangle ABC, 


the vertex B of which lies on one of the parallel sides and 
the vertex C on the other. 

9. Show that a circle with centre ( n , e) cannot have more 
than one rational point on its circumference. Further if 
radius of the circle is a rational number then show that 
none of the point of the circumference is rational (a point 
is called rational if and only if both of its coordinates are 
rational numbers.) 

10. Tangent is drawn at any point (x,,^,) on the parabola 
y 2 = 4 ax. Now tangents are drawn from any point on this 
tangent to the circle x 2 +}? = a 1 such that all the chords of 
contact pass through a fixed point (x , y ). Prove that 


»a + (aY.o. 

*2 UJ 


SOLUTIONS 


1. Consider line PBC 

C. (-1 + r 2 cos0, -2 + r 2 sin0) on 5x + 1 2y - 39 = 0 
B (-1 + r, cos0, -2 + r, sin0) on 5x + \2y-\3 = 0 
.*. 5 (-1 + r 2 cos0) + 12 (-2 + r 2 sin0) — 39 = 0 ...(1) 
5 (-1 + r, cos0) + 12 (-2 + r, sin0) -13=0 ...(2) 

(D-(2) 

=> 5 (r 2 — r,) cos0 + 12 (r 2 — r,) sin0 = 26 ...(3) 

but r 2 - r, = 2 

.*. 1 0 cos0 + 24 sin0 = 26 

reducing these to tan 0 = / 


(10 + 24/) 2 = 676(1 +t 2 ) =>' = y 


12 . 


.*. Equation of the line PBC is y+ 2 = — (x + 1) 

=> 12x-5y + 2 = 0 
26 

In case of PAD r 2 - r, = — 

And proceed as above we shall get 

6 = 0 or taiT'f^O 
V 1 19 J 

Equation of PAD arej> + 2 = 0 (or) 

120x + 199>> + 358 = 0 

2. Let (flcos0, 6sin0) be any point on the ellipse 

*L+Z.i 

2 I 2 1 

a b 


By : Prof. Shyam Bhushan, PIE Education Ltd, Hyderabad, Andhra Pradesh. 


62 


MATHEMATICS TODAY JANUARY ’07 





(-6sin0, acos0) be the corresponding point after 
rotation 

Equation of the tangent at the two positions 

— cos0 + — sin 0 = 1 

a b 

-^sin0 + —cos0 = 1 

b a 

point of intersection of ( 1 ) and (2) 

, x f flfr(^ c os0-flsin0) fl6(6cos9 + gsin0) > ) 

^ l a 2 sin 2 0 + b 2 cos 2 0 ’ a 2 sin 2 0 + b 2 cos 2 0 J 
Now eliminate 0, we shall get 

(x 2 + y 2 ) (x 2 +y 2 - a 2 -b 2 ) = 2 ( a 1 - b 2 )xy 
3. For a given P locus of Q is the polar of P w.r.t. 



....( 1 ) 

-.( 2 ) 


P (a, P) =* equation of polar is ^ = \ 

o 


a 

also b 4 a + 2^P 2 = 0 b 2 ax - a*fly - cPb 2 

» 2 — 2flf 2 q 2 — P 2n 2f 2 

>b a = Tr”P , -~- x-a fiy = erb 2 


b 2 r 7 b 

which is st. line for a given (a, p). 




m = 


Z?P 

b 2 9 


a 


2 



y = mx h => touches a parabola y 2 = 4 ax 

ffl 

y 2 = Sx 

4. Let given parabola be y 2 = lx ....( 1 ) 

and moving parabola be (y - P) 2 = -/ ( x- a) (2) 

Since two parabolas touches each other hence 

should have equal roots i.e. D = 0 
=* 4P 2 - 8 (P 2 - la) = 0 
p 2 = 2 la 

therefore required locus is y 2 = 2 lx which has latus rectum 
double that of given parabola. 


2\lh 2 -ab 


5. tan 9 = 

a + b 

tan— = — 1= 

2 2 j 2 

on solving 

. e 1 n/ 2(8 -/») 

sin- = - = — — - 
2 3 V2/7 


4V2 

7 



Hence equation of circle is (x - 6) 2 + (y - 6) 2 = 8. 


6. £C = base of the triangle = a (constant) 
A (vertex) 


tanZ?/2 _ ) 


(s-c)(s-a) 


s(s-b) 


tanC/2 


Cy-aX*-^ 

5(5’ -c) 


5 - c _ 2s - 2c 
s-b ~ 2s -2b 


= a + bc_ = k ()et) 
a-b + c 

By compodendo and dividendo 

. k-\ b-c , ( 

=>*7 — 7 = ^>b-c = a\ - — - = constant 

k + 1 a U + U 

=> CA- BA - constant 

by the focal property, the locus of A is hyperbola, whose 
foci are B and C 


7. Let the point of intersection of tangents at R and S to 
the parabola y 2 = 4d (x + a) be ( h , k) RS is chord of 
contact of (//, k) 

Equation of RS is Ky = 2 d(x + h) + 4 ad 
Ky - 2 dx - 2 dh + 4 ad 
Ky-2dx 
2 dh + 4 ad 

x 2 y 2 

Homogenesing — + fr = I 

il + id-! (*>-2<fr) 2 0 

’ a 2 6 2 '(2dh + 4ad) 

0 = 90° => coef.(jt 2 ) + coef.Cy 2 ) = 0 

_L iff + J_ £1 0 

a 2 ( 2dh + 4ad ) 2 b 2 ( 2dh+4ad ) 2 

(4 d 2 + K 2 ) = [4 [ + ±^(2dh + 4ad) 2 

locus of (h, k ) is 4^ + y = ^^- + ^rj(4ac/ + 2<&) 2 

8. Without loss of generality, 
we can choose y = 0 (i.e., the jc- 
axis and y = 1 as the two parallel 
lines) and the vertex C as the origin 
(0, 0) Choose the points A and B 
as shown in the figure and drop 
AL perpendicular to the x-axis. Let each side of the 
equilateral triangle ABC be r, and put ZACL = 0, so 
that ZBCL = 0 + 60°. Then AL = a = AC sin0 = /• sin 0, 
i.e. sin0 = air. Furthermore, since B lies on y — 1, 1 = r 
sin (0 + 60°). That is r (sin0 cos60° + cos0 sin60°) = 1 
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=> a + V3 -Jr 2 -a 2 = 2 => (a - 2) 2 = 3(r 2 - a 2 ) 

=> 3r 2 = 4a 2 - 4a + 4 r = -| > /3(a 2 -a + 1) 

9. Suppose there are 
two rational points A (jc,, A (j: ‘ 
y,) and B (x v y 2 ) on the 
cirumference of a circle 
having Centre C (n, e). 

Equation of perpendicular 
bisector of AB is of the form ax + by + c = 0, where a , b 
and c are rational numbers which can never be satisfied 
by the point (n , e). Hence there is not more than one 
rational point on the circumference of a circle having 
centre (n , e). Further if radius V of a circle having centre 
(n , e) is a rational number and its circumference has a 
rational point A (jc,, yj), then r = (n- jr,) 2 + (e - y,) 2 , a 
contradiction as R.H.S. is irrational Hence such a circle 
cannot have even a single rational point on its 
circumference. 

10. Point (*,, y,) can be written as (at 2 , 2 at) 



Tangent at this point is ty = x + at 1 
Any point on this tangent will be 




Equation of chord of contact of the point [ a. 
w.r.t circle jr + y 2 = a 2 is 

CCJC + 


a -l -at 
t 


jy = a 2 or, (afy-a 2 ) + a^jc+y j = 0 
which is a family of straight lines passing through 

y 

point of intersection of ty - a = 0 and x + ~ = 0 

( a a^\ a a 

the fixed point is I I * 2 = ~ 

Also jc, = af 2 , y, = 2ar 



, 4 ^+| 

y 2 


= 0 
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□ If (a, (3)are real and unequal (a < (3)i.e., D 
(discriminant) > 0, then 

Sign is the same Sign is opposite to Sign is the same 
◄ 1 — 1 ► 

as that of a a that of a ^ as that of a 


if a > 0, ◄- 


(+) 


(-) 


(+) 


a P 

<+> | <-> » 


if a < 0, 

a p 

□ If (a, P)are real and equal i.e., D (discriminant) = 0, 
then 


iffl>0, <- 


(+> 


(+) 


a = P 


if a < 0 -< — 1 — ► 

a = P 

□ If (a, P) are imaginary (nonreal complex) i.e., D 
(discriminant) < 0, then 

^ Sign is the same as that of a throughout 

if a > 0, the expression is always positive 
if a < 0, the expression is always negative 
Positive definiteness and negative definiteness of a 
quadratic polynomial 

□ ax 2 + be + c> 0 holds for all x e i.e., ax 2 + bx + c 


is positive definite, if D < 0 and a > 0 where 
D- b 2 - 4 ac 

D ax 2 + bx + c> 0 holds for all x e R, i.e., ax 2 + bx + c 
is non-negative, if D < 0 and a > 0 
□ ax 2 bx-< c< 0 holds for all x e R y i.e., ax 2 + bx + c 
is negative definite, if D < 0 and a < 0. 

Graphical representation 

Graph of y =/(*) = ax 2 + bx + c : 

The graph of = ax 2 + bx + c is called 
a parabola. The point at which its 

symmetry 
passes). 


(Through 
which line of 


direction changes is called its turning 
point. We can observe following 
points in graph of y = ax 2 + bx + c 

(i) The graph of the function is concave upwards when 
a > 0 and concave downwards when a < 0. 

(ii) The character and values of the roots of a quadratic 
equation can also be determined by graphing, Thus 

□ If the graph cuts the x-axis, the roots of the equation 
will be real and unequal. Their values will be given 
by the abscissae of the points of intersection of the 
graph ad the x-axis. 

□ If the graph is tangent to the *-axis, the roots are 
real and equal. 

□ If the graph has no points in common with the pr- 
axis, the roots of the equation are imaginary and 
cannot be determined from the graph. 
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Position of roots 

1 . With respect to one quantity (k) :Let ax 2 + bx + c = 0 has roots a and p 
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Phones : 42466726, 42466727. Fax : 25222953. Visit us at :http\\www.vidyamandir.com 


MATHEMATICS TODAY | AUGUST ’06 


19 


I 



How to 

Prepare for IIT-JEE 


FUNCTIONS 


By : Prof, S. S. Dahiya 


SECTION - I 

Definition : A relation in which for some value of 
independent variable * there corresponds unique (single) 
value of dependent variable y then y is known to be 
function of jc or we write y - f (jc). 

Note that every function is a relation but every relation 
cannot be a function. 

Domain : Set of feasible values of* or defined values 
of * is called domain. 

Co-domain : Set of defined values of y is called 
co-domain. 

Range : Set of calculated values of y is called range. 
One-One function (Injective) 
if *, * * 2 then y x * y 2 
function y =/(*) is one-one 



Many-One function : 

jr, * * 2 but y\ ~ yi function y = / (jc) is many-one. 
Onto function (Surjective) Range = Co-domain 
Into function Range * Co-domain 

~~ SECTION Hi ~ 

(Characteristic functions) 

Category: 

1. Linear functions 

(i) /(<xr + |3y)=a /(x) + P/0') where a + 0 = 1 
using calculus or section formula of co-ordinate geometry 
such functions are/ ( jc) = mx + c where c * 0 (m and 
c are arbitary constants) 

(ii) /(oly + £y) = a f(x) + Pf(y) where a + (3 * 1 . This 
property gives /(0) = 0, hence c = 0, such functions are 
/ (jc) = mx where m is arbitrary constant. 


2. Exponential functions 

(i) f(x + y) = f(x) : f (y) 


(ii) f(x-y) 


/(*) 

Ay) 


(iii )f(x+y)f{x-y) = (f(x)f 
Further / (*) > 0 for x e R and / (0) = 1 
Using calculus such functions are/ (*) = e Lx 


3. Logarithmic functions : For * > 0, y > 0 

(i) f(xy)=f(x)+ f(y) 


(ii) /|~ | = /W -/O') 


(i'")f(xy) +f\ 


( £ 

\y. 


= 2 / (*) 


Using calculus such functions are / (*) = k In (*), where 
k is arbitrary constant 


4. Equational functions : We can solve for //, two 

equations are api + b x v = k x , a 2 u + b 2 v = k 2 
Example : 5/(*) + 2/(6 - x) = 2x 2 + * + 5 ... (i) 

Replace * by (6 - *), we get 

2/M + 5/(6 - x) = 2(6 - *) 2 + (6 - x) + 5 ... (ii) 
Solve equ. (i) and equ. (ii) for/ (*). 

5. Analytic functions 

First step: Put jc = 0, y = 0 we get value of / (0) 
Second step: Put y = 0 in the given eqn., we get / ( jc) 
Example if(x+y) + X xy = 6 x 2 + f ()>) 

When * = 0, y = 0 we get 0 = 0 ; 

/ (0) = any real value k 
When y = 0,/(jc) = 6* 2 + k. 


6. Polynomial function with no intermediate term 
(Ghost function) 

/ (jc) is polynomial such that 


Wij-W’) 

Assume / (jc) = ci 0 x" + a,*" -1 +.... + a n , a 0 * 0 
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Eligibility 

Fees 


SNAMME ONE YEAR SUPER SUCCESS PACKAGE 

(SOYSSP) _ 

Above 75% in 1 0th or 70% in 1 2th Board Exam. 
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- »> 
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Fees 
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(ii) Rs. 2000/- + 1 2.24% service tax (for CBSE-PMT) 

(iii) Rs. 2000/- + 1 2.24% service tax (for AIEEE) 


To get the information brochure for all the correspondent course by post, 
send a bank DD of Rs. 561 (500/- + 12.24% service tax) in favor of 
"SNAMME" payable at Raipur (Chhattisgarh) with all the details of student 
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MATHEMATICS TODAY | AUGUST 06 


21 








Using /(*) + / 


-I-/W/1 




VX 


we get cr, = , = 0, a n = 1, a 0 = ± 1 

Therefore /(x) = 1 + x n or / (x) = 1 - x n . 

7. Functions which do not belong to categories 1 to 
6 can be formulated using differentiation and then by 
solving the resulting equation only when some feasible 
conditions are given. 

Example :f(x)f(y) + f{xy) =/(x) +/(y) 
where/(l) = 0,/'(l) = -2. 


SECTION - III 


One-One and Onto functions or Bijective 
functions or Invertible functions 

A function is combination of mathematical operations, 
if effect of these operation is subsyded by some 
combination of operations then such combination of 
operations is known as Inverse function. 

Example : / (x) = 4x + 7 

Function is : value of x is multiplied by 4, then add 7 

Second work 


First work (Operation) 


Subtract 7 
First work 


Inverse function is : Divide by 4 
Second work 

Hence J ! (x) = - — - — 


For finding inverse function, first delete Many-One part 
of the function, make inverse for one-one part. 

Example (i) : / (x) = |x - 2|, 0 < x < 7 


f(x) = 


2-x, 0<x<2, 0<>><2 
x-2, 2 <x<4, 0<y<2 
0, x = 2 

x-2, 4 <x<7, 2<y<5 


One-One part of the function is 

/(x) = {°’ X = 2 ' y = ° 

[x-2, 4<x<7, 2<j><5 

Now replace x by y and y by x. 




x = 0 
x + 2, 2<x<5 


Example (ii) : / (x) = x 2 , x G R 


r 1 w= 


x 2 ,x>0,^>0 
x 2 , x < 0, ^ > 0 
0, x = 0 


/(x) is One-One only at one point i.e. at x = 0. 


/- | U) = 0,x = 0. 

Example (iii) : /(x) = 


x z — x + 1 
x 2 +x+r 


,xeR 


Note that / (x) behaves One-One at three points only 
i.e. at x = 0, 1, -1. 

Range is — ^ y ^ 3 


/(*) = 


1 , x = 0 

\’* ml 


One- One 


3, x = -l 

Many-One for x e R - {-1 , 0, 1 } 


r'w= 


0 , x = 1 

1, x = - 

3 

- 1, x = 3 


SECTION - IV 


Com, osite Functions 

Note that composite functions may exist, may not exist 
which purely depends upon the domain and range of 
the functions. 

Without consideration the domain and range of the 
functions, we cannot think of composite functions. 

If y =/(x), domain £>,, range /?,. 

Note that / if (x)) is possible only when £>, n 7?, * <)> , if 
D, n /?, = ( |> then / if (x)) does not exist. 

Example (i) :/(x) = 2x + 6, 0 < x < 4, 6 < v < 14 
D\ is [0, 4], /?, is [6, 1 4], Z), n /?, ^ <(> J(f (x)) does not 
exist. 

Example (ii) :/(x) = 2x + 6, 0 < x < 8, 

6</(x)< 22 

f(f(x)) = 2 f{x) + 6,0 </(x) < 8 
/(Ax)) = 2(2x + 6) + 6, 6 < 2x + 6 < 8 


22 


MATHEMATICS TODAY | AUGUST 06 



I IT- J EE RESULT 
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Year 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 

Selections 15 51 101 111 153 163 205 247 280 305 387 551 


OUR RANKERS AMONG TOP 1 50 IN IIT-JEE 2006 
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Among Top 1000 

118 Students 

Among Top 2000 

243 Students 


join Study Material Package (SMP) OR Postal Test Series (PTS) 
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IIT-JEE 2007/2008 (DISTANCE EDUCATION WING) 

/STUDY MATERIAL PACKAGE) 

/ POSTAL TEST SERIES ) 

The Course : Career Point experts have designed and developed the 
most effective & interactive study material for IIT-JEE with a unique 
concept. While going through the study material, students feel that 
they are attending the class and a teacher is teaching them. The 
study material is self sufficient. Hence, there is no need for any other 
reference material.This course includes postal test series for 
irT-JEE-2007/2008. 

Course Fee: IIT-JEE-2007 : Rs. 7500/- IIT-JEE-2008 : Rs. 8500/- 

The Course : Postal Test Series is a collection of specially designed 
scheduled test papers in Physics, Chemistry and Maths, covering all 
concepts of IIT-JEE syllabus and worthy to be included in IIT-JEE 
papers. Test papers are sealed in envelops with instruction to take 
test at home. Solutions are separately sealed in different envelops. 
Course Fee : IIT-JEE-2007 : Rs. 1200/- IIT-JEE-2008 : Rs. 2150/- 
Dispatch Commencement : By 3rd week of August.2006 

STUDY MATERIAL PACKAGE 

NTSE qualified (all Round) in year 2006 / 2005 / 2004 : 50% rebate in course fee 

Top 15000 All India Rank in AIEEE : 50% rebate in course fee 

90% or above in PCM in Class XII : 35 % rebate in course fee 

90% or above in Science + Maths in Class X : 25% rebate in course fee 

If you are eligible for scholarship as per the table given 
then remit the fee accordingly with attested copies of supporting documents 

.1 iM ■ 1 1 

POSTAL TEST SERIES 

NTSE qualified (all Round) in year 2006/ 2005/2004 : 100% rebate in course fee 
Top 1 5000 All India Rank in AIEEE : 1 00% rebate in course fee 

Top 10 merit of any Board in Class X or XII : 100% rebate in course fee 

90% or above in PCM in Class XII : 1 00% rebate in course fee 

85% or above in PCM in Class XII : 50% rebate in course fee 

90% or above in Science + Maths in Class X : 25% rebate in course fee 


Procedure : Apply on a plain paper specifying medium (English/ 
Hindi) along with three passport size photographs, attested copies of class 
X & XII board marksheets. scholarship documents (if any) and Demand Draft 
of fee (as per scholarship) in favour of "Career Point" payable at 'Kota*. 

I m port a nt : Write clearly your Name, Date of Birth. Father's Name, Full 
Address, Telephone nos. with STD code and e-mail Id (If any). 


CAREER POINT 


112, Shakti Nagar, Kota (Rajasthan) 324009 

Tel: 0744-2500092, 2500492, 2500692 Fax: 0744-2500892 


Website : ■..-.vw.caiegj pomtgtoup.com 
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Because 0 </(*) < 6 is not possible 
f if (*)) = 4* + 18, 0 < * < 1 
fix) = 2 x + 6, D, = [0, 8], /?, = [6, 22] 

/(A*)) = 4* + 18, D 2 = [0, 1], R 2 = [18, 22] 
Note that Dj n R } * (j) ; 

D 2 cz D„ /?2 cz 

No conclusion for relationship of D 2 and /?, or relationship 
of D, and J? 2 . 

Example (ii) :/(*) = 2* + 2, 0<;c<4, 2 </(*) < 10 
g(x) = 8 - 4jc, 0 < a: < 2, 0 < g(x) < 8 
f(gix)) = 2g(x) + 2,0<g(\x)<4 
f(g(x)) = 2(8 - 4x) + 2 , 0 < 8 - 4x < 4 
f(g(x)) = 18 - 8 *, 1 <* < 2 
£(/(*)) = 8 - 4/(x) ,.0 </(*) < 2 

gif(x)) = 8 - 4 /(*),/(*) = 2 

Becuase 0 </(*) < 2 is not possible 
£(/(*)) = 8-4 (2x + 2), 2x + 2 = 2 
g(f(x)) = -Sx, x = 0 
f(x ), domain D,, range /?,. 
g(x), Domain D 2 , Range tf 2 
f(g(x)) is possible only when 
g(J[x)) is possible only when D 2 n/?, ^(() 

SECTION - V 

Ql. f(x +y) =/(*) • /(y); 

/'(0) = 3,/(5) = 2. 

Prove that /'(5) = 6. 

The question is wrong 

/(^+^)=/W*/(y) ... (i) 

/'(0) = 3 ... (ii) 

/( 5) = 2 ... (iii) 

In mathematics there is no function which can satisfy 
conditions (i), (ii), (iii). 

• Make function using conditons (i) and (ii), then 
condition (iii) does not obey the function 

• Make function using conditions (i) and (iii) then 
condition (ii) does not obey the funciton 

• Make function using conditions (ii) and (iii) then 
condition (i) does not obey the function. 

^ x ax + b d 

Q2. a , b , c, d are real J ( x ) = -, x * — 

cx + d c 

Find the condition for which = f(x ) . 

Ans. a + d = 0. 

Q3. a , b, c, d are real/(x) = ax 3 + bx 2 + cx + d, a * 0 


find the condition for which f{x) is One-One and Onto 
i.e. invertible. 

Ans. b 3 < 3 ac. 

Q4. Functions /( x) and f~ x {x) are symmetric about 

y = + a\x n ~' +..•• + a n _ x x + a n . 

Find values of a 0 , a h a 2 , ...., a n . 

Ans. a 0 = 6/j = a 2 = .... = ci n _ 2 = 0, 

= 1 , = 0 . 


Indian American sets a 
‘pi’ record 

An Indian American teenager has memorised 1 0,980 
digits of ‘pi’, the ratio of circumference of a circle 
to its diameter, rewriting a 27-year-old North 
American record. 

Fifteen-year-old Gaurav Raja, an 11th grader of 
Salem High School in Virginia, has recited two 
numbers per second for one hour, 14 minutes and 
28 seconds to break the North American record of 
10.625 digits. 

The world record belongs to Hiroyuki Goto of 
Japan who has memorised 42,195 digits. This 
endeavour has earned Raja ninth position in this 
regard. 

“I know what the numbers are, but it is not like I 
can see them. I just know what they are,” Raja said. 
The encouragement for his attempt came when his 
math and science teacher Linda Gooding asked her 
students to memorise 40 digits of the pi, the non- 
ending decimal more accurately expressed as a 
fraction 22/7. 

Starting off with memorising about 250, Raja kept 
practising and realised that numbers came to him 
easily. 

“I just don’t know how he can do it,” his father, 
Jogesh Raja said. The proud father said that even 
in kindergarten, the teachers said that their child 
was gifted in math. 

Meanwhile, Raja has his next task cut out for himself 
— memorising every Nobel Prize winner. “I guess 
those are a bit more useful,” he said. 
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Even after getting 1st Rank in AIIMS 
Satvik preferred pursuing engineering. 


When I got 12th rank in IIT-JEE in my category at that 
time I was firm that I will take admission in IIT-Deihi. 

I wanted Electrical Engineering and I got it too. 


text books, NCERT books and MTG Explorers. 

MTG : In your words what are the 
components of an ideal preparation plan? 
Satvik : Regular studies is the key component 
of an ideal preparation plan. Clear basic 
concepts first. Don't cram. A lot of practice of 
new questions is essential. 

MTG : What role did the following play 
in your success ? 

(a) parents (b) teachers (c) school. 
Satvik : (a) Parents lent a great support and 
helped me throughout my preparation. They 
motivated me at each step. 


For You and Biology Today regularly. These 
magazines are a good source of knowledge. 
The best part is I got the solved papers of all 
the national level/state, level on my table, 
month after month. I got superb practice and 
developed lot of confidence to face the real 
test. Challenging problems and olympiad 
section infused in me the winning spirit. I 
bought MTG Explorers to practice for AIIMS, 
CBSE-PMT, DPMT, IIT-JEE. These books are 
exceptionally good and the explanations given 
in the books has helped in achieving the merit. 

MTG : Was this your first attempt? 
Satvik : Yes, this is my first attempt. 


(b) Teachers in my school were my ultimate 
guides. They gave constant encouragement 
and were available whenever I needed them. 

(c) School laid foundation for success. 


MTG ; Had you not been selected then 
what would have been your future plan? 
Satvik : I would have done B.Sc. 


MTG : Your family background? 

Satvik : My father is a businessman and mother 
is a senior manager. 

MTG : What mistake you 
think you shouldn't have 
made? 

Satvik : I was over confident in 
my preparation. 

MTG : How have MTG 
magazines helped you in 
your preparation? 

Satvik : I read Mathematics 
Today, Chemistry Today, Physics 


MTG : What do you think is the secret of 
your success? 

Satvik : Pure hard work, regular 
studies and the faculty of Aakash 
Institute. 

MTG : What advice would 
you like to give our readers 
who are PET aspirants? 
Satvik : There is no substitute 
to hardwork and self study. 
Coaching is only a guidance, the 
real effort has to come from 
within. 

OO 


"Regular studies is 
the key component of 
an ideal preparation 
plan. Clear basic 
concepts first. Don't 
cram.A lot of practice 
of new questions is 
essential." 
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Algebra 

by Er. Tapas Kumar Yogi 


1. Let A and B be two square matrices such that 
A + B - AB. Prove that A and B commute. 

2. Let A, B, C be n * n matrices such that 
A + B+ C = AB + BC + CA. Prove that the equalities 
ABC = AC - CA , BCA = BA- AB , CAB = CB - BC are 
equivalent. 

3. If A and B are different matrices satisfying 
A 3 = B 3 and A 2 B = B 2 A, find det(^ 2 + B 2 ). 

4. Find the solution to the system of equations 
x+\y]+ {z} = \.\ 

[x] + {?) + z = 2.2 

{*} + y + [z] = 3.3 

where [•] denotes e • : -»t*oer function and {•} denotes 

fractional part function. 

5. A graph is defined in polar co-ordinates by 

1 

r(0) = cos0 +- . Find the smallest x-co-ordinate of 
any point on this graph. 

6. Prove that for all jcg R, x 4 + ax 3 + bx 2 + cx + 1 > 0 
if a 2 +c 2 <4b, a,b,ce R. 

7. Let A be an n * n matrix such that A n = a A where 
a is a real number (*±1 ). Prove that the matrix 
A + /„ is invertible. 

8. Let A, B, C be n * n real matrices that are pairwise 
commutative and ABC = 0„. Prove that 

det (A 3 + B 3 + C 3 ) • det (A + B + Q > 0. 

9. Let p and q be real numbers such that 
x 2 + px + q * 0 for every real number jc. Prove that if 
n is an odd positive integer, then x 2 + px + ql n * 0 n for 
all real matrices X of order n * n. 

10. Prove that 4 jc — x 4 < 3, x e R. 


SOLUTIONS 


1. A+ B = AB ... (i) 


=> -A - B + AB = 0 

1* - I n A - I n B + AB = I n 

=> I n (I n -A)-B(I n -A) = I n 

or, (/„ - A) (I n -B) = /„ 

i.e., I„ - A is invertible and its inverse is /„ - B. 

So, (/„ - B)(I n -A) = I„ 

=> I 2 - I n A - BI n + BA = I n 
or, -A - B + BA = 0 

=❖ A + B = BA ... (ii) 

So, vide (1), (2); AB = BA. 

1. e., A and B commute. 

2. Now, A + B + C + ABC = AB + BC + CA 

+ AC-CA ... (i) 
(from the first equality statement) 
and (A -I n )(B-I„)(C-I„) 

= (A-I n )(BC-BI n -CI„ + I n ) 

= ABC -AB-AC + A- BC + B+ C - /„ 

= -I n - t vide (01 

=> (A - /„), (B - /„) and (C - /„) are invertible. 

So, (C - I n )(A - I n )(B - I n ) = -/„ 

Simplifying further and using (i), we have 
CAB = CB- BC. 

This shows that the first and third equalities are equivalent. 
Permuting the letters, we obtain the result. 

3. We have 

(A 2 + B 2 )(A -B) = A 3 - A 2 B + AB 2 - B 3 = 0 n 
Since A * B, this shows that A 2 + B 2 has a zero divisor. 
Hence, it is not invertible. So, det.(^ 2 + B 2 ) = 0. 

4. x + [y] + z - [z] = 1.1 ... (i) 

[x]+y-\y]+z = 2.2 ...(ii) 

x - [x] + y + [z] = 3.3 ... (iii) 

Adding the first two equations and subtracting from 
the third, we have 

[x] + z - [z] = 0 => z — » integer 

So, z = [z] => [x] = 0 => 0 < x < 1 

So, now (i) becomes x + [y] = 1.1 or x = 1.1 - [y] 
=> 0 < 1 . 1 - [y] < 1 or, [y] = 1 
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The Unprecedented Success of Resonance 

in HT-JEE 2007 with 


883 

Glittering Selections Writes a New Story... 

Our Proud 

Resonites Performing Miracles in IIT-JEE 2007 

9 Ranks in Top 50 ~ 


AIR-3 


AIR-8 


AIR-14 


AIR-19 


4. h way 




AMR0SE8IRANI HARSH PAREEK VWEKJHUNJHUNWALA ARNAVAGARWAL 
(DLPs) (DLPs) (Classroom) (DLPs) 

AIR-20 AIR-25 AIR-33 AIR-42 AIR-46 



n 



RAMAN SHARMA ABHISHEK KATYAL ANKITAGARWAL DILEEP RAGHUNATH ADHIPAGARWAL 
(Classroom) (Classroom) (Classroom) (DLPs) (Classroom) 

(•Includes 464 & 17 Students of Classroom Contact Programme from Kota & Jaipur Centers respectively 
and 402 Students from various Distance Learning Programmes-DLPs). The complete list is available on our vttbsite. 

ADMISSION ANNOUNCEMENT 
For Distance Learning Programmes (DLPs) 

(Academic Session 2007-08) 

(i) Target IIT-JEE : For Class-XI, XII & Xll-Passed Students. 

(il) Target Board / NTSE : For Class-VIII, IX & X studying students. 

To get Information Brochure & Application Form, send a bank DD of Rs. 1 50/- in favour of "Resonance" & payable at 
KOTAtoourDLPD Office. 


A 


Where you will be in resonance with IIT-JEE 


DLPD Office : C-8, Lakshya, Nursery Plots, Talwandi, Kota (Rajasthan)-324005 
Phone No. : +91-744-3295721, Fax : +91-744-5121222 
Website : www.resonance.ac.ln E-mail : dlpd@resonance.ac.in 
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Onward 






So, jc= 1.1 - 1 = 0.1 => \ < y < 2 

From (ii), y + [z] = 3.2 
=> y = 3.2 - [z] or, 1 < 3.2 - [z] < 2 
=> 1.2 < [z] < 2.2 or, [z] = 2 
z = 2 or y = 1.2. 

So, jc = 0.1, >> = 1.2, z = 2. 

5. For polar co-ordinates, we have 
x = rcosG 

So, X = \ COS0 + - |cos0 = cos 2 0 + -cos0 

l 2) 2 

= cos 2 0 + -cos0 + — — 

2 16 16 

f if 1 

= lcos0 + -l [completing the square] 


Hence the smallest x-co-ordinate is 

16 

6. x 4 + ax 3 + bx 2 + cx + 1 


ax 2 ° 2 x 2 


„2 2 
1 a x 


- x + 2 x + + bx — + cx + 1 

2 4 4 



by using the given condition. 


7. Let B = A + I n 

So, A n = a A => {B - /„)" = a(Z? - /„) 
or, £" - + n C 2 B n ~ 2 - ... (-1)% 

= aB - a /„ 

[By using binomial expansion] 
or, B n - n C l B n ' 1 + n C 2 5" - 2 - ... (-1)" ~ X B -aB 

= -<x i n -(-\yi n 

or, 5[£" " 1 - "C, £" * 2 + n C 2 B n " 3 - ... (-1 - ot/„] 

= /„[(-l) n+1 - a] 

/>., £ is invertible since, (-1)” + 1 - a * 0; (a * ±1). 

8. Using the identity, 

a 3 + b 3 + c 3 = (a + b + c)(a + Z?co + cco 2 )(a + bd) 2 + cco) 
where co —> complex cube root of unity. 

We have. A 3 + B 3 + C 3 = (A + B + C)(^ + coB + (0 2 C) 

(/t + co 2 £ + coC) 


= (A + B + Q(A + co# + a) 2 C) (,4 + coZ? + co 2 C) 
So, det(/I 3 + B 3 + C 3 ) • det(A + B + C) 

= det(^ + B + C) 2 • det(,4 + co B + co 2 C) • 

det (/I + co# + co 2 C) 
= (det(/l + Z? +- C)) 2 • |det(^ + coZ? + co 2 C)| 2 > 0. 

9. Proof by contradiction. 

Let x 2 + px + ql n = 0„ 


Completing the square, 



£-Z^lr 

A * n 



/ / 

f 2 , \ n 

or, 

rrf'-JJ 

= 

P -4? 

4 J 


Now given by x 2 + px + q * 0 
==> jc 2 + px + q > 0 or < 0 
and in any case p 2 - 4q < 0. 

So, in the equation (i) above, LHS is > 0 
but RHS is < 0. This contradicts our assumption. 


1 0. Consider x 4 - Ax + 3 = x 4 - 2x 2 + 1 + 2jc 2 - 4* + 2 
= (. x 2 - l) 2 + 2(x 2 - 2 jc + 1) 

= (x 2 - 1 ) 2 + 2 (jc - 1) 2 >0 
or, 3 > 4jc - x 4 i.e. Ax - x 4 < 3. 


Puzzle ??? 

Suppose there are twin brothers, one which always 
tells the truth and one which always lies. (So in this 
case they know what is true and what is false, or as 
you put it, both are accurate in their knowledge). What 
one yes-no question could you ask to either one of 
the brothers to figure out which one he is? 

Ans.: The question one could ask is, “If I were to ask 
your brother whether you always tells the truth, what 
would he say?” A reply of “no” means you are talking 
to the truth teller, a reply of “yes” means you are 
talking to the liar. 

Another possible question is, “If I were to ask you 
whether you always tell the truth, what would you 
say?” In this case a reply of “yes” means you are 
talking to the truth teller and a reply of “no” means 
you are talking to the liar. 

Both questions take advantage of the liar lying about 
what he or his brother would say, creating a double 
negative type situation. 
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SECTION - 1 


1. All diagonals of a convex n-gon /, where n > 4, 
have equal length. Which of the following statements 
is true ? 

(a) F must be a quadrilateral 

(b) F must be a pentagon 

(c) F is either a quadrilateral or a pentagon 

(d) F is either an equilateral or an equiangular 
polygon 

2. What curve is defined by the polar equation 

P l-cos0 + sin0 

(a) circle (b) ellipse 

(c) hyperbola (d) parabola 

3. Suppose log 2 [log, (log 2 x)] 

' . 2 

= log 3 [log, (log 3 y)] = log 5 [log, (log, z)] 

ich of the following statements is true j 
(a) z< x < y (b) x< y < z 

(c) y < z < x (d ) z<y < x 

4. What is the area of the region enclosed by the 
curve defined by the equation 

[x-l| + |y-l|=l? 

(a) 1 (b) 2 

(c) 71 (d) 4 

5. Suppose 0 is any angle in the interval 

Which of the following statemetns is true ? 

sin 0 < cos <j) < cos cos 0 
sin 0 > cos 0 > cos cos 0 
cos 0 > cos 0 > cos sin 0 
cos 0 < cos 0 < cos sin 0 

x, and Jt, be the real roots of the equation 
x 2 - (k- 2)x + (k 2 + 3/c + 5) = 0 
the maximum value of x, 2 + x 2 ? 

(b) 18 

(d) non existent 
7. Suppose M = {(x, y) / | x y | = 1, x > 0} and 


(a) sin 

(b) sin 

(c) sin 

(d) sin 

. Let 

l 

What is 


(a) 19 




N = {(jc, y) | arctan x + arctan y = n}. Which of the 
following statements is true ? 

(a) Mu N = {(x,y)/ \xy | = 1} 

(b) Mu N = M (c) Mu N = N 

(d) M u N = {(x, y) / | x y | = 1, x, y not negative 
simultaneously} 


8. Let a and b be distinct positive real numbers. 

is the 


Which of the expressions P 

Q = 


largest? 

(a) P 

D 


and R = [ q i. 

(b) Q 




SECTION - 2 


1. In the tetrahedron SB A C, ZASB = ~ , ZASC = a 

and /.BSC = p,0<a,p<^. Prove that the dihedral 
angle about the edge SC is given by 
7i - arccos(cot a cot (3). 


2. AB is the diameter of a semi-circle. T is a point on 
the extension of BA , with AT < (1/4 )AB. The line l 
passes through T and is perpendicular to AB. Lines 
through two distinct points M and N on the semi- 
circle and perpendicular to / intersect it at P and Q 
respectively. If MP = AM and NQ = AN , prove that 
AM+ AN = AB. 

3. ABC is an equilateral triangle of side length 4. D, 
E and F are points on BC , CA and AB respectively, 
with AE=BF= CD = 1. 

QRS is the triangle formed by joining AD , BE and CF. 
P is a variable point in or on QRS. Consider the product 
of its distances from the three sides of ABC. 

(a) Prove that this product is minimum when P 
coincides with Q , R or S. 

(b) Determine the minimum value of this product. 


SOLUTIONS 


Section - 1 

1. Suppose A ] A 2 A } A 4 A 5 .... A n is a convex n-gon 
with n > 6. Then A x A 4 , A t A 4 , A 2 A 4 and A 2 A $ are all 
diagonals. Let A { A 4 cut A 2 A 4 at B. Then 
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A ] A 4 + A 2 A 5 = A t B + A 5 B + A 2 B + A 4 B > A f A s + A 2 A 4 
by the triangle inequality. Hence it is not possible for 
these four diagonals to have equal length. A regular 
pentagon shows that F does not have to be a 
quadrilateral. An isosceles trapezoid shows that Fdoes 
not have to be a pentagon, equilateral or equiangular. 
2. Converting to Cartesian coordinates, we obtain 

Jx 2 + y 2 = x-y + 1 


This may be rewritten as (x + 1) (y -1) = | . Hence the 

curve is a hyperbola. ^ 

3. We have x = 2 m , y = 3 1/3 and x = 5 1 ' 5 . Now 
z ,0 = 25 < 32 =jc ,0 and^ 6 = 8 < 9 = y 6 . Hencez<x <y. 

4. Depending on whether x - 1 and y - 1 are negative 
or otherwise, the given equation becomes one of 
x + y = l,x+y = 3,y = jc + 1 andy = jc- 1. They enclose 
a square of area 2. 

5. Note that 0 < cos<j> < 1 < For all x in we 

have sin x < x. Hence sin cos <[> < cos <j). Also, cos x 
is a decreasing function on this interval. Hence 


cos(t> < cos sin <J>. Take <|> = Then 0 < 4= < < 

4 V2 


■<! 


Hence costjxcos 


_ 1 _ 

V2 


= COS COS 4) 


On the other hand, take <i> = arccos-?. Then 

4 

cos 6 = ~ = cos— = cos cos (b 

4 4 

It follows that neither cos (J) nor cos cos <J) dominates 
the other on (0, n/2). 

6. Since the equation has real roots, 0 < {k - 2) 2 - 4 
{k 2 + 3k + 5) = (3 k + 4) {k + 4) or -4 < k < -4/3. 

By Vieta’s Formulae 

x 2 +x\=(k- 2) 2 -2{k 2 + 3k + 5) = -{k + 5) 2 +\9 
The allowable value of k closest to -5 is -4, which 
yields the maximum value. When k = -4,x, 2 +x\ = 18. 

7. In N % we have x = tan( n - arc tan y) = -tan(arc cotv) 
= -1 /y or xy = -1. Moreover, if x < 0 and y > 0, then 
arctan x < 0 and arctan y < n/2. This contradicts 
arc tan x + arc tan y = 7i. It follows that N lies entirely 
in the fourth quadrant. Now M consists of the curves 
xy = 1 and xy = -1 in the first and fourth quadrants. 
Hence N c M. Each of the other two sets contains 
points in the second quadrant, and cannot be equal 
to M u N. 


8 . We have p = a b + \ + ?- + -> ab + - -r + 2 = Q 
ab b a ab ^ 


by the Arithmetic Mean Geometric Mean Inequality. 

Take a = 1 and b = 2. Then P = 5 > = R 

36 

On the other hand, take a = 1 and b = 5. Then 
p = 52 ,100 = . 

5 9 K | 

Hence whether P or /? is greater is dependent on a 
and b. 

Section - 2 

1. We may assume that ZSCA = n/2 = ZSCB and 
SC= 1. Then C4 = tancc, SA = sec a, CB = tan P 
and SB = seep. Since ZASB = n/2, we have 

CA 2 + CB 2 -AB 2 


AB 2 = sec 2 a+sec 2 p. Hence cos A CB = 


2CACB 


_ tan 2 a + tan 2 p - sec 2 a - sec 2 P 


= - cot a cot p. 


2 tan a tan p 

It follows that ZACB - arccos (-cot a cot P) 

= n - arccos (cot a cot p). 

2. First solution : 

In figure 1, consider the circles with centres M and N 
passing through A. They intersect at another point A ' 
and are tangent to / at P and Q respectively Let the 
line AA' intersect / at R. Then RF = RA RA' = RQ 2 . It 
follows that R is the midpoint of PQ. 

Draw the line through 
R perpendicular to /, 
cutting MV at S. Then 
S is the midpoint of 
MN. Let O be the 
centre of the 
semicircle. Then OS is 
perpendicular to MN, 
and hence parallel to 
RA. It follows that 
OARS is a 
parallelogram, so that 
RS = AO. We now 
have AM + AN = 

MP + NQ = 2 RS 

= 2AO = AB. 

Second solution : 

In figure 2, project Mand N onto C and D on AB. Sinr _ 
triangles CAM and MAB are similar, we ha^e 
AM 2 = AC • AB. Similarly, AN 2 = AD • AB. Hence 
AB CD = AB {AD - AC) = AN 2 - AM 2 

= {AN + ANf) {NQ -MP) = {AN + AM) CD 
or AM + AN = AB. 

mm 



Figure 2 
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that puts us at par 
excellence in imparting 
MATHS training to IIT-JEE 
aspirants. 
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+4^ IIT-JEE 2008-09 


This series is selected for their motivating, interesting and stimulating sets of 
quality problems, with a lucid expository style in their solution. 


1. Several (at least two) nonzero numbers are written 
on a board. One may erase any two numbers, say a and 

b , and then write the numbers a + and b-^ instead. 

Prove that the set of numbers on the board, after any 
number of the preceding operations, cannot coincide with 
the initial set. 

2. The polynomial 1 -x + jc 2 -* 3 * ... + x l6 -x ,7 may be 
written in the form a Q + a x y + a^y * 1 + ... + tf 16 y 16 + tf I7 y 17 , 
where y = x + 1 and as are constants. Find a Y 

3. Let a , b , and c be distinct nonzero real numbers 
such that a + \ = b + -=c + — . Prove that I abc I = 1. 

n C Q 

4. Find polynomials / (x), g(x), and h(x) t if they exist, 
such that for all x, 


I /(*)!-!*(*) I +/»(*) = 


-1 if x < —1 
3x + 2 if -1 <jc<0. 
-lx + 2 if x > 0 


5. Find all real numbers x for which 
8' +27* 


12* + 18* 


7 

6 ' 


SOLUTIONS 


1. Let S be the sum of the squares of the numbers on 
the board. Note that S increases in the first operation 
and does not decrease in any successive operation, as 

with equality only if a = b = 0 
This completes the proof. 
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2. Alternative 1 

Let / (. x ) denote the given expression. Then 

xf (x) = x - x 2 + a 3 - .... - a 18 and ( 1 + x) f (a) = 1 - a 18 

„ t! X „ ,v l-(V-l)' 8 l-(>>-l) 18 

Hence /(*) = /(^~l)= " — 

Therefore a, is equal to the coefficient of v 3 in the ex- 
pansion of 


1-0'- l) 18 t' e > a 2 = { ^ ; = 


816 


Alternative 2 

Let f(x) denote the given expression. Then 

f(x)=f(y- 1) = 1-C v- 1) + 0*“ l) : -...-0’- O' 7 
= 1 + (1 - >>) + 0 - y) 2 + .... + (1 - v )'~ 


Thus a 2 = | ? I + 


& 


17 


Here we used the formula 


k j + U 


p) 

n )_( w + 1 

5-1 J [k + l 


and the fact that 

3. From the given conditions it follows that 

a-b 


critical values of the absolute functions, one can sup- 
pose that 

F(a) = a \x + \ \ + b\ x\ + cx + d 
(c-a-b)x + d-a if x<-\ 

( a + c-b)x + a + d if -1 <a<0 
( a + b + c)x + a + d if x>0, 
which implies that a = 3/2, b = -5/2, c = -1, and d= 1/2 

Hence/(x) = (3.r + 3)/2, g(x) = 5a/2, and h(x) ~~ x + \ 

Alternative 2 

Note that if r(x) and s(x) are any two functions, then 

t v r+j+|r-5| 
max(r,.v) = ^ 1 

Therefore, if F(x) is the given function, we have 
F(x) = max {-3a - 3,0} - max {5a, 0} + 3a + 2 
= (-3a-3 + |3a + 3|)/2 - (5a + |5a|)/2 + 3a + 2 

= |(3x+3)/2|-|5x/2|-Jc + i 
5. By setting 2 r = a and 3* = b , the equation becomes 


„ L b-c u „ c-a 
a — b — — — , b — c — 


and c-a = 


be ca ailKi ~ ab 

Multiplying the above equations gives ( abc ) 2 = 1 , from 
which the desired result follows. 

4. Alternative 1 Since a = -1 and a = 0 are the two 


a 3 + b 3 


a 2 b + b 2 a 6 


"7 ie > 


a 2 -ab + b 2 

ab 


i.e. 9 6 cr - 13 ab + 6b 2 = 0 , 

/.<?., (2a - 36) (3a - 2b) = 0 

Therefore 2* + 1 = 3* + 1 or 2 r 1 = 3* which implies that 

a = -1 and a = 1 

It is easy to check that both a = -1 and a = 1 satisfy the 
given equation. 


What a COINCIDENCE... 
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(Apply C 2 -> C 2 - C r C 3 ^> C y 
I 0 

= l(xy-O) = xy 


C t ) 


= 1x0 

1 0 y 

Hence D is divisible by both x and y. 



"5 

5a 

a 

"5 

5a 

a 

97. (a) : A 2 = 

0 

a 

5a 

0 

a 

5a 


0 

0 

5 

0 

0 

5 


A 2 = 


25 25a + 5a 2 5a + 5a + 25a 2 
0 a 2 25a + 5a 2 

0 0 25 


Given L4 2 l = 25, 625a 2 = 25 => 1 « 1= ± 


98. 


(b) : n C 4 a n -\-b)* =-("C 5 a n - 5 (-b) 5 ) 


a _ n - 4 
b~ 5 


99. (a) : Number of way = 12 C 4 x 8 C 4 x 4 C 4 = — 

(4!) 3 ' 

100. (d): v 20 C 0 + 20 C l x + + 20 C i0 x ]0 + 

+ 20 C 20 * 20 =(1 + *) 20 

After putting x = -1, we get 

20 c 0 - 20 c, + 20 c 2 - 20 c 3 + 


,20 f* 20 ^ 20 , 20 

+ C 10” C ll“ C 12 + + C 20-° 

2( 20 C 0 - 20 C, + 20 C 2 - 20 C 3 + - 20 C 9 ) + 20 C 10 = 0 

20 r 20 ^ ,20 ^ 20 r , 20 r ,20 n 1 20 ^ 
L 0 - C,+ C 2 ~ C 3 + - C 9 + C 10 =- C 10 


Booming biz of coaching 


Charmed by the power of being driven around in a 
beacon ambassador car or attracted to fat paycheques 
drawn by engineers and doctors, the growing demand by 
students for professional courses like engineering, 
medicine and civil service has led to private coaching 
industry flourishing like never before. 

Educationists however, consider this as a grim . 
reflection of the country’s education system. “We have 
yet not done any survey about how big the coaching 
industry is but definitely it is mushrooming across the 
country because of the lack of proper education system/* 
says a senior official in the education department. 
Federation of Indian Chamber of Commerce and Industry 
(FICC1). 

The public perception now is that private tuition is a 
necessity to succeed in entrance tests and board exams, 
she adds. ‘The main problems that plague our education 
system today are lack of infrastructure and the environment 
to prepare students for competitive exams,” she says. 
Coaching centres all over the country thrive on the ever- 
growing demand of students who are keen on getting a 
professional education. Some of these centres have grown 
to become big business houses by providing their services 
all around the country, and reaping profits. 

The average private institute that trains students for 
IIT-JEE demands anything between Rs.40,000 and 
Rs.50,000. And this doesn’t include the cost of study 
material. The total number of students who appeared 
for the IIT-JEE this year w>as 2,43,029 of which 7,209 
are eligible to seek admission to 5,537 seats in IITs at 
Mumbai, Delhi, Guwahati, Kharagpur, Kanpur, Chennai 


and Roorkee. “My child is talented and he always got good 
marks in school but to perform well in competitive exams 
like the IIT he needs an extra effort. I think the coaching 
institute has done wonders to my child and I did not mind 
spending some extra money for that,” says Anup Mishra, 
clerk at a bank. Some institutes also conduct motivational 
workshops apart from regular classes. As many as 2,10,3 1 8 
candidates had registered for the preliminary examination 
of CBSE All India Pre- Medical 2007, out of which 1 7, 135 
has qualified for the final examination. 

Stiff competition in competitive exams creates a 

platform for these institutes to attract students through 
advertisement in media or by distributing pamphlets. 
Medical coaching classes charge anything between 50-60 
thousand for the eight month course and also provide 
installment facility. The coaching industry has become 
highly professional and corporate, many of them operated 
by IIT graduates. Services of retired ITT professors and 
even current IIT students are roped in for hefty 
compensation. 

“Many of my seniors and colleagues take classes 
in coaching institutes and get a healthy remuneration. 
Even I have got calls from these institutes so many 
times but I rejected their offers,” says Abhishek, a IIT 
student. Some educationists say that the phenomenal 
growth of such centres is a sad reflection of the quality of 
school and college education available in India. 
Vivekanand Upadhayay, a professor, says, “Growth of 
coaching industries shows the poor quality of our 
education system. Government spends only 3% of the GDP 
on education.” ❖ 
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10 B est P ro ble ms 

Prof. Shyam Bhushan* 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
IIT-JEE syllabus. This section is basically aimed at providing an extra insight and btowledge to the candidates 
preparing for IITJEE . 


1. The line with direction cosines proportional to 

2, 1, 2 meets each of the lines x = y + 1 = z and 
x + 1 = 2y = 2z. The coordinates of each of the points 
of intersection are given by 

(a) (3, 3, 3) (1, 1,1) (b) (3,2, 3) (1, 1,1) 

(c) (3, 2, 3) (1, 1,2) (d) (2, 3, 3) (2, 1, 1) 

2. Total number of common tangents of y 2 = Aax 
and xy = c 2 , is equal to 

(a) 1 (b) 2 (c) 3 (d) 4 

3. Let /:/?—» R be a function defined by 
f(x) = [x] 2 + [x + 1] -3 {where [] denotes greatest 
integer function}, then /( jc) is 

(a) many-one into (b) many-one onto 

(c) one-one into (d) one-one onto 


imum number of trials is equal to 

(a) "C 2 (b) -'C 2 

(c) n+l C 2 (d) none of these 

8. Maximum length of the chord of the ellipse 

X 2 y 2 

+ = 1 such that eccentric angles of its extremi- 

a b 

7t 

ties differ by ^ is (a > b) 

(a) all (b) bj2 

( c ) abj. 2 (d) none of these 

9. The number of ordered pairs (m, n) (w, n G 

{1, 2,...., 20}) such that 3 m + 7" is a multiple of 10, is 
(a) 100 (b) 200 

(c) 4! x 4! (d) none of these 


4. If 2 3rt - an - (3 is divisible by 49, then (a, P) is, 
n gN 


(a) (-7,-1) (b) (7, 1) (c) (49, 1) (d) (49,7) 


5. The length of projection of the line segment join- 


ing 

the points 

(1, -1,0) and (-1, 

0, 1) to the plane 

lx 

+■ y + 6z = 

1 is equal to 




(a) 

if <»i¥ 

(c) 

if «o 

JH I 

V 41 

6. 

^ r2 r 
£(>• + 2)! 

is equal to 




(a) 

17!-2 16 


(b) 

18!— 2 17 


17! 


18! 


(c) 

16!-2 15 

16! 


(d) 

15!- 2' 4 

15! 


7. 

There are - 

n locks and n 

matching keys. 

If all the 


locks and keys are to be perfectly matched, then max- 


10. If the length of the tangent drawn from a variable 
point to one given circle is A: (^ 1) times the length of 
the tangent from it to another circle, then the locus of 
the variable point is 

(a) an ellipse (b) a parabola 

(c) a circle (d) a hyperbola 


SOLUTIONS 


1. (b) : The first line x = y+ 1= z = p gives general 
point as (p, p-1, p) . Second line* + 1 = 2y = 2z gives 
general point as (1 - X, X/2 , X/2). The ratios of direction 
ratios of line joining points of intersection and direction 
cosines proportional to 2, 1, 2 are same 

H - A . + 1 = ,I ~ 1 ~2 ^~2 

2 1 2 

H-X + l=2n-2-A. = n-! 


By : Prof. Shyam Bhushan, Resonance, Kota. Mobile: 09928390590 
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Solving, we get p = 3, A. = 2 
Coordinates are (3, 2, 3) (1, 1, 1). 

x 

2. (a) : Any tangent of xy = c 2 is — + yt = 2c 
2c 

7 T 

Comparing it with y = mx + ^ y we get 


1 = mr 

1 -1 


7-- 


2c 


at_ = _ 1 f 2c Y° 

=> 2c / 2 => L J 

So, there is only one common tangent. 

3. (a) : f(x) = [x] 2 + [x]-2 = ([x] + 2) ([x] -1) 

/(x) = 0 for x e [1 , 2) and x e [-2, -1 ] 

So /(x) is many one. As /(x) will take only integral 
values, so it is into. 

4. (b) : 8" - aw -f} = (1 + 7)" - an - P 

= 1 + 7n + "C 2 7 2 + "C 3 7 3 + .... + "Cl" - aw - P 

= (1 - p) + (7 - a )w + 49 ("C 2 + "C 3 7" + ) 

If 8" - an - P is divisible by 49, then 

1 - P = 0, 7-a = 0 .*. p = 1, a = 7. 

5. (b): Am(l, -1,0), B = (-1,0,1) 

Direction ratios of segment AB are 2, -1, -1 

If 0 be the acute angle between segment AB and nor- 

2x2-1x1-1x61 3 


6. (a): 

2 r 


rT {r +2-2)2' 

(r+2)! (r + 2)! 




(r+1)! (r + 2) 

r2 r f 2' 6 


J 2 r+1 2 r \ 

! [(r + 2)! (r + 1)! J 




2. 1 = 1 - 2*1 
17! 2! J 17! * 


7. (c) : For the first key, maximum number of trials 
needed is n. For second key, it will be (n - 1) 

In general, for r" 1 key, maximum number of trials need- 
ed is (n - r + 1), then total number of trials needed 

= w + (n - 1) + (n - 2) + + 1 = ~1 =»♦• q . 

8. (a) : Let the extremities of the chord be 
P x =(tfcos0,6sin0)and P 2 = (-a sin 0,6 cos 0) 

Now P X P 2 =a 2 (cos0 + sin0) 2 + 6 2 (sin0-cos0) 2 

=> P X P 2 =a 2 +b 2 + (a 2 -6 2 )sin20<<3 2 +b 2 +a 2 - b 2 

=> P x Pl = 2 a 1 => P t P 2 < flV2. 

9;> (a) : The last digit of any power of 3 can be 
3, 9, 7, 1. Similarly last digit of any power of 7 can be 
7, 9, 3, 1 

=> Total number of ways = 5 x 5 + 5 x 5 + 5 x 54 - 
5x5 = 100. 


5, = k 2 S 2 


mal to plane cos0 = 


Length of projection 
= ,42?sin0 = Vb, 1 - 


V 


V4 + 1 + 36V4 + 1 + 1 V246 

237 


246 


units. 


10. (c) : = 

So locus is 

x 2 +/ + 2g,x + 2fy + c, = k 2 (x 2 +y 2 + 2 gj + 2 fy + c 2 ) 
=> (* 2 + /) (1 -k 2 ) + 2x (g, - ^g 2 ) + 2y(f l - IPf 2 ) 

+ c, — A?c 2 = 0 

which is a circle. ■ 
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47. In the binomial expansion of {a + bx)~ 2 , I x | < — ; 

b 


(a) 3\P(n,r-3) 

(c) P(r,3)P(n,r-3) 


(b) P{n,3)Pin,r-3) 
(d) P{n- 3,r) 


a, b > 0, is ^ -3x + .... 5 then 

(a) a = 2, b= 12 (b) a = 12, b = 2 

(c) a = 2, 6 = 8 (d) none of these 


48. The number of permutations of n distinct objects 
taken r (< n - 3) at a time which exclude 3 (< n) 
particular objects is 


49. If corresponding to every positive integer n , there 

are m consecutive positive integers, none of which 
is prime, then m = 

(a) n - 1 (b) n + 1 (c) \n (d) n 

50. A convex polygon of n sides has twice as many 

diagonals as the number of sides. The value of n is 

(a) 5 (b) 6 (c) 7 (d) 8 


<V- 
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€ MA th 10 Best Proble ms 

Archives 

Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
IIT-JEE syllabus. This section is basically aimed at providing an extra insight and knowledge to the candidates 
preparing for IIT-JEE. 


1. Let 


10 


3k 


p = \ 1 + cos — 1 + cos — 1 + cos — 1 + cos 


10 


771 


10 


9n 

10 


and 



then 

(a) p = q (b) 2p = q 

(c) p = 2q (d) p + q - 1/4 

2. Let 2x - 3y = 0 be a given line and P(sin 0, 0) and 
Q( 0, cos 0) be two points. Then P and Q lie on the 
same side of the given line if 0 lies in the 
(a) 1“ quadrant (b) 2 nd quadrant 

(c) 3 rd quadrant (d) 4 th quadrant 


(a) 

(c) 


ac 


a 2 +c 


lac 
a 2 -c 


2 


2 


(b) 

(d) 


lac 


none of these 


6. If g(e) = sin 2 ^e + jj + cos0.cos|^e + |J and 
/ j = 1 then find (fog)(x) 


7. If {x} and [x] denote the fractional and integral 
parts of a real number jc, respectively then solve 

2*+ {*+ 1} =4[x+ 1] - 6 

8. Find the domain of the following functions 


3. If sin 4 jccos3jc= Y^a k coskx. Then the value of n 

* = 0 

and all the a's 


(a) 5 

(c) 7 


(b) 6 

(d) none of these 


4. Let f:R->R be a function defined by, 

x lx 2 -x + 5 

lhe/,s 

if) injective but not suijective 

(b) surjective but not injective 

(c) injective as well as suijective 

(d) neither injective nor suijective 

5. If a and (3 are two distinct roots of the equation 
a tan x + b sec x — c , then tan (a + P) is equal to 


(a) 


(b) 


cos -1 * 

tion 

— + 2 si 


wher [.] denotes the greatest integer func- 


yjx-l 


^ , y \-COSXyJcOSlx , . , 

9. Evaluate Lt (without using 

*-+° x 

L ‘Hospital’ Rule) 


10 . f(x) = 


(1 + 1 sinjc|) ,s,nJC| ; --<*<0 


4 

tan 3x 
tan5x , 


x = 0 


0<x<- 

6 


is continuous at x = 0 find the values of/? and q. 


By : Prof. Shyam Bhushan, Resonance, Kota. Mobile: 09928390590 
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SOLUTIONS 




f • 71 

. 3iO 

\ 1 

(b): 

P = 

l 10 

sin — 
10; 

1 16 and 

( 

. n 

. 3tc > 

\ 2 1 


H 

sin- 

8 

sin — 
8 , 

I OO 

II 

Hence, q = 


2. Q>):L = lx-y,L(P).L(Q)>0 

L( sin0, 0) . 1(0, cos0) > 0 

sin0 . cosG <0 => sin 20 < 0 tc/2 < 0 < n. 

3. (c) : n = 7; a, = -3/16, cr 3 = 3/8, a $ = -1/4, 
a 7 = 1/16 & a k = a 2 = a 4 = a 6 = 0. 

4. (d) 

5. (c) : (a 2 - br) tanlr - 2ac tan x + (c 2 - 6 2 ) = 0 
lac 


tan a + tan P = 
c 


tan a tan P = 


2 b 2 


Hence, tan (a + P) = 


lac 


a 2 -b 2 

6. g(6) = sin 2 0 + sin 2 ^0 + ~ j + cos0 .cos|^0 + ^ 

= ^l-cos20 + l-cos^20 + ^j + cos^20 + yj + cosy 

= -|"--2cosf20+— Icos— + cosf20 + -l =-V0 
2 L 2 l 3j 3 l 3 JJ 4 

(•••/(*) -i) 

= 1 

7. 2x + {x + 1 } = 4[x + 1 ] - 6 

=* lx + x + 1 - [jc] - 1 = 4[.x] - 2 

(v [x + n ] = [jc] + n ; n G I ) 

=» 5[x] = 3x + 2 ...(1) 

= 3(M + {x}) + 2 

=*3{x}=2[x]-2 ...(2) 

Now 0 < {x} < 1 => 0 < 3{x} < 3 
=> 0 < 2[x] - 2 < 3 => 2 < 2[x] < 5 
=> 1 < [x] < 5/2 => [jc] =1,2 



ANSWERS- 

CROSSWORD PUZZLE 

ACROSS 





2. 

Nested 

4. 

Integer 

7. 

Decade 

8. 

Real 

12. 

Ring 

14. 

Radian 

15. 

Bimodal 

16. 

Degree 



DOWN 





1. 

Circle 

3. 

Ellipse 

5. 

Zero 

6. 

Common 

9. 

Euclid 

10. 

Con< ive 

11. 

Surd 

13. 

Couple 




=> [x] = 1 =>x = 1 and [x] = 2=* x = - ( v from (1)) 

8 - W! D ^. m Wl, d [ x] = r 

••• £> «.-'x = t~ 1 ’ i]^*-{*l[*l=Q} = [-1, 0) u {1} 

1*1 


= /? — {0} n [-1, 1] n (2, oo) 
/. / (x) is not defined for any x e R. 




9. Lt 

x-*0 


1 - cosx.yfcoslx = Lt 1 -cos 2 jc.cos2x 

JC 2 x ~*° JC 2 ( 1 + COS JC . -y/cos 2v J 

1-cos 2 jc(2cos 2 jc-1) 


x_+0 jc 2 |l + cosx.yjcoslx j 
Tt 2 cos 4 jc-cos 2 jc- 1 
x "*° jc 2 (l + COSXyJcOSlx j 


/ 


= Lt 
*-►0 


2cos 2 jc + 1 


1 + cos.v 


yjcoslx 


V sin 2 jc 

ul * 2 


3 

2 


10. Since / is continuous at jc = 0 
/. Lt f(x) = /(0) = Lt /(x) 

x-»0- x-*0+ 

1 3 2 

=> e p =q=e 5 => /> = -, <?=e 5 
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A Discussion on Descartes’ Buie of Signs 


The statement: “We can determine also the number of 
true and false roots that any equation can have , as follows: 
An equation can have as many true roots as it contains 
changes of sign , from + to - or from - to +; and as many 
false roots as the number of times two + signs or two - 
signs are found in succession. ” is found in Descartes’ revo- 
lutionary work. La Geometric, but without hint of a proof. 
By the term “true roots” he means “positive roots” and by 
“false roots” he means “negative roots”. 

This statement is the basis of the attribution to Descartes 
of the proposition now known as “Descartes’ Rule of 
Signs” which, in simpler words, can be said to be: 

“The number of positive roots of a polynomial with real 
coefficients is equal to the number of “changes of sign 99 
in the list of coefficients , or is less than this number by 
a multiple of 2. 99 [Since the negative roots of the polynomial 
equation /(jc) = 0 are positive roots of the equation 
/(-jc) = 0, the rule can be readily applied to help count the 
negative roots as well.] 

Before discussing on the rule, it may be helpful to examine 
some simple cases: 

(1) If/(jc) is a linear polynomial (that is, of degree 1), 
say,/(jc) = mx + b then the only root of /(jc) is x = - b/m , 
which is positive only when m and b are of opposite sign. 

(2) If/(jc) is a quadratic polynomial (that is, of degree 2), 
it is convenient to divide by the coefficient of the jc 2 term, 
so as to obtain a new polynomial with leading coefficient 
equal to 1 . This polynomial, say f(x) = jc 2 + bx + c , shares 
the same roots, and the same pattern of variations in the 
signs of the coefficients, as the original polynomial. Suppose 
we have identified the two roots, say r and s. Then we may 
express /(jc) in factored form: /( jc) = (jc - r)(jc - 5 ) 
= ;c 2 -(r + s)jc + r.s. Compare coefficients b = -(r + s) and 
c - rs. Thus c is positive only when r and s are of the same 
sign, that is, whenever /jc) has two positive roots or two 
negative roots. But if c and x are both positive, the only way 
the expression/*) = x?+bx+c can equal zero is for b to be 
negative (in which case there are two variations in sign). 
Of course, according to the quadratic formula, the two roots 
are given by the formula x = X A [-b ± V (b 2 - 4c)]. And, if 
c is laige enough, there will be no real roots at all. Thus, 
if /(jc) has two variations in sign, there will be either two 
positive real roots, or none at all. On the other hand, if c is 
negative, there will be one variation in sign (regardless of 
whether b is positive or negative), and there will be two 
real roots. Since c = rs , the roots will be of opposite sign 
- that is, there will be exactly one positive root. These 
aiguments verify Descartes’ Rule of Signs for linear and 
quadratic polynomials. Since there are no analogous 
formulas for the roots of polynomials of higher degree, a 
more systematic approach is needed in order to treat the 
general case. For further reference, let / (jc) is a polynomial, 


and let us denote the number of variations in sign of its 
coefficients by F[/’(j t)], and denote the number of positive 
real roots of f(x ) by P[f(x)]. To simplify matters, we 
stipulate that in any polynomial/(jc), the leading coefficient 
(the coefficient of the highest power of the variable x in 
the polynomial) is never zero. Without loss of generality, 
we may assume our polynomial to have leading coefficient 
equal to 1 , and that constant term a Q in our polynomial is 
not zero; since other polynomials can be reduced to this 
kind by doing some simple mathematical steps (such as 
dividing by the leading coefficient, or by a suitable power 
of x) which will not change the pattern of variations in the 
signs of the coefficients. 

Thus we may denote our polynomial in the form: 

f(x) = x" + a^ xT' +...+ apc + a 0 

Now it is time to start counting the number of variations in 

the signs and number of roots. Begin with a simple 

observation: 

I. Let /( jc) = jc" + a n l x n ' 1 + ... + ape + a Q . If a Q < 0, then 
V\f(x)\ is odd; if a Q > 0, then V\ /(jc)] is even. 

In a two state system, if you change state an even number 
of times, you recover the original state. We can make a 
similar statement about the positive roots of /(jc): 

II. Let /(jc) = jc" + a^j x n ' / + ... + ape + a Q . If a Q < 0, then 
P[f(x)] is odd ; if a Q > 0, then P[f(x)\ is even. 

We can give a simple proof by induction as follows: 

We have already observed that this observation holds for 
polynomials of degree 1 and of degree 2. 

Now suppose that II holds for polynomials of degree less 

than k. Consider a polynomial 

/(jc) = x k + a k l x k l + ... + ape + a Q , of degree k. 

Suppose first that a Q < 0. Then /( 0) = a Q < 0, while, for 
large enough values of jc, the x* term of the polynomial 
will dominate the others, so that for some positive value 
of jc, /(jc) > 0. Since every polynomial is a continuous 
function, we may conclude that /(jc) has a positive root, 
say at jc = p. Then (jc - p) divides / (jc), and we may set 
/(jc) / (jc -p) = g(jc), where g(jc) is a monic polynomial of 
degree k - 1. Indeed, the constant term, say, b Q , of g(jc), 
must be positive (since a Q = -pb Q < 0). Applying the 
induction hypothesis, we know that P[g(jc)] is even. But 
P\f(x)] = P[gfr) (* -P)\ = P\g(x)] + 1, so P[f(x)) is odd. 
On the other hand, if a Q > 0, we must consider two 
possibilities. If P[f( jc)] = 0, then II holds, as 0 is an even 
number. If P[f(x)] > 0, then /(jc) has a positive root, say at 
x — p. Reasoning as in the previous case, the constant term 
of S 00 = /OO / (jc - p ) must be negative, and thus by the 
induction hypothesis, P[g{x)) must be odd, and P[f (jc)] 
must be even. We may combine I and II in the form to say 
that if /(jc) = jc" + a n l x n l + ... + ape + a Q . Then F[/Xjc)] 
and P/(jc)] are both even or both odd - that is, V\f \x)] 
and P\f(x ) ] differ by an integer multiple of 2. n 
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1 

j >:\ 


u s 


SOLUTIONS 


j!JP 

j °° cW 

(SET - 56) 


10 . 


(a) -(q) 

-(1 + 2 + + 50) + 51 2 = 1326 

(b) -(s) 

1 3 + 2 3 + + 1 5 3 — 2 (2 3 + 4 3 + 


+ 14 3 ) 



= 1856 


1. (c) : If CD = x and DA =y, then x 2 + ? + xy = 19 
xy=6^>x + y = 5 =» perimeter = 1 2. 

2. (a) : The number are of the form p 9 , pq\ where p, q 
are primes 

3-2 4 = 48, 5-2 4 = 80, 7-2 4 = 112, 91-2 4 = 176 
2-3 4 = 162. 

3. (c) : x = e' =* I = fct 5 e'dt 

= e'[t 5 - 5 / 4 + 20/ 3 - 60r + 1 20/ - 1 20]|> 

= i20 - 44e=>^= 120,fl = -44 A + B=16. 

4. (b) : The desired value is the distance of(l, 3) from 
the point (-1, 1) on the circle | z-2/ 1= V2 • Hence it is 
2,/2 • 

5. (d): 5 = /'sin jt -/cosjc|“ = 2 + /(0) => /(0) = 3 . 

6. (d) : x + - = /=>/ 2 -3/-4 = 0 

t = 4,-1 =$ x = (D,co 2 ,2± V3 • 

7. (c) : The feet of normal at /,, /,, /, are given by 
/ 3 -/-2 = 0 =^ Z /, = 0 , 

S/ | / 2 = -l,/ | / 2 / 3 =2 

centroid is (-1/3, 0). Its distance from the focus is 4/3. 

8. (d) : Orthocentre is (-1, 2). Its distance from the 
focus is 2-Jl. 

9. (a) : Circumcentre is (0, -1). Its distance from the 
focus is J2. 


(c) - (p) 

1 2 + 2 2 + + 15 2 -(2 2 + 4 2 + + 14-) 

_ 15x16x31 _ , 7x8x15 _ ggQ 
6 ‘ 6 

(d) -(r) 

1 3 + 2 3 + + ll 3 -(2 3 + 4 3 + +10 3 ) 
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IIT-JEE 2008-09 


This series is selected for their motivating, interesting and stimulating sets of 
quality problems, with a lucid expository style in their solution. 


1. Find the least positive integer m such that 

i 

n\n 

< m 

') 

for all positive integers n. 

2. Let a , b , c , d and e be positive integers such that 
abcde = a+ b + c + d+e. 

Find the maximum possible value of max {a, b , c, d , e}. 

3. Evaluate 

3 4 200] 

1!+ 2! + 3! 2! + 3! + 4 ! *" + 1999 ! + 2000 !+ 2001 ! 

4. Let x = yja * 1 2 + a + 1 - y]a 2 - a + 1, aeR 
Find ,all possible values of x. 

5. Find all real numbers x for which 
10*+ 11*+ 12*= 13*+ 14*. 


1. Note that 


2 n 


SOLUTIONS 


2/7 


+ ... + I | = (l-t- 1) 2 " = 4" 


(\ 0 ) 5 

and for n = 5, I 5 I ” 252 > 2 • Thus m- 4. 

2. Suppose that a<b<c<d<e. We need to find the 
maximum value of e. Since e<a+b+c+d+e< 5e, 
then e < abcde < 5e, i.e. 1 < abed < 5 
Hence (a, b,c,d)± (1, 1, 1, 2), (1, 1, 1, 3), (1, 1, 1, 4), 
(1, 1, 2, 2), or (1, 1, 1, 5), which leads to max {e} = 5. 

Alternative Solution : As before, suppose that 
a<b<c<d<e Note that 
1 1 1 


■ H 4* 

bede edea deab 


1 1 

+ + 

eabc abed 


11111 3+d+e 

< — + — + — + - + — = 

de de de e d de 

Therefore, de < 3 + d + e or (d - \) (e - \) < 4 

If d = 1, then a = b = c = 1 and 4 + e = e, which is 

impossible. 


Thus d - 1 > 1 and e-l<4ore<5 

It is easy to see that (1, 1, 1, 2, 5) is a solution 

Therefore max {e} = 5. 

3. Note that 

k+2 k+2 


k\ + (k + 1)! + (k + 2)\ *![l + * + l + (* + l)(* + 2)] 

_J k + 1 _ (k + 2) - 1 

~ k\(k + 2) "(A: + 2)! “ (k f 2)! 

1 1 _ 

~ (k + 1)! (k + 2)\ 

By telescoping sum, the desired value is equal to 
1 1 

2 2001! 


4. Since y]a 2 +|a| + 1 > | a \ 
2 a 


and x = -r— — . , 

yja 2 + a+l +yja 2 -a + \ 
we have | x | < | 2a/ar | = 2 

Squaring both sides of x + yja 2 - a + 1 = a + 1 

yields 2* ^/<? 2 - a + 1 = 2 o-jc 2 

Squaring both sides of the above equation gives 

A , 2 IX 2 2/2 >i \ 2 x 2 (^: 2 -4) 

4(x - l)a = x (jc - 4) or a = — - 

4U 2 - 1) 

Since a 2 > 0, we must have 
x 2 (x 2 -4) (x 2 - 1)>0, 

Since | x | < 2, x 2 - 4 < 0 which forces x 2 - 1 < 0. 
Therefore, - 1 < x < 1. Conversely, for every 
x G (- 1, 1) there exists a real number a such that 

*= -Jo 2 + a + 1 - yfa 2 - a + 1 
Alternative Solution : Let ^ = (— 1/2, V3/2), 
fi = (1/2, V3 /2) , and P= (a, 0). Then P is a point on the 
x-axis and we are looking for all possible value of 
d= PA - PB. 

Contd. on page no. 80 
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CHINESE 

Olympiad Problems 


SECTION - 1 


6 Let P - Jab + Jed and Q = yjma + nc — + — , where 

V m n 


1. Consider the following two statements about two 
positive integers p and q 

P : The number p * * 3 4 - q 3 is even. 

Q : The number p + q is even. 

Which of the following statements is true? 

(a) P is necessary and sufficient for Q. 

(b) P is necessary but not sufficient for Q. 

(c) P is sufficient but not necessary for Q. 

(d) P is neither necessary nor sufficient for Q. 

2. In which of the following intervals does 

__1 + 1 

log ^ l°g i_ j lie? 

(a) \- 2, - l) 5 (b)(l,2) 

(c) (- 3, - 2) (d) (2, 3) 

3. In triangle ABC, AB=AC. Both BC and the altitude 
AD from A to BC are integers. Which of the following 
statements is true? 

(a) one of sin A and cos A is rational and the other 
irrational. 

(b) both sin A and cos A are rational 

(c) both sin A and cos A are irrational 

(d) the rationality of sin A and cos A depends on the 
values of BC and AD. 

4. Let M = {(x, y) \ y S x 2 } and 

N = {(x, y) | x 2 + 0 -a) 2 < 1 }. 

What is a necessary and sufficient condition for 
MnN= N? 

(a) a > 5/4 (b) a = 5/4 

(c) a> 1 (d) 0<a< 1. 

5. The iimetion /(x) = ax 2 - c satisfies - 4 </(l) < - 1 
and - 1 </( 2) < 5. Which of the following statements is 
true? 

(a) 7</(3)<26 (b) - 4 </(3) < 15 

28 35 

(c) - 1 </(3) < 20 (d) - — <;/(3)< — 


a, b, c, d, m and n are positive real numbers. Which of the 
following statements is true? 

(a) P>Q (b) P^Q 

(c) P< Q 

(d) the relative size of P and Q depend on the values 
of m and n. 

7. P is a point on the plane of the square ABCD such 
that each of PAB, PBC , PCD and PDA is an isosceles 
triangle. How many possible positions are there for such 
a point PI 

(a) 9 (b) 17 (c) 1 (d) 5 

8. Let t , R and r be the perimeter, circumradius and 

inradius, respectively, of an arbitrary triangle. Which is 
the following statements is true? 


(a) 

£ > R + r 

(b) / < 

(c) 

— <R + r<6£ 

a 


(d) 

none of (a), (b) and (c) is true 


SECTION - 2 


3 5 

1. In triangle ABC, sin A = - and cos B = — . What is 
the value of cos C? 

2. How many triangles are there such that each side 
has integral length and the longest side has length 1 1? 

3. A function /(x) defined on the interval [- 1, 1] 
satisfies /( 0) =/( 1). If for anyx,and x 2 in [- 1, 1], we 
have |/(x,) -/(x,) | < I x 2 - x,|, prove that 

1/(0 -/(X,) I <1/2 


SOLUTIONS 


SECTION - 1 

1. Both statements are saying that p and q have the 
same parity. Hence they are equivalent to each other. 

2. The given expression is equal to 
log, ^ + l°gi 5 = l°gi'io = lo 83 *° 
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SECTION - 2 


Now 2 = log 3 9 < log 3 10 < log 3 27 = 3. 


A BD BC 

3. Note that tan— - is rational. Since 
2 /iD 2AD 


1. We have cos A 


= ±yf^ 


sin 2 A =±- and 


2 tan ' 


sin A = 


i 2 ^ 

1 + tan — 


and cos A = 


2 A 

1- tan — 

2_ 

2 A 9 both sin A 
1 + tan" — 


and cos A are rational. 

4. The desired condition is to have the circle 
x 2 + (y - a) 2 = 1 inside the convex region of the parabola 
y = jc 2 . In other words, 1 < y + (y - a) 2 or 
y 2 + (1 - 2tf)>> + (a - 1) < 0. This occurs when the 
discriminant is negative. From (1 - 2a) 2 - 4 (a - 1 ) < 0, 

we have a > — . 

4 

5. We have/(l) = a - c and /( 2) = 4a - c. Hence 
« = j(/(2) -/(l)) and c = i(/(2)- 4/(1)). it follows 

that /(3) = 9a-c = ^(8/(2) - 5/(1)) and 

- 1 ==~(8(— l)w 5( - 1)) < /( 3) < i(8(5) - 5( - 4)) = 20. 

6. We have 

Q 2 = ab + cd + — 6 + — >ab + cd + 2\labcd = P 2 by 
m n J 

the Arithmetic Mean - Geometric Mean Inequality. We 

have Q> P since both are positive. 

7. The points P which makes at least one of those four 
triangles isosceles lie on two lines joining the midpoints 
of opposite sides of the squares, and four circles centered 
at the vertices and passing through adjacent vertices. Not 
counting the vertices themselves which would produce 
degenerate triangles, there are 9 positions of P which 
make all four triangles isosceles. One is the centre of 
the square. The other 8 are the points of triple intersection 
of two of the circles and one of the lines. 


sin B = 4 J\ - cos 2 B = — 

^ 13 

Note that we have 

3 48 

sin C= sin (A + B) = sin A cos B + cos A sin B = — ± — 
v ' 13 65 

Since sin C > 0, we must have 

, 4 

cos A- — 

5 

Hence 

cos C = - cos(/I + B) = sin A sin B - cos A cos B = 

65 

2. Let the three sides be a < b < c < 1 1 . Then 6 < b < 1 1 
and c - b < a < b. As b decreases by 1, the range of a 
decreases by 2. When b = 1 1 , we have 1 < a < 1 1 . Hence 
the total number of triangles is 11 + 9 + 7 + 5 + 3+1 = 36. 

3. We may assume that 0 < jc, < jc 2 < 1 . Then 

l/(* 2 ) -/(*,) I <*2“*.- 

Since/(0) =/(l), 

l/(^-/(^)^l/(^)-/(l)l + K(0)-/(VI< 1 -* 2 + *|- 

Addition yields 

!/(*,)-/(*,) | < ■■ 


Contd. from page no. 78 

By the Triangle Inequality, | PA - PB \ < | AB \ = 1 . And 
it is clear that all the values - 1 < d < 1 are indeed 
obtainable. In fact, for such a , d, a half hyperbola of all 
point Q such that QA - QB = d is well defined. (Point 
A and B are foci of the hyperbola). 

Since line /IP is parallel to the.r-axis, this half hyperbola 
intersects the jc-axis, i.e., P is well defined. 

5. It is easy to check that jc = 2 is a solution. We claim 
that it is the only one. In fact, dividing by 13* on both 
sides gives 


8. On a circle of radius P, choose, A, B and C 
sufficiently close to each others so that R> 6t . Then 
R > 6 i - r > t- r. Alternatively, choose B and C 
sufficiently close together and A almost diametrically 
opposite to them. Then £ > AB + AC > 2R > R + r. 
Hence none of (a), (b) and (c) is true. 



The left hand side is a decreasing function ofjc and the 
right hand side is an increasing function of ,r. 
Therefore their graphs can have at most one point of 
intersection. 
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Duplex (3) = 9, 9 x 2 = 18, 18 + 5 gives quotient = 3 & 
remainder = 3 

We write in the table 3 3 , in the second row 

Step 2. Duplex (3,3)= 18, 18x2 = 3 6 , 3 6 + 30 = 6 
(for second row) 

6-^-5 gives Quotient = 0 & remainder = 6 . 

We write in the table 0- in the second row. 

Step 3. 3x3 = 9, 9 * 5-2 gives quotient = 4 & 

remainder = 1 

(for third row) 

We write in the table 4j in the third row. 


Step 4. Duplex ( 3, 3 , 4 ) = 33, 33 x 2 = 66, 66 +6 0 = 6 
(for second row) 

6 - 5-5 gives Quotient = 0 & remainder = 6 


We write in the table (T 


Step 5. 


r 2> 0 ^ 
\3 3, 


= 9, 9 + 10 = 1 , 1 + 2 gives Quotient = 1 
& remainder = 1 


(for third row) 


We write in the table 1 T in the third row. 


Step 6. Duplex (3, 3,4,1) = 18, 18x2 = 36, 

3 6 +60 = 24, 

(for second row) 

24 -s- 5 gives Quotient = 5 & remainder = T . 

We write in the table 5 T , in the second row. 

f 3 0 0 ^ 

Step 7. I 3 3 4 I = 12, 12+ 10 =2,2*2 

gives Quotient = 2 & remainder = 2 
(for third row) 

We write in the table 2^ in the third row. 

Thus, jc, = 0 . 33413 = 0.27407. 

We can find the second root using transformed 
equation 

3x 3 * * & - 10.x 2 - 4x + 2 = 0 

This equation has roots which are reciprocals of the 
roots of the given equation. 


Quadratic Equations : [General Method] 

In finding square root of a number a we are 
actually solving quadratic equation x 2 - a = 0 . In 
Vedic method of finding square root , we use 2jc as 
divisor in the process of finding square root. Note 
that 2jc is derivative of x 2 . 

In solving quadratic equation x 2 + bx + c = 0 we 
use ( 2x + b ) as divisor. 

Example 5. : Consider the equation x 2 + jc - 14 = 0 

— 1 + y[Sl 1 / 

jc = - — = -0.5 ±-V57 =3.274917218 

2 2 


or -4.274917218 

We write jc 2 + x = 14 and Note the following : 

When x = 1 , L. H. S. = 2 
When jc = 2 , L. H. S. = 6 
When jc = 3 , L. H.S.= 12 
When jc = 4 , L. H. S. = 20 

i.e. when x = 3, x 2 + x is very close to 14. We 
consider 3 as our first digit in the answer and 

~~( x2 + x) = 2x + 1 at jc = 3 giving (2) (3)+ 1 = 7 as the 
divisor. We have the solution as follows : 

14 -00 0 000 00 

726 0 3 7038 


3 - 2 8 5 1 2 2 8 

Step 1. 20 + 7 gives Quotient = 2 & remainder = 6 . 

Step 2. D(2) = 4, 60 - 4 = 5 6, 56 + 7 gives Quotient = 8 

& remainder = 0 . 

Step 3. D(2, 8 ) = 32, 3 2 + 7 gives Quotient = 5 & 
remainder = 3 

Step 4. D(2, 8 , 5 ) = 44, 30-44 = 14 , 14 +7 
gives Quotient = 1 & remainder = 7 . 

Step 5. D(2, 8 , 5 , T)= 84 , 70 - 84 = 14 , 14 + 7 
gives Quotient =2 & remainder = 0 . 

Step 6. D(2, 8 , 5 , I,2)=_17, 17 +7 

gives Quotient = 2 & remainder = 3 

Step 7. D( 2 , 8,5, T, 2 , 2 )= 34, 30-34 = 64,_ 
64+7 gives Quotientj= 8 & remainder = 8 . 

Required root is 3.285 1228 =3.2749172 

In the next article we shall solve different types of 

examples using the above procedure. 

• to be continued.... 
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1 . Domain of / (x) = where 

P(x) = \9x - 9 - 2x 2 & Q(x] ) = is 

(a) [4,9] (b) [0,9] 

(c) {1,2,3,...., 8} (d) {4,5,8} 

2. Range of the function 

/ ( x ) = sin 4 * (1 + sin 2 jc) + cos 4 jc (1 + cos 2 x) is 
(a) [0, 2] (b) [0, 3/4] (c) [3/4, 2] (d) R 

3. If/ (x + 1 0) + f(x + 4) = 0, then / (x) is a periodic 
function with period 

(a) 2 (b) 4 (c) 6 (d) 12 

4. / (x) = or 3 + ta 2 + cx + d (a * 0) is one-one onto 
function, if 

(a) b 2 - 4 ac < 0 (b) b 2 - Zac < 0 

(c) b 2 - 4 ac > 0 (d) b 2 - Zac > 0 

5. Domain of/ (x) = -^==|==j (where [•] 

denotes the greatest integer function), is 
(a) (- 00 , 00 ) (b) (-4,4) 

(c) (- oo, - 7] u [7, oo) (d) (- co, - 4] u [4, oo) 

6. Iff: R & f (x) = ax + sin x + a, then 

(a) / (x) is one-one onto function If a e R 

(b) / (x) is one-one onto function If a e R - [- 1, 1] 

(c) / ( x ) is one-one onto function If a e R - {0} 

(d) / ( x ) is one-one onto function If a e R - {- 1 } 

7. If f(x + y) =f(x ) +f(y)-xy- 1 v x,y, e R and 

5 

/(l) = 1 then Z / ( h ) is equal to 

(a) 15 (b) - 15 (c) 17 (d) - 17 

». If * /(,-!). 2/ W ./(l) 


9. If / (x + / 0)) = / (x) + y - 1 V y, € R and 
/( 0) = 1, then /(l) is equal to 

(a) 0 (b) - 1 (c) 1 (d) 2 

10. If f{x) - x |*| then f~\x ) is equal to 

(a) VN (Sg 

(c) -y/\x\ (d) None of these. 

11. For what values of a the equation || x \ - 1| = a has 
four solutions? 

(a) 0 < a < 1 (b) 0 < a < 1 

(c) a > 1 (d) a > 1 

12. Let f:R—>R& g :/?—>/? be two one-one onto 
function such that they are mirror image of each other 
about the line y = 0, then h(x) =/ (jc) + g(jc) is 

(a) one-one & onto (b) one-one but not onto 

(c) not one-one but onto (d) None of these 

13. If [sin -1 x] > [cos -1 jc], where [•] denotes the greatest 
integer function, the complete set of value of x is 

(a) [cos 1,1] (b) [sin 1,1] 

(c) [cos 1, sin 1] (d) [0, 1] 

14. Period of/(x) = x - [x + a] - b , where a,beR “ and 
[•] denotes the greatest integer function is 

(a) a (b) b 

(c) | a - b\ (d) None of these 

15. Let F : [- 4, 4] - {- n, 0, tt} -» R , such that 

/ (x) = cot (sin x) + j , where [•] denotes the greatest 

integer function, is an odd function. Complete set of 
values of ‘o’ is 

(a) (- oo, - 16) u [16, oo) (b) (-16, 16) - {0} 

(c) (-oo,- 16) u (16, oo) (d) [- 16, 16] - {0} 

16. If af(x) + bf j“) =x+ ^,(a^Z?),then/(x)isequal to 


V x, y, g R and /( 0) = ^ then / (4) is 

(a) 0 (b) 4 (c) -4 (d) 2 


Contributed by : R.C. Joshi, Kapil Complex , Kala Dhungi Road , Haldwani, (Uttaranchal) Mob: 09837187030 
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(b) -r^-jMSa-^ + hsb-a)] 

(c) -^-j[x(a-5b) + h5a-b)} 

a — b x 

(d) None of these 

17. A real valued function /(x) satisfies the functional 
equation / ( x - y) =/ (x)f(y) -f (a-x)- f(a + y) where 
‘ a ’ is a given constant and /( 0) = 1 then f(2a - x ) is 
equal to 

(a) f(-x) (b) f(a) + f(a-x) 

(c) fix) (d) -fix) 

18. If fin) = 1 +I + I + I+ + i, then 1/(0 is 

equal to 

(a) (n -l) f(n) (b) n (/(»)- 1) + 1 

(c) »(/(») -!)+/(») (d) »(/(»)- 1) -I 


SOLUTIONS 


1. (d): 19*-9-2* 2 >0=>I<*<9 

=> {1,2, 3, , 8} 

x- 4 > 0 => x e {4, 5, 6, 8} 

\9x-9-2x 2 > 47^4 => (4, 5, 8} 

2. (c) ‘fix) = sin 4 * + cos 4 * + sin 6 * + cos 6 * 

=> (sin 2 * + cos 2 *) 2 - 2 sin 2 * • cos 2 * + (sin 2 * + cos 2 *) 2 

— 3 sin 2 * • cos 2 * (sin 2 * + cos 2 *) 

=> 1 - ^ sin 2 2x + 1 - ^ sin 2 2x 

=>2-4 sin 2 2x => 0 < sin 2 2x < 1 
4 

=> - < 2 - ^ sin 2 2r < 2 => 2 j . 

3. (d) : Replace x by x + 2 we have 

/(*+ 12) +/(x + 6) = 0 ...(1) 

again replace x by x - 6 
=>/(*- 6+ 12)+/(*-6 + 6) = 0 
=>/(* + 6) +/(*) = 0 ....(2) 
Solving (1) & (2) =>/(* + 12) =/(*) 
so period of f{x) = 12. 

4. (b) : /'(*) > 0 or /'(*) < 0 v x then D < 0 
=> 46 2 - 4 • 3ac < 0 => b 2 — 3ac < 0 

*■ (c):/w -ra^^" M - ir - 5> ° 

=> [|*| — 1] > 5 and [|*| - 1] < -5 


=> |*| - 1 £ 6 and |*| — 1 < — 5 

=> |*| > 7 & |*| < - 4 (Not possible) 

=> * e (-<», - 7] u [7, co). 


6. (b) : If a * 0 Range of fix) = R Also 

fix) = a + cos *. If a > 1 ,/'(*) > 0 the function is 
increasing, a < - l, fix) < 0 
v the function is decreasing 

so fix) to be one-one, onto it must be monotonic and is 
possible if a < — 1 or a > 1. 


7. (b) :/(l + 1) =/(l) +/(1) -1-1=0 
/(2 + 1) =/( 2) +/(1) - 2 - 1 = - 2 

/( 3 + l) = -5 and /(4 + l) = -9 
/. Reqd sum = 1 + 0 — 2 — 5 — 9 = — 15. 

8. (a) : At x = 0 =./ (i) +/ ) - 2/(0) •/ (i) 

=> / = 0 since/(0) = ^ 

a t^ = -i =>/(4) = 0. 

9. (a) : Put* = >> = 0 => /(0 +/(0)) =/(0) + 0 - 1 
v /( 0)= 1 given then/(l) =/(0) +*- X=>fil) = 0 

10. (b) :/(*) = y = * 2 , * > 0; ^ > 0 

= -* 2 , * < 0; < 0 

=>*= Vp , x ^ 0;^>0 

= x<0;y< 0 


=>/-'(*) 


1 

0 


; * > 0 
; * = 0 


-1 4x ; * < 0 
/‘‘(Sgn (*)) = (Sgn *) y]\x\ 


11. (b) : Clearly a line 
parallel to jc-axis 

y = a cuts the curve at 
4 points 
If 0 <y< 1; 

0 < a < 1 



12. (d) :/(x) & g(x) are one-one onto and 
mirror image w.r.t. y = 0 then f(x) = - g(x) 
h(x) =/ (x) + g(x) = 0 is a constant function, then h(x) 
is many one into function. 


13. (b) : [sin" 1 *] = 0 v x e [0, sin 1) 
= 1 v x e [sin 1, 1] 
and cos -1 * =1 v x e [0, cos 1] 
= 0 v x € [cos 1, 1] 
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v [sin ’at] > [cos be] => x e [sin 1,1]. 

14 . (d) :/(*) = x-[x + a]-b = x + a-[x + a]-a-b 
=>/(*) = {x + a} - (a + b) then period of /( x) is 1. 

15. (b) : For/(x) to be odd, j^j^j j should not depend 
upon the value of jc. since x s [- 4, 4] :=> 0 < x 2 < 16 


M 


- 0, If a > 16 a e (- 00 , - 16) u (16, 00 ). 


16 . (t):af(x) + bf[^ = x + J ....(1) 

a f (x) + b f( x ) “7 + 5 x ....( 2 ) 

multiplying equ. (1 ) by a & equ. (2) by b then subtract. 

=>(o 2 -fc 2 )/(x) = ax + ^ ~ 7 - 5 bx 


^—57 [x(a - 5 b) + 1 ( 5 a - 6)] 


^ f{x)= V 2 -^) 

17. (d) : Put x = y = 0 => /(0) = (/(0)) 2 - (/(a)) 2 
v /( 0) =!=>/ = /- (/(a)) 2 =>/( a ) = 0 


=> /(2a - x) -/(a + a - x) =/(a - (x - a)) 

=>/(a - (x - a)) =/(a) /(x - a) -/( / ) -/(x) 

=>/(2a-x) = -/to- 

18 . (c) :/(l) +/( 2 ) +/( 3 ) + +/(«)=!+ (1 + 7) + 

M + s) + - + M4 + 4) 

/(D+/( 2 )+/( 3 ) + +/(«) 

■" + ( ! T i ) + ( / T 2 ) + 4 

-('♦W+ *i)-(H + s + -. +J ?) 

-«/(»)- {('-j)+(>-3 


+ 11-^1 + + fl-~ 


= «/(«)- 


'-"■('‘H*?* 4 )-'| 

= n/(n)-(n- 1 ).-/(«)- 1 

n 

S/( 0 => /?/(>?) - n +f (n). 


EXERCISE 


PART - 1 : Multiple choice — only one option correct 


1. If f(x + y,x-y) = xy , then / (jc, is equal to 

(a) xy (b )x 2 -y 2 (c) (d) x + y 

2 . For a real number x, [•] denotes the greatest integer, 
the value of 

(a) 49 (b) 50 (c) 48 (d) 51 

3 . Let/(x) = (1 + b 2 )x 2 + 2 bx + 1 and let m(b) be the 

minimum value of f (x). As b varies, the range of m(b) is 
(a) [0,1] (b) (0, 1/2] (c) [1/2,1] (d) (0, 1] 

4 . If/ be an function satisfying (f (x)) v +(/’ (v)) v = 2 / (xy) 
V x, y e R and/(l) = a^ 1 then £/(r) is equal 

r- 1 

a n + 1 


(a) [cos(sin 1), sin(cosl)] 

(b) [sin (cos 1) + 1, cos (sin 1)] 

(c) [cos (sin 1) + sin (cos 1), 1 + sin 1] 


(a) tr 

5 . The range of 


(c) 


a + 1 


(d) 


a " -2 

a + 1 


/W.cos[sin(log(i^)]j + ,i„[co s (log(5±|]| 


IS 


(d) 

(0. 1) 

x 2 +1 

6. 

If /to = 

\ e dt is one-one in the interval is 

X 2 

(a) 

(0, °o) 

T 

8 

o 

(c) 

[- 2, 2] 

(d) None of these 

7 . The function, 3 sin 3 x + 4 sin 3 x + 1 is periodic with 
period 

(a) 

n 

3 

(b) ^ 

(c) 

71 

(d) None of these 


8. Let /be a real valued function with domain R. If 

/(x + T)= 1 [1 - 3 /(x) + 3 {(/Xx)) 2 - (Ax)) 3 }F V * e R, 

where T is a fixed positive number then/(x) is a periodic 

function with period 

(a) T (b) 772 

( c ) 27 " (d) None of these 
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9. If/: R-+R, g :/?->/? be two given function, then 
2 min {f(x ) - g( x), 0} is equal to 

(a) /W+g(x)-lg(x)-/(x)| 

(b) l/'W + g(x)| + |g(x) -/(x)| 

(c) f(.x)-g(x)+\g(x)-f(x) | 

(d) /(x)-g(x)-te(x)-/(x)| 

10 . If P(x ) = x 4 +ax'+bx 2 .+ cx + d where a, b, c, d e R. 
If />(1) = 10, F\2) = 20, P{ 3) = 30. Then the value of 

P(l2)-P(-&) . 

jo is equal to 


(a) 1984 (b) 1992 (c) 2004 (d) 2007 

11. If for x > 0 ,/ (x) = (a - x") l/n , g(x) = x 2 + px + q, p, 

q € R and the equation g(x) - x = 0 has imaginary roots, 
then number of real roots of equation g(g(x)) ~f(f (x)), is 
(a) 0 (b) 2 (c) 4 (d) n 

12. Ifx 2 +y = 1, then the maximum & minimum value 
of x + y are 

(a) -V2.V2 (b) -1, 1 

11 1 [Z 

^ V2’V2 (d) 72 ’ V 


PART - II : Multiple choice - one or more than one options may be correct 


1. Let f{x) = max {1 + sin x, 1 - cos x}, x e [0, 2 tt] 

& g(x) = max {1, |x - 1|} x e R, then 

(a) gfi 0)=1 (b) g/(l)=l 

(c) /fe(l))=l (d) 0)) = sin 1 

2. Let F : -» [0, 4] be a function defined as 

f(x) = /3 sin x - cos x + 2, then / _1 (x) is given by 

o -■’(¥)-§ w 

(c) ^ _ cos' 1 1*/! (d) None of these 

3. Let R = {(x, y) : x, y e R, x 2 - + y 2 < 25} and 

R' - {(x, y) : x, y e R, y > -x x 2 } then 
(a) dom R n R' = [-3, 3] 


(b) Range R R' z> [0, 4] 

(c) Range R n R' = [0, 5] 

(d) R n R' defined as function 

4. Let n be a positive integer with 

/(m) = 1! + 2! + 3! + .... + n! and P(x) and g(x) be 

polynomials in x such that / (n + 2) = P(n) •/(« + 1) + 

Q(n ) ■ / (n) for all n > 1, then 

(a) P(x) = (x + 3) (b) P(x) = - x - 2 

(c) Q(x) = - x - 2 (d) 2(x) = x + 3 


ANSWERS 


PART -I 

1. (c) 2. (b) 3. (d) 4. (a) 5. (c) 6. (b) 

7. (b) 8. (c) 9. (d) 10. (a) 11. (a) 12. (a) 

PART - II 

1. (a, b) 2. (b, c) 3. (a, b, c) 4. (a, c) 
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MBA 

MCA 

NBA 



The aim of this test is to acclimatize you with 
real test-like experience and give you the required 
competitive edge . 



1. The equation of the straight line through 
(-3, 5) and having equal positive intercepts is 

(a) 2x + y + 1 = 0 (b) x + y - 2 = 0 

(c) x + 2y - 7 = 0 (d) none of these. 


2 . 


2 + — 

2 = 9 


2 + - 


1 


3 + 


1 

>4 


(a) 1 
(c) 3/7 


(b) 1/7 
(d) 8/7. 


3. Given triangle ABC where a = 17, b = 25, 

c - 28. The inradius of the circle is cms. 

(a) 4.5 (b) 6 

(c) 8 (d) none of these. 


4. The point (2, 7) and (8, 5) are the 2 opposite vertices 
of a rectangle. The other two vertices lie on the line 

y = 2x + c. Therefore, the value of c is 

(a) -4 (b) —1 

(c) 0 (d) can't be determined. 


5. The solution set (m, n) not satisfying the inequality, 

I < J < y (w, n e I) is 

(a) (7, 55) (b) (3. 22) 

(c) (16,116) (d) none of these. 

6. A fibonacci sequence is formed by adding the 
previous 2 numbers e.g. 1, 2, 3, 5, 8 etc. or 2, 5, 7, 12, 
19, 31 .... The eighth term of the sequence 1, 2, 3, 5, ... 
is 

(a) 7 (b) 19 

(c) 20 (d) 34. 

7. A man borrowed Rs. 3000/- at 8% p.a. interest. At 

the end of the year he repaid Rs. 1200 partly as interest 
and partly to reduce the debt. At the end of 2nd year he 
paid Rs. 1300. The sum he should pay to meet interest 
and clear off debt at the end of 3rd year is 


(a) 1000 (b) 500 

(c) 400 (d) none of these. 

8. PQRS is the quadrilateral formed by joining the 

midpoints of adjacent sides of quadrilateral ABCD. The 
ratio of areas ABCD to PQRS is 

(a) 3 : 1 (b) 2 : 1 

(c) 4:1 (d) can't be determined. 

9. Given CB = CA= AD and ZDAE = 75°. The value 
of y is 

(a) 45 

(b) 50 

(c) 60 

(d) can't be determined. 

10. PQRS is a trapezium with PS/IQR and 
ZQPS = 90°. QS and PS cut at T. The ratio of area of 
ATPQ to ATRS is 

(a) 1 

(b) 2 

(c) 1/3 

(d) can't be determined. 

11. A cask contains 4 parts wine & 1 part water. How 
much of this mixture must be with drawn and substituted 
by water inorder that the resulting mixture be half wine 
and half water? 

(a) 3/8 (b) 5/8 

(c) 7/8 (d) none of these. 

12. The area of the triangle PQR, where P = (2, 6), 
Q = (4, 7), R = (6, 8) is. 

(a) 6 sq. units (b) 6.2 sq. units 

(c) 8 sq. units (d) none of these. 

13. If / (x, y, z) = x y y 2 + xyz - yz y + 15y*, then 
/( 4, 3, 2) = ? 

(a) 641 (b) 711 

(c) 982 (d) 563. 

14. If logjo 3 = 0.477 and log 10 7 = 0.8457, the value of 
l°gio( 2 5 ) is 
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-y JZ ? 2ft 2 3ft 2 ^7t 2 6ft . 2 7ft 

1 . tan 2 yg + tan 2 yg- + tan -^ + tan ^ + tan ^ + tan 


is equal to 

(a) 24 (b) 34 

(c) 44 (d) none of these. 

2. If/(x) = e sin(x ' W) eo * tt , then / (x) is ([. x ] denotes the 
greatest integer function) 

(a) non-periodic 

(b) periodic with no fundamental period 

(c) periodic with period 2 

(d) periodic with period n. 

3. Which of the following homogeneous functions are 
of degree zero? 

x(x-y) 

(b) 

(c) 


x t y y * x 

(a) — In — + — In — 

V y X X y 


x 2 +y 2 


y(x + y) 

(d) all the above. 


4. If© is small and positive number then which of the 
following is/are correct? 

(a) -0" = 1 

tan 0 sin 9 
(c) ^-> 


(b) 0 < sin0 < tan0 
(d) none of these. 


0 0 

5. Match the column. (Each entry of column I matches 
with exactly one entry of column II) 

Column I 


(A) lim log s [ n;t sin2x 
v 9 x-»0 + 


Column II 

(P) -1 


(B) lim 

v x ->0 


ln(cosx) 


1 X 



X ' 

iVlnjc 

lnx 


x-sinx 
(D) bm 

' ' „ . a r — 1 


x _>o*-tan.x 


(Q) -1/2 

(R) 1 

(S) 0 


(a) A -> S, B -> P, C -> Q, D R 

(b) A— »P, B— >Q, C— »R, D-»S 

(c) A — > R, B — > S, C — » P, D — > Q 

(d) A-»Q, B->R, C->S, D-»P 


6. If y- COS 


-1 


V 


cos3jc 


cos 3 x 


then prove that 


± = I 3 : 

dx V cos* cos 3*’ 


7. Let a e R , then prove that a function/ :/?—>/? is 
differentiable at a if a function (j> : /? — » R satisfies 
f{x) -f(a) = <)> ( x)(x - a) V x e R and <f> is continuous 
at a. 


8. If P, y G (0» n ) suc b that 

cosa + cos(a + p) + cos(a + p + y) = 0 and 

sina + sin(a + P) + sin(a + P + y) = 0. 

Then evaluate /'( P) and 

where /(x) = sin2x(l + cosZx) -1 and 

, x 1+sinjc-cosx 

g(x) = 


l + sinx + cosx 
(Here f\x) denotes derivative of /with respect to x.) 


9. Find area of the triangle formed with vertices (0, 0), 


f 

ft 

> 

( fir 

lim 

X ~2 

, 0 

and o, limf tanx l 

x-+nl2 

\ 

_ COSJt _ 

) 

V *->eV x ) ) 


where [•] denotes the greatest integer function. 

10. Prove that the straight lines whose direction co- 
sines are given by the relations 
al + bm + cn = 0 and fmn + gnl + him = 0 are 


perpendicular if + y + — = 0. 


By : Prof. Shyam Bhushan, Resonance, Kota. Mobile: 09928390590 
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SOLUTIONS 


1. (b) : 0 = | ^ 80 = | ( 

1 “ and last given tan 2 0 + cot 2 © simplifies to — 2 

. ■■ ■ 1- cos 40 

mutually other terms 

=> Given expression = 34. 

2. (c) J f(x) = e sin (*-M)cosr,r 

sin(x - [x]) = sin {xj period is 1 

cos7ix period is 2, hence f (x) period is 2. 

3- (d) : f(x, y) is homogeneous function of degree 
n 6 R ' n x ’ y ^f{kx, h>) = k"f (x, y ) ; where k > 0. 

4. (c) 

5. (c) : 

(a) lim^iHL — — i^lncosAr + lnsinjc 
1 ’ r->G In sin* 


f(x)-f(a) = (KxXx-a) V xeR 

^ /( L{ (a) = * x)=:> !z~x-{ (a ~ = 

=> f'(a) = <l>(a) v lim <)>(*) = ty(a) 

x ->a 

=>/is differentiable at x = a. 

8. Given 

cosa + cos(a + P) + cos(a + p + y) = o 
sina + sin(a + P) + sin(a + p + y) = o 
where p, y 6 (0, n) 

=> [cosa + cos(a + P)] 2 + [sina + sin(a + P)] 2 = 1 
=> 2 + 2 + [cos(P)] = 1 

cosp = — — Similarly cosy = — — 


••• P = r = 


2n 


In sin x 


= 0 + 0+1 => A-+R 




o» to,„(,. 2si „>«);, b^_ 2sin! ,p| 


-2sin 2 x 




sec 2 — and lim g(x) = tan- 

■> x->2n/3 3 


= lim 

jc->0 


-2 sin 2 1 

4- = 0=>B->S 


1 ~~ JC h 

(c) lim - — = lim —■ — — 
x^olnx jr->o ln(l - h) 

1 


= 4 

9. Let <9= (0, 0) 

A J lim f~£Z_( 7t/2 ) 
r __v*L COS* 




= lim 


i-i 


lim 


^lnfd-A)-*/*] 
1/6 


= -!=> C->P 




0) 


*-sin* 


(d) x->o x - tan x 


1/3 2 =>Z)- * e - 


•• area of A OAB - — 1-2-0| = 1 square units. 


6. cos>> 


/cos 3* L 

= V^~f 


4 cos 1 x - 3cosx 


cos 3 x 


• 0 ) 


- V4-3sec 2 x => cos 2 y = 4- 3sec 2 x 
= 4 -3(1 + tan 2 x) = l-3tan 2 x 
=> sin 2 y = 3tan 2 x=e>siny = -v/3tanx 

• ±- f 

" dx Vc 


•d) 

...( 2 ) 


...(3) 


cosy 


dy _ nr 2 

dx ~ sj3sec x 


cosxcos3x 
v from(l) 

7. <(>:/?-» R is continuous at x = a and satisfies 


10. al + bm + cn = 0 
fmn + gnl + /?/w = 0 
Eliminate n 

=* + («/ + ^ + bf = 0 

Now, if/,, /»,, «, and / 2 , m 2 , « 2 are d.c.’s of two lines 

then roots of (3) and — — and 

m l m 2 

Product of the roots = A. . A. = V_ 

m \ m 2 ag 

• M l _ m \ m 2 . Ill 2 _ rn { m 2 _ 

fla g/b " f/ a gib ~ JIZ 

v lines are perpendicular 

hh +m \ m 2 +n l n 2 = 0 => ^- + | + - = 0 

a b c 
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Very Similar Practice Paper 


I1T-JEE 2008 


(TWo Dimensional and Three Dimensional Geometry) 


By : Vidyalankar Institute*, Mumbai 


Part I 


Time : 1 hr. 

Section I : Straight Objective Type 

This section contains 9 multiple choice questions 
numbered I to 9. Each question has 4 choices (a), (b), 
(c) and (d), out of which ONLY ONE is correct. 

1. If x + ky = 1 and x = a are the equations of the 
hypotenuse and a side of a right angled isosceles triangle, 
then 

(a) & = ± 1 (b ) k = ± a 

(c) & = ±1 /<t (d) k — ± 2 

2. Given two points A = (- 2, 0) and B = (0, 4). The co- 
ordinates of a point M lying on the line x = y so that the 
perimeter of the txAMB is least, is 

(a) (1, 1) (b) (0,0) 

(c) (2,2) (d) (3,3) 

3. A ray of light travels along the line 2x - 3y + 5 = 0 
and strikes a plane mirror lying along the line x + y = 2. 
The equation of the straight line containing the reflected 

ray is 

(a) 2 x - 3y + 3 = 0 (b) 3x-2y+3 = 0 

(c) 2\x-ly + 1 = 0 (d) 21 x + 7y-l=0 


(a) tan 


-i ir 2 -b 2 


a 2 - r 2 


(b) tan 


-l l >- 2 - a 

\b 2 -r 


(c) tan-'^j^ (d) tan-^ 
6. The angle between the straight lines 


4. If the inclination of the diameter PP of the ellipse 


2 2 

X— j. f— = 1 t to the major axis is 0 and PP 2 is the A.M. 


of squares of major and minor axes, then tan 0 is equal 
to : 

(a) b/a (b) alb 

(c) jt/4 (d) n/6 


5. If a circle of radius V is concentric with ellipse 


2 2 

— — = 1 then the common tangent is inclined to 
a 1 b 2 . 

major axis at an angle 


2 5 4 1 2 -3 


is 


(a) 45° 
(c) 60° 


(b) 30° 
(d) 90° 


7. The distance of the point where the line 


£±I = 2-ii = meets the plane x + 2y + 3z - 14, 
3 A 


2 3 4 

from the origin is 
(a) \/l5 
(c) 7 


(b) >/i4 
(d) y/7 


8. If the planes x — cy + bz,y = az + cx and z = bx + ay 
pass through one line, then a 2 + b 2 + c 2 + lube — 

(a) ab (b) 1 

(c) be (d) 0 


9. The length of perpendicular from (0, 0, 0) to the 
plane ax + by + cz + d — 0, where a , b, c, d are in AP , 

(a, b, c, d> 0) is 1 unit then the value of C —^ 

(a) Ifjl - 1) (b) 2(72 + 1) 

1 


is 


(C) 


( 72 - 1 ) 


(d) 1 


Section II : Assertion-Reason Type 

This section contains 4 questions numbered 10 to 13 
Each question contains STATEMENT-1 (Assertion) anc 
STATEMENT-2 (Reason). Each question has 4 choice : 
(a), (b), (c) and (d). out of which ONLY ONE is correct 


* H.O.: Pearl Centre, Senapati Bapat Marg, Dadar (W), Mumbai-400 028. Tel: (022)2430 63 67, 2432 43 42 
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1. If lim cot ^I + wh- n 2 )= lim J 


t 2 dt 


*->°° *->o o (* ” sin t)yfa+~t 

then value of a is 
4 


32 

(0 ? 


16 

(b) 12 


(d) 


n 

32 


2. If 


10 ^ 10 ^ n 


20 /^> 20 21 /^» 

C 5 C 4 

30^ 30^ 31, 


= 0 then the value of 


d"f(x) 

dx n 


at x = 1 for / (x) = (3x + 1 ) 5 for usual notations is equal 

n a , 
to Ps * p" then 

(a) a = 21, p = 17 (b) a = 81, p = 7 

(c) a = 81, p = 20 (d) a = 20, p = 81 

*/2 

3. Value of / log(l-jt 2 cos 2 0) c/0, (x 2 < 1) is 

o 

(a) log(l + Vl-* 2 ) 

(b) log(l Wl-* 2 )- 7i log 2 

( c ) n log( 1 + yjl-x 2 ) 

(d) 7i log(l + yll-x 2 ) - n log 2 

00 

4. If A' = (y > 0, is a parameter) then 

o x 

value of K is 


(a) £ 

W IT2 


6. I 


(b) 


1 


56 

(d) none of these 


(3) “6 

(c) — 
12 


o\ + e x 
2 


-dx = 


(b) log 2 

(d> £ 


7. If 


d 2 (f(x)) 7 d(f(x)) _ 2 * 


cbc 1 


+ 6/(x) = e Y given that 


j>(0) = 0 and - 1 then / (x) = 


(a) e^-e 2 * 

(C) \ (e^ - e 1 *) 


(b) %&-** 
(d) 


(a) -|-tan 
(c) tan 'j 


(b) ^ + tan y 

(d) 7i -tan 1 y 


n/2 


5. Value of J sin 3 x- cos 1 [ x dx = 
o 


8. The curve whose differential equation is given as 

- 3 ^ + 2x = 0. given that /= 0, x = 0 and ft* - o 
</r dt 

is 

(a) a circle (b) >>-axis 

(c) x-axis (d) a parabola 

9. The area under the curve whose di fferential equation 

is + y = 0 , given y = 2, x = 0 and x = ~ , and the 
dx~ 2 

x-axis between x = 0 to x = y (in square units) is 

(a) 2 (b) 3 


(d) i 


(c) 4 

10. Let /(x) be a differentiable such that 


f(* * T) =/(*) +/(y) for all x and >> then f(e) +f [-] = 
(a) 0 (b) 1 

(c) - 1 (d) 2 


Contributed by : B.H. Singh Scientist (SS), IASRI, Pusa, New Delhi-110012 Mobile : 9868028679 
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m 


={', : 


11. The function / defined on R is given by 
jc is rational 
x is irrational 

(a) / (jc) is continuous and differentiable on R 

(b) / (jc) is continuous but not differentiable on R 

(c) |/(jc)| is continuous but not differentiable on R 

(d) |/(jc)| is differentiable on R 

12. Supreet and Kushween stand in a ring with ten other 
girls. If the arrangements of twelve girls is at random 
then the chance that there are exactly three girls between 
Supreet and Kushween, is 

*> w n 


(a) 


(0 £ 


w To 


13. Three coins, identical in appearance, one of which 
is ideal and the two others are biased with probabilities 
1 2 

- and y respectively for a head. One coin is taken at 
random and tossed twice, if a head appears both times 
then the probability that ideal coin is chosen, is 

J3_ 

29 
11 

(d) 19 


(a) 19 


(b) 


(c) 29 


PARAGRAPH 


Let A = 


be a square matrix and C,, C 2 , C 3 be 


3 column matrices satisfying AC { = 


T 


2 

0 

, AC 2 = 

3 

0 

0 


and AC } = 


then 


of a matrix B. If the matrix C = ^ ( A B ) 


is 


14. Value of sum of elements of B _1 

(a) - 1 (b) 0 

(c) 4 (d) 2 

15. The ratio of the trace of the matrix A to the matrix 
B is 

(a) 1 : 3 (b) 2 : 3 

(c) 1 : 1 (d) 3 : 1 

16. Value of sin' l [/f| + cos _1 |C| is 


(a) f (b) f 

(c) f (d) 1 

17. If n\ = n(n - 1)(« - 2) ... 3.2.1 and 5! contains 3 
digits then the number of digits in the number after 
expansion 100! is 

(a) 98 (b) 49 

(c) 97 (d) 47 

18. If a ]t a 2 , ..., a l9 represent first 19 natural numbers 

then sum of square roots of all products taken two at a 
time of these natural numbers is 

(a) less than 1710 (b) more than 1710 

(c) less than 1510 (d) more than 1525 

19. Match the following Column I with Column II 

Column 1 Column 11 




(p) 


4 

n 


4 2 ” 


x 4 +l 


x 2 \l 


then 


domain of / (x) 

(ii) Let S = {(x,y) : |x — 3| < 1, (q) (- 00 , 00 )- {1} 

tv — 3| < 1} 

T= {(x.j') : 4^+ 4/- 
22x- SAy + 109 £ 0 } 

(iii) For X e R, the function f(x) (r) S r\T = ( |> or 

defined on as 

n/2 

f(x) = \ j sin x- sin yf(y)dy 


S n T- S 


°° f tan \ax)dx 

(iv) ] x(l+x 2 ) ’ wherea 
is a parameter 


(s) |log(l + a) 

(t) it log a 

K_ 

4 


(U) f 


20. If x 2 + x 2 + x 2 + ... + X 20 — 400 and 

yf + y\ + y\ + - + ylo = 900 then value of 


£l + a. 

y\ yi y* 


x 20 
^20 


(a) f 
(c) | 


(b) | 

(d) | 

Answers will be published in the next issue. 
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Subjective 

PROBLEMS 


Classical Geometry 
Revisited 

- by Er. Tapas Kumar Yogi 


1. Each side of a A ABC has length 2 units. A circle 
with centre at A and radius 1 unit cuts AB at M. A tangent 
to the circle from B and lying outside the triangle meets 
the circle at P. What is the area of the region bounded 
by BP, BM and minor arc MP. 

2. Let P denote the perimeter of a right triangle and 
Q the sum of the squares of its three sides. Find the 
ordered triple of coefficients (jc ,y, z) such that the area 

of the triangle equals xP 2 + yPy/Q + zQ lr > 

3. A semicircle is inscribed in a quadrilateral ABCD 
in such a way that the midpoint of BC coincides with 
the centre of the semicircle, and the diameter of the 
semicircle lies along a portion of BC. If AB = 4 units, 
CD = 5 units. Then what is BC1 

4. In a cartesian co-ordinate system, the two tangent 
lines from P( 39, 52) meet the circle defined by 
x 2 + y 2 = 625 at points Q and R. Find the length QR. 

5. Points A , B, C, D are on a cartesian plane with 
A( 0, 0), B( 2, 0), C(2, 1) and D( 0, 1). Compute the 
minimum possible value of PA + PB + PC + PD for 
all position of P. 

6. In the figure, AB is a diameter 
of the circle with centre O and radius 
r. A chord AD is drawn and extended 
to meet the tangent at B, in point C . 1 
The point E is chosen on AC such 
that AE = DC. Let jc be the minimum 
distance from E to the tangent through A and y be the 
minimum distance from E to the diameter AB. Find a 
relation between jc, y and r. 

7. A rhombus of side length jc has the property that 
there is a point on its longer diagonal such that the 
distances from that point to the vertices are 1, 1, 1 and 
x. what is the value of x ? 

8. Persons A and B stand at point P on line /. Point 



Q lies at a distance of 10 units form point P in the 
direction perpendicular to /. Both persons initially face 
towards Q. Person A walks forward and to the left at 
an angle of 15° with /, when he is again at a distance 
of 10 units from point Q , he stops, turns 90° to the 
right and continues walking. And at the same time, person 
B walks forward and to the right at an angle of 65° 
with the line /; when he is again at a distance of 
10 units from point Q , he stops, turns 90° to the left 
and continues walking. Their paths cross at point R. 
Find the distance PR. 


9. In the figure the circles are 
tangent aXA, the centre of the larger 
circle is at B , CD = 42 units and 

EF — 24 units. What are the radii 
of the circles? 

10. Consider a hexagon inscribed in a circle of radius 
r. If the hexagon has two sides of length 2, two sides 
of length 7 and two sides of length 1 1 , what is r? 


ANSWERS 


1. Required area = area of right AAPB - 

area of minor sector AMP 
Now AAPB has AP=1,AB = 2 => BP = yfe 
and ZPAB = 60° = n/3 



so. Area (A APB) = IxlxVJ = ^ 

1 ^ K 

and area of sector AMP = - xl xy 

. , >/3 n 

so required area = — - — . 


71 

6 


2. C = + b 2 , P = a + b + yja 2 + b 2 

Q = 2 (a 2 + b 2 ), A = area = (1/2) ab 
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or, a + b = P-^|, ab = 2A and a 2 + b 2 = Q/2 

Now (a + b) 2 = a 2 + b 2 + lab 
r r :\ 2 


P- 


M 


= j + 2x2A 


v vz y 

simplifying, A = -i-P 2 - z^ p JQ 


SO, 


-1 


, z = 0. 


'• comparing, x = -, y = ^ 

3. Using similar triangles, 

Z5 = ZC = 0 (say) 

Let ZODC = a = ZODM 
ZOAM- P = ZOAB 


20 + 2a + 2P = 360° =» 0 + a + p = 180° 
so, in AODC : ZCOD = P and similarly ZLAOB = a 
,45 OC 
^ 05 * DC 

4 BC 12 



i.e. A405 ~ AODC 


or. 


BC = 4yf5 units. 




or, 


G4 


_4rV_ 



x 2 <fx 2 +y 2 


Now, in right AABC , ,45 2 + 5C 2 = ^IC 2 

2 


(2r) 2 


f2iyf _ 

( a 2 2 

4r v 

{—) ‘ 

yF 2+ y\ 


BC/2 5 

4. For right AO0P; OP = V39 2 +52 2 = 65 

and radius = OQ = 25 => PQ = ^OP 2 -OQ 2 = 60 
Let £25 meet OP in S then 05 = 57? 

Now area of A OPQ = ^ x 00 x 5g = ^ x QS x 05 

=> |-25-60 = |-0S-65 => 05 = ^ 
so, £25 = 2QS — 600/13 units. 

5. By the triangle inequality, PA + PC is minimized 
when P lies on the line segment AC. Similarly 
PB + PD is minimum when P lies on line segment BD. 
=> the given sum is minimum when P lies on both AC 
and BD i.e., it is the point of intersection of the diagonals 
AC and BD. So, sum (min.) = PA + PB + PC + PD 

= AC + BD = \fs + yfs = 2>/5 units. 

6. From similar triangles, — = 

& x ,45 2r 

=> BC= 2 ry/x 
Now, BC 2 = CD x G4 
=> BC 2 = AE * CA 

( z/t n2 
or, 


simplifying, x(x 2 + y 2 ) = 2/y 2 . 

7. Triangles BPC and ,45C are similar. 

x x + l r 

=> t = - 

1 x 

or, x 2 - x - 1 = 0 
Neglecting -ve value of x : 

V5+1 


BC AC 
Thus — — = — — 
CP BC 


x = 


(Golden ratio) 



Note : This ratio is most commonly used in tile designs. 

8. Let A\ B' be the points at which persons A and B 
turn. Let R be the point where A and B meet. 

Note that P, A', B\ R lie on a circle. 

(Turning by 90°) and PR is the diameter of the circle, 
so, PR = 20 units. 

9. Let O be the centre of the smaller circle. 

Let r = radius of smaller circle. 

R = radius of larger circle 
x = BC, y = BE 

Now, BF = BE + EF =>R=y + 24 =>y = R- 24 
And, BD = BC + CD => 5 = x + 42 or x = 5 - 42 
and AB = OA + OB => R = r + (r - x) 

=>r = 5-21 

Now in right A OBE, (r - x) 2 + y 2 = r 2 

Now substituting, r, x and y in terms of 5 

and simplifying, we have 5 = 96 units and r = 75 units. 

10. Let ABCDEF be the given hexagon. Since, the order 
of the sides will not affect r, we take 

AB = AF = 2, BC = FE = 1 1 and CD = ED = 1 
So, by symmetry AD must be the diameter of the circle. 


=> AD = 2 r, and BD = FFFFb 2 = Fr 2 - 4 
and AC = V AD 2 - 


-CD" 




49 


Now, since ABCD is cyclic, 

AB • CD + AD • BC = AC • BD (Ptolemy’s theorem) 

i.e., 2 x 7 + 2r x 11= V4r 2 -49 x Fr 2 -4 

simplifying, 2r 3 - 87r - 77 = 0 
(r - 7)(2r 2 + 14r + 1 1) = 0 
since r is +ve, 2r 2 + 14r + 11 can never be zero. 
Hence, r = 7 units. 
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1. If /(.r) = /j|sin.v| + qe x ' + r|x| 3 and if f{x) is 
differentiable at x = O, then 

(a) p = q = r = 0 

(b) p = 0; q = 0; r is any real number 

(c) q = 0; r = 0; p is any real number 

(d) r = 0; p = 0; q is any real number. 


2. If f( x ) = x 2 + — 


(1+Jt 2 ) (1 +JC 2 ) 2 


+ ...+ 


(l + .t 1 2 )" + '" 


then at x = 0 

(a) / (x) has no limit 


(b) f(x) is discontinuous 

(c) f(x) is continuous but not differentiable 

(d) f(x) is differentiable. 

3. The solution set of /'(*) > g'CO where 
f(x) = (1/2) 5 2x+ 1 and g(x) = 5* + 4x log5 is 

(a) (1, °°) (b) (0, 1) 

(c) [0, °o) (d) (0, °°) 

4. Let f(x) = fl (cos(2* - l)x + /sin(2A- - l).v) then 

k = 1 

(Re / ( jc))" + i (Im / (x))" is equal to 
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CHINESE 

Olympiad Problems 


SECTION - 1 


1 . Let a be a constant. What curve in the complex plane 


where a is a positive real number not equal to 1 and F\x) 
is an odd function. Which of the following statements 
is true? 


represents the set { z 2 1 argz - a} ? 

(a) the ray arg z = 2a. 

(b) the ray arg z = - 2a. 

(c) the ray arg z = - a. 

(d) None of (a), (b) and (c) is correct. 

2. Let x be a positive real number not equal to 1. In 
each of the following diagrams, the shaded region does 
not include its boundary. Which of these regions 
represents the set {(*, >01 log, (log t y 2 ) >0}? 

(b) * 




3. How many different hyperbolas are represented by 
the polar equation 

where m and n are integers satisfying \ < n < m < 5? 

(a) 15 (b) 10 

(c) 7 (d) 6 

4. How many real roots does sin x = log 10 x have? 

(a) 0 (b) 1 

(c) 2 (d) more than 2 


5. Let G(x) = [-^+^F(jc), 


(a) G(x) is an odd function 

(b) G(x) is an even function 

(c) G(x) is neither an odd function nor an even function. 

(d) Whether G( x) is an odd or even function depends 
on the value of a. 

6. Let F{x) be such that = * for a11 x * _1 - 

Which of the following statements is true? 

(a) F(-2 - x) = -2 - F{x) (b) F(-x) = )’* * 1 

(c) f(^) = F{x), x * Q (d) F\F\x)) -x 

7. If the point (x,y) is moving counterclockwise along 
the unit circle at constant angular speed to, how is the 
point (- 2 xy, y 2 - x 2 ) moving? 

(a) clockwise along the unit circle at angular speed <o. 

(b) counterclockwise along the unit circle at angular 

speed to. 

(c) clockwise along the unit circle at angular speed 2co. 

(d) counterclockwise along the unit circle at angular 
speed 2co. 

8. In a tetrahedron, all sides are of length 1 except 
possibly one whose length is denoted by x. It volume is 
denoted by V(x). Which of the following statements is 
true? 

(a) V(x) is an increasing function which has no 
maximum. 

(b) F(x) is an increasing function which has a maximum. 

(c) F(x) is not an increasing function and has no 
maximum. 

(d) V(x) is not an increasing function but has a 
maximum. 


SECTION - 2 


1. Let the coordinates of A, B and D be (1 , 0), (-1 , 0) 
and (*, 0) respectively. A line through D perpendicular 
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to AB cuts the unit circle at a point C. In which interval 
does jc lie if the segments AD , BD and CD can form an 
acute triangle? 

2. What is the general solution of cos - = cos x and 

how many distinct solutions are there in the interval 
(0, 24 tt)? 

3. Prove that 

2 *> ? 2 

*1 X 2 X n- 1 X n 

x + T + - + ~7^ + T-~ x i+*2 +••• + *„ 

X 2 x 3 x n x 1 

where x,, x,, are positive real numbers. 


SOLUTIONS 


SECTION - 1 

1. Note that 0 < arg 2 < 2it for all 2 . Hence (b) and 
(c) are both incorrect. Let a = arg 2 = F . Then 

arg 2 2 = j and arg z 1 = 2n = -y * 2^J . 
Hence (a) is also incorrect. 

2. When 0 < x < 1, log* (log*>> 2 ) > 0 is equivalent to 
^ < lo&cT 2 < 1 or x < y 2 < 1 . When jc > 1 , we have 
lo&rT 2 > 1 or y- > x. Hence the shaded region in 
diagram (d) is correct. 

3. The polar equation represents a conic section with 


eccentricity I I , which must be greater than 1 if 


we are to 


have a hyperbola. Since ^ ] = ( j , 


there are 6 distinct values of ^ j for 1 < n < m < 5, 

namely, (J), (J) , (,) , (,) . Q and 


4. We have sin 1 > 0 = log, 0 1 and 

sin y = - 1 < 0 < log l0 Y ■ 

Since it < 4, < 10 and log 10 ~ < 1 = sin y . 

Also logio y > 0 > -1 = sin ~ 

Since both Junctions are continuous, we have at 

least one real roots in each of the intervals |l,^yj , 


(3n 57i\ , / 571 7ti\ 

(T’tJ “ d t-t • 


5. Lei f(x) = ~— + ~ 
a - 1 2 

Then f(- x ) = -^ 7 + ±=-f(x) 

1 - a 1 

Hence/(x) is an odd Junction. Since so is F(x) and 
G(x) = f(x) F(x), G(x) is an even Junction. 


6. Let y = 


1-x 
\ + x 


Then F(y) = x = 


1 -y 
1 + y 


Hence F(-2 -x) = -f±^ = -2 - F(x) 


1 ~h X 

Putting x = 0, 1, 2 and -2, we have F(l) = 0, 
^0)= = 2 and F{- 3) = - 2. When .v = 0, 

F(- x ) = j becomes 1 = 0. When x = - 3, 

F (*) = F( - x ) becomes 2 = - 2. When x = 1, 
F(F(x)) = ~x becomes 1 = - 1 . All of these are false. 
Let * = cos cot and y = sin c oi. Tlicn 

-2xy = - sin 2a yt = cos |-2co/ + 

and y 2 - x 2 = - cos 2cot = sin ^2co/ + 

Hence the point (- 2 xy,y 2 —x 2 ) is moving clockwise 
along the unit circle at angular speed 2co. 

8. Let AB = x and consider the tace BCD as the base. 
As .v increases from 0, the altitude increases, and 
hence so does the volume. The volume reaches a 
maximum when the face ACD is perpendicular to 
the base. As x continues to increase towards 2, the 
altitude decreases, and hence so does the volume. 

SECTION - 2 

1. We have AD = 1 +x,BD= 1 -a and CD = ,/l-A 2 • 
If a- > 0, then AD is the longest of the three. In order 
that these segments form an acute triangle, we must 
have BD 2 + CD 2 > AD 2 or x 2 + 4x - 1 > 0. It follows 
that 0 < x < - 2. By symmetry, if x < 0, we 

have 2 - < x < 0. Hence the desired interval 

is ( 2 - Vs . V5 - 2). 
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2. The given equation may be rewritten as 


By the induction hypothesis. 


0 


5jc 

From sin y = 0, we 


havex= for any integei 


m. From sin y = 0, we have jc = y— for any 

integer n. These are the general solutions of the 
original equation. The roots in [0, 871] are 1 < m 
< 14 and 1 < n < 8, but the same root is given by 
(m, n) = (5, 3) and by (/w, n) = (10, 6). Hence the 
total number of roots in [0, 87c] is 14 + 8 - 2 = 20. 


3. 


First Solution : 

We use induction on n. For n = 2, we have 


0 o 

$L+?i 
x 2 x \ 



JCf + A'5 
x \ x 2 



>Xi+X 2 


-> , 

since xf + jcJ > lx x x 2 by the Arithmetic Mean - 



Addition yields the result which completes the 
inductive argument. 

Second Solution : 

Take x n ^ x = jcj. it follows from the Arithmetic Mean 
- Geometric Mean Inequality that for 1 < / < n, 

2 

x~ 

- 1 — + jc /+ i > 2jtj. Summation yields the desired 
result. 


Third Solution : 

Take x ^ = x { . By Cauchy’s Inequality, 



Geometric Mean Inequality. Suppose the result 
holds for some n > 2. Consider the next case with 
n + 1 numbers. Because of the cyclic symmetry, we 
may assume that jc „ +1 is the largest among them. 


Then 


x n + l 


01 1 

~ X n > x n+\ ~ X n 


x n + 1 


0 1 *) 

*if+l X n >Y 

or + — -r^ x n+\ 

x n + 1 x \ 'M 


from which the desired result shows. 


Fourth Solution : 

Take x^\ - X\. By the Rearrangement Inequality, 


i=\ x i+\ 




/=1 


/=! 
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2. p - q = 2 and p + q - 1 = 1999. 

Hence p - 1001 and q = 999. 

Therefore (/?, q) = (2000, 1999) or (1001, 999). 

2. We consider the following cases. 

1. \a-b\< Ml . 

Then |/(a) - f(b)\ < \a - b\ < 1/2, as desired. 

2. \a-b\> 1/2. 

By symmetry, we may assume that a > b. Then 
\f(a)-f(b)\ = |/(a)-/(l)+/(0)-/(6)| 

S l/(*)-/(l)l + 1/(0) -/(*)! 

< |a- 1|+ |0-A| 

= 1 - a + b — 0 
= 1 - (a - b) < 1/2 as desired. 

3. Since x 3 + y 3 = (x + y)(x 2 - xy + y 2 ), 

all pairs of integers (w, -w), « e ^ , are solutions. 
Suppose that x + y * 0. Then the equation becomes 
x 2 -xy + y 2=z x + y 
i.e. x 2 - (y + \)x + y 2 - y = 0. 

Treated as a quadratic equation in x, we calculate 
the discriminant 

A = y 2 + 2y + 1 - 4y 2 + 4 y = -3 y 2 + 6y + 1 . 
Solving for A > 0 yields 

3-2>/3 ^ v< 3+2& 

3 3 ' 

Thus the possible values fory are 0, 1 and 2, which 
lead to the solutions (1, 0), (0, 1), (1, 2), (2, 1) and 
(2, 2). 

Therefore, the integer solutions of the equation are 


(*, y) = (1, 0), (0, 1), (1, 2), (2, 1), (2, 2), and 
(w, -w), for all n e Z . 

4. Note that /has a half-turn symmetry about point 
(1/2, 1/2). Indeed, 

_ 2 = 2-4* _ 4* 

/(I -*) - 4i-* + 2 4 + 2-4* 4* + 2 ’ 

from which it follows that f(x) +/( 1 - x) = 1. 
Thus the desired sum is equal to 1000. 


5. 


Note that 


1 




i 


i 


i 


a 2 (la) 2 (la) 2 

from which it follows that if 


(2 a) 1 (la) 1 


(Xj, * 2 , X n ) = a 2 » ^/») 

is an integer solution to 





= 1 


then (Xj, X2, ...» ^n+3) 

— (tfj, •••» ^n-i> 2t7 w , 2a n , 2 a, v 2 a n ) 
is an integer solution to 


-y + -y + ...+ -^— = l 
*1 *2 x n+3 


Therefore we can construct the solutions inductively 
if there are solutions for n = 6, 7 and 8. 

Since Xj = 1 is a solution for n = 1, (2, 2, 2, 2) is 
a solution for n- 4, and (2, 2, 2, 4, 4, 4, 4) is a 
solution for n = 7. 

It is easy to check that (2, 2, 2, 3, 3, 6) and 
(2, 2, 2, 3, 4, 4, 12, 12) are solutions for n = 6 and 
w = 8, respectively. This completes the proof. 


-y ■■■■'■ ~ "■ : — “ “ : . 

IIT’s a dream 

These days getting a seat in any of the Indian Institutes of Technology (ITT) has become a status symbol for students, 
more for the parents. The two years after the Class X becomes a rigorous journey not just for the aspirants but also 
their parents and sometimes even grandparents. We find most parents over-indulging in their child’s I1T ambitions, 
right from selecting the coaching class, the reference material, mapping a proper time schedule to counselling them 
for tackling stress. 

Being an IIT alumnus, I like other ‘IIT frenzied’ mothers decided to chart a path that could hone my status symbol. I 
withdrew my daughter from Welham, only for ‘grooming’ her for the Joint Entrance Engineering exam. I would, 
sometimes, dream of my daughter going for her counselling to one of the DTs and me bragging about it to friends and 
relatives. For two years, the IIT fever soared high in my house. My husband and my father, also IITians, were roped 
in. I would sometimes take one of her books and try to understand her notes, so that 1 could help her. I would keep 
awake till late night to ‘slyly’ watch her academic movements. But despite the genetic leanings, my daughter was 
never serious about IIT. She was confused, see-sawing from school to coaching to school. I could see the mistake I 
had made by thrusting my own desires on her. She wrote the exam last year but could not get a berth in the intellectual 
mansion. Surprisingly, I was not disappointed. Last month, as I was bidding her adieu while she was on her way back 
to the Australian National University, Canberra, where she is studying finance, I felt my eyes well up. I felt sorry for 
having inflicted so much pressure on her. 

Back home from the airport, I started yelling at my son who is in Class IX : “If this is the way you study you will never 
be selected in ITT.” Some dreams just don’t go away. Courtesy : TOI 


MATHEMATICS TODAY | OCTOBER ’07 


59 
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1 . For any two vectors a and £, consider the 
following statements : 

1. \a + b\ = \a-b\<=> a,b are orthogonal. 

2. \a + b\=\a\ + \b\oa,b are orthogonal. 

3 . \a + b\~ =\a \ 2 + \b\~ a,b are orthogonal. 
Which of the above statements are correct? 

(a) 2 and 3 only (b) 1,2 and 3 

(c) 1 and 2 only (d) 1 and 3 only 

2 . Two vectors 2 / + mj - 3 nk and 5 / + 3 mj - nk are 

such that their magnitudes are respectively 4 
and V 35 , where m, n are integers. Which one of 
the following is correct? 

(a) m takes 2 values, n takes 1 value 

(b) m takes 2 values, n takes 2 values 

(c) m takes 1 values, n takes 1 value 

(d) m takes 1 values, n takes 2 values 


3 . If J (e x - 1) 'dx = In ^ , then what is the value of 


In2 


JC? 

(a) In 4 
(c) e 2 


(b) 1 


4 . If !/(*)<& = j and | f(x)dx = , then what 


is the value of J / (x)dx ? 


(a) 


■ < c > - T 


(b) - f 


(d) 


19 


5 . What is the value of j 


dx 


(x 2 +a 2 )(x 2 + b 2 ) 


[{tan~‘(x/a)}/q- {tan~‘(x/fc)}/frl 

(b 2 -a 2 ) 


(a) 


+ c 


(b) 


(c) 


[{tan~‘(A:/a)}/a + {tan~ l (j:/A)}/Al 

(b 2 -a 2 ) 

[{t an~'(A:/a)}/q - {tan~'(;c/6)}/&1 

(a 2 +b 2 ) 


+ c 


+ c 


[{tan l (x/a)}/a+ { tan l (x/b)}/b] 

<d) 


+ c 


6. What is the equation of the curve passing through 
the origin and satisfying the differential equation 
dy = {y tan jc + sec x) dxl 

(a) xy = cos x (b) y sin x = x 

(c) y = x cos jc (d) y cos x = x 

7 . What is the solution of the differential equation 
dy 

-fa = sec (* + T) ? 


8 . 


9 . 


(a) T+tan 


(b) y + tan 


(£±ii|, c 


Ux-y> 


= c 


(c) jc + tan (jc + y) = c 

. f (jc H- 

(d) y-tanj — ^ j = c 

For what value of k , does the differential equation 
dy 

^ = ky represent the law of natural decay? 

(a) 0.01 (b) (10)- 1 

(c) - 5 (d) 0 

What is/are the critical point(s) of the function 
/(jc) = x m (5 - 2jc) on the interval [- 1 , 2 ]? 


(a) ^ only 
(c) 1 only 


(b) 0, f 
(d) 0, 1 
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Prof. Shyam Bhushan* 
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/'( 2) = 2 determine f(x) where f'(x) denotes derivation 
of / with respect to x. 

8. If x 2 + y 2 = f - j- and x 4 + y 4 =t 2 +\ thenprove 

t t 2 

Ihu £.-> 
dx x*y 

9. Evaluate the following 

(a) k 

x^>o\ n ) 

10. Find the domain of the function 

/oo= 1 


1. lim 

x — >0 

(a) ab 

2. lim 


2 

(a x + b x \* f „ . 

I — 2 — I is equal to 

(c) (1/2 )ab 


(b) e° b 
e?-l 


(d) e'"° b 

mu — — r has the value equal to 

2 tan ' x 1 - it 

(a) - 1/2 (b) 1/2 ( C ) 1 (d) zero 

3 . A and B are two fixed points whose co-ordinates 
are (3, 2) and (5, 4) respectively. The co-ordinates of a 
point P if ABP is an equilateral triangle, is/are 

(a) (4-V3.3+V3) (b) (4 + 73,3 - 73) 

(c) (3-73,4+73) (d) (3 + 73,4 - 73) 

4. If the sum of the distances of a point from two 

perpendicular lines in a plane is 1 , then its locus is 
(a) square (b) circle 

(c) a straight line (d) two intersecting lines 

5 . » 

( c 2 — 3 ) 

I I are collinear for three distinct values 

of a, b & c then ( ab + be + ca) + 3 (a + b + c) 

(a) abc (b) 2 abc (c) 3 abc (d) 4 abc 

{ x + a ; if jc < 0 
I x - 1 1 ; if x > 0 

x+1 ; if jc < 0 

[(.c l) 2 + b ; if jc > 0 
-ve real numbers. Determine (gof). If (gof) {x) is 
continuous for all x determine the value of a and b 

- if f ( x+ y)- 2 + f(x)+f(y)^ r 

11 / I - 3— I- 3 —vx,yeR and 


6. Let f(x) = 

«W = 


and 


where a and b are non 


[|*- 2 |] + (| 6 - jc |]-8 
greatest integer function. 


where [•] denote- the 


SOLUTIONS 


1. (a) : We have lim { 9l±hl V _ 

X — >0 y 2 ) 


2. (a): lim 


— =>lim-i 

2 tan l x 2 -n * _>00 ^ 


f j_ ' 
e* 2 -l 


V tan 1 x 2 ) 


' 2 


3. (a) : Third vertex 

x ]+ x 2 ±S( y< -y?) ) ( ,V|+>' 2 + 73(xi-.v ? ) 


By Prof. Shyam Bhushan, Narayana Institute, Jamshedpur. Mobile: 09334870021 
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4. (a) : Locus is 
\x\ + lyl = 1 

yi 

/ 

tf.l) 

represents square 

(-1,0)/ 



■\ 

0 ? x 
/ 


\ 

[(0,1) 


5. (c) : Let the given points lie on the line 

t . 3 *3 _ 3 

lx + my + n = 0=> l — j - + m + n-0 

When t = a, b, c this simplifies to 


^ l m . 

/f 3 + mt 2 + nt - (3m + h) = + b + ^ > 


JC + fl 
1-JC 
jc-1 


jc< 0 
0< jc< 1 
JC>1 


+ be + ca = j ; abc = 3m / + — => result] 

6. /(*) = 

\ x+\ x<0 

andg(x) = | (x _ 1)2+/j 

( gof)(x) = 


x <-a 
-a<x< 0 
0< jc< 1 
x>\ 


jc + tf + 1 
(x + a -\) 2 + b 

x 2 +b 
(jc-2) 2 +b 
v (go/) (jc) is continuous V* 

/. it is continuous at * = - a y 0 and 1 also 
i). Continuity at x = -a 

Lt ( gof)(x)= Lt (gof)(x)-(gof)(-a) 


X—+—Q— X—*—Cl+ 

=$ - a + a + \ =(- a + a - \) 2 + b => b = 0 
ii). Continuity at x = 0 
Lt ( gof)(x) = Lt (gof)(x) = (gof)( 0) 

x->0- *->0+ 

=> (a - l) 2 + 6 = b => a = 1 

/. a = 1 and b = 0 are the required values 


= „ /M-m.-tonO) 

A-»o 3/i 

= /'(<>) 

/. fix) = /'(0) Vx =>/'(2)' = /'(O) = 2Vx 
=>/'($ = 2Vx =>/(x) = 2x + cVx 
P ut x = 0 in (i) => /( 0) = 2 
Now, / (x) = 2x + c =>/(0) = c 
=*. c = 2 /(x) = 2x + 2 

8. (x2 + y^ = (/-i) 2=r2 + ^- 2 = Jc4+/_2 


=> 2xy = - 2 y 2 = - JC' 2 


* 


. _ i 

dx~ 


x 3 y 


7. 

„ . „ ,/*\ 2 tf («)+/(<» 

Putting >’ = 0, =>/^-j= j 

=>3-/(|) = 2+/(jc) + /(0) 

Replacing x with 3x, 3/(x) = 2 + /(3.x) + /(0) ••• 0) 


= It 
/»->0 


/»-»0 

2 + /(3s) + /(3*) _ /(t) 


*->0 


9. (a) 

JC->0V " / 

|v itisi 


in the form P 


= £ 

_ ^{logl+log2+log3+...logn} = ^log(«D 


bnn 


(b) lim 

n— >°° 


“Sl( 1+ ») ( 1 + i) ( 1 + AJ ”( 1+ 2»-'J 


I — 1 ■ 1+2+-L+...+— 

= c . e 2. e 2 2 ...c2"- 1 ... =C 2 2 2 2" 


10. / is not defined if [lx - 21] + [16 - xl] = 8 
Now consider the 

following cases + £" 

Case I : If x < 2 


|jc — 21 = 2 — x and 16 - jc! = 6 — jc 
[2 - jc] + [6 - x] = 8 

=j.8 + 2[-x] = 8=>[-x] = 0=*0<-x<1 
=> - 1 < x < 0 /. jc e (-1, 0] 

Case II : If 2 < jc < 6 

Ijc — 21 = Jt - 2 and 16 - jcI = 6 — x 

[x - 2] + [6 - x] = 8 
=> [x] + [- x] = 4 /. x e <[> 

Case III : If x > 6 
[x - 2] + [x - 6] = 8 => 2[x] = 16 
=> [jc] = 8 => x e [8, 9) 


D f = R - (- 1, 0] u [8, 9) 
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PAPER - 1 



PRACTICE PAPER 1 

IIT-JEE 2008 



PHYSICS 


SECTION - 1 

(Straight Objective Type) 

This section contains 9 multiple choice questiones 
numbered 1 to 9. Each question has 4 choices (a), (b), 
(c), (d) out of which only one is correct. 

1 • In a clock what is the time period of meeting of the 

minute hand and the second hand 

vd) 59 sec (b) 60/59 minutes 

(c) 59/60 minutes (d) none of these 

2. If wedge is moving with 

acceleration a as shown in the 
figure and friction coefficient 
between two blocks is \x then 
value of net force on m is 

(a) ma 

(b) yj2 mci 

(c) mg-\ima (d) zero 

3. A rigid uniform 


(a) 

(c) 

5. 


7.5 m/s 
5 m/s 


(b) 



10 m/s 
(d) 0 m/s 

A block of mass 15 kg is 
resting on a rough inclined plane 
as shown in the figure. The block 
is tied up by a horizontal string 
which has a tension of 50 N. The 
friction force between the surfaces 
of contact is (g = 10 m/s 2 ) 

( a ) 50\f2 N (b) 100 V 2 N 

(c) 50 N (d) none of these 

6 



triangular frame ABC of 
mass m is hanging from a 
rigid long horizontal rod 
PQ. The frame is 
constrained to move along 
horizontal without friction. 



A bead of mass m is released from B that moves along 
BC. Displacement of frame when bead reaches C is 
(a) //2 (b) 1/4 (c) 3l/y[2 (d) none 

4. Three boys are running on a 

a equitriangular track with 
same speed 5 m/s. At start, they 
were at the three comers with 
velocity along indicated 
directions. The velocity of 
approach of any one of them 


towards another, at t = 10 s equals 



The distance between an object and screen is d. A 
convex lens of focal length/is placed between the object 
and the screen. If m is the transverse magnification of 
image then 


(a) /= 


rnd 


(C) /= 


(l + m 
md 


>) 2 


(b) /= 


\+m 


(d) /= 


(1-m) 


m 


A frog sits on the end of a long board of length L. 
The board rests on a frictionless horizontal table. The 
frog wants to jump to the opposite end of the board. What 
is the minimum take-off speed (relative to ground) v that 
allows the frog to do the trick ? The board and the frog 
have equal masses. 

gL (c) 


(a) 


Jf (b) V f 


(d) 


y a 




I 


8. To a man running 
upwards on the hill, the rain 
appears to fall vertically 
downwards with 4 m/s. The 
velocity vector of the man 
w.r.t. earth is (2/*+3j) m/s. If 
the man starts running down 

the hill with the same speed, then determine the relative 
speed of the rain w.r.t. man. 

Contributed by : Momentum, 1495, Nr. Stadium, Wright town, Jabalpur Ph : 4005358, 4035241, 

Website : www.momentumacademy.com, e-mail : momentumacademy@gmail.com 
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lympiad Problems 


SECTION - 


1. Consider the following two statements about two 
real numbers a and b : 

• P : The number a is positive. 


Both a > b and — > 7- are true. 
a b 


Which of the following statements is true? 

(a) P is necessary and sufficient for Q. 

(b) P is necessary but not sufficient for Q. 

(c) P is sufficient but not necessary for Q. 

(d) P is neither necessary nor sufficient for Q. 


2. PQ is a focal chord of the parabola y 2 = 2px. MN is 
the projection of PQ on the directrix /. S\ is the surface 
area generated by revolving PQ once around /, while S 2 
is the surface area of the sphere with diameter MN. Which 
of the following statements is true? 

(a) Si > S 2 (b) S x < S 2 

(c) S | > S 2 and S x = S 2 for at least one position of PQ 

(d) The relative sizes of S\ and S 2 depend on the position 
of PQ 


What is the value of x if 
4 


arcsin x = arccos j - arccos 


(-I)* 


, , 24 
(a) 25 


(c) 0 


, h * _ 21 

(b) 25 


(d) nonexistent 


4. Let m and n be non zero real numbers. Which of the 
following diagrams represents the curves mx + ny 2 = 0 
and mx 2 + ny 2 = 1 in the same coordinate plane? 

(a) V \ y jS (b) V 





(C) 





5. Consider the following four statements about the 
equation z - 'h. = w , where z is a complex variable 
while w and X are complex numbers with \X\ * 1 : 

Xw+ w 


• P : A solution is given by z = - 


• Q 

• R : 

• S : 


1-m 2 

: There is only one solution. 

There are two solution. 

There are infinitely many solution. 
Which of the following statements is true? 

(a) Only P and Q are true 

(b) Only P and R are true 

(c) Only P and S are true 

(d) None of (a), (b) and (c) is true 


6. Let a be a real number such that 0 < a < 1. The 
sequence {*„} is defined by x { = a and x n = for 
n > 1. Which of the following statements is true? 

(a) The sequence is increasing. 

(b) The sequence is decreasing. 

(c) The odd terms of the sequence are increasing, but 
the even terms are decreasing. 

(d) The even terms of the sequence are increasing, but 
the odd terms are decreasing. 


SECTION - 2 


1. In triangle ABC , AB = c, BC = a, CA = b, Z A = a, 
ZB = P and Z C = y. If b 2 - a 2 = ac and p 2 = ay, what 
is the value of P? 


2. Consider the equation 2x x + jc 2 + jc 3 + *4 + jc 5 + x 6 
+ x 7 + x s +x 9 + jc 10 = 3. How many non-negative integral 
solutions does it have? 
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3. For any two real numbers x and y , define x ★ y 
= ax + by + cxy , where a , b and c are constants. It is 
known that 1 ★2 = 3,2^3 = 4, and there is a non- 
zero real number d such that x ★ d = x for any real 
number x. What is the value of dl 

4. Each of sixteen cities entered an A team and a B 
team in a soccer tournament. Any two teams were to 
play each other once, except for teams from the same 
city which would not play each other. At some point 
during the tournament, the A team of a certain city noticed 
that every other team had played a different number of 
games. How many games had been played by the B team 
of this city? 


SOLUTIONS 


SECTION - 1 

1. If a > b > 0 or 0 > a > b, then — < t . In order for 

a b 

Q to hold, we must have a > 0 > b. Hence P is necessary 
for Q but not sufficient. 

2. We have 5, = nPQ(PM + QN) = nPQ 2 > kMN 2 = S 2 , 
with equality if and only if PQ = MN. This occurs when 
PQ is parallel to MN. 

3. We have 

4 i ji 

arcsin x-2 arccos — - n < 2 arccos = -n = 

5 spi 2 

which is impossible. 

4. If m and n are both negative, then mx 2 + ny 2 = 1 
cannot hold. If one of them is positive and the other 
negative, the two curves are a hyperbola and a parabola 
which opens to the right. If both m and n are positive, 
the two curves are an ellipse and a parabola which opens 
to the left. 

5. Taking conjugates, we have z - Xz = vv . Multiplying 
both sides by X and adding to the original equation, we 
have z(\-\ X\ 2 ) = Xw+w . Taking conjugates again 
yields z(l- 1 X I 2 ) = Xw + vv . Since \X\ * 1 , the unique 
solution is 

_ 7lvv + vv 
Z- 1-IXI 2 

6 . Define x 0 = 1 . We claim that 

*2 n ^ *2/i+2 ^ *2/i+3 ^ *2/i+l 

for all n > 0. Since 0 < a < 1, we have a 0 > a a > a 1 or 
* 0 >* 2 >*i- Also 0X0 < Q* 2 < tf * 1 or *i < *3 < * 2 - Thus 
the basis n = 0 is established. Suppose the claim holds 
for some n > 0. Then a* 2/»+2 < <z* 2 /i +3 < a* 2 w+i or 
* 2 /j +3 < X 2 /j +4 < * 2 /,+ 2 - Also, 0 * 2 /i + 3 > fl* 2 /i + 4 > a* 2 /i +2 or 


* 2 /i +4 > * 2 n +5 > * 2 /i+ 3 - This completes the inductive 
argument. It follows that the odd terms are increasing 
and the even terms are decreasing. 


SECTION - 2 

1 . Note that C>B> A. Extend CB to D so that BD = c. 
Since b 2 = a(c + a ), triangles CAB and CDA are similar, 
so that Z CDA = a. It follows that Z BAD = a also and 

(3 = 2a. From y = 2P and a + P + y= k, we have P = ^ . 


2. Clearly, jcj = 0 or 1 . If x x = 0, then 
X 2 + *3 + ... + * 10 = 3 


There are 



sequences of eight 1 ’s and three 0’s. For 


each such sequence, interpret the 1 ’s as dividers which 
partition the 0’s into nine ordered groups. These 
corresponds to a solution ( x 2 , * 3 , ..., jc 10 ). 

Similarly, if X\ = 1, then 

X 2 + * 3 + ... +* 10 =1 

and we consider sequences of eight 1 ’s and one 0. Hence 
the total number of solutions is 


'If 



,3, 

+ 

T, 


3. We have 0 = 0 ★ d = bd. Since d* 0, we must have 
b = 0. Now 3=1 ★ 2 = a + 2c and 4 = 2 + 3 = 2« +- 
6 c. Hence 0 = 5 and c = -1. Now 1 = 1 + d = 5 - d or 
</ = 4. 


4. Let us solve the general problem with n cities. We 
claim that the B team of the host city has played n - 1 
games. The case n- 1 is trivial. Suppose the claim holds 
for some n > 1 . Consider a tournament with n + 1 cities. 
These are In + 1 teams other than the A team of the host 
city. Each has played from 0 to In games. Since the 
number of games each has played is distinct, these 
numbers must be 0 , 1 , ..., 2 n respectively. 

Now the team which has played In games has 
completed its schedule. The only team which it has not 
played must be the team which has played 0 games, so 
that these two teams are from the same city. Eliminating 
them, we have a tournament with n cities, where each 
remaining team has played exactly one game against the 
teams eliminated. Hence the teams other than the A team 
of the host city still have played different numbers of 
games. By the induction hypothesis, the B team of the 
host city has played n - 1 games in the reduced 
tournament, and hence n games in the original one. This 
completes the inductive argument. When n = 16, the B 
team of the host city has played 15 games. 
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Olympiad Enrichment Series-V 

IIT-JEE 2008-09 

This series is selected for their motivating, interesting and stimulating sets of quality 
problems, with a lucid expository style in their solution. 


1. Find all pairs of integers ( a , b) such that the 
polynomial ax 17 + bx 16 + 1 is divisible by jc 2 -*- 1. 

2. Given a positive integer n , let pin) be the product 
of the non-zero digits of n. (If n has only one digit, then 
pin) is equal to that digit.) Let 

5 = p{ 1) + p(2) + ... + pi999) 

What is the largest prime factor of 5? 

3. Let x n be a sequence of nonzero real numbers such 
that 

_ — — f or n - 3 4 

" 2*„_ 2 -*„_ 1 

Establish necessary and sufficient conditions on X\ and 
jc 2 for x n to be an integer for infinitely many values of n. 

4. Solve the equation x 3 - 3x = yjx + 2 

5. For any sequence of real number A = [a i% a 2 ,a 3 , — }» 
define A A to be the sequence { a 2 - a y , a 3 - a 2 , 
<a 4 - a 3 , ... } . Suppose that all of the terms of the sequence 
AiAA) are 1, and that a l9 = a 92 = 0. Find a v 


SOLUTIONS 


1. Let p and q be the roots of x 2 - x - 1 = 0. By Vieta’s 
theorem, p + q = 1 and pq = -\. Note that p and q must 
also be the roots of ax 17 + &jc 16 +1=0. Thus 
ap 17 + bp 16 = -1 and aq n + bq 16 = -1 
Multiplying the first of these equations by q 16 , the second 
one by p 16 , and using the fact that pq = -1, we find 
ap + b = -q 16 and aq + b = -p 16 ... (1) 

Thus 

a = ^ = (p 8 + q S )(p 4 + q 4 )(p 2 + q 2 )(p + q) 

r T 

Since 

P + q = 1 

p 2 + q 2 = ip + q) 2 - 2 pq =1+2 = 3, 
p 4 + q 4 = ip 2 + $ 2 ) 2 - 2 p 2 q 2 = 9-2 = 7, 
p 8 + q % = ip 4 + ^) 2 - 2pV = 49 - 2 = 47, 
it follows tha a = 1 • 3 • 7 • 47 = 987 
Likewise, eliminating a in (1) gives 

p 17 -0 17 

- b = = P 16 + + /^V + ... + ^ ,6 


= (p 16 + ^ 16 ) + pqip 14 + ^ 14 ) + p 2 q 2 ip n + q {2 ) 

+ ... + p 7 q 7 ip 2 + £ 2 ) + p 8 <7 8 
= (p 16 + <7 16 ) - (p 14 + ^ 14 ) + ... -ip 2 + q 2 )+ 1 

For n £ 1, let = p 2 * 1 + q 2 * 1 
Then k 2 = 3 and £ 4 = 7, and 

^2n + 4 =p ^ +4 + ^ + 4 

= (p 2/,+2 + ^ 2n+2 )(p 2 + <7 2 ) - p 1 q l {p' hx + <7 2 ' 1 ) 

- 3*^2 - &2/I 

for A 2 > 3, Then = 18, /: 8 = 47, & 10 = 123, 

k n = 322, k H = 843, k l6 = 2207 

Hence 

-Z? = 2207-843 + 322-123 + 47-18 + 7-3 + 1 = 1597 
or (a, = (987, - 1597) 

Alternative Solution 

The other factor is of degree 15 and we write 
(c 15 * 15 - c 14 x 14 + ... + c y x - c 0 )(* 2 - x - \) 

= ax 17 + bx 16 + 1 

Comparing coefficients : 
xP : c 0 = 1, 
x l : c 0 - c\ = 0, c y = 1 
x 2 : - c 0 - c\ + c 2 = 0, c 2 = 2, 
and for 3 < k < 15, x k : - c k _ 2 - c*_! + c k = 0 
It follows that for k < 15, = 1 

(The Fibonacci number) 

Thus a = cj 5 = F 16 = 987 

and b — — Cj 4 — Cj 5 = — F 17 = - 1597 

or ia , fc) = (987, - 1597) 

2. Consider each positive integer less than 1000 to be 
a three-digit number by prefixing 0s to numbers with 
fewer than three digits. The sum of the products of the 
digits of all such positive numbers is 

(0 0 0 + 0 01 + ... + 9 • 9 • 9) - 0 • 0 • 0 

= (0 + 1 + ... + 9) 3 - 0 
However, pin) is the product of non-zero digits of n. 
The sum of these products can be found by replacing 
0 by 1 in the above expression, since ignoring 0’s is 
equivalent to thinking of them as l’s in the products. 
(Note that the final 0 in the above expression becomes 
a 1 and compensates for the contribution of 000 after 
it is changed to 111.) Hence 
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s = 46 3 - 1 = (46 - 1) (46 2 + 46 + 1) = 3 3 • 5 • 7 
and the largest prime factors is 103 


103 


3. 


We have 

x n x n-2 x n-\ 

\/x n . Then y n - y n _ x = y n . 


1 


1 _ ^ x n-2 x n-\ _ 2 

*n-l x n-2 


Let y„ = \/x n . Then y n - y n . x = y„_i - y„_ 2 , i.e., y„ is an 
arithmetic sequence. If x n is a nonzero integer when n 
is in an infinite set S, the y„’s for n e S satisfy 
- 1 < y n < 1. Since an arithmetic sequence is unbounded 
unless the common difference is 0, y n - y„_i = 0 for all 
n , which in turn implies that x\ = x 2 = m, a nonzero 
integer. Clearly, this condition is also sufficient. 
Alternative Solution 
An easy induction shows that 

x l x 2 


n (n - 1)*, - (n - 2)x 2 (x x - Jc^n + ( 2x 2 - x { ) 
for n = 3, 4, 

In this form we see that x n will be an integer for infinitely 
many values of n if and only if X\ = jc 2 = m for some 
nonzero integer m. 


4. It is clear that x > - 2. 

We consider the following cases. 

1. - 2 < x < 2. Setting x = 2 cos a, 0 < a < 7t, the 
equation becomes 


8 cos 3 a - 6 cos a = ^2(cosa + l) 
or 2cos3a = y4cos 2 ^- 


from which it follows that cos3a = cos-— 


Then 3a - ^ = 2m7i, m e0 , or 3a +-|- = 2/m, n eQ 
Since 0 < a < 7t, the solution in this case is 


jc = 2cos0 = 2, jc = 2cos^, and x = 2cos~^ 


2. x > 2. Then jc 3 - 4jc = x{x 2 - 4) > 0 and 
jc 2 - * - 2 = (x - 2) (x + 1) > 0 


or x>%lx + 2 

It follows that x 3 - 3x > x > yJx + 2 
Hence there are no solutions in this case 
Therefore, jc = 2, jc = 2cos4tc/5, and x = 2cos4n/7 

Alternative Solution 

For jc > 2, there is a real number t > 1 such that 


JC = t 2 




The equation becomes 


i.e. V 


+ JL =#+ I 


t 


i.e. ( f - l)(r 5 - 1) = 0 
which has no solutions for t > 1 
Hence there are no solution for x > 2 
For - 2 < jc < 2, refer to the first solution 


5. Suppose that the first term of the sequence A A is d 
Then AA = {d y d + 1, d + 2, ...} 
with the /I th term given by d + (n - 1) 

Hence A = (a h a\ + d, a\ + d + (d + 1), 

a x + </ + (d+ 1) + (d + 2) ...} 
with the / 2 th term given by 

a n = a x + (n- 1 )d + ^ (n - l)(n - 2) 

This shows that a n is a quadratic polynomial in n with 

leading coefficient 1/2 

Since a X9 = a 92 = 0, we must have 

a„ = \(n - 19)(n - 92) 

so a, = (1 - 19)(1 - 92)/2 = 819. 
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Required integral = t tan t - log (sec t) + c 

= x tan -1 x - Vi log (1 + x 2 ) + c 


Example 7. : Evaluate J sin 1 x dx 

Vedic method : Substituting sin -1 x = t, x = sin t 

we get given Integral / = jt cos t dt 


t 1 

s+ 


cos t sin / - cos t 

Required integral = t sin t + cos / + c 

= x sin -1 x - y/l -x 2 + c 
D. Example of only one Logarithmic function as 
integrand : Here first substitution is made and then 
integration by parts using Vedic procedure is used 


Example 8, : Evaluate J (log jc ) 2 dx 
Traditional method : \(\ogx) 2 dx = J 1 • (lo gx) 2 dx 
= jt-(log;c) 2 - Jjt-2(logJc )^dx 
= x • (log x) 2 - 2 J 1 • (log jc) dx 

= x-(logx) 2 - 2 jjc-(log x) - 2jV| * jdxj 

= x • (log x) 2 - 2 { x ■ (log x) - x} + C 
= Jt-(log;c) 2 -2x \ogx + 2x + C 
Vedic method : Substitute log x = r, x = e l gives 
the given integral as jt 2 e f dt 


It 


(Derivative) 



e t e * ^ Inte g ral > 
Integral = t 2 e* - 2t e 1 + 2e* - x (log x) 2 - 2x(\og x) + 2x + c 
III, Differentiation of Parametric functions (only 
Polynomial type) ; Here vedic method works well for 
quotient of polynomials where procedure deals only with 
coefficients of powers of the variable. 

Example 9. : If x = -^L t y = 2af2 


^y__x_ 

dx a 


1 + 1 J (\ + t 3 ) 2 


then show that 


Vedic method : x = 


2 at 0 + 2 a-/ + (k 2 + (k 3 


1 + / 3 # l + 0-f + 0-r 2 + l-r 3 

We use ‘Vertically Crosswise’ for coefficient of powers 

of t in numerator and denominator which is multiplied 
by the difference in powers of t to get coefficients of 
powers of t in answer. Only non-zero cross products are 

written below. Zero cross products can be identified 
easily and need not be expressed. For finding derivative 
of x with respect to r, we have 


[(1)(2 a) - (0)(0)] [1 - 0] t° gives 2 a as coefficient of t° 
[(0)(0) - (1)(2 a)] [3 - 1] t 3 gives - 4 a as coefficient of t 3 
dx _ 2a -4at 3 _ 2a(l-2f 3 ) 


gives 

next, 


dt (1 + t 3 ) 2 (1 + t 3 ) 2 


y = 


2 at 2 0 + 0-r + 2a-t 2 + 0-r 3 + 0-r 4 + 0-t 5 + Ot 6 


gives Tt = 


(1 + t 3 ) 2 1 + 0-1 + 0-t 2 + 2-t 3 + 0-t 4 + 0-t 5 + U 6 

Now for finding derivative of y with respect to t, we have 
[(1)(2«) - (0)(0)] [2-0] t 1 gives 4 a as coefficient of r 1 
[(0)(0) - (2)(2a)] [3 - 2] t 4 gives - 4 a as coefficient of f 4 
[(0)(0) - (l)(2a)] [6 - 2] t 1 gives - 8a as coefficient of f 
dy _ 4at(l - 1 3 - 2 1 6 ) _ 4at(l -f 3 ) (1 - 2 1 3 ) 

(1 + t 3 ) 4 ( 1 + r 3 ) 4 

dy_ = {dy[dt) = 2at _x 
dx ( dx/dt ) a(l + f 3 ) a 

In traditional method we use quotient formula and then 
take the quotient of two derivatives. Same procedure is 
true in case of the following example. These methods 
are quite elementary but lengthy and need not be given 
here. Vedic procedure is fast and easy to handle. Also 
possibility of making error by the student is quite less. 


Example 10 , : If jc = 




that 


dy _ b 2 x 


1 + r 2 


2bt 

y = — o then show 


1 + r 2 


dx 


a 2 y 


We write, x = 


a -at 2 a + 0-r - a-t 2 


1 + r 2 1 + 0*r + 0*r 2 
We use ‘Vertically Crosswise’ for coefficient of powers 
of r in numerator and denominator which is multiplied 
by the difference in powers of r to get coefficients of 
powers of r in answer. Only non-zero cross products are 
written below. Zero cross products can be identified 
easily and need not be expressed. For finding derivative 
of x with respect to r, we have 

[(l)(-<z) - (l)(a)] [2 - 0] r 1 gives -4 a as coefficient of r 1 

dx -Aat 
gives -j r 


Next, y = 


(1 + t 2 ) 2 

2 bt 0+2b-t + 0-t 2 


1 + t 2 1 + 0-f+f 2 

For finding derivative of y with respect to t, we have 
[(l)(2fc) - (0)(0)] [1 -0] t° gives 2b as coefficient of t° 
[(0)(0) - (l)(2i>)] [2-1 ] t 2 gives -2b as coefficient of t 2 
dy _2b-2bt 2 

glves Tr 

dy _ ( dy!_ dt) _ 2fe(l -r 2 ) , -4 at _ bhc 
dx (dx/dt) (1 + r 2 ) 2 ' (1 + r 2 ) 2 


a 2 y 


MATHEMATICS TODAY I NOVEMBER '07 


fl 



Definite Integral 



1. Match Column I with Column II 


Col. I 

l 


Col. II 


(a) 

(b) 

(c) 


J ,i+ 


dx 


or 

dx 


(P) ilogf 


dx 


(q) 2 log | 


Ilf 

o 1 


(d) 

2 . 

(a) 


J 


dx 


(D j 


i Wx 2 -1 
Fill in the blanks 


(s) 


f ^-^-dx = . 
J 1 + a x 

—71 


(b) 

(c) 


j(l-t 2 )dt 


0 

n/2 


](t 2 -W 


J (sin x) cos x [cos x cot x - log(sin *) sin x ] = . 


n/2 


3. 
(a) 

4. 
(a) 

5. 
(a) 

6 . 

(a) 

7. 
(a) 

8 . 


Value of integral J Vsin*-cos 5 ;r<& is 


n/2 

Value of J sin 6 xdx is 
o 

71/32 (b) 37t/32 (c) 5 ti/ 32 (d) none 


The value of J lo g(l+3co^)^ j 


0 

(b) 3/4 


(c) 0 


(d) 


Value of f - — — dx is 
1 1 + sin x 


nil (b) 7t 2 /4 

5 

j\x + 2\dx = 

-5 

27 (b) 29 


(c) n/4 (d) n 


(c) 9 


(d) 19 


(a) 1 


(b) 0 


(c) - 1 


(d) ti/4 


9. | j[x] + log(y^)j<&= , 

(a) -1/2 (b) - 1 


[jc] = greatest integer 
(c) 1 (d) 0 


10. With usual notations, \{[x 2 ]-[x] 2 }dx = 


(a) A + ^Jl-S 
(c) 4-V3 

11. Value of = 


(b) A-2 + S 

(d) 4-sft-S 


64/231 (b) 64/131 (c) 64/331 (d) 6/231 


(a) (ji/ 2) + 1 
(c) (Jt/2) - 1 


(b) (n/2) - 2 
(d) it - 1 


}(1 — x 50 y 00 dx 


12. Value of 5050— 


J(l — Jc 50 ) 10I dOe 


(a) 5050 (b) 5151 

n/2 

13. J sin 3 xcos 112 xdx = 
(a) 1/99 (b) 11/9 


(c) 5150 (d) 5051 


(c) 2/99 (d) none 


n/3 


14. Value 


of J - 

7C/6 A 


dx 


+ \/tanx 


(a) n/4 (b) ti/8 

... j tan -1 (ax) 


x(l + x 2 ) 


(c) ti/ 12 (d) 2 ti/3 

dx (where V is a parameter) = 


(a) ^log(l + a) 


(b) | log a 


(c) n log a 


(d) none 


16. The integral -dx(c > -1) = 

J log * 


(a) c log c 
(c) log (1 + c) 


(b) (1/c) logc 
(d) none 


ANSWERS 


1. (a)-(s), (b)-(s), (c)-(p), (d)-(r) 2. (a) n/2 , (b) -4/3, (c) 1 


1 / 


3. 

(a) 

4. 

(C) 

5. 

(c) 

6. (d) 

7. 

(b) 

8. 

(b) 

Value of ftan -1 

21 2 V* = 

9. 

(a) 

10. 

(d) 

11. 

(C) 

12. (d) 

13. 

(b) 

14. 

(c) 

o 1 

J. - sin x — jc z ) 

15. 

(a) 

16. 

(c) 
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Concession Category 3 

Students whose brother/sister is studying in IIT, NIT, BITS, UICT, Students securing more than 85% aggregate marks in 1 Oth/1 2th 

Std., Top 100 Rank in State Entrance Test, More than 90% in Moths/Science in lOtVl 2th Std. 
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Questions published in October ‘07 issue on page no. 19 


1. (c) : lim cot [ (\ + n + n 2 ) = lim tan 1 ^ 

n-> oo n-»oo l — n(n+l) 


= lim tan 

n— 


-i (_s_L* 

\n + l/ 4 


... (0 


t 2 dt 


r= lim 


i- 


o y/g + t 


x-»° o ( jc - sin x)yja + t *-*o (•* - sin x ) 

v 2 


= lim 


*->o >/« + jc( 1 - cos x) 

2 71 


\Ta 


(ii) 


From (i) and (ii), 


= — => a = - 


32 


Ja 4 


2. (c) : A = 0 => n - 5 so 
so a = 81, (3 = 1/6 


= 5!- 3 5 = 5 A 




ji/2 


(d) : Let f(x) ^ J log(l - x 2 cos 2 0)<70 
o 

=* f\x ) = T ~ 2 - xcos2e <J0 

o l-* 2 cos 2 0 

rw = i-T 2(1 ~ *\ cos2 2 e) — d& 

* 0 1 - x 2 cos~ 0 


i * /2 r 


-a»- 


(1 + JCCOS0)(1-JCCOS0) 
2 


J0 


j— tan 1 Jj — - • tan(^) 

4^? Vl + x \2) 


S 


rtan ' 1 >/H- tan ^ 


*/2 


71- 


2 


/'(*) = n 


Wi-jt 2 


/(*) = 7t log x log 


l-Vl-X 2 


+c 


= 7C log 


I-Vl-X 2 

C = - 7t log 2 


+ C = 7tlog(l + Vl-A: 2 ) + C 


But/(0) = 0, 

Thus /(jc) = 7i log(l + \j\- x 2 ) - n log 2 
4. (a): Let /(y) = J e _Jty dx 


f'iy) = J ^ = _ J *-*y sin jc dx 

0 X 0 


-ySHlJC-COSJC _ry 

1+y 2 


Jo 


-1 

1 + y 2 


=>f(y) = - tan ! y + C; /(y)->^ 

•••/(>0 = f " tan -1 ^ 

7C /2 

5. (d) : / = | siirxcos 11 xdlr 

o 

i f2[6 1 1.5! _ 1 

2' [g 2‘ 7! 84 


6. (c): /= J 7 — J“T 


xe 


0 1 + e 


b e + 1 


-dx 


= 1 “^7 dt , put e" x = t and integrate by parts 


>/ + l 


= )log(l±£) A 


7t 

12 


1 — L + J L+ = 2El 

2 2 3 2 4 2 " 12 


7. (c) : Auxiliary equation D 2 - ID + 6 = 0 

give c.f. = qe* + c 2 e 6x 


Now P.I. = 


1 


2x _ 1 2x 

. e = --* 


D-1D+6 
f(x) = C.F. + P.I. = c,e* + - je* 

when x = 0, fix) = 0, /'(jc) = 1 


c \ + c 2 ~ 4 - 0 


1 

Cl + C 2 = T 


3 1 

and c\ + 6c 2 = => Ci = 0 and c 2 = ^ 


••• /(•*) = 


72 
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8. (b) : Auxiliary equation is D 2 - 3D + 2 = 0 
=* D = 1, 2 

Complete solution is x = c x e ' + c 2 e 2t 

when x = 0, r = 0, = 0 

=> c\ + c 2 = 0 and c x + 2c 2 = 0 
=> C! = 0, c 2 = 0 

Solution is x = 0 which is y axis. 

9. (c) : Auxiliary equation isD 2 +l=0=>D = ±/ 

Equation of curve is y = cjcos x + c 2 sin x 
when x = 0, y = 2=>Cj=2 
x = nil, y = 2 => c 2 = 2 
Area under the curve y = 2 cos x + 2 sin x is 

Till 

2 J (cosx + sinx)dx: 
o 

= 2[sin x - cos x]^ 2 = 4 sq. units 

10. (a) :/(jc) = fc log x satisfying given condition 
/. /(e) + /(1/e) = 0 

11. (d) : On R , l/(x)l is clearly a constant single valued 
function so it is differentiable 

12. (b) : Three girls out of 10 can be selected in 10 C 3 
ways. Fixing the position of Supreet and Kushween, 3 
girls can be arranged in 3 P 3 = 6 ways. Similarly 7 other 
girls can be arranged in 7! ways and Supreet and 
Kushween can be arranged in 2! ways. Total number of 
ways of arranging 12 girls in a ring =11! 

10 C 3 -3!* 7!- 2! 2 

.*. Required probability = jjj = yy 

13. (c) : Let E h be the event of choosing the ideal coin 
with prob. 1/2 for a head turning up. E 2 , the event of 
choosing coin with prob. 1/3 and E 3 with prob. 2/3. 
Let E be event of head appearing when the selected coin 
is tossed twice. 

/. P(E X ) = P(E 2 ) = P(E 3 ) = 1/3 
Required prob. (Using Baye’s theorem) = 
P(E X )P(E/E X ) 


P(E l )P(EIE x ) + P(E 2 )P( < E/E 2 )+P(E 3 )P(E/E 3 ) 
\ l 

34 _ 9 


Li+i.. 

L+I 

4 

29 





3 4 3 ' 

9 3 

'9 






14. (b) : 

' 1 

2 

2“ 


'-1 

-2 

O' 

Matrix B = 

-2 

-1 

-1 

-7 

-5 

-3 


1 

-4 

-3 


9 

6 

3 _ 


15. (c) : Trace of matrix A = 3, Trace of matrix B - 3 
.*. Ratio = 3 : — 3 => 1 : - 1 


16. (a) : sin -1 1 + cos -1 l = nil 

17. (c) : No. of zeros in n\ = (n - 3) if n > 6 

18. (a) : Sum of square roots of all products taken n 
positive numbers 

a x , a 2 , ..., a n < +<* 2 + fl 3 + •••+*«) 

.-. 9f 20 * 19 ) = 90xl9 = 1710 


19. (i) 

(i) /(*) = 


(?), (ii) 

1 


> (r), (iii) - 
2 , 4 


(p), (iv) -» (s) 


■ + ... + ■ 


2" 


x + 1 x 2 +\ x 4 + 1 X 2 " + 1 

1 2"* 1 
x-1 x 2 " +l -1 

/. D( f) = (- oo, «.) _ { 1 } 

(ii) E = 4x 2 + 9 y 2 - 32x - 54)’ + 109 = 0 


=* 4(x - 4) 2 + 9Cv - 3) 2 = 36 


_ (x-4) 2 (y-3) 2 - 

9 4 J 

which is an 
ellipse having 
centre at C(4, 3) 

/. Sc£ 

(iii) /(x) = X sin x • C 

Til 2 { 

where C= J sin yf(y)dy 
o 

Till 


x - 2 


I 


^1 


i = 4 


w 




C = XC J sin 2 ydy = \C -j => X = 


2 2 


. 7 tan ’(ax) , 


= , [tan -1 x - a tan '(ax)]^ 

1 -a 1 

_ (l-a)7t/2 _ 71 1 

1-a 2 2 1 + a 

=>/(a)=*log(l + a)+K 
when a = 0, so K = 0 
/(a) = |log(l+a) 


X, x 2 


_ 20 
>>20 30 


2 

3 
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CHINESE^B 

Olympiad Problems 


SECTION I 


• If- 1 < a < 0 and 0 = arcsin a, what is the solution 
set of the inequality sin x < a? 

(a) {jc 1 2/m + 0 < x < (2/7 + l)7t - 0, n e Z} 

(b) {x \ 2/771- Q<x< (2/? + l)rc + 0, neZ} 

(c) {x | (2/7 - l)7t + 0 < x < 2/m - 0, n e Z} 

(d) {x| (2/7-1)71-0 <X< 2/771 + 0, /7GZ} 

• Let M = {z\(z - 1 ) 2 = |r - 1 1 2 , zeC}. Which of the 
following statements is true? 

(a) M = C-R (b) A/ = R 

(c) McMcC (d) M='C 

3. Let a, b and c be real numbers such that 

a 2 — be — Sa + 7 = 0 and b- + c 2 + be — 6a + 6 = 0. 

What are the possible values of a ? 

(a) (- oo f oo) (b) (- oo, 1] u [9, oo) 

(c) (0,7) (d) [1,9] 

4. If none of the faces of a tetrahedron is an isosceles 
triangle, what is the minimum number of edges no two 
of which have the same length? 

(a) 3 (b) 4 (c) 5 (d) 6 

5. On the plane is a point set A/. For 1 < / < 7, a circle 
C, passes through exactly i points in A/. What is the 
minimum number of points in A/? 

(a) 11 (b) 12 (c) 21 (d) 28 

6. The side lengths of a triangle are a , b and c, its area 

is — and its circumradius is 1 . Let s = yfa + \fb + %/c and 

t = — 4- + — • Which of the following statements is true? 

a b c 

(a) s > t (b) s = / (c) s < t 

(d) The relative sizes of s and / depends on a , b and c. 


SECTION 2 


The distance between the centres of two spheres of 
radii 6 inside a cylinder of radius 6 is equal to 13. A 
plane tangent to both spheres intersects the cylinder in 
an ellipse. What is the sum of the major and minor axes 
of this ellipse? 


2. Let f(x) = 



4' 

4 * + 2 ' 


What is the value of 


3. An equilateral triangle ABC of side n is divided into 
n 2 equilateral triangles of side 1 by lines parallel to the 
sides of ABC. Each point which is a vertex of at least one 
of these unit triangles is labeled with a real number. The 
points A, B and C are labeled with a , b and c respectively. 
In each rhombus composed of two unit triangles with a 
common side, the sums of the labels on the two sets of 
opposite vertices are equal. 

(a) Determine the shortest distance between a point with 
the largest label and a point with the smallest label. 

(b) Determine the sum of all labels. 

4. In a tournament, every two players have exactly one 
game between them. There are no ties. A player A is 
awarded a prize if for every other player B , either A defeats 
B or A defeats some player C who defeats B. Prove that if 
only one player is awarded a prize, then this player defeats 
every other player. 

Solutions on page no. 7 3 



MTG BOOKS 

503. Taj Apt.. Ring Road. 

Near Safdagung Hospital 
New Delhi • 110 029 Tel . 26191601, 2619431 7 

tivnl * in uinhntn 


Available at 
leading bookshops 
throughout India. 


Send D.D/M.O in 
favour of 

MTG Books. 


68 


MATHEMATICS TODAY I DECEMBER 07 








Olympiad Enrichment Series VI 






— 



w '■ 


2008-09 


This series is selected for their motivating, interesting and stimulating sets of quality 
problems, with a lucid expository style in their solution. 


Find all real numbers x satisfying the equation 
2* + 3* _ 4 X + 6* - 9* = 1 

80 i 

Prove that 16 < £ = < 17 

*=i 

3. Determine the number of ordered pairs of integers 
(m, n) for which mn > 0 and 

m 3 + n 3 + 99 mn = 33 3 

Let a, b and c be positive real numbers such that 
a + b + c <4 and ab + be + ca> 4. 

Prove that at least two of the inequalities 
\a-b\< 2, \b - cl < 2, \c - a\ < 2 are true. 

n j 

5. Evaluate ^ („-*)!(« + *)! 


SOLUTION 


Setting 2 V = a and 3* = b , the equation becomes 
1 + a 2 + b 2 - a - b - ab = 0 

Multiplying both sides of the last equation by 2 and 

completing the squares gives 

(1 -a) 2 + (a-b) 2 + (b- 1) 2 = 0 

Therefore 1=2* = 3*, and * = 0 is the only solution. 


2 . 


Note that 2(V& + 1 -4k)= , = < 

y/k + l + yfk 




Therefore 


80 1 80 

X P>2£(VT+T-V^) = 16 

A:=1 vA: k= i 


which proves the lower bound. 
On the other hand, 


2(y[k = 


2 1 

Vfc + yjk — \ yfk 


Therefore 

8 ° , 80 

X -^<l + 2£(V*-V)t^T) = 2V80-l<17 

k=\ 'Ik k = 2 


which proves the upper bound. Our proof is 
complete. 

3. Note that ( m + rij 3 = m 3 + n 3 + 3 mn(m + n). 

If m + n = 33, 

then 33 3 = (m + n ) 3 = m 3 + n 3 + 3mn(m + rc) 

= m 3 + n 3 + 99 mn 
Hence m + n- 33 is a factor of m 3 + n 3 + 99 mn - 33 3 
We have m 3 + n 3 + 99m/i - 33 3 
= (m + n - 33 )(m 2 + n 2 - mn + 33 m + 33w + 33 2 ) 

= ^ O + az - 33)[(wz - w) 2 + (m + 33) 2 + (n + 33) 2 ] 

Hence there are 35 solutions altogether : 

(0, 33), (1, 32), ..., (33, 0) and (- 33, - 33). 

4. We have (a + b + c) 2 < 16 

i.e. a 2 + b 2 + c 2 + 2 {ab + be + ca) < 16, 
i.e. a 2 + fc 2 + c 2 < 8, 
i.e. a 2 + b 2 + c 2 - (ab + be + ca) < 4, 
i.e. (a - 6) 2 + (b - c ) 2 + (c - a) 2 < 8, 
and the desired result follows. 


5. Let S„ denote the desired sum. Then 

1 " (2/i)! 


= 


(2/i)! (n-fc) !(« + /:)! 


= ...i- y f 2n 

< 2 "> ! *=oUJ 


1 

1 

’ 2« / 

1 

L*=o' 


h f 2 "Y| 

(2/7)! 

' 2 

,*J 

UJJ 


i j_ 

(2n)! ' 2 

2 2 "~ l 1_ 

(2«)! 2(n!) 2 


-ft 
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MA th 10 Best Problems 

C/*rchives 


Math Archives , as the title itself suggests, is a collection of various challenging problems related to the topics of 
1IT-JEE syllabus. This section is basically aimed at providing an extra insight and knowledge to the candidates 
preparing for IIT-JEE. In every issue ofMT, challenging problems are offered with detailed solution. The readers * 
comments and suggestions regarding the problems and solutions offered are always welcome. 


. f|jt| when x<2 

1. If /(x) = | ' - -then 


[ [x] when x > 2 


(a) lim f{x) = -2 

jc — »2~ 

(c) lim f(x) = /( 2) 

jc-»2 + 


(b) lim f(x) = - 2 

x— »2 + 

(d) lim /(*) does not exist 

jc — >2 


X n 


2. If n e N then lim — = 0 
x->°° e x 

(a) when n is even only (b) for no value of n 
(c) for all values of n (d) when n is odd only 

1-JC 2 " 


3. If ^=5in 1 
-2 


1=41 ^en f = 

1 + * 2 J dx 

2 


(a) 


1 + Jt 2 


(b) 


1 + jt 2 


(c) 


1 


2 + x 2 


(d) 


2 -x 2 


4. The derivative of tan 1 


-if J\ + x 2 -1 


-1 


to tan 


(»> * 


2 W 1-* 2 

1 -2x 2 

(b) i 


at x = 0 is 


(0 2 


with respect 


<d) i 


5. IfJ , = ai ,-i('M£^'l + , iU ,-!f2±|i»S£'| u,e„ 

* \ log(e* 2 ) J [l-6logxJ 

d 2 y . 

— — IS 

(b) 1 (c) 0 (d) - 1 


dx 2 
(a) 2 


6. Let f(x) = 


xe 


; x * 0 s Check whether 
0 ; jc = 0 

f(x) is differentiable at x = 0. Is it continuous at x = 0? 
Justify 

7. A triangle ABC , right angle at C, with CA = b and 
CB = a , moves such that the angular points A and B slide 
along x-axis and y-axis respectively. Find locus of C 


8. Prove that sin 0 • sec30 = ^(tan 30 - tan 0) and hence 

find the sum to terms of the series 

sin 0 • sec30 + sin 30 • sec3 2 0 + sin 3 2 0 • sec 3 3 0 + ... 

Consider a real valued function / ( x ) satisfying 
2 f(xy) = ( f(x)Y + (/(»)* Vx,yeR and 

/(l) - p where p * 1 then find (p- 1)2, f(r) 

r=\ 

10. A line makes angles a, P, y, 6 with four diagonals of 

4 

a cube. Prove that X cos 2 (r) = — 

re{a.0.Y.8} 3 


SOLUTIONS 


mmm 


1 . (c) : lim f(x) = lim [2 + h] = 2 = /( 2) 

*->2 + *-»0 + 

lim f(x) = lim \2-h\=2 

x-»2“ x— >0 + 

Hence limit exists 

2. (c) : Use V Hospital rule 
x n 

lim = — = 0 

X— >oo g°° 


3. (a) : Put x - tan 0 => y = --20 

.if y/l + x 2 -1 


4. (b) : P = tan“ 


Put x = tan 0 


dP 

Hence ~7~- 


1 


For Q- tan 

dQ _ 


a!* 1 + jt 2 

-ton “if ^£^1 


1 — 2jc 2 


Put jc = sin 4> 


* V1-* 2 




... ( 2 ) 
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Put x = 0 


from ( 1 ) & ( 2 ) 
1 


dP_ 2 ( 1 + Jf 2 ) 
dQ 2 

Vl-x 2 

rfP =1 

^,=o " 4 


5. (c) : In given function put log x 2 = tan 0 

re y 
d 2 y 


Therefore y = — + tan ] 3 


Hence - 0 


6 . /(*) = 


/(0) = 0 

L.H.D. 


-2 

; x>0 

xe x 

0 

o 

II 

H 

X 

; jc <0 


no-), lim - lim 4-1 

^ y i. .n+ -h /,_>()+ -Al 


h—*0+ 


R.H.D. 


/W = lim imiUjzlSSl = lim 




-2lh 


h-> 0 + 


/? h->0+ h 


= e- 00 = 0 

Since L.H.D. * R.H.D. 

.*. /is not differentiable at * = 0 
Since L.H.D. and R.H.D. exist 
.*. / is continuous at x = 0 

7. Let A = ( p , 0), 5 = (0, < 7 ) 

Let C(/z, &) be the any point on the locus 

CB=a = J0 r +(k^q j 2 

C4 = 6 = V(A-p) 2 + A: 2 

AB-yfp^Tq^ 

Since Z C = 90° 

/IB 2 = .4C 2 + AC 2 
=> p 2 + q 2 = a 2 + b 2 

from (i) and (ii) q = k± -Jo 1 -h 2 


p = h±yfb^ — A : 2 

from (iv) Locus is &r ± ay = 0 

sinQ _ cosQ sinQ 1 sin(36-9) 
cos 30 cos 0 cos30 2 cos© cos 30 

= ^-( tan 30 - tan 0) 

.-. X sin3 r_l 0 sec3 r 0 

r= I 


... (i) 
... (ii) 
... (iii) 

- (iv) 


_ » sin3 r - | 9 _ 1 » sin(3' , 9-3 r ~ l 9) 
Z\ cos3 r 0 2 cos3 r 0 • cos3 r_l 0 


= i I (tan 3 r 0 - tan 3 r -' 0) = I[tan 3" 0 - tan 0] 

2 r=l 2 

9 . 2 /(*y) = (/(*))' + (f(y)) x Vx,yefi 
Put y- 1 

=> 2f(x)=Ax) + (f(\)Y => /W=/^=>/(l)=/7 

.-.i/(/-)=iP r = £ — r 


r= I 


r=l 


(^-l)I/(r) = (^" + 1 -p) 

r=l 


10. D.C's of OB 
D.C's of AR 
D.C's of BS 


= (^3’^’^) 

= (^’73 ,_ ^) 


D.C's of CQ 


Let /, m, w be the D.C's 
of required line 

/. cos 2 a + cos 2 p m 1 » 1 ) 

+ cos 2 )' + cos 2 5 

1 


5(0, 1,0) 


/ 


/o 


50,1,1) 


Q( 1,1,0) 


=j((/+ «+«) 2 

+(/ — m + n ) 2 +(l + m — n) 2 7t /c(0,0,\) S(\fi"\) 

4 
3 


/4( 1 * 0 , 0 ) 
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CHALLENGING 


Subjective Problems 


CALCULUS 

by Er. Tapas Kr. Yogi 


( 1+ w+t) dl 


Evaluate lim J 

n — >°° q 

2. Evaluate X i(i + \)p l ~ 2 , pe(0,l) 

i=0 

3. Let us define a new function 8(x) with the properties 
5 (jc) = 0 for all x * 0 and J 8(jc) / ( x)dx = f (0) 

— oo 

oo 

for every function/^). Evaluate J 8'(jc)sin;t dx 

— oo 

(Assume 8(x) is differentiable). 

71/2 1 

4. Evaluate J sin* c&+Jsin -1 ;t 

o o 

5 . Given f(x) = jc 5 + 2x 3 + 2x. Find [/ _1 (- 5)]. 

6. Let I(n) = \ s\n(nx) dx. Find X /(5 n ) . 

0 n = 0 

(Instructions for Qns . 7 - 9) : Let 0* ( x ) be 0 for 
x < k and 1 for x > k. The Dirac delta function 
(more appropriately distribution) is defined to be 

8*(jt) = ^e*(jc). Suppose d = 8 t (jc) + 8 2 (*) and 

/( 0) =/'( 0) = 0. 

What is the value of/(5)? 

What is the value of f' (5)? 

Find the number of points where f\x) is not 
differentiable? 


SOLUTIONS 


lim jfl +-!_!"<*= limfl + -4f 

n — ><» q y n \ ) n — v n 4* 1 J 

= limfl+- ^-r) limfl+/-| 

n ->oo\ n + \) /j— » oo v n + \) 

( \w+l 

~e 2 -\ [Since, lim 1 + —^—r =e x ] 

n-> n + 1) 


2. 5=1 /(/ + \)p‘~ 2 = I Ki-l)p‘- 2 +2Z ip‘- 2 

Now, £ /(/ - \)p‘~ 2 = -jy i p' = -jt ( y/r) 
1=0 dp 1 i=o dp 1 \\-p) 

'y oo 1 oo 

- — and lip‘- 2 =-lip'- ] 


(1 ~P) 


i=0 


dp{(\-p) 2 j 

P rfp^o P dp\\ — p ) 


P i=0 
1 


Hence, S= ^ — - + 


/?0-p) 2 

2 


B 


(i - p) 3 p(i - p) 2 p(i - p) 3 
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3. /= J 8'(*)sinjc<& = 8(jc)sin:c | - J f(x)cosxdx 


- 0 - cos(0) = - 1 

4. Note that area ABC is 
same as area PBQ. 

So, the net required area 
= Area of rectangle (Ol Qtz/2) 

= TX1 = T 
2 2 


[Integration by parts] 
[Since f(x) = 0 at ± ~] 



5. Now,/(/-'(a)) = jc 

Differentiating this,/'(/“'(jc)) x (/-‘(jr))' = 1 

=> if ’«) =/'(/- i W) 

Now,/ -1 (5) is the solution to - 5 = x 5 + 2jc 3 + 2* 

Which has the unique solution of jc = - 1 

so. (/"(-w-TPij- Trln-TT 

r« jj 1 / \ 7 • /. cosnx! 2 

For odd w, /(/?) = J sin nx dx = 1 = — 

o n o n 

oo 00 2 5 

So, Z I (5 n )= X — = -y [using sum of infinite G.P.] 

n=0 w=0 J z 

7 # When integrated once /'(*) = J(S,(jr) + d 2 (x))dx 
= 0 1 (jc) + 0 2 (jc) + c and f'(0) - c - 0 

So ,/'(*) = 0 i(*) + e 2 « 

Now to find / ( jc), we integrate the above eqn. or take the 
area covered by 0|(*) and 0 2 (*). 

Now the graphs of 0j(*) and 0 2 (;c) are 



Now,/(5) = Area of shaded region in both the graphs 
= 4 x l +3 x l =7 

8. Combining the graphs of both 0 |(at) and 0 2 (;c) we 
have the following graph for/'(;c). 


J 


j 1 

Z 

1 


: 

1 



j 

: 

0 

i 5 ' 


So,/'(5) = 2 

9 . From the graph it is clear that /'(jc) is not 
differentiable at two points a: = 1 and x = 2. 






^CHINESE! 

Olympiad Problems 



SOLUTIONS 


Section 1. 

1. We have -nJ 2 < 0 < 0. On the interval (- 7t, k ), the 
solutions of sin x = a are x = 0 and x = - n - 0. At 
jc = - 7t/2, sin x = - 1 < a. Hence the solution set of 
sin x < a on this interval is { x\- pi-Q<x<Q}. Translated 
into the whole line, it becomes 

{ jcI(2ai - l)rc - 0 < x < 2nn + 0}. 

2. From(z- l) 2 = lz - 1 1 2 = (z — l)(z-l), 

we have (z - 1 ) (z - z ) =0. Hence either z = 1 or z = z , 
so that z is a real number. Moreover, it can be any real 
number. 

3. The equations may be rewritten as be = a 2 - 8a + 7 
and b 2 + c 2 + be = 6a - 6. Subtracting three times the 
first from the second, we have ( b - c) 2 = - 3 (a - 1 )(a - 9). 
Since ( b - c ) 2 > 0, we must have 1 < a < 9. 

4. Clearly, we need three distinct edge lengths to make 
even one face non-isosceles. We can achieve the desired 
result with three by making two edges equal in length if 
and only if they are opposite to each other. 

5. There are 7 points on C7. At most 2 of the points on 
C 6 are on C 7 . At most 4 of the points on C 5 are on C 6 or 
C 7 . Hence M has at least 12 points. Draw four circles, no 
three concurrent and every two intersect at two points 
except for two which do not intersect at all. Call these 

two C 4 and C 5 . Put all the points of intersections of these 
four circles into A/, plus an additional point on each of 
C 5 and C 7 . Then M has 12 points and C, passes through 
exactly i points for 4 < 1 < 7. It is easy to draw additional 
circles C, for 1 < / < 3, so that C, passes through exactly 
1 points already in M. 

6. The area of the triangle is given by abc divided by 
four times the circumradius. Hence abc = 1 . By the 
Arithmetic Mean - Geometric Mean Inequality, 



Equality cannot hold as otherwise a = b = c= 1 , but then 

1 

the circumradius should be . 

Section 2. 

1. Consider a cross-section containing the axis of the 
cylinder and the major axis of the ellipse. A vertex of the 
ellipse is at a distance 6 from the axis of the cylinder, 
while the centre of a sphere is also at a distance 6 from 
the major axis of the ellipse. Hence the length of the major 
axis is equal to the distance between the centres of the 



spheres. Since the length of the minor axis is equal to the 
diameter of the cylinder, the desired sum is 13+12 = 25. 


2. Note that 

/W+/0-*)* 

for all x. Hence 

T/(,4) =f (/(to5o) + /(' ^ -iffio)) ' ■ 500 ' 

3. Consider any three small triangles in a row, and let 
the five points be labeled a u a 2 , a 3 , a 4 and a 5 as shown 
in Figure 1 . From a\+ a 5 = a 2 + a 4 anc * a i + a 5 = a 3 + a 4 » 
we have a x - a 2 = a 2 - a 3 . It follows that the labels along 
any line parallel to side of ABC are in arithmetic 
progression, so that the extreme values of the labels lie 
on the perimeter of ABC. 

(a) Denote the desired distance by r. If a = b = c\ then 
all labels are the same, and r = 0. If a * b * c * a, then the 
extreme values lie on the vertices of ABC only and r = n. 
Suppose b = c*a. Then the extreme values lie on A and 



(b) Obtain two other labeled triangles by rotating ABC 
120° and 240° respectively. Superimpose them and label 
each point by the sum of its labels in the three triangles. 
Since the rhombic rules holds for each triangle, it also 
hold for the composite triangle. Hence all labels are 


(n + l)(/z + 2) 


a + b + c. Since there are 

1 + 2 + ... + (h + 1) = 

points, the sum of all labels in ABC is 
(n + \)(n + 2)(a + b + c) 
6 


4. We claim that a player A who has the most wins will 
be awarded a prize. For any player B who beats A, at 
least one of the players whom A beats must beat £, as 
otherwise B will have more wins than A. This justifies 
the claim. Suppose A is the only player awarded a prize. 
Denote by S and T the sets of players who beat A and 
those who lose to A, respectively. Suppose S is non-empty. 
In the mini-tournament among the players in 5, there will 
be a player B with the most wins, and hence a prize- 
winner. Since B beats A and A beats every player in T, B 
is also a prize-winner in the overall tournament, 
contradicting the uniqueness hypothesis. Hence S is 
empty, and A beats other player. ■■ 
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How to Overcome 



re you in the age group of sixteen to 
/ \ eighteen? A period that should be full 
jL \ of fun, frolic and laughter, when you 
have just begun to understand life better and 
develop your point of view. But wait, the picture 
is not as rosy as it looks because this is the time 
when you have to think about your career, which 
in itself is very tough as there are umpteen number of 
options before you. Amongst these options one of the most 
popular is getting through 1IT-JEE. Popular it is, but 
remember that it is also the toughest exam in the country. 
It demands heavy preparation, at times, for almost a year 
or two combined with single minded devotion to achieve 
the goal and an enormous amount of concentration. These 
3 factors, namely, preparation, devotion and concentration 
generate a lot of stress which can be nerve wrecking. There 
are several cases of candidates dropping the proposition 
of facing the JEE midway, unable to combat the stress 
thereby leading to a wastage of precious time and money. 

No doubt taking competitive exams with hoards of 
other aspirants can be a daunting task and can unnerve 
even the most brilliant, especially when the students are 
still teenagers - young, fresh and protected. Thus the 
process of countering the generated stress needs 
understanding of the age group of the individuals, the level 
of maturity and the factors prevalent in the society which 
can affect the commitment of the students. As said earlier 
the students are young and fresh with the maturity level 
not being very high. The innumerable opportunities 
available in the form of outings, movies - picnics and TV 
act as the hindering factors. So what do you see? I am 
sure many of you do not see a very positive picture. Surely 
this exam sounds like a trip to slavery of books and of 
course stress. Dear young friends, do not worry because 
here are some tips (Aw! Not again!) that will help you 
cope with the stress and come out with flying colours. 

1. Time man air. Time, as they say, can be your 

best friend or your worst enemy - its just the way you 
treat it. In our analysis we have found out that the major 
stress generation is due to the lack of time. Better time 
management can always reduce the stress. We don’t advise 
you to give up entertainment and lock yourself in a room. 
In fact, if one starts the preparation early, say a year or 
two in advance one can always find time for better things 
in life. You have to manage time in such a way that the 
breaks that you take for relaxation can relax you enough 


to take up the coming hours of hard work with fresh vigour 
and enthusiasm. 

2. Interaction : Another tendency that has been noted 
in the candidates appearing for JEE is that they tend to go 
into a shell as they start their preparation. They refuse to 
speak (this is their stress speaking for them) to anyone 
including their parents and siblings. This is a very 
dangerous tendency. If the amount of stress generated is x 
units while preparing it becomes jc 2 if one goes into a shell. 
Often a pep talk by parents, friends or guides can act as a 
tonic and bring down stress. The topic need not be and if 
possible should not be related to JEE. Verbal interaction 
with respect to something interesting happening or the 
latest movie or about the popular soap on the tube could 
do the trick more often than not. So go ahead, unwind 
and talk away examination blues. 

Fivni” schedule : Scheduling of the subjects to be 

covered is another way of reducing stress. Here everyone 
has his own way of scheduling. Some people prefer to do 
a single subject, say, mathematics at a stretch for ten to 
fifteen days and then go to, say physics. The problem in 
this case is of money. Some others prefer to do a single 
subject in a day. Say two hours for maths, two hours for 
physics and two hours for chemistry. It is advised in this 
connection to stick to the schedule with which you are 
most comfortable. It is often observed that just because 
the previous year’s topper has stuck to a certain schedule 
others tend to blindly follow it. Avoid doing this lest it be 
a stress increment factor. 

4. Be firm and determined : Last but not the least is 
“do not allow your mind to wavier”. Students come from 
various strata of society. Each strata has its own problems, 
those of a plenty and those of a few. But the secret to 
success lies in putting aside all those things and striving 
towards the goal with untiring efforts. There can never be 
stumbling block for those with a sense of purpose. 

So friends, “Awake, arise and rest not till the goal is 
achieved”. 
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EXAMINER’S 

MIND 

B by R.K. Tyagi, HOD Maths. Samarth Shiksha 

LIMITS, CONTINUITY AND DIFFERENTIABILITY Samtti New Delhi 

The questions given in this column has been prepared strictly on the basis of NCERT for XII class. 
Over the last few years IIT-JEE / AIEEE has drawn its paper heavily from NCERT books. 

lint min (x 2 +4* + 6)^- is equal to (where [ ] 

/— >oL 1 J 




STRAIGHT OBJECTIVE TYPE I 


In each of the questions given below, four choices are 
given of which only one is correct. You have to select 
the correct choice which is most appropriate. 

jJ /4 _ jJ /5 

1. The value of lim : — r — : is 

x — >1 X 5 - 1 


(a) 20 


(b) 


_ 1 _ 

40 


(c) 60 


(d) 20 


3 -f 243 - 5 jrV /5 

2. Let the function f(x) - ./j — 7, (**0) is 

(5x+ 27) 10 -3 

continuous every where, then the value of / (0) equals, 
1 2 ..4 ... 1 


(a) 15 


(b) TJ 


(C) 15 


(d) 45 


3. The value of the lim [(2" -t-l)(7" +10")] iy " is equal 
n— >° o 

to 


(a) ^ (b) l0 C 5 


4. Let /(*) 


= p2cos^c + |j 


(c) l0 C 7 (d) 6 C 3 

, 0<x<2n (where [x] 


denotes the greatest integer < x). The number of points 

of discontinuity of / (jc) are 

(a) 5 (b) 6 (c) 4 (d) 3 


5. If /(* + !) 


-s{ 


/( " )+ /(n l +2)} ,V " e ^ 


./(«)>0 


then lim f(n + 1) is equal to 

n— 


(a) -3 


(b) 3 


(O 5 


(d) 36 


6. Let f{x)= 1 1 — then lim ^ (A> equals 

V 36-x 2 x ~ 3 

(a) 27 V3 (b) 9V3 (c) (d) ^ 


denotes the greatest integer function) 

(a) 1 (b) - 1 

(c) 0 (d) does not exist 

1 

8. The value of lim (1 + ax 2 +bx + c)*~P assuming a, 

P are roots of the equation ax 2 + hx + c = 0, is 
(a) a(p - a) (b) e°# ~ “> (c) a { a + P) (d) + P> 

9. The value of the limit 

lim |l l/cos2j: + 2 i/cos2j: +3 1/cos2 * +... + io l/cos2 JC ] cos2 ^ is 


(b) l0 C, 0 (c) '“C, (d) (10) 10 


•* ’2 
(a) 10! 

10. The value of X if lim- — -t = lim (K * 0) 


(a) 8 


>1 X — \ x^XX 2 -X 2 

(b) | (c) | (d) | 


11. Let /(*) = 


3x 


x*0 


then lim f(x) is 

jr->0 


t JC I +2x 2 

0 , jc = 0 

(a) 3 (b) 1/3 

(c) ± 3 (d) does not exist 


STRAIGHT OBJECTIVE TYPE II 


(One or more than one correct choice(s)) 

In each of the questions given below, four choices are 
given of which one or more than one are correct. You 
have to select the correct choice(s) accordingly. 

12. The lim I — l±l±£l±Al ) , ( a ,b,c,d,X> 0) 

jc— >01 4 


is equal to 

(a) abed if X = 4 

(c) abed if X = 2 


(b) 1 if X = 1 

(d) ( abed ) 3/4 if X = 3 
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13. The point at which P(x) = -^2M= is continuous 

V 1 -4jc 2 

(a) \ (b) \ (c) \ (d) ^ 

14. Let f(x) = x 2 + xg'(\) + g"(2) and 

g(x) = f(l)x 2 +xf'(x) + f'(x) then /'(l) + /'(2) 

(a) -4 (b) 0 (c) 2 (d) 4 

15. Let /!(*) = min {*, x 2 } V xe R then 

(a) h is continuous every where 

(b) h is differentiable everywhere 

(c) h is nondifferentiable at two values of x 

(d) h'(x) is a constant function V x> 1 

1*1+3 , V jc < —3 

16. Let /(*) = < -2x , V -3 < * < 3 , then 

6* + 2 , V *>3 

(a) / is continuous at x = - 3 

(b) / is differentiable at * = 3 

(c) / is continuous for - 3 < * < 3 

(d) / is continuous for * > 3 


LINKED COMPREHENSION TYPE 


In these questions, a passage has been given followed by 
questions based on each of the passages. You have to 
answer the questions based on the passage given. 

Passage for question 17. 

Let the functions /(*) is differentiable at the point x = c 

\ X ^ V X 5s c 

where f(x) = \ 

[ax + b V x >c 

on the bases of above information, answer the following 
questions : 

i. The value of a is 


(a) 

0 (b) c 2 

(c) 2c 2 

(d) 2c 


ii. 

The value of b is 



(C) 

(a) 

- c 2 (b) =J- 

(c) -2c 

(d) c 2 

iii. 

iii. 

The value of lim 

/(•*) is 




x — >C~ 

a 

c 

(a) 

(a) 

-c 2 (b) c 2 

(O 7 

(d) - 

a 


iv. 

For same values of 

a & b the value of lim(ar + Z?) 

(c) 


equals 

(a) c 2 (b) 3b (c) - 3b (d) - c 2 
Passage for question 18. 

i /v v \ acosx + bxsinx-6 ... x . 

Let the /(*) = = and lim /(*) is 

* jc— > o 

finite value, (a, b y e R) 


on the basis of the above information, answer the 
following questions : 

i. The value of a is 


(a) 

4 

(b) 6 

(c) 

8 

(d) 

3 

ii. 

The value of b is 





(a) 

3 

(b) 6 

(c) 

4 

(d) 

2 

iii. 

Value of 

lim /(*) 

jc->0 

for same values of a 

& b is 

(a) 

1 

2 

(b) ~ 

(C) 

1 

4 

(d) 

1 

4 

iv. 

If/(0) = 

c then c equals, 




(a) 

a + b 

v a -b 

(C) 

b — a 


b — a 

4 

(b) 4 

4 

(d) 

12 


Passage for question 19. 

If y =/(*) be a differentiable function of * such that its 
second, third ... n ih order derivative exist and whose 
order derivative is denoted by given below. 


Y n .^r./ n M. y", Dn y, d n y which 


means 


lim 

A-»0 h J w 

on the basis of above information, answer the following 
questions : 

i. If .v = log,,* and * e /+. then v„(e) equals. 

(a) (-1)" n\e~" 


(b) : — log a e 


ne n 

(d) ( n-\)\e~ n 


(O (~)»i 

ii. If y = sin 2x V xe R then y n ^ j equals. 


(a) 2 n 1 cos mi 


. mi 

sm- 


1 


(a + bx) 
(-1 ) n n\ 

(l + *) n 
n\ 


(b) 2"- 1 cos^ 

(d) 2 /l cos^ 

then y„(l) when a = 1, b = - 1 is 

(-lH/i-l)! 

(b) (\-x) n 

(-l) n “ 1 n! 

(d) 


(l -*)^ 1 w o+*r 

iv. If x? = then y x (e) equals 

(a) \ (b) \ (c) log 2 (d) ~ 

v. If n = 4r - 3, / e / and y = cor 1 * then y n (0) is 

(a) 0 (b) n\ 

(c) (4w - 1)1 (d) - (m - 1)! 



2 
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vi. If y = e nx then y„(0) 

(a) nm (b) min (c) m n (d) n m 


MATRIX-MATCH TYPE 


Problems 20 to 24. 

Match the columns. Left & right column have 
mathematical statements and expression. Read the 
expression or statement of left column & find the 
corresponding expression or statement in the right column 
for their relationship. An item of column I can be matched 
with more than one items of column II. All items of 
column II may be matched. 

20. Column I Column II 

(A) If the value of (p) 1035 

Hm , v + , Y 2 + A .3 + + ' V ',., l =505 o 

X~] 

then n = 


22. Column I 

(A) If /(*) = ■ 

2a + 3 if 

2jc- 3 if 

a< 2 

a>2 ’ 

Column II 

(p) 2880 

then number of discontinuity = 


(B) If /(*) = | 

[ a 2 +3 x + a 

, for x < 1 

(q) 243 

bx + 2 

, for x > 1 


is differentiable and a + b = 2 k then X = 

(C) If/(3) = 4,/'(3) = 1 (r) 6 

and lim ^ then 2880A, = 

jc — >2 X-3 

(a) A -> r, B q, C p 

(b) A— >q, B— >p, C-»r 

(c) A — » r, B — > p, C — > q 

(d) None of these 

23. Column I Column II 


X — >1 

(C) If lim 

x-*e 

(D) If 


(B) lim 256(7t -7U) tan I H I = 


logJC 729c -729e 


x-e 


ii x -9 x -y+\ x 


(q) 729 

= X then A = (r) 512 

(s) 100 

x*0 

x = 0 


f(x) = 

e lx sin x + td: 2 + p log ? 3 
is continuous at x = 0 then value of 115c* 1 = 
A — > s, B — > r, C — > q, D — > p 
A — > p, B — > q, C — > r, D -» s 
A— »q, B— »p ? C— »s, D— >r 
None of these 


(a) 

(b) 

(c) 

(d) 

21. Column I 

(A) If y = sin jc + cos jc and 
d 22 y 


/(*) = 
1024y 


dx 22 ' 


then the 


?Mf)- 


Column II 

(p) 2564 


(q) 6561 


(B) If /(a) = x* & the value 

ot ra)+ m.m+m,„. + im 

1! z! 3! n\ 

is X n the value of A, 12 = 

(C) If x = at 2 , 

d 2 y ( dy T 

dx 2 [ dx J 

(D) If a = a(0 - sin0) & y = a( 1 + cos0) (s) 2048 


y = 2 at and 

yi-1 

is a constant then 


(r) 4096 


then the value of 2564a 


d 2 y 
dx 2 


(a) A s, B — > r, C — > q, D — > p 

(b) A — » p, B — > q, C — » r, D — > s 

(c) A -> q, B — > p, C -» s, D — » r 

(d) None of these 


(A) If yjl^7 + xy[l^ = l 


, dy 
then ~r = 
dx 


(B) If Vl-Jt 2 +V* - )’ 2 = o{x-y) 


(P) 


(q) 


i - y 2 

\-x 2 


d\ 

then -£ = 
dx 


y-x * 
y~ — x 


dy 


(C) If Jr = y log(xy) then ^ = 

(D) If xy 2 - x 2 y = constant ( K say) 

dy 

then -r = 
dx 

(E) If a 3 + v 3 = 3;cy then ^ = 

(F) If y = jc log y then ^ = 

(a) A — > t, B — > p, C — > q, D — > r, 

(b) A — > t, B -> p, C — > u, D -» r, 

(c) A -» t, B -> p, C — > u, D — > s, 

(d) None of these 


(r) 


(s) 


2xy-y 2 

Ixy-x 1 

y± 

x(y-x) 


(t) 


-EZ 

Vl-x 2 


x x 

. yix^y) 
(u) x(x+y) 
E -> s, F — > u 
E -» q, F -> s 
E — > q, F — » r 


24. 

Column I 


Column II 

(A) 

if y 

= sin -1 (3 a - 

4x 3 ) 

(p) 

1 + * 2 V3 


and 

-\*x<\ 


(q) 

3 w ^ 1 

1 + V3 


then 

II 

-si-s 


(r) 

— r 3 Vjre 

V l-^ 2 

(B) 

if y 

= cos _1 (4a 3 

-3x) 


{lxkl}-jui<i} 


and- 

~<AT<1 


(s) 

- 7 = 2 — vui<i 
Vl-A 2 ^ 
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, d y 

then -j- = 

(,) i 


( 3jc 

-* 3 ) 3 

(C) Ify = tan-M — 

3a 2 J (U) l + *2 Vxe 


and jc e R then 

J * ll 


dy_ _ 

T73^} 


dx 

(a) 

A -> r, s 

B -4 r, s, q C -4 p, q, t, u 

(b) 

A -4 p, r, s 

B — > r, s, u C -> q, r, u 

(c) 

A — ) r, s 

B — > p, r, s C — > p, q, t, u 

(d) 

A — > r, s 

B -4 r, s C -4 p, q, t, u 

ASSERTION & REASON 


Problems 25 to 29 

Two statements are given, one statement is Assertion (A) 

& the other statement is Reason (R). Select the correct 

choice for these statements as per following codes. 

(A) Both Assertion (A) & Reason (R) are individually 
true & Reason (R) is feasible explanation of 
Assertion (A). 

(B) Both Assertion (A) & Reason (R) are individually 
true but Reason (R) is not proper explanation of 
Assertion (A). 

(C) Assertion (A) is true but Reason (R) is false. 

(D) Assertion (A) is false but Reason (R) is true. 


JC 15 -1_3 

25. Assertion (A) : J™ ^10 “ “ 2 

Reason (R) : — 7T~ n an ' 

(a) A (b) B (c) C (d) D 

26. Assertion (A) : s'iniu ~ a,b ' a ’ b *° 

.. sin* . 

Reason (R) : * ln ), “ _ 1 

jc— >0 x 

(a) A (b) B (c) C (d) D 


27. Assertion (A) : 

Let / (*) = cos 2 * + cos 2 (* + ti/ 3) + cos 2 (* - 7 t/ 3 ) 
then /'(*) * 0 . 

Reason (R) : Derivative of a constant function is always 
zero. 


(a) A (b) B (c) C (d) D 


28 


then 


Assertion (A) : If * = a(l - cos 6 ), y = a(0 + sinQ) 


(!) 


= 1 


(at 0 = 71/2) 


Reason (R) : If x = /(f) & y = g(t) then 
dx dt / dt dt 

(a) A (b) B (c) C (d) 


D 


29. Assertion (A) : The function /(*) = \x\ is 
discontinuous at origin. 


Reason (R) : The function/ (jc) = IjcI is non differentiable 
at origin. 

(a) A (b) B (c) C (d) D 


SOLUTIONS 


* 1/4 -* ,/s 




= lim 

jc— » i 


(* im -d-(* i/ 5 -i) 


* 3 -i 


= lim 

jr— ♦! 


12 ■ 
60 


jc 1 ' 4 -! 1 ' 4 


;c 3 -l 


jc 1/ ^ — l l/ ^ ^ 
x — 1 

* 3 -l 


x-\ 


x-\ 


_1_ 

15 


.. X -a n-l 

using lim — na 

b x -+a X-a 


2. (a) : As / (jc) is continuous V XE R 

.*./( 0) = lim f(x) = lim /( x) 

x-»0 + x->0" 


,1/5 


.-. / (0) = lim /(jc) = lim /( 0 + h) = lim - — — — 
J v f X ^ 0 J h -> o J h^o ( 5 h + 27) l/3 - 3 


(243 - 5/i) 1/s - (243)' 


= lim 


\l/5 


*-»" 0 (5/i + 27) 1/3 - (27) 


\l/3 


lim 

h-*0 


(243 - 5 hf* - (243) 
(243 - 5h) - 243 


\l/5 


-x(-5 h) 


(5/i + 27) 1/3 - (27) ,/3 .... 

lim 2 — ... ^ x (5/i) 


Ho (5 /i + 27) -27 


_1_ 

15 


i (243)* 4/5 

ix (27)- 2/3 


(d): lim[(2" + 1)(7" + 10 n )] 1/ ' 1 

n- 

= lim 

n— » 

= 20 


n( 1 Y 

( 7 Y 

(20) i 1 + 7] 

Hie) 


1 In 


lim 1 + 


?}sa u (ro) 


\!n 


4. 


= 20 x 1 x 1 = 6 C 3 
(b) : Fact [jc] is discontinues at all integer numbers 

r for 


/(jc) = V2cos[ * + £ j is an integer f 

n k 3k 5k 3k Ik 9k 

x+ 4 - 2’T’T’T’ 4 ’ 4 

K K 5k 3k _ . . a v 

=> JC = 71, — , 271 (as0<Jc<27i) 

4 2 4 2 

=> Number of points of discontinuity of f{x) are 6. 

5. (b) : As n -4 

Let lim f(n) = lim f(n + 1) = lim f(n + 2) = X 

n— >o° n— n—*°° 

Now /<» + !) = 5[/(») + 7^] 
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. 36 . 

5X = X + y=> 4A 2 = 36 => X = ± 3. 

/. X = 3, as/(/i) > 0 Iim/(n + l) = 3. 

6 . (c): i im mzm =fU 

x->a x- a 

Now n m f(x) ~ J _ 0) = f'(3) 

x->3 X — 5 


1 


V36-x 2 


••• /'W = 


1 


Now / (x) = 

/'(3) = 

(27) 3/j 27n/3 

7. (a) : Minimum of (x 2 + 4x + 6) 

= Minimum of (jc + 2) 2 + 2 > 2 

lim minimum (jc 2 + 4jc + 6)^^- 

/-o L t J 

= = /(O(say) 

Now lim /(/) = 1 

f-*0 + 

.*. for t > 0 


(36 - x 2 ) 3/2 


sin t < t 


sin/ 


<1 


^sin / 

2 <2, 

t 




.*. R.H.L. = lim /(/) = 1. 

/-*0 + 

Again for / < 0, sin / > t 

sin/ . _sin t „ . s * n r , r 

—— < 1 => 2 < 2 => 2— = 1 = lim /(/) 

* t L 1 J f-*0" 

limj^min(jc 2 +4j: + 6)^^-j = 1. 

l 

8. (b) : The value of lim(l + ax 2 + bx + 

Defination (i) 

as a, P are roots of ax 2 + bx + c = 0 
ax 2 + bx + c = a(x - a)(jt - P) 

Defination (ii) 

If Vimf(x) = 1 and limg(jc) = «> 

x—*a x—>a 


lim (/(x)-l)xg(x) 

x—*a 


then lim[/(jc)]* (x) = e 

X — 


Now lim(l + ax 2 +bx + c) x p 
*->P 

= lim[l + a(.r-a)(jc-p)] x ~ p 

jr->3 


(1°° form) 


a(x-a)(x-P) 


lim — — 

x-»P (x-p) 


P-a) 


1 


9- (c) : Let 2 “ ^ - 1 (as 0 < cos 2 jc < 1 ) 

cos jc ' 

.*. lim(l 1/cos2jr + 2 1/cos2x + 3 1/cos2 ^ + + |q 1 /cos 2 xxcos 2 x 

n ' 

X ~*2 

= lim(l x + 2 x + ... + 10 x -) l/x 

X— >oo 


(10 X ) IA lim 
\ >°° 




+ ... + 1 


= 10[0 + 0 + ... + 1 ]° = 10 
jc 3 -* 3 


10. (b) : lim 


= lim : 


4 = lim 


x-*i 1 ^Xjc 2 -X 2 

jc 3 - X 3 jc — A. 


x->X JC - X 


jc 2 - A. 2 


- 3 A. 2 . 8 

4 = => X = - 

2X 3 


11. (d) : lim /(jc) = lim = —3 

x->o x->o~ -jc + 2x l 

and lim /(jc) = lim — — -r = 3 
x— >o + x-*0 + jc + 2jT 

lim /(jc) * lim / (jc) 

x->0“ x— »0 + 

=> lim /(jc) does not exist 

x-»0 

12. (a, d) : Using lim(/(jc))* (i:) = 1°° form 


lim (/(x)-l)xs(x) 


as lim /(jc) =^1, limg(jt) = oo 


(a x +b x +c*+d x 

4 

)a x +b*+c x +d* ] 


{ 4 J 


X/x 


(1°° form) 


) X = e *A x x a, x jj 


= e 4 l08(fl£,C ‘' , = e Wal>'d) Ui = {abcd f* 

abed if X, = 4 .*. choice (a) is correct 

(dabc)* /4 if X = 3 .*. choice (d) is correct 

13. (b, c, d) : Let /( jc) = log jc which is continuous 

V jc > 0 ie (0, oo) 

g{ x) = Vi-4jc 2 will be continuous V jc satisfying 
the condition 1 - 4jc 2 > 0 ie I jc I < i , which means 


g(.c) is continuous V jc e 
fix) 


KJ] 


Now P(x) = will be continuous for 
g(x) 

{ Domain of continuity of log jc n Domain of continuity g(jc) } - 
{set of values for which g(jc) is zero.} 

No. jiJ-J’l} 6 (°’l) 

D/ , . ill 

P(jc) is continuous at jc = — , — - 
10 4 3 

14. (a) : f( x ) = x 2 + ax + b where g'(l) = a y g"( 2) = b 

• gW=f(l)x 2 + xf\x)+f"(x) 

=> = (1 + a + 6)jc 2 + jc(2jc + a) + 2 

* g(jc) = (3 + a + b) jc 2 + ax + 2 
g'(x) = 2(3 + a + b)x + a and 
g"M = 2(3 + a + b) = g'(2) 

. g'(l) = 2(3 + a + b) + a 

> 3 + a + b = 0 as g'(l) = a ...(*) 
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... (**) 


JC 

, JC < 0 

^ 2 

, 0 < jc < 1 

JC 

, JC>1 




( 1 . 0 ) 


h(x) = x Vx£ 1 
h{x) = x for 
0£jc< 1 




and g'(2) = b = 2(3 + a + b) =>6 + 2a + b = 0 
solving (*) & (**) /. b = 0 , a = - 3 
/(*) = x 2 -3x & g(*) = - 3 jc + 2 
f\x) = 2* - 3, g'(x) = - 3 
=> /'(l) = 2 - 3 = - 1, g'(l) = - 3 
••• /'(!) + *'(!) = - l-3 = -4 


15. (a, c, d) : h(x) = min {jc, jc 2 } = 


observe the graph, 
we note 

that h(x) is continuous 
every where 

Again the graph 
has two comer ,, 

points x = 0 & x = 1 so 
h(x) is not differentiable at these points. At these corner point 
we note that left hand derivative limit Lh' (0) * Rh'( 0) and Lh'(\) 
* Rh'( 1) which means h(x) is non differential at x = 0, x = 1 
Further, for x £ 1 , h(x) = x =» h\x) = 1 which is a constant 

16. (a, c, d) : At jc = - 3 ,/(- 3) = 6 
LHL = lim I x I +3 = 6 

x-»-3“ 

RHL = lim IjcI + 3 = 6 

x-*-3 + 

LHL = RHL =/(- 3) = 6 
/./is continuous at 
jc = - 3 

/. (a) is correct 
Again at jc = 3 
LHL = lim (-2 jc) = -6 

x-*3~ 

RHL = lim /(jc) 

x— >3 + 

= lim (6jc + 2) = 20 

x-*3+ 

/. LHL at 

x = 3 * RHL at * = 3 
=>/is not continuous at jc = 3 
=>/can not be differentiable at x = 3 /. (b) false 
Further At .c = jc 0 where - 3 < Xq < 3 lim f(x) = /(jtx) 

X-*Xq 

/. (c) is correct 

and At a: = * 0 > 3 lim 6jc + 2 = 6jcq + 2 = /(jcq) 

x->*o 

/. (d) is correct 

Alternative Method : 

m-c* ■! _3< \ <3 

• 2 , V jc > 3 
V -3 < jc < 3 
6 V jc > 3 
=> L.H. Derivative at jc = 3 * R.H. Derivative at jc = 3 
=>/( jc) can be differentiable at jc = 3 
Further, with the help of graph we note that the function /is 
continuous at x = - 3, continuous for-3<jc<3&jc>3 

17. i. (d) : As function is differentiable at jc = c, it means it 
must be continuous at jc = c 


4\ 

x\ 




0 


X 


= 3 

->x 


(0 

(ii) 

(iii) 


*6 
(3,-6) 

denotes W + 3 

denotes f(x) = -2x 

> denotes f(x) = 6x + 2 


/'(*) 


■f 
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/. lira f(x) = /(c) = lim fix) 

X -* C ~ x->c + 

=> c 2 = ac + b 

Further / is differentiable at jc = c 
••• Lf'(c) = Rf\c) 

=» lira — C - + ^ ~ / (c) = lira Xl c . + ~ (c) 

/»->()- h -»o + h 

=> lim (/t + 2 c) = lim — j— =$ 2c = a 
/»-> 0" a-*o + « 

ii. (a) : Now from equation (i) on putting a = 2c we get = - c 2 

iii. (b) 

iv. (c) : Now lim ax + b 

x-*a 

= a 2 + b = a 2 - c 2 = 4c 2 - c 2 = 3c 2 = - 3b 
18. i. (b) : lim /( jc) is finite 

x -»0 

.. acosjc + fcjcsinjc -6 _ . 
lim : finite 


x -»0 

* a- 6 = 0 


jc 4 

a = 6 


ii. (a) : . lim flC ° s * + fas in *-6 

i -*0 x 4 

.. 6 cosjc + Z?jcsinjc -6 „ 

= bm - ( 0/0 form) 

.. - 6 sin* + fcjccosjc + fcsinjc 
= lim ( 0 / 0 ) 

X-»° X A 

_ ij m ~ 6cos * + b[x(-sinx) + cosjc + cosjc] 

X— >0 


2b -6 
0 


= °° if 2b - 6 * 0 


But limit is finite .\ b = 3 

iii. (c) : . lim a cos* + fa:gin *-6 


. 6cosjr + 3jcsinA:-6 6xsin^cos^-6x2sin 2 -^ 
= l ,m 5 = lim 2 2 2 


x ->0 


x — >0 

r 


- . x x 
sinjc = 2 sin— cos — 
2 2 


6 cosjc - 6 = 


V 


6^cos^-2sinij 

2 jc 3 

__1 
4 

iv. (d) : Again f (0) = c 

1 (3-6) b-a 

4 12 12 

19. i. (b) : y s log^ = log^ • log a c 

. (-D 

y-L = <°g a e— 

X 

>-3 = log„ ei-[)i-2)x~ 3 = log a c(-l ) 2 • 2\x 


- 6 = 6 ^- 2 sin 2 


(by using L Hospital Rule) 


_-3 


,y n=logae tl^l x -n 


48 


N)| ^ 



, , , (-lr'/iif i T 
••• y n (e) = log„« - J 

ii. (d) :y = sin 2 x 
y , = 2 cos 2 x = 2 sin^" + 2x j 

y 2 = - 2 2 sin 2x = 2 2 sin + 2x j 

y 3 = - 2 3 cos 2 x = 2 3 sin|^ + 2 x j 


y„ =2"sin^Y + 2A:j 
( n 'l „ . ( nn n \ nn 

y^4j= 2 sin [- + 2j = 2 C0S T 


y\ =■ 


% 


••• y.( i) = 


(a + bx) 


l)b 

b 2 (- 1 )(- 2 ) 

bx) 2 ' y2 ~ 

(a + bx ) 3 

I 3 3 !i > 3 


; \ 4 * 

- bx) 

’ (a + bx)" +> 

(-1 ) n n\b n 

n! 


(1 - JC)‘ 


n+1 


0 a + bx) n 

iv. (a) = e x ~ y 

=» >> log ,, x -x-y (taking logarithm both side at base e) 

x m _ log g -y 

^ y ~ l + log,x " >l (1 + log, x) 2 
=* *(«) = 4 

v. (d) :y = cot-'* 

= Ll 

y ' \tx 7 2 * L v + * * _< J 


i 

^ = 2/ 


y 3 = 2j 


(- 1) 1 (- 1) 1 


.(x + 0 2 
" ( — l) 2 2 ! 

(x - j ) 2 J 
(- 1 ) 2 ( 2 !)" 

_(x + 0 3 

(x-i ) 3 . 


"(-1 r 

1 (-I )"' 1 


(x + i) n (x-if 


(-l)"~'(/i - 1)! 


2i 


1 


(n-1)! 

1 


••• y„(°) = 


(-!)"-'(« -1)!| 1 


(x+»y u-o". 

i 


2 / 


r (-<)" 


Putting n = 4 f - 3 


y,(0) = 

(n- 


(_!/<'-») .( 4 f _ 4 ) 


2i 


•[_! L_ 

Lor 3 (-0 4 '- 3 


r[l + 7 ]=-<"-" ! 


vi. (c ):y = e mx :.y\=m e™, y 1 - m V“ 




y n = m n e mx 
y„( 0 ) = m"e° = m" 

.. x + x 2 + x 1 +...+ x"-n _ cncn 
20. (a)A->s;lim 5050 

JC-»1 X l 

=» , im (-t-l) + U 2 -l) + (-^- 1 ) + = 5050 

x-,1 X - 1 


. fx -1 X 2 - 1 X 3 - 1 x"-ll_ 

^\—l + — + — + "- + —\ = 


=> lim 

JC — >1 

=> 1+2 + 3 + .. . + n = 5050 
n(n + 1 ) 100 x 101 

^ 2 2 
=> n = 100 

B -+ r : lim 25 67 t(l - *)tan^p 

X->1 ^ 


5050 


= 25671 lim 
a-> o 

= 256 ti lim 


-/itan 
h 


{!♦?))- 

2567 ix 2 


25671 lim h cot 
/j->o 2 


/»— >0 7l/l ji 

tan — 

„ .. logx 729 ' -729e _ , 

C — > o :The lim A 

X — e 

logjt-l » 

= 729^ lim— = A, 

x — € 

log(* + A)-loge . 

=» 729elim — — r — = * 

/*— >o n 


= 512 


=> 729elim- 

A-»0 

1 




lo s| 1 + ~ e 

A. => 729elim 
>0 


h 

e • — 
e 


= A 


=> 729ex- = A =» A = 729 
e 

D — > p : Function is continuous at X = 0 

/(O) = lim fix ) = lim /(x) = lim/U) 

x->0 + *->0“ 

21 x -9 x -3 x + \ x 
jilog ,3 = lim j 

jr->0 JC 

. , ( 3 2 * - 1 ) ( 3 * - 1 ) 

H lo g< 3=Um— — 

|i log, 3 = 2 log, 3 • log, 3 

fl = log, 9 .*. e* = 9 1 156 ^ = 9 x 1 15 = 1035 

21 . (a) A — > s :T^ e 4 th order derivative of y = sin x + cos x is 

equal to y. 

d 20 y . M 

— rf = y = smx + cosa: 

dx 20 


, f( x ) = - — Z = = ^-(cosx-sinx) = -(sin^ + cosx) 

1 dx 22 dx 2 ^ 


-/(?)- .»<■ $)-•* 

=> 1024 y^j/^j= 1024-v/2 V2 = 2048 

B — > r : fix) = a" => /'(x) = nx n -'j\x) = n(n - 1)^" 2 
=» I th order derivative is f r (x) = ^ = 1 , 2 , ... n) 

. r - ffl)+ /^ + £(l> + X2!) + . r . + « 

..A. - /1U+ j, + 2! 3! n! 
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_ , , " . w(»-l) , «(« - 1)(» - 2) . . n\ 

1! 2! 3! • + ^ 

= "C 0 + "C, + "C 2 + "C 3 + ... + "C„ 

=» X" = 2" (using binomial theorem) 

=> X = 2 

=> X 12 = 2 12 = 4096 
C -=± q : y = 2 at & a = at 2 

> . dy la I 

>a/ => — - = - — = - 
dx 2 at t 

1 1 = 1_ 

r 2at ~ 2a/ 3 


dt dt 

=> £l — 

1 dt 

dx 2 

A • dy 

A g am ~dx = 

l 2 dx 

1 

/ 

- w 

1 

UJ 

' /"- 1 

Now ^-y + 
dx~ 

(sr 

-$/( 

VvY'- 1 




-X t 


i constant 


J_ .// 4 

2a 


D 


A7 — 4 — 0 ic /7 — 4 
32" = 9 4 = 6 5 6 , 

^ p i x — a (0 - sin 0), y = a( 1 + cos 0) 

dx dv 

■jo = a(l - cos0), 

asin0 

= -cot0/2 


dQ 

dy 


= -asinQ 


dx a(l - cos0) 


=> ‘-—r = Y c °sec 2 0/2~ = icosec 2 e/2(— - — ! — — ) 

dx 2 2 dx 2 ^a(l - cosG) J 


d~ Y 1 

■ = —cosec 
dx- 4 a 


■y _ ■ **0/2 


.-. 2564a 


£y 
' dx 2 


2564a 


= 2564. 


te =I 



22. (a4A — > r : LHL = lim /(a) 

x— >2” 

= lim 2x + 3 

x-*2~ 

= lim2(2-/j) + 3 = 7 

h -*0 

RHL = lim /(a) - 

x-*2 + 

lim 2(2 + 6) - 3 = 1 
/»->o 

/. Number of discontinuity 
= |LHL - RHL| at a = 2 
= |7-1| 

= 6 (The graph portion shows number of jumps) 

B — > q : As /(a) is differentiable every where so /(a) is 

continuous at x = I 

•• lim /(*) = /(l) = lim f(x) 

x— >i x->r 

=> a + 2 - 6 = 0 

=> a-b =- 2 ... (i) 

Again/(jr) is differentiable at jr = I 
.-. LHD at* = 1 = RIID at jr = 1 



/(*)-/( I) 

v- I 


lim 

X->1 + 


/(a) -/(!) 

A — 1 


=> lim 

X — ► I 


a 2 + 3a + a - (4 + a) 

~\ 


lim 

X — >1 


(bx + 2) - (4 + a) 

A — ] 


. a + 3a - 4 bx - b 
Inn ; = Imi- 

x — ►! 


A - 1 x-*l A — 1 

=> 5 = 6/. on using (i) we get a = 3 

Now a + b = 2 X 
=> 8 = 2* 

=* X = 3 

.-. I 5 = 3 5 = 243 

C^p: X = lim — — ~ ( ' Y> 

x->3 A - 3 

X = lim ^ (3) - 3/(3> + 3/(3) -3/(* ) 

x->3 A — 3 


using (i) 


, (a - 3)/(3) 

A. = lim 31im 

r->3 A - 3 x->3 

A = /(3) - 3/'(3) 

X = 4 -3(1) = 1 
/. 2880 X = 2880 


[By adding & subtracting 3/(3)] 
/(*)-/( 3) 

A - 3 


23. (b) A — > t : Putting a = sin 0, y = sin 0 

y\l 1 - A 2 + Xyj \ - v 2 = 1 
=> sin 0 cos 0 + cos 0 sin 0 = 1 
=> sin(0 + 0) = 1 
=> O + 0 = sin -, l 
=> sin 'a + sin -1 v = constant 


dy__ jl-y 2 
dx Vl-.v 2 


B p : Putting a = sin 0, v = sin 0 
then yj l — a* 2 + yj \- y 2 = a(A - y) 
=> cos 0 + cos 0 = a(sin 0 - sin 0) 
=> 0 - 0 = K (constant) 

=> sin _1 A-sin _, >2 = K 

dy [T 
^ dx 


1-a 2 

C-^u : A=^log(A>») 

A 

=> A = v(logA + log v)or — = log A + log v 

on differentiating w.r. to a we gel 

a - y y + a 


* y 

dy _ v(a - y) 

dx a(a + v) 


■dy 


D^r: x.v 2 -x 2 y = K 

Differentiating w.r. to a both sides, we get 

i lxy t +yl )-{ x2 % +lx y] =() 


^ 7 < 2 xy -x 2 ) = 2 xy- y 2 


dy 
dx 

dy _ 2av - y 2 
d* 2xy - a 2 

q :x 3 +y* = 3xy 


... (i) 
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on differentiating w.r. to a both sides we get 

dy_ 

dx 




dy _y~x 


=> dX yl- x 

F -> s : y = x log >■ 

on differentiating both sides w.r. to jc, we get 

dy x dy . 

-j- = --f + \ogy 
dx y dx 

dy 
dx 

dy _ y L 
^ dx x(y - x) 

24. (d) A — > r, s ; 


... (0 


HI- 


using (i) 


y = sin -1 (3* - 4 a 3 ) = 


3sin _I x , V IaI< 


1 


n - 3sin 1 x , V x e 


[M 


dy 

dx 


sli ^ 7 


, V \x\< 




B — > r, s : 


y = cos -1 (4a 3 - 3a) = 


, V jce 


27t - 3cos 1 x , V I a I < 


[H 


dy 

dx 


C -> p, q, t, u : 


VT^ 

3 


3cos 1 JC , V JC€ 


,V IxIS 


, V jc e 


M 


y = tan 


,3jc — jc 3 
1 - 3a- 2 


. dy 

** dx 


= { 3 
U + ; 


x' 5 -l 


7t + 3tan a , V 

X < - r 

3 tan -1 a , V 

1 A 1 < L 

V3 

-7C + 3tan _1 A , V 

1 

a > r 

S 

f 1 

1 1 

\ S’S] 


25. (a) : lim' lft = lim 

x->l x 10 - 1 X->1 x 


— y/i 


A ,0 -l 


lim 

x — >1 A- 1 


15(1) .. a" - a" 

1() using lim = n a 


10(1 ) n 


x — x — a 


= 3 
“ 2 

Assertion (A) & Reason (R) both are true & Reason (R) is 
proper explanation of Assertion (A) 


26. (a) : lim 


sin aa 
x^osinbx 

sin ox 


= lim— 

x-*0 sinoA 


bx 


(ax) 

w 


= alb Assertion (A) is true, 
and Reason (R) lim^^ = 1 is true 

x— >0 X 

as it is used to solve the problem. 

27. (d) :/( a) = cos 2 a + cos 2 (a + ti/ 3) + cos 2 (x - nJ3) 
= cos 2 a + cos 2 (a + ti/3) + 1 - sin 2 (A - 7t/3) 

= 1 + cos 2 a + cos 2 (a + 7t/3) - sin 2 (A - n/3) 

= 1 + cos 2 a + cos 120° cos 2 a 

= 1 + cos 2 x - - (2cos 2 a - 1) 

3 

fix) - ^ (constant function) 


* 9 ) 


=* dx (fix)) 

=> f\x) = 0 .*. Assertion (A) is false. 

=> Reason (R) is true but Assertion (A) is false. 

28. (a) : Given a = a( 1 - cos 0), y = a(Q + sin 0) 


n.ii 

=» d -L 

= -l 

/ dx 


[2’ J 

dx 

dQ/ 


{ de ) 


dy 

6 l 


Reason (R) is true & proper explanation for Assertion (A). 

1 4- COS 0 

sin0 
= cot0/2 


= coin I A = 1 


Both Assertion (A) & Reason (R) are true & Reason (R) is 
proper explanation for Assertion (A) 


29. (d): /(a) = I a I = 


A, A > 0 
-A, A < 0 


and lim /(a) = lim /(a) = /(0) = 0 

x— >0" x-*0 + 

=> /(a) continuous at origin 
=> Assertion (A) is false 

, _ , V A > 0 

Again /WH „ v , < 0 

V A>0 

V A < 0 

LHD * RHD at a = 0 
f{x) is non differentiable at origin. 
Reason (R) is true. 
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1. If the direction cosines of a ray are , 2 . n and 
n < 0 then n = 

(a) 2 W <c) ,/2 (d) ~k 


2. The direction cosines of OX are given by the triad 
(a) (1,0,0) (b) (-1,0,0) 

(c) (0, 1, 0) (d) (O, 0, 1) 


3. In a cube, an angle between any two diagonals is 



4. If P(-l, 2, 4) <2(1, 0, 5), R( 3, 4, 5) and 5(4, 6, 3) are 
four points in space, the projection of PQ along the ray 
RS is 

(a) | (b) (c) | (d) -2 

5. If a ray makes angles a, P, y, 8 with the four diagonals 
of a cube then cos 2 a + cos 2 3 + cos 2 / + cos 2 6 = 

(a) 1 (b) 2 (c) | (d) 0 

6. The angle between the line L x with direction numbers 
jc, 3, 5 and the line L 2 with direction numbers 2, - 1, 2 is 
45°. Then the value of x are 

(a) -4, -52(b) 3,42 (c) 4,52 (d) -3,32 
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<20> = 0, 0 + 2 0 =2 0,2 0 + 6 = 3 

( 2 is the remainder) 

<203>=l2, 12+20=32, 32 + 6=5 

( 2 is the remainder) 

< 2 0 3 4 > = 16, 16 + 2 0 = 4, 4-6 = 0 

( 4 is the remainder) 

<2034 T> = 13, 13+4 0 = 2 7, 2 7 + 6= 4 

( 3 is the remainder) 


^ 2 .1 


fr = (“ir I = 13504 


Using series expansion terms, 

x 1 _____ 

1- 27 1 .020341245 


4! 


4t=I-£ 1x4 


.1 


2 ! 


1 3 5 0 4 


.4 l j 


SMS hi 


1 .020476185 
(using Vinculum) 0.980324018 

Example 5. To find the value of cos (0.23 c ) 

Using calculator we get cos (0.23 6 ) = 0.973666395 
Now let us calculate the above value using series 
expansion terms. We have, 

(0.23) 2 = 0.0529, ■°'^ 3) ~ 

(0.23) 2 


= 0.02645 and 


= 0.02645 
\2 


X 4 ( X 2 Y 1 

4J= “2! x 6=°. 0001 1660041 

A / T \2 


X I X I 

Working of X £ making simultaneous 

operations, squaring and division, is as follows : (< > 
stands for duplex of a number) 

< 2 > = 4, 4 - 6 = 1 ( 2 is the remainder) 

<26> = 24, 24 + 2 0 = 4, 4 -*- 6 = 1 

( 2 is the remainder) 

< 2 6 4 > = 52, 52 + 2 0 = 32, 32 - 6 = 6 

( 4 is the remainder) 

< 2 6 4 5 > = 68, 68 + 4 0 = 28, 28 - 6 = 6 

( 8 is the remainder) 
<645> = 76, 76 + 80 = 4, 4 -*-6 = 0 

( 4 is the remainder) 

<45> = 40, 40 + 40 = 0, 0-6 = 0 

< 5 > = 25, 25 - 6 = 4 (1 is the remainder) 

If we use the fourth term of the expansion i.e. 


X 2 ^ ( X 4 ) 1 

~~2i | x | tjj x— then the calculations are as follows 


(referring to above steps for the product) 





= 2, 2 + 15 = 0 (2 is the remainder) 


'2 6 


1 1 


= 8,8 + 20 = 28,28-15 = 2 


(2 is the remainder) 


^2 6 4 ^ 


1 1 6 


= 22, 22 + 20= 2, 2 + 15 = 0 

( 2 is the remainder) 


6 4 5^ 


116 6 


= 57,57 + 20 = 77,77 + 15 = 5 

( 2 is the remainder) 


^2 6 4 5 0 


116 6 0 


= 65,65 + 20 = 85,85+15 = 6 


(5 is the remainder) 


With these calculations we have, Using series expansion 
terms, 



0 2 6 4 5 

0001 1660041 
0000002056 


1 .02634640521 
using vinculum 0.97366639481 
In the next article we shall take up the problems of sine 
function, tangent function using the series expansion. We 
shall use this method in solving transcendental equations 
after completing the methods for hyperbolic functions 
and exponential functions. to be continued ... 
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10 Best Problems 



th 

rchives 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
IIT-JEE syllabus. This section is basically aimed at providing an extra insight and knowledge to the candidates 
preparing for IIT-JEE. In every issue ofMT, challenging problems are offered with detailed solution. The readers ’ 
comments and suggestions regarding the problems and solutions offered are always welcome. 


1. If x % j\ + y + y'J\ + x=0 then ^ = 


1 


l + x 2 

1 

\ + x 


(b) 


-1 


(a) 

(c) 


dy _ 

2. If sin y = x sin ( a + y ), then - 


l + x 2 
(d) none of these 


sin 2 (g + ;y) 


(a) 

v sin a 
(c) sin 2 (a + y) 


(b) sin (a + y) 
sin(a + y) 
sin a 


(d) 


Um i= 

X ^oo\yx-cosx J 


(b) 1 

(d) none of these 


3. 

(a) 0 
(c) - 1 

if r/ \ i * 2 +5x + 3 

4. If /(*)=[ — 

(a) e 4 

5. Let a and P be the roots of ax 2 + bx + c = 0 then 
■ 1-cos (ax^ + bx + c) is equal to 


f .y-+5-r + 3 \ * lh( 
^ x 2 +x + 2 J 
(b) e 3 (c) e 


then lim f(x) is 

X— >oo 

■ 2 (d) 2 4 


lim ■ 

x->a 


( X-CL ) 2 


(a) 0 

(c) 4 (“-P )2 


(b) ^(a-p) 2 
(d) -^-(a-p) 2 


6. Find the domain of the function 


f( x ) = r ±-- 5 sin 


;sin 1 x* ^ j 

VJ+T 


where [.] denotes the greatest integer function. 

7. If a b a 2 , a 3 ... a„ are the roots of equation 

xf 1 - nax -b = 0 and (a { - o 2 Ha 1 - a 3 ) ... (a x -<x n )=A, 

then find the value of A - na x n ~ x . 


8. If left hand derivative and right hand derivative of a 
function/at V are finite, then show that/is continuous 
at ‘a’. 

9. Find the value(s) of 4 a ’ for which 

.. sin3;t + a sin2* 
lim r 

jc— >0 X 5 

exists finitely. Find the value of the limit also. 

10. If a, P are distinct real roots of the quadratic equation 
ax 1 + bx + c = 0, then show that 

1 — cos(fljr 2 +bx + c) _ b 2 - 4 ac 

C x-a ) 2 2 


lim • 

x-*a 


SOLUTIONS 


1. (d) : Squaring the given equation we will get 

-x - ** 1 


y= 


2. (a) 


l + x' 


dy 

Hence ~r = 


dx (l + x) 2 ' 


3. (b) : lim 


1 + 


sinx 

-i-and h m SlM=lim^H = 0 


1- 


cos a: 


x — >°° X 


4. (a) : Use the fact ^ ] 

lim (f(x)-l)g(x) 
e x ^*°° 

Where /( jc) 1 as * — > «>, g(x) -> 


5. 

6. As 


.. 1-cos ax _a 
(c) : Use the fact hm 5 “ 

y ’ x->0 X L 


M- 

-• It] ^ 


0£§<1 


2 

0< jc<3 


defined for x E R - [0, 3). 


sin _l jc 2 is defined for 0 < x 2 < 1 => x e [-1, 11 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile: 09334870021 
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3 jc + 1 ! is defined for 3x + 1 > 0 and 
(3 x+1)€ {0, 1,2,3, ...}=> *e{y,0,± |,..j 

is defined for x e (-1, °°) 


1 


yjx + 1 


2 sin 2 


- 1 — i — r- 

;l/3 2/3 1 

1 

2 

T 

.3 

2 

A6 {t} 



_ a 2 \b 2 Ac 




2 [a 2 a 




Given x n - nax - b = 0 
Root -> a b a 2 , a 3 , ... a„ 

x n - nax - b = (jc - a { )(x - a 2 )(x - a 3 ) ... (x - a„) 

y /! — w/Tjr — b 

or ( Y _ a[ ) ~ = (*- o^X* - a 3 ) ... (x - a„) 
or lim A b = lim (j-c^Xx-a-,) a„) 


JC — CXi 


x->ai 


lim (/(a) -/(a -/i))= lim 

/,_>o + /i->0 + 


= lim f'(a-) ■ h (as f'(a-) is Finite) = 0 

/i->0 + 

Similarly 

lim (f(a + h)-f(a))= lim f'(a+)-h = 0 
h-*0 + h->0 + 

Hence lim f(a-h) = lim f(a + h) = f(a) 

h->0+ /i-»0+ 

Hence /is continuous at a. 

T f sin3;c + flsin2jc 

Let / = lim t 

.X— >0 X 5 

.. 3cos3x + 2acos2x 
= hm 2 

.t — >0 3x z 

we should have g(0) = 0, 

where g(;c) = 3cos3x + 2 a cos2x, 

as the given limit exists finitely => a = - 3/2. 

„ , . .. 3 cos 3 jc- 3 cos 2.x 

Further / = lim 

x->o 3x 2 

cos 3x — cos 2x( 

Zi 




= lim 

jc— >0 


JC 

2sin 2x-3sin3x 


(! f “) 

(o fom ) 


= lim Tv 

jc— >0 Zx 

.. cos2.x-9cos3x 5 
= hm =- 0 

jc->0 2 2 

Thus a = -312 and limit value = - 5/2. 


10 . Jim 1 — c os(^ 2 + f . ± £>= lim 

JC-XX (jc-OC ) 2 x-»a 

= lim - — ^r<A- P) 2 

*-> a f a(jc-a)(jc-(3) 

2 


Z? 2 - 4ac 
2 


ax 2 +bx + c 


(x-a) 2 


1 tlCl 

or llm , = lim (Ar-a 2 )(jc-a 3 ) ... (jc-a„) 

X — 1 X KXj 


or net,"- 1 -na= (c^ - a 2 )(a! - a 3 )(a, - (X4) ... (a, - aj 
=> Ma!"' 1 - na = A 
A - wa 1 ' 1 ~ 1 = - na 

f(a)— f(a — h) h 
h 
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• additional resources an references including books, 
publications, associations, programs, and Web sites) 

• and much more, 


MTG BOOKS 

503, Taj Apt., Ring Road, Near Safdarjung Hospital 
New Delhi - 110 029 Tel.: 26191601, 26194317 
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CHINESE*™ 

Olympiad Problems 


SECTION 1 


Let n be any positive integer. A positive integer a is 
such that n 6 + 3 a is the cube of a positive integer. Which 
of the following statements is true 

(a) There are always infinitely many such a. 

(b) There are always at least one but finitely many such a. 

(c) There are never such a. 

(d) The existence of such a depends on n. 

2. In a rhombus of side length 5, the length of one of 
the diagonals is at least 6, and the length of the other is at 
most 6. What is the maximum value of the sum of the 
lengths of the diagonals? 

(a) \0yf2 (b) 14 (c) 5^6 (d) 12. 


2. The intersection of the sets { ( x , y)lbcl + lyl = a, a > 0 } 
and { (jc, y)lbcyl + 1 = \x\ + lyl } consists of the vertices of a 
regular octagon. What are the possible values of al 

3 . Let k be some integer greater than 1, and a be a root 
of x 2 - k + 1 = 0. For any integer n > 10, the units digit of 
a 2 " + a~ in is always 7. What are the possible values of the 
units digit of kl 

We have two copies of a triangle with side lengths 3, 
4 and 5, four copies of a triangle with side lengths 4, 5 
and V 4 I, and six copies of a triangle with side lengths 
5>/2 

— 4 and 5. Using these triangles as faces, at most 
how many tetrahedra can we construct simultaneously? 


3. Let a be an irrational number. How many of the lines 
through the point ( a , 0) contain at least two points both 
coordinates of which are rational? 

(a) infinitely many 

(b) at least two but finitely many 

(c) only one (d) none. 

4. A \A 2 A 3 is a triangle with A X A 2 = A 2 A 3 = 1 and 
ZA X A 2 A 3 = a, 0 < a < Initially, A 2 is at the origin 

while A 1 and A 3 are both on the unit circle. In the n-th 
operation, 1 < n < 100, the triangle is rotated 
counterclockwise about A n until A n+l is on the unit circle, 
where A n is taken to be A n _ 3 if n > 3. At the end of the 
100-th operation, what is the total distance traveled by 
the point A !? 

(a) 22 ji( 1 + sin a) - 66a (b) 

(c) 22rc+ 687t * ma -66a (d) 337i-66a. 


SECTION 2 


The sets {*, xy, log(xy)} and {0, bcl, y } are identical. 
2001 

What is the value of £ (jc 1 + y" l )l 

i=l 


5. Five brother-sister pairs took part in k activities. No 
brother-sister pair participated in the same activity. Any 
two people who were not a brother-sister pair were 
together in exactly one activity. One of the people 
took part in only two activities. What is the minimum value 
of*? 

Solutions on page no. 72 
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Contd. from page no. 26 


: ' a V r 3 


S = a 


( \ -r n ^ 


1 - r 


(as r < 1) 


••• s n 2 


'-'i 


= -(1-3-") 


v. (b): S„ = lim|fl-L )=§ 
3" J 4 


16. i. (in : Using AM > GM 


.■. 1+ /' >( fll ) 1/2 

... (*) 

( 1+ 2 02 ]*(*2) 1/2 


i^^K) ,/2 


now multiplying the above relations we have 



ti) - 2"(r • 

(a + b± 

( 3 


, 1/2 

(1 + a,) (1 -i- a 2 ) ... (1 + a„) > 2"(1) (as a, a 2 ... a„ = 1) 

,1/3 


fl l/3 +fc ./3 +c ,/3 


11 . (c) : 


=* a 173 + ^1/3 + c l/3 < 3 3-l /3 

=> p < \ 

9 3 

iii. (ii ) : (a" 72 - c" 72 ) 2 > 0 
=> a" + c n > 2(ac) nJ1 

n . n 

a +C _ , s „/2 


as 0 < m < 1 


• > 0 acy 

But GM > HM => (ac) 172 > b => (ac)" 72 > fc" 

from (i) & (ii) we get 

a n +c n , n 
=* — - — >b" 

* 5 +C 5 ,5 

— > b 


... 0) 

... (ii) 


2 

a 5 +c 5 

b 5 

X > 2 


> 2 By putting a = 5 


iv. (b) : Using the concept of mean of m ^ powers for 0 < m < 1 


(a 3 ) 173 + (fr 3 ) 173 + (c 3 ) 1/3 < f a? + b 5 + c J 


xl/3 


a + b + c <3 • 9 1 ' 3 


=> a + b + c < 3 573 

A + ft + cE (0, 3 573 ] ie0<a + /? + c< 3 573 

v. (c) : Using AM > GM 

tan a + tan b 4- tan c . 1/3 

> (tana • tan 6 • tanc) 


tan a • tanfc • tanc 


(tan a • tan b • tan c) 1-1/3 > 3 
(tan a • tan b • tan c) 273 > 3 
tan a • tan & • tan c > (3) 372 
1 

cot a • cot • cot c < 


> (tan a • tanb • tanc) 73 

(using given condition) 


cot a • cot b • cot c E 0, 


1 


1 3 75 


(as 0° < a, b, c < 90°) 


17. A -» p, t : S n = aa 2 + bn 

tn = S n - Sn - 1 

= an 2 + bn- a(a - l) 2 - &(a - 1) 

= a(2a - 1) + b 
= 2 na + b -a 

Again common difference : If sum of n terms of an A.P. is of the 
form An 2 + Bn then common difference = 2 x coefficient of a 2 
Common Difference = 2 x a = 2a 
Note : Common difference is generally calculated as D = /„ - t n _i 

S n = an 2 + bn + c 

.*. As the sequence is in AP c = 0 

/. t n = S n - S n . { = a(n 2 -(n- l) 2 ) + b(n - n + 1) 

= a(2a -l ) + b 
= a(2a - 1) + b + c 

t n = a(2a - 1 ) + b + c = a(2a - 1) + b as c = 0 
and common difference D = t n - t n _ { - ... - t 2 - t x -2a 
D = 2a 

_ a(a - 1) , 

C > u, n Given S n = na H - b 


tn — $n~ $n-l 

a(a - 1) 
= na + - 


2 b^n-V)a ^- l f- 2 h 

= a + (a - \)b 

Common difference D = t n - t n _y = b = t 2 - t\ 

: Given t a = b & t b = a 
Let t { = A and common difference is 
t a = A + (a - 1)D = b 
t b = A + (b - 1 )D = a 
=> A = a + Z?-1 & D = -1 
t n = a + b - n 

E -> r, v, w, i : = (a - 2)n 3 + (^ - l)a 2 + (c - 3)n + d 

Fact sum of n term of AP with first term A & common difference 

D is given by ^-[2 A + (n- 1)D] which is pure quadratic with 

no constant number 
.\ a-2 = 0&d = 0 

S n = (b - \)n 2 + (c - 3)n 
.*• t n = S n -S n ^ =(b- \) [2n - 1] + (c - 3) 

= b(2n -l)-2a + l+ c- 3 
= b(2n - 1) - 2 n + c - a 
= b(2n - 1) - (2n + 4) + c + 2 
= b(2n - 1) - 2(n + 2) + c + 2 
= b{2n - 1) - a{n + 2) + c + a (v a = 2) 
= 6(2h - 1) - a(n + 1) + c 
= ^(2a - 1) - a(n + 1 ) + c + d 
and common difference = 2 x coefficient of n 2 = 2(b - 1) 
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18. (a) : Given a, b,c y e AP => a + c = 2b 
Now -- + -~+ - > ( abc) 113 v AM > GM 

-» 3 * S (64)' /3 

b> 4 

=> Minimum value of b = 4 

=> Assertion (A) & Reason (R) both are individually correct 
& Reason (R) is correct explanation of Assertion (A). 

19. (d) : v AM > GM 
= 

=> a 2 + b 2 > lab ... (i) 

Similarly b 2 + c 2 > 2 be ... (ii) 

and c 2 + a 2 > lea ... (iii) 

on adding (i), (ii) & (iii) 

2 (a 2 + b 2 + c 2 ) > 2 (ab + be + ca) 

=> ab + be + ca < 1 

=> Assertion (A) false but Reason (R) is true 

20. (d) : Sum of n term of AP is given by 
*$„ = ^[2A + (n - 1)D] where A is first term & D is common 

difference. Hence, sum of n terms A.P. is always of the form. 
pn 2 + qn. So Reason (R) is true. 

Now In 2 + 3n + 1 is not an A.P. 

Assertion is false. 

21. (b) : Given a V3 + b V3 + c 273 + d 273 = 2 
2 

m = —, n = 4 (Number of variables are 4) 

2 2 

Using Arithmetic mean of -j power < ^ power of arithmetic 
means 


1 +b 2 


( a + b + c + d f /3 

4 J a* 0 


<m< 1 


-x4 2/3 < (a + b + c + d) 213 


4x 


(if« 


+b+c+d 


l 2 ' 7,12 < a + b + c + d =>a + b + c + d>\/2 
Assertion (A) & Reason (R) both are true but Reason (R) is not 
the proper explanation of Assertion (A) 

22. (a) : Given 3x + 4y = 5 ie ax + by = K 

the expression x m y n (m, n, > 1) will be maximum when 




ax by ax + by 

at — = — = - 

m n m + n 


is maximum and this is maximum 
K 


m + n 


(Here a = 3, b = 4, m = 2, n = 3, K = 5) 
x 2 y* be maximum at 

3* = 4y = 5 
2 ~ 3 “ 5 


*=3’ y = 4 


~ - 9 or 9a- = 8y 


Maximum value of x 2 y 3 


-(«- 


both Assertion (A) & Reason (R) are true and Reason (R) 
is correct explanation of Assertion (A). 

23. (a) : It is well known fact if S n = An 2 + Bn then common 
difference is twice the coefficient of n 2 
ie S n = An 2 + Bn 

t n = S n - S„_, = A(n 2 - (n -l f) + B(n-n+ 1) 

= A(2n- l) + B 
.*. t\ = A + B, t 2 = 3 A + B 

Common difference = t 2 - 1\ = 2A = 2 x coefficient of n 2 


(b) : If ax + by + cz = K then a m b" cP will be maximum 
K ... (*) 


at ax _ by _ cz _ 


m n p m + n + p 
In our case x = y = z = 1 , K = 18, m = 2, /i = 3, p = 4 
By (*) we have 

a _ b _ c _ 18 

2 ” 3 " 4 “ 2 + 3 + 4 
=> a = 4, b = 6, c = S 

Maximum (greatest) value of a 2 b 3 c 4 = 4 2 • 6 3 • 8 4 = 2 19 • 3 3 

20 

(c) : Sum of 20 terms of an AP a { a 2 ... a 2 o = -j-tfli + a 2Q ] 
Now a 3 + a 6 + ... + a I8 = 120 

=> 3 (a 3 + fli 8 ) = 120 
=> (^3 + «is) = 40 
=> a\ + a 20 = 40 

20 

•*. S 2 o = ~^ a \ +fl 2ol = 10(40) = 400 

(d) : S n = 5 + 55 + 555 + ... up to n terms 

= ^[9 + 99 + ... up to n terms] 

= |l(10 - 1) + (10 2 - 1) + (1U 5 - 1) + ... + GO" - 1)] 


-1 


-§H^ 

= AT^(10" 


• K - - 

(e) : X=£4r = 4- + -T + -T + -T- < 


••• I 


*".a 4 l 4 2 4 3 4 4 4 

1 111 


t~i (2 a - 1) 4 l 4 3 4 5 4 

,11111 
= -r + -T + -r + -r + -r + — °° 
l 4 2 4 3 4 4 4 5 4 


■(r*7 + F + --)-ii(F + 7*? + -") 


■ ■ 
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Olympiad Enrichment Series VII 




IT-JEE 2008-09 

This series is 

selected for their motivating, interesting and stimulating sets of quality 
problems, with a lucid expository style in their solution. 


1. Let 0 < a < 1. Solve x° x = a * 
for positive numbers jc. 

2. What is the coefficient of x 2 when 

(1 + jc)(1 + 2jc)( 1 + 4jc) ... (1 + 2"jc) 
is expanded? 

3. Let m and n be distinct positive integers. 

Find the maximum value of Lx™ - jc 71 !, where x is a 
real number in the interval (0, 1). 

4. Prove that the polynomial 

C x -ai)(x-a 2 ) ... (x-a n )- 1, 
where a\, a 2 , ...» a n are distinct integers, cannot be 
written as the product of two non-constant 

polynomials with integer coefficients, i.e., it is 

irreducible. 

5. Find all ordered pairs of real numbers (jc, y) for 
which : (1 + jc)(1 + jc 2 )(1 + jc 4 ) = 1 +y 1 

and (1 + y)( 1 + y 2 )(l + /) = 1 + jc 7 . 


SOLUTIONS 


1 . Taking log fl yields, a x log a jc = jc" 

Consider functions from R + — > R, 

f(x) = a x , gU) = log a x, h(x) = x a . 

Then both / and g are decreasing and h is increasing. 
It follows that/ ( jc) g( jc) = h(x) has unique solution 
x — a. 

2. Let f n (x) = a„ 0 + a n l x+ ... + a nn x n 

= (1 + jc)(1 + lx ) ... (1 + 2 n x). 

It is easy to see that a n 0 = 1 and 

a „ t , = 1 + 2 + ... + 2" = 2 n+1 - 1 
Since /„(*) =/„_,(x)(l + 2"x) 

= (1 + (2» - l)x + a n . h 2 x 2 + ...) (1 + 2 n x) 

= 1 + (2 n+1 - l)x + (a n _! 2 + 2^ - 2 n )x? + .... 

We have 

a n. 2 = a n- 1, 2 + l 2 " ~ 2" 

= «n-2, 2 + 2 2 ' 1-2 - 2"-> + 2 2n - 2" 


= 2 + ( 2 4 + 2 6 + ... + 22 ") - ( 2 2 + 2 3 + ... + 2 ") 


= 2 + 


2 4 ( 2 2n - 2 - 1 ) 


-4(2"-i-l) 


2 2n+2 -3-2" +l +2 (2 n+1 - 1)(2' ,+1 - 2) 

3 - 3 


3. By symmetry, we can assume that m > n. 

Let y = x m - n 

Since 0<x< l,x m <x" and 0 < y < 1 . Thus 

i 

I X m — X n I = X n — X m = X" (1 - X m ~ n ) = (y« (1 - y) 1 "-" )rn-n 

Applying the AM-GM inequality yields 




V* 


(1 - y) m ~ n 


(_5_Y 

( ( m-n)y , ^ 

n • — + (m- h )( 1 - y) 

n 


n + m-n 

K ) 


Therefore 


|jc m -jc n l< 


_ n n (m-n) m - n 


n n (m-n) n 


m" 


Equality holds if and only if 

(m-n)y , .. 

1 — y or jc 


w 


4. For the sake of contradiction, suppose that 
/to = (x “ 0i)(* - ai) • U - a n ) - 1 
is not irreducible. Let / (jc) = p(x)q(x) such that p(jc) and 
<7(jc) are two polynomials with integral coefficients having 
degree less than n. Then g(jc) = p( jc) + q(x) 
is a polynomial with integral coefficients having degree 
less than n. 

Since p(a,)q(.a ,) =/(a,) = - 1 

and both p(a,) and q(a,) are integers, 

lp(a,)l = \q(a,)\ = 1 and p(a,) + q(a ( ) = 0 
Thus g(x) has at least n roots. But deg g < n, so g(x) = 0. 
Then p(x) = - q{x) and f(x) = -p(x) 2 . 


70 
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which implies that the leading coefficient of /(jc) must 
be a negative integer, which is impossible, since the 
leading coefficient of/(jt) is 1. 

5. We consider the following cases. 

1 . xy = 0. Then it is clear that jc = y = 0 and 
(jc, y) = (0, 0) is a solution. 

2. xy < 0. By the symmetry, we can assume that x > 0 > y. 
Then (1 + jc)(1 + jc 2 )(1 + jc 4 ) > 1 and 1 + y 7 < 1. 
There are no solutions in this case. 

3. x, y > 0 and x*y. 

By the symmetry, we can assume that x > y > 0. 
Then (1 + jc)(1 + jc 2 )(1 + x*)>\ +jc 7 > 1 + y 7 . 
showing that there are no solutions in this case. 

4. x, y < 0 and x * y. 

By the symmetry, we can assume that x < y < 0. 
Multiplying by 1 - x and 1 -y the first and the second 


equation, respectively, the system now reads 
1 - jc 8 = (1 + / 7 )(1 -x) = l -x + y 1 - xy 7 
1 - y s = (1 + * 7 )0 - y) = l - y + x 1 - x 7 y 
Subtracting the first equation from the second yields 
jc 8 - y 8 = (x - y) + (jc 7 - y 1 ) - xyix 6 -y 6 ) (1) 

Since x < y < 0, jc 8 - y 8 > 0, x - y < 0, x 7 - y 1 < 0, 
- xy < 0 and x 6 - y 6 > 0. Therefore, the left-hand side 
of (1) is positive while the right-hand side of (1) is 
negative 

Thus there are no solutions in this case. 

5. x — y. Then solving 

l-x 8 =l-x + y 7 - xy 7 = 1 - jc + jc 7 - jc 8 
leads to x = 0, 1,-1, which implies that 
(;t,y) = (0, 0) or (-1,-1). 

Therefore (jc, y) = (0, 0) and (-1, -1) are the only 
solutions to the system. 


EXAM ALERT! 


BITSAT-2008 


A computer based online test for admission to Integrated First Degree Programmes; I Semester 2008-09 


The Birla Institute of Technology and Science (BITS), Pilani is a 
University established under Section 3 of the UGC Act. Admissions 
to all the Integrated First Degree programmes of BITS, Pilani at 
Pilani Campus, Goa Campus, and Hyderabad Campus, for the 
academic year 2008-09 will be made on the basis of a Computer 
based Online Test conducted by BITS, Pilani. The test is called 
'BITS admission Test-2008', in short as BITSAT-2008. 

1. Integrated First Degree Programmes to which 
admissions will be made on the basis of BITSAT-2008. 

(i) at BITS, Pilani - Pilani Campus (B.E. (Hons.), B.Pharma (Hons.), 
M.Sc. (Hons.), M.Sc. (Tech.)) 

(ii) at BITS, Pilani - Goa Campus (B.E. (Hons.), M.Sc. (Hons.), 
M.Sc. (Tech.)) 

(iii) at BITS, Pilani - Hyderabad Campus (B.E. (Hons.), B.Pharma 
(Hons.), M.Sc. (Hons.), M.Sc. (Tech.)) 

2. Eligibility 

Candidates who have passed the 12th examination of 10+2 
system from a recognized Central or State board or its equivalent 
with Physics, Chemistry, and Mathematics and adequate 
proficiency in English are eligible. 

(ii) For admission to B.Pharm.(Hons.) and M.Sc.(Hons.) Biological 
Sciences: Candidates who have passed the 1 2th examination of 
10+2 system from a recognized Central or State board or its 
equivalent with Physics, Chemistry, and Biology or Mathematics 
and adequate proficiency in English are eligible. Admission to all 
the programmes is subject to the conditions given below. 

The candidate should have obtained a minimum of aggregate 
80% marks in Physics, Chemistry and Mathematics subjects. 
Students who are appearing for 1 2th examination in 2008 or 
who have passed 12th Examination in 2007 only are eligible to 
appear in the BITSAT-2008. 


Admissions will be made purely on merit. The merit position of 
the candidate for admission will be based on the score obtained 
by the candidate in the BITSAT-2008. However, their eligibility for 
admission is subject to fulfilling the requirement of minimum marks 
in 12th examination, as mentioned. 

First rank students of all the central and state boards in India for 
the year 2008 will be given direct admission to the program of 
their choice, irrespective of their BITSAT-2008 score as per the 
eligibility criteria mentioned. 

In addition to applying for and appearing in BITSAT-2008, 
candidates have to also apply for admission to BITS giving details 
of their 12th marks and preferences to different degree 
programmes offered. The prescribed application form for admission, 
the detailed application procedure and the final list of degree 
programmes offered will be available at the BITS website, by 20th 
May, 2008. 

3. Details of BITSAT-2008 

It will be a 3 hour duration test. The test will be conducted during 
9th May - 1 2th June 2008. The syllabus and other details of the 
test are available in the BITSAT-2008 brochure, which will be 
available along with the application form for the test. 

(i) Complete the application form Online at 
http://www.bitsadmission.com/BITSAT/ and take the printout of 
the filled form. The completed application form along with the 
prescribed fees of Rs. 800/- (Rs. 400/-for female candiates) should 
be sent to Admissions officer, BITS, Pilani - 333 03 1 . 

Details for payment of fees are available at the website while 
applying online. 

Deadline to apply for BITSAT-2008 by submitting the completed 
form to the undersigned is 5.00 p.m. on 31st January 2008. 

For more details, please visit www.bitsadmission.com/BITSAT/ 
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CHINESE! 

Olympiad Problems 


SOLUTIONS 


SECTION 1 

. For any positive integer k , take a = 3 n A k + 9 n 2 k 2 + 9k 3 . 
Then n 6 + 3a = ( n 2 + 3A:) 3 . 

2. We may assume that 5D <6 < AC. Let Z ABD = 0. 
Then arc cos ^ 0 < -y • 

Now AC + BD = 10(sin9 + cos0) = loV2sin|^0+ j 

Note that <■? + arc cos ~ <~ + 0 < 

2 4 5 4 4 

In the second quadrant, sin * is a decreasing function. 

Hence the maximum value of AC + BD is attained 

3 

when 0 = arc cos Then AC + BD = 8 + 6 = 14. 

Of the lines passing through ( a , 0), y = 0 has the 
desired property but * = a does not. Suppose another line 
passes through two points (x b y^ and (x 2 , ^2) with all 
coordinates rational. Then X\ * x 2 , and y j * 0. The slope 
y 2 - y\ yj 

of this line is given by x ~ ^ This is impossible 

since the left side is rational but the right side is irrational. 

Ay does not move during the first rotation. In the 
second rotation, the angle between the initial position of 

2k 

A 2 A x and the final position of A 2 A 3 is — • Hence A x 

2k 

describes an arc with radius 1 and central angle -j- - 2a. 

During the third rotation, the angle between the initial 
and final positions of AyA^ is the same as the angle 
between the initial and final positions of Ay\ 2 , which is 

— . Hence A x describes an arc with radius A]A 3 = 2 sin a 

and central angle It follows that in one cycle of three 

2k 

rotations, the distance traveled by A ! is — (1 + sin a) - 2a. 

Since it does not move in the 100-th rotation, the total 
distance traveled by A j after 33 cycles is 
22tc(1 + sin a) - 66a. 

SECTION 2 

Exactly one of x, xy and log(xy) is 0. Since log(xy) is 

undefined if xy = 0, we must have log(*y) = 0 or y = -• 

1 

Now exactly one of btl and — is 1. 


coordinates 




Hence x = - 1 and y = - 1 . It follows that 
2001 2001 

I (x l +y~') = 2 1 (-l)‘=-2. 

1=1 1=1 

The second set consists of the lines x = ± 1 and 
y = ± 1, defining a square of side length 2. Suppose the 
regular octagon contains this square. Then its side length 

is also 2. One of the vertices has coordinates (1, 1 + yfl) 

and we have a = 2 + V2. Suppose the regular octagon is 
contained in the square. Let its side length be b. Then 

b + yj2b = 2 or b = 2( V2 - 1). One of the vertices has 
and we have a- 2 - -7= = \[2. 

n/2 

These two are the only possible valus of a. 

3. The other root of x 2 - kx + 1 = 0 is — , and we have 

a 

a+— = k. Let x = a in + a " 2 " . 
a 

Then x 0 = k and x n = x 2 n _\ - 2 for all n > 1. Let y n be the 
units digit of x m so that y 0 is the units digit of k. 

If y 0 is even, all subsequent y 9 s are even. 

If y 0 = 1 or 9, all subsequent y’s are 9’s. 

If y 0 = 3 or 7, all subsequent y’s are 7’s. 

If y 0 = 5, then yj = 3 and all subsequent y’s are 7’s. 

The desired condition is satisfied if and only if 
y 0 = 3, 5 or 7. 

4. Since each triangle has two sides of lengths 4 and 5, 
any constructive tetrahedron has a pair of opposite sides 
of length 4 and another pair of length 5. The remaining 

5V2 

two side lengths are chosen from 3 and V4L By 

Ptolemy’s Inequality, the product of these two side lengths 
is less than 5 2 + 4 2 = 41 and greater than 5 2 - 4 2 = 9. The 
only possible combination consists of 3 and V4L Since 
there are only two copies of the triangle with sides of 
lengths 3, exactly one tetrahedron may be constructed at 
a time. 

5. Designate the brother-sister pair as (A b A 2 ), (B {y B 2 ), 
(C lf C 2 ), (D b D 2 ) and (£ b E 2 ). We may assume that Aj 
takes part in only two activities, and that A x ’s companions 
in one activity are B\, C\, D\ and E\, while those in the 
other are B 2 , C 2 , D 2 and E 2 . Not counting A 2 , no other 
activity may involve three or more of the others, as 
otherwise two of them will have the same sub-script and 
have been together in an activity with A x . Hence there 
must be at least 12 other activities, involving separately 
the pairs ( B u C 2 ), (5 2 , Q), (£ b D 2 ), (£ 2 , Dj), (B h E 2 ), 
(B 2y EJ, (C 1? D 2 ), (C 2 , D,) f (C b E 2 ), (C 2 , E x ), (D,, E 2 ) 
and (D 2 , Ei). Hence k > 14. By adding A 2 to the first two 
and the last two of these 12 activities, all conditions are 
fulfilled. It follows that the minimum value of k is 14. 
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(pAs I 

IT-JEE 2008-09 

r/7/5 5er/e5 /s selected for their motivating, 
problems, with a lucid ex pc 

, interesting and stimulating sets of quality 
isitory style in their solution. 

ranaatpHiu fnr m zz ] XI. ... we obtain that b m + (1 lb ) is 


2(2* _ i)x 2 + (2* 2 - 2)x = 2 X + 1 - 2 for real numbers x. 

2. L et a be an irrational number and let n be an integer 
greater than 1 . Prove that 

(a + \/a 2 -l) 1/n +<a - Va 2 -l) 1/n 
is an irrational number. 

3- Solve the system of equations 
(*! - x 2 + Jc 3 ) 2 = ^2(^4 + *5 - *2) 

(*2 “ *3 + -* 4) 2 = x 3( x 5 + x \- x 3 ) 

(JC3 - X 4 + X 5 ) 2 = JC^JCj + X 2 ~ *4) 

(jC 4 - JC 5 + Jq) 2 = x s( x 2 + x 3~ x 5) 

(X 5 -X\+ X 2 ) 2 = x \( x 3 + x 4 ~ *l) 
for real numbers x\ y x 2 , x 3y jc 4 , x 5 . 

4. let jc, y and z be complex numbers such that 
JC + y 4- Z = 2 .x 2 4- y 2 + z 2 = 3 and xyz = 4. 

1 1 . 1 _ 

Evaluate 


b n + — = a + Jo 2 ~ 1 + a- va 2 - 1 = 2a 


b n 


is rational, in contradiction with the hypothesis. 
Therefore our assumption is wrong and N is irrational. 
3. 


Let x k + 5 = x*. Adding the five equation gives 

X (3jc* - 4x k x k + 1 + 2x k x k + 2 ) = £ (“•** + 2x k x k + 2 ) 
t=i 5 * =1 

It follows that X (** ~ x k x k +1) = 

Multiplying both sides by 2 and completing the 

X (**"**+ 1) 2= 0’ fr° m which 

k = 1 

x, = x 2 = x 3 = x 4 = x 5 . Therefore the solutions to the 
system are (x b x 2 , x 3 , x 4 , x 5 ) = (a, a, a, a, a) for a e R. 

4. 


squares yields 


xy + z-1 ' yz + x-l zx + y - 1 


5* Given that the real numbers a, b, c, d and e satisfy 
simultaneously the relations a + b + c + d + e = 8 and 
a 2 + b 2 + c 2 + d 2 + e 2 = 16, determine the maximum and 

1. Rearranging terms by powers of 2 yields 
2 X x + 2 


^ 2 - j- '’ J[+1 (x 2 - 1) - 2(x 2 + x - 1) = 0 


...( 1 ) 


Setting y = x 2 - l and dividing by 2 on both side, (1) 

becomes Vx + 2 x y — (x + >’) = 0 
or x(2> - 1) + y(2 x - 1) = 0 ...(2) Since/ (x) = 2* - 1 and 
x always have the same sign, x(2? - 1) • y{2 x - 1) ^ 0 
Hence if the terms on the left-hand side of (2) are nonzero, 
they must have the same sign, which in turn implies that 
their sum is not equal to 0. 

Therefore (2) is ture if and only if x = 0 or y = 0, which 
leads to solutions x = -1, 0 and 1. 


2 - LetN = (a + Va 2 -l) 1/n + (a - >/a 2 - l) 1/n 
and let b = (a + sfa 2 — l) 1/n 


Then N=b+ lib. For the sake of contradiction, assume 
that N is rational. Then by using the identity 


bm+ '+^-i b+ l){ bm + b m ) i b "' 1 v-> 
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Let S be the desired value. Note that 
jq> + z- 1 = ^+ 1 - *-? = (*“ 

Likewise, yz + x - 1 = (y - l)(z - 1) 
and zx + y - 1 = (z - 1)(* “ 1) 

Hence 

1 1 l 

S = 


(jc - l)(y - 1) ' (y-D(z-l) 
x + y + z - 3 


(z - 1)(* - 1) 
-1 


(x - l)(y - l)(z - 1) 

-1 


(jc - l)(y - 1 )(z - 1) 


xyz 


■ (xy + yz + zx) + jc + y + z - 1 

-1 


5 -(xy + yz + zx) 

But 2 (xy + yz + zx) = (x + y + z) 2 -( x2 + y 2 + z)~ l 

Therefore S = -2/9. 

5. since the total of b , c, d and e is 8 - a, their averag 
is jc = (8 - a)/4. 

Letb = x + b u c = x + c h d = x + d l ,e = x + e l 

Then + c, + d k + e x = 0 and 

16 = a 2 + 4x 2 +b\ + c 2 + d 2 + e 2 > 

a 2 +4x 2 = a 2 +(8-a) 2 /4 -(l 

or 0 > 5 a 2 - 16a = a(5a - 16). Therefore 0 < a < 16/ 
where a = 0 if and only ifb = c = d = e = 2 and a = Hj 
if and only if b= c = d = e = 6/5. 












70. The value of P(S or T) 

(a) 0.6900 (b) 1.19 (c) 0.8450 (d) 0 

P 71 . 73 : Paragraph for Question Nos. 71 to 73 

Three players A, B and C alternately throw a die in that 
order. The first player to throw a 6 will be the winner. A's 
die is fair whereas B and C throw a biased die with 
probability of throwing a 6 being p l and p, respectively. 


71. Probability of winning of A is 

1 1 
(a) TZZTT (b) 




6-5q,q 2 


(c) 


6-5 q x q 2 


(d) none of these 


72. Ratio of Probability of winning of B to Probability 
of winning of C is 


(a) 


<?i 

P\Pi 





73. Ratio of p t and p 2 so that the game becomes equally 
likely for all the three players. 

(a) 5 : 4 (b) 1:2 (c) 4 : 5 (d) 2 : 1 


SECTION-IV 


Matrix-Match Type 


This section contains 2 questions. Each question contains 
statements given in two columns which 
have to be matched. Statements 
(A, B, C, D) in Column I have to be 
matched with statements (p, q, r, s) ^ 
in Column II. The answers to these B 
questions have to be appropriately q 
bubbled as illustrated in the following ^ 
example. 


P Q r s 

too# 

o®®o 

••oo 

ooo® 


If the correct matches are A-p, A-s, B-q, B-r, C-p, C-q and 
D-s, then the correctly bubbled 4x4 matrix should be as 
shown. 


74. COLUMN - 1 COLUMN - U 

[A) Let A be the set of 4-digit (p) 210 
number abed, where a>b> c> d 
then n(A ) equal 

B) On a railway there are 20 (q) 300 

station. The number of different 
tickets required in order that it 

may be possible to travel every 
station to every station is ? 

C) How many numbers consisting (r) 60 
of 5 digits can be formed in 

which the digits 3,4 and 7 are 
used only once and the digit 5 
is used twice ? 


(D) How many different nine-digit (s) 180 
numbers can be formed from the 
number 223355888 by 
rearranging its digits, So that the 
old digits occupy odd positions ? 

75. COLUMN - 1 COLUMN - II 

1 B 1 

(A) If tana = - and tan ~ = -, (p) 30° 

then (a + P) = 

(B) In a scalene triangle ABC , if (q) 45° 

a cos A = b cos B then Z C equals 

(C) In a triangle ABC, BC = 1 and (r) 60° 

AC - 2. The maximum possible 

value which the Z A can have is 

(D) In a A ABC Z B = 75° and (s) 90° 

BC = 2 AD where AD is the altitude 

from A, then Z C equals 


ANSWERS 


1. a 

2. 

b 

3. 

b 

4. 

c 

5. b 

6. 

b 

7. 

c 

8. 

a 

9. a 

10. 

a,c 

11. 

a,b,c,< 

i 12. 

a,b,c 

13. a,b,c 

14. 

a,c 

15. 

b 

16. 

a 

17. b 

18. 

c 

19. 

d 

20. 

a 

21. d 

22. 

b 

23. 

b 



24. (A) - 

q; (B) 

- r; (C) 

- p; (D) - s 



25. (A) ■ 

■ p: (B) 

- q, s: 

(C) - 

q: (D) 

- q* r 


26. d 

27. 

b 

28. 

d 

29. 

c 

30. b 

31. 

d 

32. 

a 

33. 

b 

34. a 

35. 

a,b,d 

36. 

b,c 

37. 

a,b 

38. c,d 

39. 

c 

40. 

b 

41. 

b 

42. d 

43. 

c 

44. 

d 

45. 

b 

46. c 

47. 

a 

48. 

b 



49. (A) - 

q, r; (B) - q. 

s; (C) 

- P, s; 

(D)- 

P, s 

50. (A) - 

q, s; (B) - q. 

s; (C) 

- P, s; 

(D)- 

P> r 

51. c 

52. 

a 

53. 

a 

54. 

a 

55. b 

56. 

d 

57. 

a 

58. 

c 

59. d 

60. 

a,b,c 

61. 

c,d 

62. 

a,b,d 

63. b,c,d 

64. 

a,d 

65. 

b 

66. 

b 

67. c 

68. 

b 

69. 

a 

70. 

c 

71. b 

72. 

c 

73. 

c 




74. (A) - p; (B) - q; (C) - r; (D) - q 

75. (A) - q; (B) - s; (C) - p; (D) - p ■■ 

For Paper - /, refer Physics For You 
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CHINESE 



Olympiad Problems 


SECTION 1 


i What is the function whose graph is the reflection 
about the line jc + y = 0 of the inverse function/” 1 ^) of a 
function /(*)? 

(a) -fix) (b) -fi-x) (c) -/-'(*) (d) -/-'(-*)• 

2. The origin is inside the ellipse 
krx 2 + y 2 -4kx + 2ky + k 2 -\=0. Which of the following 


statements is true? 

(a) 1*1 > 1 (b) 1*1 * 1 (c) -1 < * < 1(d) 0<l*l< 1. 

3. Consider the sets M = {(jc, >’)IW + lyl < 1 }, 


(V = {(*,y)l 


Jm 

h 

hi' 

r 

i x+ i ) 


y 4) 

2 < 2V2} 


and P= {(x,y)IUt + yl< 1 ,IjcI< l.lyKl) 

Which of the following statements is true? 

(a) MC.PC.N (b) M C.NC.P 

(c) PcNcM 

(d) none of (a), (b) and (c) is true. 

4. The dihedral angle between any two of the three 
planes a, P and y is 0. Let a n P = a, P n y = b and 
y n a = c. Consider the following two statements. 

P : 0 > 7t/3 

Q : a, b,c concurrent. 

Which of the following statements is true? 

(a) P is necessary and sufficient for Q 

(b) P is necessary but not sufficient for Q 

(c) P is sufficient but not necessary for Q 

(d) P is neither necessary nor sufficient for Q. 

5 in the plane, let / be the set of all lines, M the set of 
lines each passing through exactly one lattice point, N the 
set of lines not passing through any lattice point, and P 
the set of lines each passing through infinitely many lattice 
points. Consider the following statements. 
P:MuWuP = / 


R:N*<j>,S :/’*<)> 

How many of them are true? 

(a) 1 (b) 2 (c) 3 


(d) 4. 


SECTION 2 


In the arithmetic progressions x y a\, a 2 , a?>, y and b\> 

* ^4 ~ ft? o 

x , b 2 , b 2 , y , b A we have jc * y. What is the value of _ ^ • 


In the expansion of (VI + 2) 2n + \ what is the sum 
of the coefficients of all the integral powers of xl 

CD and BE are altitudes of triangle ABC. If 


DE, 


ZBAC = a, what is the value of -^r? 


Each of two teams has seven players numbered 1 to 
7. In the first game, the two players numbered 1 play each 
other. The loser of each game is eliminated and replaced 
by the next player of the same team. Until all players from 
one team have been eliminated. What is the number of 
possible sequences of games? 

Solutions will be published in March issue. 
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1 0 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of 
IIT-JEE syllabus . This section is basically aimed at providing an extra insight and knowledge to the candidates 
preparing for IIT-JEE. In every issue ofMT, challenging problems are offered with detailed solution . The reader's 
comments and suggestions regarding the problems and solutions offered are always welcome. 


1. Discuss the continuity of the function 
f cos 7Lc - x 2n sin(jc-l) j 


/(jc) = lim 


l + x 2n+l -x 2n 


"C 


at x = 1 . 


■ = e-2. 


n 

2. Show that Jim I „, ( ^ + 3) 

3. Suppose <)>(.) is a differentiable function. If 

<j)(jc + y) = a °d <t>(5) = 2, <t>'(0) = 3, then find the 

value of <j>'(l). 

4. Find the domain and range of the function/, defined 

x 2 + 1 

by /(*)= , 2 

ln(jc +1) 

5. Show that sin[jc], where [.] denotes the greatest 
integer function, is non-periodic. Also show that there is 
no x for which sin[jc] = cos[jc] but there are infinitely 
many jc for which sinfr] = tanfx]. 

6. Lclf(x + y)=f(x)-f(y) + 2xy- 1, Vjc ,ye R. If/is 
differentiable and/'(0) = b, then find the set of values of 
b , if f(x) > 0, V jc. 

7. A function /is defined by 

~ ib 2 -a 2 ) 


/(*) = 


2 


xJ_ 

’ 6 




V 


3jc 


0< jc<« 
a<x<b 

x >b 


Discuss the continuity of/,/' and /" in [0, <*>). 

A function/(;c) is defined for x e [0, 1] and 

f(x)+f(y)=f(xy- yj\-x 2 -Vl-y 2 ) and 

K ( 1 ^ 7t 

/( 0) = — , / —j= = — . Find the function / (*). 

2 y\l2 j 4 

9. Discuss the continuity and differentiability of the 
function / defined by 


8 


fix) = [jc^I/jc 2 ]], JC * 0, where [•] denotes the G.I.F. 

10. Find the set of values of V for which the function 

‘jc 2 ' 

/:[- 3, 3] — » /? defined by fix)= — 

an (i) even function (ii) odd function. 

([•] denotes the G.I.F.) 


tan ojc + sec ax is 


SOLUTIONS 


1. For, 0 <x< 1 


„ f cos7Lc - jc 2 " sin(^r - 1) 

/(*)= . , 2w+ l 

COS7LC-JC 2 " -sin(jc-l) 


For jc = 1 
fix)= lim 
For jc > 1 
/ (jc) = lim 


= lim 


\ + x 2n "-x 2n 


cos TLX — x 2n sin(x — 1) 


= COS7LC 


= COS K = - 1 


l + jc 2n+I -jc 2rt 

COS7LC 1 . / 

~Z>*\ — sin(ac-l) 


1 +1-1 


jc 2n+1 JC 


sin(jc- 1) 
il-x) 


Thus, we have 

COS7LC , 0< x< 1 

-1, JC = 1 

sin(jc-l) 


fix) = 


jc > 1 


( 1 -*) 

im/(l 
-+o J v 

= lim cos(7t - nh) = - 1 


L.H.L. = lim /(I - h) = Jim cos7t (1 - h) 


R.H.L. 

. sin[(l + /i)-l] .. sin Ai 

= lim/(l -\-h)~ lim — — — — = lim — — = -1 

h-*o j h—*o [1 — (1 + h)] h ^° -h 

and /(!) = — 1 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile: 09334870021 
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Thus !? m/0-A)= lim f{\ + h) = f{\) 

h-> 0 h-> 0 

Hence /( jc) is continuous at jc = 1. 

2 . 


n n 

lim£— 

Ff — lOO “ 


„ = lim V — - — "C K -77 

— ££ n‘(tf + 3) »-“"(/T + 3) n K 


= jU,m£-c,fi)‘L 

= fjc 2 limfl + — 1 dx 

0 n_ H n; 

1 / \-* ‘ 

= f jc 2 lim 1 + - c£c = J x 2 e x dx 
0 n) J 0 

= jc 2 j^d^c- J^-(jc 2 )(J^ x dx) d^cj 
= [ jc V - 2 jxe x dx J ^ = *?- 2 J xe x dx 


= e-2 


x^e x dx- <£c 


= «-2[*. «*-#*]* = e-2 = R.H.S. 

3. Given <t>(* + y) = (J>(.x) . 00) 

or 0 (jc) = <K*) . 0(0) 

or 0(0) = 1 

since (ini ; = fW 


Proved 




*-*0 h 
■ 4>( jr)4>(/i) — <t>( x) 


lim 

A ->0 


= V(X) 


or hm ; = <|) (x) 


*-*0 h 


= V(x) 


_ 4<K-t)] 


or lim 

'■-*» n 

or 0(x) • 4>'(0) = 
or 3(j)(x) = (j)' (x) 

or 3<|>U) = ^j^ or 3 dx = - 

dx <t>(jr) 

Integrating both sides 
3jc = ln0(jc) + C 
Put x = 5 

15 = ln0(5) + C 
or 15 = ln2 + C 
/. C = 15 - ln2 
Putting the value of ‘C in (3) 


...( 2 ) 


...( 3 ) 


3x = \nty(x) + 15 - ln2 or ln0(jc) = 3jc + (ln2) - 15 

• — ^3x+<ln2>-l5 _ ^3x-15 . ^In2 

0(jc) = 2e 3x ~ 15 then 0(1) = 2e~ 12 
From (2) 

=> 30(jc) = 0' (jc) ij) 7 (1) = 30(1) = 6e~ 12 
4. /(jc) is defined if lnl x 2 + 11*0 

=> jc 2 -f- 1 ^ 1 => jc q* 0. 

Thus domain of/= R - {0} 

Now let / = x 2 + 1 , then t > 1. 


Let g(t) = 


t 


>g\t) = - 


. 1 
In/-/ .- 


/ _ 


In / — 1 
In 2 / 


In/ w ' ' In 2 / 

Thus g(t) decreases forts ( 1 , e] and increases for / s [e y °°) 


g(e) = — = e 
me 


We observe that lim #(/) = «> anc j 
i-*r 

lim g(t) = lim — = lim— = °o 
In/ '->-1 It 

Thus range of g is [ e , «>). Hence range of/[e, oo) 

5. Let / (jc) = sin [jc]. If/is periodic and T> 0 is one of 
the periods, then /(jc + T) =/ (jc), V jc 
=> sin[jc + 7] = sin [jc], V x 

If x = 0, then sin [7] = 0 => [7] = nn, for some integer n. 
Since [7] is an integer and nn is an integer only when 
n = 0, [71 = 0 

If x = T, then sin[27] = sin[7] = O => [2 7] = 0 proceeding 
this way. 

[7] = [2T] = [37] = = 0, which is not possible for 

any T > 0 

Hence sin[jc] is not a periodic function. 

If sin[jc] = cos[jc], then [jc] = nn + 7t/4, ns I, which is not 
possible for any jc as L.H.S. is an integer and R.H.S. is 
never an integer. 

However if sin[jc] = tan[jc], then [jc] = nn,ns /, which is 
possible only where 
[jc] = 0=>0<jc< 1 


6. Putting x = 0 = y in the given functional equation, 
we get / (0) = - 1 . 

Now /-,,, = | ln , /(*+»-/M 

A-»o h 


lim f(x) - f(h) + 2xh f(x) 

h->0 h 


= 2jc-lim m-m 

x-,0 h 


2jc~/'( 0) = 2jc-d 


=> /(jc) = x 2 - bx + c 
Putting x = 0 we have c = - 1 . 

Hence/(jc) =x 2 - bx - 1 
The discriminant D = b 2 + 4. 

For/(jc) > 0, V jc, D < 0, which is not possible for any b. 
Hence there is no such b. 
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7. /(0) = /«T) = 


b 2 -a 2 


,, x „ _ x b 2 -a 2 ,, +x b 2 a 2 a 3 fc 2 -a 2 

/(a) = /( fl ) = — /(« ) = _ 


f> 2 i> 2 a 3 f> 2 a 3 

2 6 3b 3 3fc’ 

1,3 _3 i,3 _3 i,3 _3 

b —a b —a _b a 
" ~~3~3b 


f(b) = f(b-) = 
f(b+) = 

36 36 

Hence /is continuous every where in the domain i.e. [0, <») 


Now /'(*) = 


0 , 0 < x < a 

x a 3 . 

— + — r, a<x<b 
3 3a: 2 


( a'-b 3 ) 


l 3 jc 


x > b 


/V)= o, /V)=o, 

3 3b 


f'(b*) = 


a 3 -fe 3 

3b 2 


Thus/is differentiable at ‘a’ and ‘ b\ Hence 


/'(*) = 


0 , 0 <x<a 

x a 3 _ , 

— + — r, a<x<b 
3 3x 2 

a 3 - b 3 


3x 2 


x>b 


Thus /' is continuous every where in (0, °°). 


Again f"(x) = 


0 , 0<x<a 

1 2a 3 

7 , a<x<b 

3 3x 3 

2(b 3 -a 3 ) 


3x 


x>b 

W/ „ +x = Z l_2^ 

3 3a 3 

2(6 3 - a 3 ) 


r(a-) = 0, f'Xa ) = * f"(a) 

3b , 


= />“) 


2_2a 3 
3 36 

Hence /"(fl) and /"( 6 ) does not exist 

Hence /"(jc) is continuous every where in [0, °°) expect 

at V and ‘ 6 \ 

y[l^f(-2x) 


8 . f\x) = f\xy-yll^yji^y 1 ) 

Put x = 0 

/'(0) = /'(->/i r 7)(y) 


y- 


2%/i^j 


y 

Put — \/l — y 2 = t=>y = -Jl^? => /' ( 0=^^ 

=> /(/) = -/'(0)cos _l / + c 

Put t = 0 

^ = -/'(0)| + c ...(1) 

Pm ,= ‘ , j=-/( 0)^- ...(2) 

from ( 1 ) & (2), /(jc) = cos-'jc. 

9 . /(jc) = [jc 2 [1/jc 2 ]]. Obviously /is an even function. 
Hence it suffices to discuss the continuity and 
differentiability of/for jc > 0 (fis not defined for x = 0). 
If x 2 > 1, then [1/jc 2 ] = 0 and hence /(jc) = 0, which is 
every where continuous and differentiable. 

Further for 0 < jc < 1, \ > 1 

JC 

If n<\<n + \ , for some n e N, then [1/jc 2 ] = n and 

JC 

hence for such jc, /(jc) = [x 1 • n] 


But 


1 


< jc 2 < — => ■■ < jc 2 n < 1 =» [jc 2 n\ = 0 


n + 1 n n + 1 

=> /(jc) = 0 , which is every where continuous and 
differentiable. 


If — T = for some ne N, then / (*) = 

JC 


1 

— n 
n 


= 1 


Hence for jc > 0 and n e N, /(•*) - 


1, if jc 2 =- 
n 

0 , otherwise 


Thus /is not continuous at ne N. Hence /is 

not differentiable at jc = ±- 7 = • Further for jc * 0, 

\ln 

x * ±-j= f is a constant function, therefore / is 
yjn 

continuous and differentiable. 

10. (i) If/ (jc) is even, then f(-x) = f(x) 


= 0, V jc g [-3, 3] 


=> 0 < — < 1 , V jc e [-3, 3] => 0 < x 2 < a (as a > 0 ) 
a 

V xe[-3, 3]=> a > 3 2 
(ii) If / is an odd function, then 
/(- x) = -/ (jc) => 2sec ax = 0,Vxe [-3, 3], which is 
not possible for any a. ■■ 


V' 

tan ax = 0 =» 

v 


— 

a 


a 
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CHINESE'S 

Olympiad Problems 


SECTION 1 a 

SECTION 2 

1. ABC is an acute triangle. In which quadrant of the 
complex plane does the complex number 

1. What are the possible values of a if log a V2 < 1? 


(cos# - cosA) + / (sin B - cos A) lie? 

(a) first (b) second (c) third (d) fourth. 

2. What is the range of the function 

/( jc) = arc tanjc + -^arcsinjt ? 


(a) (-71, 71) 


(b) 


I - 3n 3 k 

L T* T 


( 3k 

3tO 

r rc 

K 

l"T’ 

tJ 

(d) 

2. 


3. Let / (x) be any function. About which line are the 
graphs of y =f(x - 1) and y = /(- x + 1) symmetric? 

(a) y = 0 (b) jc=1 

(c) jc = — l (d) jc = 0. 

4. How many of the triangles whose vertices are chosen 
from the vertices of a rectangular block are acute? 

(a) 0 (b) 6 

(c) 8 (d) 24. 

5. How many elements are in the intersection of the sets 

t .1 + / _ „ 1 

|zlz = — + /— , te R, /*0, -lj and 

{ z I z = \/2(cos(arc sin/) + jcos(arc cos/)), 


/e R, I/I < 1)? 


(a) 0 
(c) 2 


(b) 1 
(d) 4. 


6. Let M = [u I u = 12m + Sn + 4/, m y n, l e Z} 
and N = {u\u = 20p + \6q + \2r, p y q y r eZ) 
Which of the following statement is true? 

(a) M = N (b) N czM 


(c) MczN 


(d) M<^N, N^M 


2. The equation of line / is 2jc + y = 10. A line / ' passing 
through the point (-10, 0) is perpendicular to /. What are 
the coordinates of the point of intersection of / and / '? 

3. Let/otx) = \x\ ,/,(*) = j/bU) - 1 1 and/ 2 (;c) = \f\(x) - 21. 
What is the area of the finite region enclosed between the 
x-axis and the graph of y =/ 2 (jc)? 

4. Which positive real number jc has the property that x , 
|_jcJ and jc - |_jcJ form a geometric progression ? 

Solutions on page no.8J 
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Survival 
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mean) 

• the truth about IQ, tests, and 
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• how to take charge of your life 
(including expectations, 
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CHINESE 

Olympiad Problems 


SOLUTION 


1. We have A + B > — sothatO < --A < B < — 

2 2 2 


Hence cos B< cos 


and sinfi>sin 


(f-^ = si 


cos A 


Since cos# - sinA < 0 while sin B - cosA > 0, the point is 
in the second quadrant. 

2. The domain of f(x) is [-1, 1]. On this interval, 

— - ^ arc tan * < — and — < — arc sin x<—. 

4 4 4 2 4 

Moreover, both arc tanr and arc sinjc are continuous and 

k n 


increasing, so that the range of f(x ) is 


2 ’ 2 


3. Since -x + 1 = -{x - 1 ), the two graphs are symmetric 
about the line x - 1 = 0 or x = 1. 


4. The eight vertices of the block determine 



= 56 triangles. 


each of which is either an acute 


triangle or a right triangle. Each vertex of the block serves 
as the vertex of the right angle in three triangles whose 
hypotenuses are face diagonals of the block, and three 
triangles whose hypotenuses are space diagonals of the 
block. Hence there are 8(3 + 3) = 48 right triangles and 
56 - 48 = 8 acute triangles. 


5. For the first set, let x - — and y = 

f + 1 ' t 

Then xy = 1 with x * 0 or 1. In the second set, let 
x = \[2cos(arc sinf) = >/2>/l - 1 2 
and u = yflt 

Then x 2 + y 2 = 2 with 0 < x < 2. The hyperbola and the 
circle intersect only at the points (1, 1) and (-1, -1), both 
of which are excluded. Hence the two sets have empty 
intersection. 


6 . Since 20/? + 16? + 12r = 12r + 8(2 q) + 4(5/?), 
every element of /V is an element of M . Since 
\2m + 8/2 + 4/ = 20 n + 16/ + 12(m - n-l ), 


every element of M is an element of N. Hence M = N. 

Section 2. 

1. Let y = log a V2. Then a y = V 2 . 

Note that a > 0 and a * 1. If 0 < a < 1, then y < 1 is 
equivalent to a y > a 1 or y[2 > a , which certainly holds. 


If a > 1, then y < 1 is equivalent to a 1 > a y or a > V 2 . 

Hence the desired values are 0 < a < 1 and a > yfl. 

2. The slope of /' is -1/2 and its equation is x - 2y = -10. 
Combined with 2x + y = 10, we have (jc, y) = (2, 6). 

3. The graphs of f x (*) and f 2 (x) are plotted in the diagram 
below. 



or 


Hence 


x 

w 

X 


[X] 

1+J5 


- 1=0 


M 2 

Since the negative root must be rejected. Now 

0 < X - [*] = ^ 1 [*] = — 2 / - [x] < 1 


, „ r 1 + yfs 

so that 0 < [x] < < 2. 


It follows that [jc] = 1 and x = 


1 + V5 1 
1 + V5 


Long night studies do not help 
you to remember. After you 
have studied, think about it 
intensely, and see whether you 
can get all the logical steps of 
the derivation. Every step 
should be understood. 
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Ddl 


MU S 


SOLUTIONS (SET -61) 




1. (d) : Only III is false. 

, . „ F-(Sx(5xS)) 4„ „ 2 F r 

2 - (c,; — iTTTi — 3 F --3 F ' i ’' 

3. (b) : The conjugate of iz 2 = (z) 2 + z ...(1) 

is -i(z) 2 = z 2 + z —•(^) 

(1), (2) => z = ~iz => 1 z I = 1, 

z = ±«ZH=>z 2 =-i. 

V 2 

4. (b) : x 2 + y 2 - a 2 = Xy => (x 2 - a 2 - y*)y\ = 2ry. 
The desired curves are the solution of 

2 2 

2vv, - — = a: namely, x 1 + y 2 = cx - a 1 . 

1 x x 

5. (c) : The number of 5-digit numbers is 
5 • 5 • 4 • 3 • 2 = 600 

The number of them divisible by 6 is 108. 
Probability = 9/50. 

6. (b) : Area of triangle ABC = abc/A 
The height of the triangle = ab/2 

= i I Z2 ~ Z3 II Zi - Z3 I • 

21-5 


1-5 I 4 I 2 

J J l -~T dX+ 1 < 2 ~ xdx 

" ' 2 1-5 


,li ■ 

•V3- VS 


on the ellipse and 


7. (c) : Area = 4 

= 4tan _1 2>/2. 

8. (c) : The points [ 2 

^yjjy -J=j on the circle are the ends of a common 

tangent. 

9. (a) 

10. (a) - (q), (b) - (r), (c) - (s), (d) - (p) 

(a) Range is |] 

(b) Range is [jj, |] 


. f 1 9 1 

(c) Range is I — g, g I 

• T 1 7 " 

(d) Range is g 


SOLUTIONS (SET -62) 


f r 3 + 1^ 

_ 3 

n(n + 1) 


”2 

l n * +n + l J 


— » - as n -* oo 


2. (c) : The mean value theorem for /(*) = x U5 in 
3125, 3126] yields N= 3126 = 2.3 521. The sum of the 

divisors of N is 6264 

3. (b) : Let p = a a, q = b (3 

a 2 p + q = a 3 + h 3 , p 3 + q 3 = a 3 + h 3 

=>a-P = P 2 -a 2 =>a + P+l=0=>/ip + a<7 + afc = 0 

4. (c) : (z, ± i z 2 ) 3 = 2 ± lli 

z, J + z\ = (z, + i z 2 ) (Z| - « z 2 ) 

= (2 + 11/) 1/3 (2 - lli) 1/3 = 125 1/3 = 5 

5. (d) : [ahc] 2 =l + 2(a h)(h c)(c a) 


-( a-h) 2 -(hc ) 2 = 


2 _ -Ji — •Ji 


2V2 


r VV6-2 

[a/ic] = 

6. (d) : The number of ways of getting the sum atmost 

12 is the coefficient of x 8 in 


= 435 

The desired number is 6 4 - 435 = 861. 

7. (a) : The d.r’s of the lines are - 3, 5, 7 and 1, 1,0. 

T 


The desired angle is cos - ^ j — 

8. (b) : The lines meet at the point (-1,4, 4) whose 

distance from the origin is >/33 

9. (c) : The plane through the lines is 

7x _ 7 y + 8z + 3 = 0. The distance of the origin from it 

iS 3^ 

10. (a) - (S), (b) - (P), (c) - (Q), (d) - (R) 

(a) y = ^=>y = Ae x/a (b) yy' = a=*y 2 = 2ax + c 


(c) y” 2 * ^ y 2 ~ cx (d) yy = x => y 2 - x 2 = c 
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b = a - 2 (d - a • h)h => = a -(d - a • /i)/5 

For this r, r h - d 

=> r*w = 3*w + (^/~2* h)(/? ■ n) = d 

=> the point ^ * a - lies on the plane r n = d also 
b - a = 2(d - 5 • /?)(«) => (b -a)xfi = 0 

Thus the point in choice (c), both condition for any image are satisfied 
=> (c) is correct. 

21. (a) : If we take line through a & along normal to the plane then 
the line r = a + tc => b = c,c = n since the correct answer should 
be d -an (perpendicular distance of a from the plane) we 
conclude the choice (a) is correct. 

22. (a) : Let y = mx be any chord through (0, 0) this will meet conic 
at point whose .r-coordinate are given by 

x 1 2 + m 2 x 2 + mx 2 = 0 => .r 2 (l + m + m 2 ) -1=0 

=> — * — = 0 => \\ = m-X\ and y 2 = m-x 2 

=> J-I +y 2 = /n(JT| +.r 2 )=> ^4^- = 0 . 

23. (a) : Let E { be the event of both getting the correct answer and 
E 2 the event of both getting wrong answer. Let E be the event of both 
obtaining the same answer. 

= 8 12 = 96’ 


P(E 2 ) = 
E ' 


if 


77 

68 


= UP 


< E^ 
V 2 J 


1001 


(E±\ 

E 

\ 


P(E X ) 


P{E X ) + P 


E_ 

e 2 


P(E 2 ) 


1 96 


!-i + 


13 


1 77 14 


96 1001 96 

24. (a) : The equation of circle contains three independent constants 
if it passes through three non-collinear points, therefore A is true & 
follows from R. 

25. (d) : The Assertion A is false since the lines x = 1, 
x = 2, jc = 3 satisfies. 


1 0 -1 
1 0 -2 
1 0 -3 

a, 6, Cj 

a 2 b 2 c 2 

a 3 ^3 c 3 


= 0 


= 0 


but they are not concurrent. 

The Reason R is true 

(Note we must note the determinant) 

(does not represent the area of any 
triangle related with given line) 


CBSE head blames 3Cs 

Cricket, Cinema, Computers 

In a society where students are expected to at 
the least secure A-grades, Cs are obviously 
looked down on. Hence Central Board of 
Secondary Education (CBSE) chairman Ashok 
Ganguly should logically frown at 3 Cs. 
However, when Mr Ganguly makes the point 
at an annual day function of a Delhi school 
that the three Cs he wants parents to control 
their children's indulgence in are cricket, 
cinema and computers, there is scope for 
discussion. He cites the instance of a student 
ringing him up to request postponement of 
the 2007 CBSE exams so that cricket fans could 
watch the 50-over World Cup which comes 
once in four years. The student, he adds, rang 
him up after the results were out to thank him 
for his advice that the CBSE exam came once 
in life. However, what Mr Ganguly does not 
mention is that the over-indulgence in what 
he terms as the three Cs could itself be a 
reaction to the intense pressure on a student 
in the final years of school. Even while 
simultaneously trying to top the CBSE exams, 
many students are also preparing for the joint 
entrance exams to the NTs. 

The problem is simply that the number of seats 
in prestigious institutes like the NTs are very 
few when compared with the overwhelming 
response from applicants (less than 1 : 100). 
Which is why the cinema offers some kind of 
escape from the unremitting routine of 
preparation followed by more preparation. In 
fact, the biggest beneficiary of the existing 
system is not so much the student as the 
promoter of cramming classes who claims that 
his coaching can improve the applicant's 
chances of not only getting into an IIT but also 
securing the subject of choice. At the graduate 
level, there are the cramming shops which 
claim to improve the applicant's chances of 
getting into the IIMs (admission-ratio is 1 : 
140). Given the intensity of preparation, it is 
not surprising that many Indian students rely 
on cricket, cinema and the computer to try and 
get away from the rat race! 

Courtesy : Economic Times 


Olympiad Enrichment Series-VIII 
'Zftfi I IT- J EE 2008-09 

This series is selected for their motivating, interesting and stimulating sets of 
quality problems, with a lucid expository style in their solution. 


1. Find the real zeros of the polynomial 

P a {x) = ( x 2 + \)(x - l) 2 - ax 2 , 
where a is a given real number. 

~ , 1 3 In - 1 1 

2. Prove that — < — =■ 

2 4 2 n 

for all positive integers n. 

3. Let P{x) = a$x!' + a x x^~ x + ... + a n 

be a non zero polynomial with integral coefficients 
such that P(r) = P(s) = 0 for some integers r and s , 
with 0 < r < s. Prove that a k <-s for some k. 

4. Let m be a given real number. 

Find all complex numbers x such that 
\ 2 / v 


jc + 1 


jc-1 


= m + m. 


5. 


The sequence given by jc 0 = a, x x = b, and 
if 1 ' 


x n + 1 ~ 2 


*71— 1 


is periodic. Prove that ab = 1. 


SOLUTIONS 


1. We have (jc 2 + 1)(jc 2 - 2x + 1) - ax 2 = 0 
Dividing by jc 2 yields 


JC + 


iy,-2 + i 

*A 


- a = 0 


By setting y = x+ 1/jc, the last equation becomes 
y 2 -2y- a = 0 

It follows that x + — = 1 ± >/i + a, 
x 

which in turn implies that, if a > 0, then the polynomial 
P a ( x) has the real zeros 

1 + Vl + a ± yja + 2 Vl + a - 2 

* 1.2 = 2 

In addition, if a > 8, then P a (x) also has the real zeros 

1 - Vl + a ± \la - 2VT+ a - 2 
* 3 . 4 “ 2 
2. We prove a stronger statement : 


13 2 / 2-1 


1 


13 2k 2k + l 


1 


2k + 1 


7116,1 2 4"’ 2k 2k + 2" V3ATT 2k + 2 
In order for the induction step to pass it suffices to prove 


that 


1 


2* + l 


1 


•J3k + l 2k + 2 \hk + 4 


This reduces to 


2k + 1 
2k + 2 


\2 


V 


3& + 1 


3A: + 4 

i.e. (4A: 2 + 4k +1)(3 k + 4) < (4k 2 + U + 4)(3k + 1) 
i.e. 0 < k, which is evident. Our proof is complete. 
Comment : By using Stirling numbers, the upper bound 
can be improved to 1/ Vrcn for sufficiently large n. 

3. Write P(jc) = (x - s) x?Q(x) and 

Q(x) = b 0 x m + b lX ”- 1 + ... + b m 
where b m * 0. Since Q has a positive root, by Descarte’s 
rule of signs, either there must exist some k for which 
b k > 0 > b k+ 1 or b m > 0. 

If there exists a k for which b k > 0 > b k+h then 

a krl — — s ^k + ^ ~ s - 

If b m > 0, then a m - - sb rn <-s 

In either case, there is a k such that a k <- s, as desired. 

4. Completing the square gives 

/ \2 o J2. 


X X 

r + — 

X + 1 X 


i.e. 


2jc 


\2 


JC Y 2x 2 

-ij x 2 -i 


+ m + m. 


jc 2 -1 

v / 


2jc 

jc 2 -! 


+ m +m 


Setting y = 2jc 2 /(jc 2 - 1), the above equation becomes 
y 2 -y- (m 2 + m) = 0, 
i.e. (y-m- l)(y + m) = 0. 


Thus 


2jt 

x 2 -\ 


= -m or 


2jt 

jc 2 -! 


= m + 1 , 


2 4 2n V3/2 + 1 

We use induction. For n = 1 , the result is evident. 
Suppose the statement is true for some positive integer k , 

i 1 2k ~~ X L_ 

Le - 2 ' 4 "’ 2k < J3k + 1 


which leads to solutions 

if m * - 2 and jc 


-4 


mi- 2 


=± fe±I 

y m-l 


if m * 1 . 


5. Multiplying by 2 jc„ on both sides of the given 
recursive relation yields 

2x„ -* n +l = x n-l x n + 1 or 2 (*n X n+i - 1) = X n _ x X n - 1. 

Let = Xn-iXn - 1 for n e N. Since >> n+ , = y„/2, {>„} is a 
geometric sequence. If jc„ is periodic, then so is y n , which 
implies that y n = 0 for all n € N. Therefore 

ab = jcqXj =yj + 1 = 1. ■■ 
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CHINESE !—— 

Olympiad Problems 

Questions Published in Feb. Issue on Page-80 


SOLUTIONS 


1. The graphs of f(x) and f~ l (x) are symmetric about 
the line jc-y = 0 while the graphs of and the desired 
function are symmetric about the line x + y = 0. Hence 
the graphs of /(jc) and the desired function are symmetric 
about the origin. It follows that this function must be 
-/(-*)• 

2. There are points (jc, y) outside the ellipse that are 
sufficiently far from the origin, so that the left side of the 
equation is positive. It follows that for points inside the 
ellipse such as the origin, the left side of the equation is 
negative. Hence k 2 - 1 < 0 . However, if k = 0, the curve 
is a pair of straight lines rather than an ellipse. It follows 
that we must ihave 0 < I k I < 1 . 

3. In the diagram below, the 
region M is the square 
symmetric about the origin 
while P is the hexagon. It is 
easy to verify that the four 
vertices of the square are inside 
the ellipse N while the other 
two vertices of the hexagon are 

on its boundary. It follows that M c P c N. 




from X\ as otherwise we will have x { = x 2 . Together with 
(jcj, yj), it determines a line of slope. 

y 2 + k(y 2 - = y 2 ~ V| 

x 2 + k(x 2 - •*,)- x, x 2 -x,' 

Hence the point also lies on /, which passes through 
infinitely many lattice points. It follows that P is also 
true. 

6 . We have 

2 8 

b 4 -b$ = l(b 2 -bi) = ^ ( y - x) = j(a 2 - 

bt - bi _ 8 
Hence ~ 3- 

7. Let (2 + ^) 2n + 1 = /(*) + ^g(x) 

where f(x) and g(x) are polynomials in jc. Then we have 

(2-V*) 2n + l = f(x)-Jxg(x). 


The desired sum is given by /(l) = 


2(3 2 " + 1 +l). 


8 . Since BDEC is cyclic, ZADE = ZACB so that 
triangles ADE and ACB are similar. Hence 


1 


DE [ADE] 2 
BC 2 ~ [ACB] “ 


— AD • y4£sina 


i-AC • A£sina 


= cos a 


DE 

It follows that -=77 = I cos a I . 
BC 


9. There are at most 13 games. Of these, exactly 7 are 
won by the winning team. Since either team can win, the 


4. If a , b and c are not concurrent, then they must be 
parallel, and we have 0 = 71/3. Hence P is the sufficient 
for Q. Assume now that they are concurrent. From any 
point inside the trihedral angle, drop perpendiculars to 
a, P and y. Then the angle between any two of these 
lines is n - 0. Since the lines are not copalnar, the sum of 
these three angles is less than 2 tc. Hence 0 > n/3 and P is 
also necessary for Q. 

5. The lines y = >/2 jc, y = and y = 0 shows that 

2, R and S are all true. Suppose a line / passes through 
two lattice points (jcj, yj) and (jc 2 , y 2 ). If X\ = x 2 , it 
obviously passes through infinitely many other lattice 
points. If JC! * jc 2 , then the slope of / is 

yi-y\ 

*2-V 

Consider the lattice point (x 2 + k(x 2 - Xj), y 2 + k(y 2 - y^) 
where k is an arbitrary integer. Its jc-coordinate is different 


total number of possible sequences is 



= 3432. 



M£G- 
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35. Use S-44 

36. Using S-46, the equation x 8 -x 5 + x 2 -x + l = 0has 
no negative real root as /(- x) = jc 8 + jc 5 +jc 2 + jc+ 1 has no 
change in sign. Therefore the equation may have only 
positive real roots. 

Now, for all jc > 1, jc 8 > x 5 , jc 2 > jc, 
therefore x 8 - x 5 + x 2 - x + 1 > 0 for all jc > 1 
i.e. the equation has no root greater than 1. 

Also, for all 0 < x < 1, x 5 < jc 2 , x < 1, x 8 > 0, therefore 
jc 8 — x 5 + x 2 - x + 1 > 0 for all 0 < x < 1 i.e. the equation 
has no root lying between 0 and 1 . Thus the equation has 
no real root. 

37. Use S-46 

38. The given equation (>/2) + (75) = (Vl 3) may 
be written as 



which is of the form sin 2 0 + cos 2 0 = 1 . Thus, only one 
solution i.e. jc/2 = 2 is possible. 

41. Use S-50 42. Use S-48 43 . Use S-49 

44 . Use Table II 45 . Use Table II 46. Use Table II 

_ 6-jc + 8-jc . _ , . 

48. Put = y i.e. 7 - x = y and solve it. 

49 . Use S-45. 

p q r 

50. Let — = jc, -r ■ = y, - = z and 

a b e 

use (jc + y + z) 2 = jc 2 + y 2 + z~ + 2 jcy + 2 yz + 2 zx 

52. The given equation may be written as 

x 4 + 4;c 3 - 6 jc 2 + 7jc- 9 = (jc- a)(;c- P)(x- y)(jc- 5) 
Also, (1 + a 2 )(l + P 2 )(l + y 2 )(l + 8 2 )= l(a + 0(P + 0 

(Y + 0(5 + Ol 2 . 

Therefore, put x = / in above equation and then take its 
modulus. 

53 . The given equation is of the form a A + b A = (a + fc) 4 , 
which on simplifying implies that 2ab(2a 2 + 3 ab + 2 b 2 ) = 0 , 
where a = 3 - x and b = 2-x. Clearly it has 2 real and 2 
imaginary roots. 

54 . a + P = -p, aP= 1 , 

y + 8 = - q y = 1 . 

Now, 

(a - y)(P - Y)(a + 8)(P + 8) = { aP - (a + P)y + Y 2 } • 

{ap + (a + P)8 + 8 2 } 

55 . Observing the given equations, we find that q and r 

satisfies the equation a(p + jc) 2 + 2bpx + c = 0. Rewrite it 
as ax 2 + 2 (bp + ap) x + ap 2 + c = 0. Now apply S-l to 
obtain the result. mm 


Tense about I IT, 
meet the Tensors 

The most dreaded entrance exams of all time, IIT JEE, is 
just around the corner, thousands of students with IIT 
dreams are on pins and needles now. And who would 
understand their plight better than IITians themselves. 
Keeping up the annual seven-year-old tradition, eight 
Hyderabadi students of IIT Madras in December to host 
Tensors-2007, a mock JEE session. 

This test, which helps students clear a lot of doubts about 
the exam and their future, is conducted by second year 
students, Ashok Varma, Narsimha Rao, Sharad Giri, 
Susheel Kumar, Sai Praveen, Naveen Reddy, Aditya and 
Surya Sudheer. 

"Tensors was started by a Hyderabadi alumnus of IIT 
Madras in 2000. 

An event that IIT aspirants look forward to throughout 
the year, Tensors is considered one of the most unbiased 
ways of knowing where a students stands at this juncture. 
Explaining this Sharad Giri says, "Students in our city 
begin IIT preparations right from Class 8. Everyone from 
parents and peers to teachers allow them to see just one 
goal before them - cracking JEE. By taking this test they 
could get a clearer picture of where they stand." Though 
thousands of students sacrifice the best part of their high 
school lives to achieve the elusive dream of getting into 
IIT, the irony is that only about "0.95 per cent” of them 
make it that far. 

"Through Tensors we hope to tell these young people 
what reality is. IIT is good, but it's not the end of the 
world. There are other options if you fail to crack JEE. For 
this, you need to fare well in your Board exams too," 
says Surya Sudhir. 

The Tensors question papers which are set by the brightest 
minds in IIT Madras, are similar in pattern to the JEE 
papers. “Since we all went through the same situation, 
we can identify with all their apprehensions, hopes and 
dreams. There a small things we wished we knew after 
we wrote JEE. We hope to tell these students all those 
things, in a fun, casual manner, so they can make the 
best of the time that's left in a wise manner," adds Aditya. 
Lessons they learnt the hard way and mistakes they ended 
up making can be avoided, believe the Tensors team of 
all 19-year-olds. 

"Students ignore their Board exams entirely, some barely 
manage to get two hours of sleep-a day, other slip into 
depression if they don't crack JEE simply because they 
see no other option before them. All this can be avoided 
if there's someone to guide them, and we believe we 
can do that," says Susheel Kumar. 


HIGH SCHOOL 


CONTEST PROBLEMS 


PART A 


1. Each edge of a cube is coloured either red or black. 
If every face of the cube has at least one black edge, the 
smallest possible number of black edge is : 

(a) 6 (b) 5 (c) 4 (d) 3. 

2. Line AE is divided into four 
equal parts by the points B , C and 
D. Semicircles are drawn on 
segments AC , CE , AD and DE 
creating semicircular regions as 
shown. The ratio of the area enclosed above the line AE 
to the area enclosed below the line is 

(a) 4 : 5 (b) 5 : 4 (c) 1 : 1 (d) 8 : 9. 

3. The digits 1, 9, 9 and 8 are placed on four cards. Two 
of the cards are selected at random. The probability that 
the sum of the numbers on the cards selected is a multiple 
3 is: 

(a) 1/4 (b) 1/3 (c) 1/2 (d) 2/3. 

4. The surface areas of the six faces of a rectangular 
solid are 4, 4, 8, 8, 18 and 18 square centimetres. The 
volume of the solid, in cubic centimetres is 

(a) 24 (b) 48 (c) 60 (d) 324. 


among the three people, and the hunter paid $8 for his 
share. If the shepherds divide the money so that each gets 
an equitable share based on the amount of bread given to 
the hunter, the amount of money that Jose receives is: 
(a) $1 (b) $1.50 (c) $2 (d) $2.50. 


PART B 


10. Four positive integers sum to 125. If the first of these 
numbers is increased by 4, the second is decreased by 4, 
the third is multiplied by 4 and the fourth is divided by 
4, you produce four equal numbers. What are the four 
original numbers? 

11. A semi-circular piece of paper of radius 10 cm is 
formed into a conical paper cup as shown (then cup is 
inverted in the diagram). 



bind the height of the paper cup, that is, the depth of water 
in the cup when it is full. 



5. The area of the small triangle in the diagram is 8 square 

units. The area of the large triangle, in square units, is: 
(a) 18 (b) 20 (c) 24 (d) 30. 

6. At 6 : 15 the hands of the clock from two positive 
angles with a sum of 360°. The difference of the degree 
measures of these two angles is: 

(a) 165 (b) 170 (c) 175 (d) 185. 

7. The last digit of the number 8 26 is : 

(a) 0 (b) 2 (c) 4 (d) 6. 

^ ^ q 

8 For the equation + = — to be true 

jc + 3 jc — 3 X 2 - 9 

for all values of x for which the expressions in the equation 
make sense, the value of AB is: 

(a) 2 (b) -1 (c) -2 (d) -3. 

9. A hungry hunter came upon two shepherds, Joe and 
Frank. Joe had three small loaves of bread and Fank five 
loaves of the same size. The loaves were divided equally 


12. In the diagram a quarter circle is inscribed in a square 
with side length 4, as shown. Find the radius of the small 
circle that is tangent to the quarter circle and two sides 
of the square. 


13. Using the digits 1, 9, 9 and 8 in that order create 
expressions equal to 1,2, 3, 4, 5, 6, 7, 8, 9, and 10. You 
may use any of the four basic operations (+, -, x, +), the 

square root symbol (V ) and parenthesis, as necessary. 


For example, valid expressions for 25 and 36 would be 
25 = -l +9 + 9 + 8, 36 = 1 + 9x79+8. 

14. At 6 am one Saturday, you and a friend begin a 
recreational climb of Mt. Everest. Two hours into your 
climb, you are overtaken by some scouts. As they pass, 
they inform you that they are attempting to set a record 
for ascending and descending the mountain. At 10 am 
they pass you again on their way down, crowing that they 
had not stopped once to rest, not even at the top. 
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You finally reach the summit at noon. Assuming that both 
you and the scouts travelled at a constant vertical rate, 
both climbing and descending, when did the scouts reach 
the top of Mt. Everest. 



three black edges suffice to satisfy the requirement's we 
can see on the diagram. The black edges are represented 
by the thicker lines. 


2. (a) : Suppose that AB has length 1. Then both 

semicircles lying above AE have radii of 1, while the 


semicircles below AE have radii of 1^ and The ratio 
of the enclosed areas is 




4 

5’ 


3. (b) : Let a , b , c, d denote the cards with digits 1 , 9, 
9 and 8 respectively. There are six possible choices of 
two cards from the set of four. { a , b }, { a , c}, { a , d }, 
{/?, c}, {b,d}, {c, d}. For exactly two of these, [b % c) and 
{a, d) y the corresponding sums, 9 + 9 and 1 + 8, are 

2 1 

divisible by 3. This gives the probability of — = - . 

o 3 

4. (a) : If the edges of a rectangular solid have lengths 
a , b and c, then the areas of its nonparallel faces are ab , 

be and ac. Its volume abc = yj(ab)(bc)(ac). In our case 
abc = V4-8-18 = 24. 


5. (d) : The length of 

the base of the larger 
triangle is 5b , while the 
length of the base of the 
smaller triangle is 2b. 

This gives the ratio of 
5/2. Similarly, the ratio of 
the corresponding perpendicular heights, H : h, is 
3a : 2a = 3/2. Hence, the area of the larger triangle is 
5/2(3/2)(8) = 30. 



6. (a) : At 6 : 15 the minute hand points at 3, while the 

hour hand is 1/4 of the way from 6 to 7. The smaller angle 


between the hands is 


90 + 


i(^) 


= 97.5°, while the 


larger is (360 - 97.5)° = 262.5°. This gives the difference 
of (262.5 - 97.5)° = 165°. 


7. (c) : By inspecting the last digit of the numbers in the 
sequence 8 1 , 8 2 , 8 3 , 8 4 , ... we discover a repeating pattern 
of length four : 8, 4, 2, 6. Since 8 26 = 8 4(6)+2 , we conclude 
that the last digit of 8 26 is the same as the last digit of 8 2 , 
that is 4. 

8. (c) : The expression makes sense for all values of x , 
except ±3. By multiplying both sides of the equation by 
the common denominator x 2 - 9 = (x - 3)(x + 3), we get 
A(x - 3) + B(x + 3) = -x + 9. After multiplying out and 
collecting the like terms on the left hand side of this 
equation we get (A + B)x + 3B - 3A = -x + 9. Clearly, the 
polynomials on both sides must be identical; therefore 
A + B = - 1 and 3B-3A- 9. This system of two equations 
can be solved in any standard way. For example, we can 
find B - 3 + A from the second equation and substitute 
this equation B in the first equation. In the way we find 
A = -2 and B = 1 . 

9. (a) : Divide each loaf into 3 parts and distribute 
equally to each of the three persons. Each person receives 
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8 parts. The two shepherds start with 9 and 15 parts each, 
so (after removing their own 8 parts) they contribute 1 
and 7 parts, respectively, to the hunter and should receive 
compensation from the hunter in that ratio. Thus the hunter 
who originally had 3 loaves should receive $1. 

10. The numbers are 16, 24, 5 and 80. 

If jc, y, z and w are the numbers then x + y + z + w= 125 
and x + 4 = y- 4 = 4z = w/4. Hence, y = x + 8, 
z = (jc + 4)/4, w = 4(jc + 4), By substituting these expressions 
to the first equation, we get 

x + jc + 8 + ^4-^ + 4(jc + 4) = 125. 

4 

Thus, x = 16, and consequently, y = 24, z = 5, w = 80. 

11. The height of the paper cup is 5>/3 cm. 

The base of the conical paper cup is a circle with 
circumference equal to the length of the given semicircle. 

Thus, if r is the radius of the base then 27ir = - (2 n 1 0). 

Hence, r- 5 cm. The side length of the cone s is the same 
as the radius of the semicircle; thus s = 10 cm. Finally, the 
height of the cone is 

h = \Js 2 - r 2 = y]\ 0 2 - 5 2 = 5>/3 cm. 

12. The radius of the small circle is 12 - 8 >/2. 

The Pythagorean Theorem implies that the diagonal of a 
square with side a has length aV 2. Thus, the 
diagonal of the larger square has length 4>/2. It is equal 
to the sum of the radius 
of the larger circle, 4, 
the radius of the smaller 
circle, r, and the 
diagonal of the 
smaller square, r 4l. 

Hence 

4\[l =4 + r + ryfl. 

This gives 

RAJASTHAN PLANS 30 ENGG COLLEGES 

The Rajasthan government is mulling over giving the go ahead 
to 30 new engineering colleges from the next session, resulting 
an addition of around 5,000 seats to the existing 16,225 
engineering seats in the state. At present, the state has 48 
engineering colleges, including seven government-run 
colleges. 

Rajasthan education minister Vasudev Devnani said that the 
government is serious about upgrading the technical 
education in the state. "We are working on fast track to 
approve the opening of new private colleges without 
compromising on the standard of education. We would try to 
make every engineering college a model college," he said. 



4%/2 -4 _ W2-4f 1- VI " 
1 + y/2 ~ 1 + V2 1.1 - V2 > 


12-8V2. 


13. One of several possible solutions is : 

1 = -l + >/9-9 + 8, 

2 = 1x^-9 + 8, 


3 = -l + V9+9-8, 

4 = lx-s/9 + 9-8, 

5 = l + -s/9+9-8, 

6 = -l-9 + 9 + 8, 

7 = -1 + 9- 9 + 8, 

8 = -1 + 9 + 9 + 8, 

9 = -1 + 9 + 9-8 

10 = 1 + 9 + 9 + 8. 


14. The scouts reached the top of Mt. Everest at 9.20 am. 
Suppose that during the time period from 8.00 am to 10.00 
am you have travelled from point A to point B and you 
climbed a distance of x kilometeres. Then, since you have 
been climbing at a uniform rate and reached top at noon, 
the distance from B to top is also x kilometeres. During 
the two hours you climbed x kilometers from A to B , the 
scouts climbed the distance of 3x kilometres: jc from A to 
B , jc from B to the top, and jc on the way back to B from 
the top. Since their pace was uniform, they needed 2/3 of 
an hour, that is 40 minutes, to get from the top to point 
B . where they met you at 10.00 am. This implies that they 
must have reached the top at 9 : 20 arm ■■ 
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SOME SHORT-CUT TECHNIQUES ON QUADRATIC EQUATIONS & EXPRESSIONS 


Here, we are giving you a general quadratic equation its 
graph and properties of its roots. Go through these results 
very carefully and then answer the problems given below 
in the prescribed time. 

Consider ax 2 + bx + c - 0 be the given quadratic 
equation and its roots are a, (3. Then, The roots of the 
above quadratic equation can be evaluated using 
Sridhracharya formula given as follows: 

-b ± \lb 2 - 4ac 
X ~ 2a * 

Where, the expression b 2 - 4 ac is known as discriminant 
and denoted by D. i.e. D = b 2 - 4 ac . 

GRAPH : The graph of a quadratic expression 
i.e. y = ax 2 + bx + c is always parabolic such that its axis 
is parallel to y-axis. It can be drawn as follows: 


TABLE I 


a > 0 

a < 0 

(~b - D \ 
Vertex \^2a’~4a ^ 

f-b - D \ 
Vertex [Z? 4^ 

4 

iY 

\ I 

A 

Y 

V(- b/2a , 4 ac - b 2 /4a) 

A 


o(o,o)\^y 

V(- b/2a, 4 ac - b : /4a) 

TYPE I GRAPH 

Its graph is a concave 
upwards parabola. 

] 

1 

o(Oy p* 

TYPE 11 GRAPH 

Its graph is a concave 
downwards parabola. 


NATURE OF ROOTS: 


I. If D = b 2 - 4 ac > 0 , then roots of the equation 
ax 2 + bx + c = 0 are real and distinct, 
n. If D = 0, then roots of the equation ax 2 + bx + c = 0 
are real and equal and each one of them equals to 
_b_ 

2 a ' 

III. If D < 0, then roots of the equation ax 2 + bx + c = 0 
are imaginary. (Note that imaginary roots of a 
quadratic equation with rational coefficients always 


occur in conjugates, i.e. if p + iq is one root of the 
equation, then p - iq will be the another root of the 
equation) 

IV. If a , b , c are all rational numbers and D is a perfect 
square, then roots of the equation ax 2 + bx + c = 0 
will be rational numbers. 

V. If a, b , c are all rational numbers and D> 0 is not a 
perfect square, then roots of the equation 
ax 2 + bx + c = 0 will be irrational numbers. (Note 
that irrational roots of a quadratic equation with 
rational coefficients always occurs in conjugates i.e. 

if P + \[q is one of the root, then the other root will 
be p-s[q) 

GRAPHICAL INTERPRETATION OF THE ROOTS 

OF A QUADRATIC EQUATION : 

I. If the graph of a quadratic expression y = ax 2 + bx + c 

lies completely above jr-axis or completely below 
x-axis, then the roots of the equation ax 2 + bx + c = 0 
will be imaginary. (Note that root of an equation is 
the abscissae of that point where the graph intersects 
with the x-axis) 

II. If the graph of a quadratic expression y = ax 2 + bx + c 
touches x-axis, then the roots of the equation 
ax 2 + bx + c = 0 will be real and equal. 

III. If the graph of a quadratic expression y = ax 2 + bx + c 
intersects x-axis in two points, then the roots of the 
equation ax 2 + bx + c - 0 will be real and distinct. 


VARIOUS CONDITIONS FOR ROOTS OF A 
QUADRATIC EQUATION : 

Consider ax 2 + bx + c = 0 be the given quadratic equation 
and its roots are a, p. Then, 


S-l: Sum of the roots a + P = — and product of the 

a 


n C 

roots a • P = — . 

a 

S-2: If both the roots are positive, then a + P > 0 and aP > 0. 
S-3: If both the roots are negative, then a + p < 0 and aP > 0. 
S-4: If its roots are of opposite sign, then aP < 0. 

S-5: If its both the roots are greater than k (a scalar), then 
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CHINESE 

Olympiad Problems 


SECTION 1 


How many of the triangles whose vertices are chosen 
from the vertices of a cube are equilateral? 

(a) 4 (b) 8 (c) 12 (d) 24 


2. Let co = 


-1 + /V3 


The non-zero complex numbers a, b and c satisfy 
a _ b _ c 
b c a 

What is the value of — — r — - ? 

a-b + c 


(a) 1 (b) ±co 

(c) 1,(0 or co 2 (d) 1,-coor-co 2 


3. For how many positive integer a < 100 will a 3 + 23 
be divisible by 24? 

(a) 4 (b) 5 (c) 9 (d) 0 


4. The function /(jc) has six distinct real roots, and 
/( 3 + jc) = /( 3 - x) for any real number jc. What is the sum 
of the six roots of /(jc)? 

(a) 18 (b) 12 (c) 9 (d) 10 

5. Let S - {(jc,y)|jc 2 -j> 2 is odd, x,y g! } 

and T = {(jc, y) | sin(27ir 2 ) - sin(27t7 2 ) = 

cos(27ir 2 ) - cosilny 1 ), jc, y e K } . 
Which of the following statements is true? 

(a) SciT (b) TczS (c) S=T (d) SnT=< |> 


6. Which of the following diagrams represents the 


curve |jc -y 2 ! = 1 - |jc|? 


(a) ; 

' z 

-! O 

i * 

2 

2 V 

-1 





SECTION 2 


7. What is the value of cos 2 1 0° + cos 2 50° - sin40° sin80° ? 

8. In triangle ABC , ZA,ZB and Z C form an arithmetic 
progression. The length of the altitude from B to AC is 

C — A 

equal to AB - BC. What is the value of sin — ? - - ? 

9. A parabola has focus F and vertex V , where VF = a. 
A chord PQ of length b passes through F . Determine the 
area of triangle VPQ in terms of a and b. 

1 0. Let a , jc and;/ be real numbers such that 0 < a < 1 and 
x 2 +y = 0. Prove that 

loga (a* +a y )< log 0 2 + ^ . 
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IIT-JEE 2008-09 

This series is selected for their motivating, interesting and stimulating sets 
of quality problems, with a lucid expository style in their solution. 


■ Evaluate 

f2000 
2 


lW200(A f 2000 'l f 2000^ „ - 8 

J + l 5 ) + ( 8 J + - + l2000j- «</(»»**(§) or /( M )<^= 


Let x, y , z be positive real numbers such that 
x 4 +y* + z*= 1. 

Determine with proof the minimum value of 


1- 


.8 


1 -y* l-z 


.8 * 


3* Find all real solutions to the equation 
2* + 3* + 6* = x 2 . 

Let { a n)n> i be a sequence such that a x = 2 and 

a„ 1 

^i=-f + — 

^ a n 

for all «gN. Find an explicit formula for a n . 

Let x, y, and z be positive real numbers. Prove that 

. y 

x + j(x + yj(x+z) y + n/(j + z)(/ + x) 

+ 


z + 7(z + A :)(2 + y) 


SOLUTIONS 


Let /(*) = ( 1 + x) 


2000 


2 ^°f 2000^1 * 

■s( * >' 


Let (0 = (-1 + V3/)/2. Then a) 3 = 1 and w 2 + co + 1 = 0. 
Hence 

(( 2000^1 ( 2000 'j ( 2000^ 

\{ 2 H 5 M»»JJ 

=/(!) + to/ (co) + to 2 / (to 2 ) 

= 2 2000 + co(l + Q)) 2000 + 0) 2 (1 + CO 2 ) 2000 
= 2 2000 + to(- to 2 ) 2000 + co 2 (- to) 2000 
= 2 2000 + co 2 + co = 2 2000 - 1. 

2 2000 _ | 

Thus the desired value is 

3 

2. For 0 < u < 1 , let f(u) ~ 1 — w 8 ). Let A be a positive 

real number. By the AM-GM inequality, 


A(f(u)f = Au 8 (1 - w 8 M 8 ) < 


V+8(1-m 8 ) 


n9 


Setting A - 8 in the above inequality yields 

v9 


It follows that 


< 1 . 


x 3 y> z 3 

r + — r + - 


1-AT 8 1-/ 1-Z 8 X(1 - X 8 ) ' >-(1-/) ' Z(l-Z 8 ) 

(AV)# = 9^3 
8 8 
with equality if and only if 

1 

x = y = z = — . 

3. For x < 0, the function f(x) = 2 X + 3 X + & x - x 2 is 
increasing, so the equation f(x) = 0 has the unique 
solution x-- 1. 

Assume that there is a solution s > 0. Then 

s 2 = 2 s + 3 s + 6 s > 3, 

so s > y/3 , and hence L^J > 1 . 

But then s > [ s J yields 
2 s S2 LiJ =(l + l)W>l + L i J> 5 , 
which in turn implies that 
6 s >4 s = (2 s ) 2 >s 2 . 

So 2 s + 3 5 + 6* > s 2 , a contradiction. 

Therefore x = -l is the only solution to the equation. 

4. Solving the equation 

x 1 

* = T + “ 

2 x 

leads to x = ±yf2 . Note that 
a n + 1 +>I2 _ a* + 2>/2 a n +2 ( a n + %/2 

a » + |-V2 a 2 n -2sl2a n + 2~{a n -f2 

a„ + V2 f q, +V 2 V /- j" 
Therefore, fln _ /2 ( a, - 72 J (V } 

andan= ^2[(^l) 2 " + l] 


(V2 + 1) 2 ” - 1 

5. Note that 




\j(x + y)(x + z) >yfxy + y[xz 

In fact, squaring both sides of the above inequality 
yields 

x 2 +yz>2xy[yz 

which is evident by the AM-GM inequality. Thus 

X ^ X _ yfx 

x + yj(x + y)(x + z) x + yfxy + >/xz y/x + yfy + Jz 


Likewise, 


y 


4} 


y+y](y+z)(y + x) Vx + Vy + V^’ 
z Vz 


and z + yj(z + x)(z + y) *Jx + yfy + y[z 


Adding the last three inequalities leads to the desired 
result. ■■ 


Training can boost intelligence 

New Study Say IQ Not Inherited, Shows 
Methods To Increase Brainpower 


A new study has found that it may be possible 
to train people to be more intelligent, increasing 
the brainpower they had at birth. 

Until now, it had been widely assumed 
that the kind of mental ability that allows us to 
solve new problems without having any relevant 
previous experience - what psychologists call 
fluid intelligence - is innate and cannot be taught 
(though people can raise their grades on such 
tests by practicing). 

But in the new study, researchers describe 
a method for improving this skill, along with 
experiments to prove it works. 

The key, researchers found, was carefully 
structured training in working memory - the 
kind that allows memorization of a telephone 
number just long enough to dial it. This type 
of memory is related to fluid intelligence and 
appears to rely on the same brain circuitry. So 
the researchers reasoned that improving it might 
lead to improvements in fluid intelligence. 

First they measured the fluid intelligence 
of four groups of volunteers using standard 
tests. Then they trained each in a memory task, 
a variation on Concentration, the child’s card 
game, in which they memorized simultaneously 
presented auditory and visual stimuli that they 
had to recall later. 

The game was set up so that as the participants 
succeeded, the tasks became harder, and as they 


failed, the tasks became easier. 

This assured a high level Of difficulty but 
not so high as to destroy motivation to keep 
working. 

The four groups underwent a half-hour of 
training daily for 8, 12, 17and 19 days, respectively. 
At the end of each training, researchers tested the 
participants’ fluid intelligence again. 

The results, published on Monday in the 
proceedings of the National Academy of Sciences, 
were striking. 

Although the control groups also made 
gains, presumably because they had practice 
with the fluid intelligence tests, improvement 
in the trained groups was substantially greater. 
Moreover, the longer they trained, the higher 
their scores were. 

“Intelligence has always been considered 
principally an immutable inherited trait,” said 
Susanne Jaeggi, co-author of the paper. “Our 
results show you can increase your intelligence 
with appropriate training.” 

Why did the training work? The authors 
suggest several aspects of the exercise relevant to 
solving new problems: ignoring irrelevant items, 
monitoring ongoing performance, managing 
two tasks simultaneously and connecting related 
items to one another in space and time. 
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IP 1 

f 


CHINESE! 

Olympiad Problems 


SOLUTIONS 


SECTION 1 

1. For each vertex of the cube, its three neighbours 
determine an equilateral triangle. In any equilateral 
triangle determined by three vertices of the cube, the 
sides are diagonals on three faces meeting at a vertex. 
Hence there is a one-to-one correspondence between 
the vertices of the cube and the equilateral triangles 
determined by the vertices of the cube. It follows that the 
number of such triangles is 8. 

2. Let t denote the common values of and — . 

be a 


Then t 3 = 1 and t ■- 
1 

t ~ 


1 , co or co 2 . Note that 
a _ b _ c _ a + b-c 
cab 


c + a-b 

The value of the last expression is also 1, co or co 2 . 

3 . Note that 

tf 3 + 23 = (tf- l)(a(a+ 1)+ l) + 24 
and a(a + 1) + 1 is odd. If a 3 + 23 is to be divisible by 24, 
so must a - 1 be. Now exactly one of a - 1 , a and a + 1 is 
divisible by 3. If it is not a - 1, then a(a + 1) + 1 will not 
be divisible by 3 either, nor will a 3 + 23. It follows that 
a - 1 must be divisible by 24, and if this is the case, then 
a 3 + 23 will also be divisible by 24. Hence a=24k + 1 < 100 
for some non-negative integer k, and we have k < 5. It 
follows that there are 5 such values of a , namely, 1, 25, 
49, 73 and 97. 

4 . Let 3 - r be one of the roots. Then /( 3 + r) =/(3 - r) = 0 
so that 3 + r is also a root. The sum of this pair of roots is 
6, as is that of each of the other two pairs. Hence the sum 
of all six roots is 18. 

5 . Let x 2 -y 2 be any integer k. Then 
sin(27tx 2 ) - sin(27iy 2 ) 

= s\n(2ny 1 )cos(2nk) - cos(27tx 2 )sin(27i/:) - s\n(2ny 2 ) 
= 0 

Similarly, cos(27Lc 2 ) - cos(27ty 2 ) = 0. Hence every 
element in S is in T, but if jc 2 -y 2 is even, then (jc, y) is in 
Tbut not in S'. 

Note that 1 -|x| = \x-/\ >0 or \x\ < 1. Let - 1 <x<0. 
Then the equation becomes y 2 - x = 1 + x. Hence the 
curve is the parabola y 2 = lx + 1 restricted to the interval 
[- l, 0). Let 0 <x < 1. Ifx<y, then we ha vey 2 -x= 1 -x. 
Ify 2 < x, then x - y 2 = 1 -x. Hence the curve consists of 
the lines y = ± 1 and the parabola y 2 = 2x- l restricted to 
the interval [0, 1]. 


SECTION 2 

7. The given expression is equal to 
cos 2 10° + cos 2 50° - cos 50° cos 10° 

= (cos 10° - cos 50°) 2 + cos 10° cos 50° 

= (2 sin 20° sin 60°) 2 + (cos 60° + cos 40°) 


= I(l-cos40°) + ^I 


2 

+ cos 40° 


K 


8. Since 3ZB = ZA + ZC + ZB = 180° 

Z A + Z C = 120°. Let h be the altitude from B. Then 

h = AB - BC = — 

sin A sinC 

which simplifies to sin C - sin A = sin A sin C. This may 
be rewritten as 

2 sin — - — cos — - — = - (cos (C -A)- cos (A + C)) 


or sin - 


From 


C-A 




2 2 
1 -2sin 


2C-A)1 


. 2 C-A . C-A 3 „ 

sm ___ sln __ + _ = 0 


we have sin 


C-A 


\_ 

2 

3 


since the other root - ^ must be rejected. 

9 . Let ZPFV = 0, and we may assume that 0<— . 

2 

Let PF - p and QF= q. The vertical line in the diagram 

is the axis and the horizontal line is the directrix of the 

parabola. We have labelled various segments according 
to the definition that the parabola is the locus of a point 
equidistant from the focus F and the diiectrix. Consider 
now projections onto the axis. We have 
p + p cos 0 = 2 a- q-q cos 0 

tj , 2a 2a 4 a 

Hence b= p + q = + = 

l + cos0 l-cos0 s in 2 0 



so that sin0 = 2j— 

Now [VPQ] = [VFP] + [VFQ] 

= sin 0 + aq sin(7t - 0)) 

= ^b sin Q = a\[ab 

10. Since a > 0, we have a x > 0 and a>' > 0. By the 
Arithmetic Mean - Geometric Mean Inequality, 

x+y 

a x +a y >2a~ 

x+y 

Since 0 < a < 1, \og a (a x +a y )<\og a (2a ~ ) 

= log„2 + ^ S log„2 + i 

by the Arithmetic Mean — Geometric Mean Inequality 
again. 
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42. IfZ is a complex number such that Z = -Z, then 

(a) Z is any complex number 

(b) Real part of Z is the same as its imaginary part 

(c) Z is purely real (d) Z is purely imaginary 

r v T • 2Kn ■ 2Kn ~\ ■ 

43. The value of 2, sm ~Y~ ~ 1 cos ~T~ ls 
(c) i 


K= l l 

(b) -1 


(a) -i 

44. lim xsinj — I is equal to 
\xj 


(a) 2 


1 

(b) j 


(c) 


(d) 0 


(d) 0 


45. A stone is thrown vertically upwards and the 
height x ft. reached by the stone in / seconds is given by 
x = 80/ - 16/ 2 . The stone reaches the maximum height 
in 

(a) 3 seconds (b) 1.5 seconds 

(c) 2 seconds (d) 2.5 seconds 

46. The genergal solution of jsin x\ = cos .r is (when n e Z) 
given by 

(a) nJt±^ (b) nn-j (c) m t + | (d) 2«tt±- 

47. The real root of the equation x 3 - 6x + 9 = 0 is 

(a) 6 (b) -3 (c) -6 (d) -9 

48. The digit in the unit’s place of 5 834 is 

(a) 3 (b) 5 (c) 0 (d) 1 

49. The remainder when 3 100 x 2 50 is divided by 5 is 


(a) 3 

50. J 


(b) 4 


(c) 1 


(d) 2 


sin xgqs x 


Vl-sin" x 


i 4 

(a) tan -1 (sin 2 x) + C (b) tan _1 (2sinx) + C 


-dx = 


(c) -sin l (sm 2 x) + C 


(d) ^cos 1 (sin 2 x) + C 
logx- . 


«§ 


51. The maximum value of ■ — in (2, «») is 

x 

(a) e (b) - g (c) 1 

52. If/(x) = be ax + a^ x , tlien/"(0) = 

(a) ab(a + b) (b) ab 

(c) 0 (d) lab 


[T+ 

53. If y— 


1 1 + cos x 


= — , then the value of tan A = 
cos A y 


2 xy 

(a) ~T ^~2 (b) 


x 2 -y 


2-xt - x 2 + y 2 , n 

~ “ (c) — (d) 

y.-x 


x 2 -y 2 


2^ 
x 2 + y 2 


54. J- 


secx 


. -dx - 

I secx+ tanx 

(a) sec x + tan x + C 


(b) logsinx + logcosx + C 


(c) tan x - sec x + C (d) log(l + sinx) + C 

55. If J/ (x)dx = g(x), then \f (x) g(x)dx = 

(a) j[g\x)] 2 (b) f\x)g(x) 

(c) \f 2 {x) (d) ^g 2 (x) 

2 

56. The value of J (ax 3 +bx + c)dx depends on the 

-2 

(a) value of a (b) values of a and b 

(c) value of b (d) value of c 

57. The area of the region bounded by y = 2x - x 2 and 
the x-axis is 

7 „ . 2 
(a) -sq. units (b) -sq. units 

8 ^ 

(c) -sq. units (d) -sq. units 

dy 

58. The differential equation y— + x = c represents 

(a) a family of parabolas 

(b) a family of circles whose centres are on the x-axis 

(c) a family of hyperbolas 

(d) a family of circles whose centres are on the y-axis 

59. If f (x 5 ) = 5x 3 , then/'(x) = 

<» | w r, (o JL <d> ^ 

60. f(x) = 2a-xin-a<x<a 

= 3x-2ama<x. 

Then which of the following is true? 

(a) / (x) is differentiable at all x > a 

(b) / (x) is continuous at all x < a 

(c) / (x) is discontinuous at x = a 

(d) fix) is not differentiable at x = a 


ANSWER KEY 


1. 

(b) 

2. 

(a) 

3. 

(a) 

4. (b) 

5. 

(a) 

6. (a) 

7. 

(c) 

8. 

(b) 

9. 

(d) 

10. (c) 

11. 

(d) 

12. (c) 

13. 

(a) 

14. 

(b) 

15. 

(d) 

16. (c) 

17. 

(b) 

18. (d) 

19. 

(a) 

20. 

(d) 

21. 

(c) 

22. (b) 

23. 

(a) 

24. (a) 

25. 

(c) 

26. 

(b) 

27. 

(c) 

28. (c) 

29. 

(a) 

30. (d) 

31. 

(d) 

32. 

(b) 

33. 

(b) 

34. (c) 

35. 

(a) 

36. (d) 

37. 

(b) 

38. 

(d) 

39. 

(c) 

40. (a) 

41. 

(a) 

42. (d) 

43. 

(c) 

44. 

(a) 

45. 

(d) 

46. (d) 

47. 

(b) 

48. (b) 

49. 

(b) 

50. 

(c) 

51. 

(b) 

52. (a) 

53. 

(a) 

54. (c) 

55. 

(d) 

56. 

(d) 

57. 

(d) 

58. (b) 

59. 

(c) 

60. (d) 
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10 Best Problems 



th 

rchives 


Prof. Shyam Bhushan* 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE syl- 

labus. This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In 
every issue of MT, challenging problems are offered with detailed solution. The readers' comments and suggestions regarding 
the problems and solutions offered are always welcome. 


1. Discuss the monotonicity of the function g defined 
by gix ) =f(x 2 - x - 10) +/(14 + x - x 2 ),/"^) > 0 for all 
real numbers x except finite number of real numbers x , 
for which /"(x) = 0. 

2. Suppose that / and g are non constant differentiable, 
real value functions on R. If for every x t yeR, 

f{x + y) = f{x) fiy) - gix) giy\ gix+y) = gix) fiy) + 
fix) giy) and /'( 0) = 0 then prove that maximum and 
minimum value of the function f*ix) + g\x) are same 
for all x e R. 

3. Real valued function fix) satisfies the relation 


of local maxima is greater than - 2? 

9. The equation t 2 + 2x/ + 4 = 0 does not possess 
distinct real roots. Find the equation of the tangent of 
greatest slope to the curve y = x 3 -2x 2 + x. 

1 0. A point P(x, y) moves on the curve x 273 + y 273 = a 273 , 
a > 0. For each position (x, y) of P, perpendiculars are 
drawn from origin upon the tangent and normal at P , 
the length (absolute value) of them being p^x) and pfx) 

respectively. Prove that • ^EL < q. 

dx dx 


Solutions 


/x + y'l 2/(x) + 2/00-4 w 

/I— 6 Vx,ye R. If/'(0) = 2, 

prove that fix) is an increasing function for all x. 

4. Let /(x) = --(20 -4x-2x ), where ‘0’ is a real 

parameter. Now let x ]9 x 2 be the roots of fix) where 
x 2 

x, < x 2 . If F(0) = J / ix)dx , find the minimum and the 
*1 

maximum value of F(0) and the corresponding 0. 

5. The function / (x) = V ax 3 + bx 2 +cx + d has its 
non-zero local minimum and maximum values at - 2 
and 2 respectively. If V is a root of x 2 - x - 6 = 0. Find 
possible values of a , b, c and d. 

6. If a = - 1, b > 1 and fix) = ■ — show that the 

I * I 

conditions of Lagrange’s mean value theorem are not 
satisfied in the interval [< a , b\, but the conclusion of the 
theorem is true if and only if b > 1 + fl . 

7. If fix) = 2X 3 - 1 5X 2 + 24x, and 

a 5- a 

gia)= f fix)dx+ f /(x)<ijf,0<a<5.Findtheinterval 

,.o o . 

in which gia) is increasing. 

8. For what value of ‘a’ the point of local minima of 
fix) = x 3 - 3 ax 2 + 3(ar 2 - l)x + 1 is less than 4 and point 


! f'\x) > 0 => /'(x) is an increasing function of x. 

[f"ix) = 0 at finitely many values of x does not affect the 
increasing ness of f\x)] 

Now g\x) = (2x - \)[f\x 2 - x - 10) -/'(14 + x - x 2 )] 
Intervals of increase of g: 

If g(x) increases then g\x) > 0 

=> 2x-l and f\x?-x- \0)-f'i\4 + x-x 2 ) are of same 
sign. 

Case 1 : 2x - 1 > 0 and /'(x 2 -x- 10) -/'(14 +X-X 2 ) > 0 

=> x > -^ andx 2 -x- 10 > 14 +X-X 2 , as/' is increasing 
function of x. 

=> x ~2 x 2 -x-12>0=>x>4 

Case II : 2x- 1 < 0 and /'(x 2 -x- 10) -/'(14 +X-X 2 ) < 0 


=> x < - and - 3<x<4=>-3< x<- 
2 2 

Hence gix) increase for xe j^-3, ^ j u[4, oo) 


Similarly g(x) decreases for xe 



2. We have/(x + y) = fix) fiy) - gix) giy) 

Differentiation both sides w.r.t x keeping y constant, 
we get/'C* + y) =f'(x)f(y) - g'(x) g(y ) 

Putting x = 0, we get/'O) = - g'(0) g(y) ... (1) 


* Director, Narayana Institute, Jamshedpur. Mobile: 09334870021 
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as/'(0) = 0 

We also have, g(x + y) = g(x)f(y) +/(x) g(y) 
Differentiating both sides w.r.t. 'x' keeping *y' constant, 
we get 

g\x)=g\Q)f(y) ...(2) 

as/'(0) = 0 

from (1) x/(y) + (2) x g(y), 
we get f(y)f(y) + g(y)g'(y) = 0 


dy 


(/ 2 (y) + g 2 (.v)) = o =>Ay) + £(y) = ^ (const) 


Now putting x =y = 0 in both the given functional equations 
we get; 

/( 0) =/ 2 (0) - g^O), g(0) = 2/(0) g( 0) 

=> g(0) = 0 or /(0) = ~ 

1 2 1 
But if /(0) = -, first equation gives g (0) = --, which 

is not possible 

Hence g(0) = 0 and /( 0) = 1 => X = 1 
Hence/^x) + g^x) = 1 , V x e R. 

=> Maximum and minimum value of P(x) + g^x) are 
same for allx e R. 

3. For x = 0, y = 0, the given equation gives 
4/(0) ~4 


/( 0 ) = 

Now, 


>/( 0 ) = -2 


/3x + 3 ^ 

/- w = i im /(^*)-A«) =lim / i > r /w 


/»-»o h /»— >o 

2/(3x) + 2/(3/i)-4 


= lim - 
>0 

= lim 
//-> o 


-/« 


2/(3x)-2/(3/t)-4~6/ (x) 


6/2 


fory = 0, the gievn relation yields 
2/(x) + 2/(0)-4 
6 

2/(3x)-4-4 _ /(3x)-4 
6 3 




/ 


/(*)=- 


/(3x) = 3/W + 4 

6/(x) + 8 + 2/(3A) - 4 - 6/(x) 


Hence /'(*) = lim 
h — >0 


6A 


= lim 
h->0 


/( 3A) + 2 

3h 




h->0 


=> /(x) = 2x + catx = 0, c = -2 


=> /(x) = 2x - 2 

/'(x) = 2 > 0 => Always increasing. 

4. Consider g(x) = x 2 + 2x clearly - 0 2 will be a negative 
number. If 0 increases then - 0 2 will decrease or graph of 
g(x) will come down by the quantity - 0 2 . Also F(0) is 
algebraic area bounded by x-axis and the curve and will 
be negative. So if we are increasing 0, F(d) will decrease. 
Hence maximum value of F(0) will be corresponding to 

0-0 and this value is equal to 
o 

^(6)max = j(x 2 +2x)dx = 

-2 
.4 

=> ^Wmax for 0 = 0 and clearly F(0) min does 
not exist. 

5. Since minimum occurs before maximum, so a < 0 
Also ‘a ’ is a root ofx 2 -x-6 = 0=>a = -2 



Let g(x) = ax 2 + bx 1 + cx + d=-2x 3 + bx 2 + cx + d 
=» g'(x) = - 6X 2 + 2bx + c 

roots of g\x) = 0 are - 2 and 2 
=» b = 0,c = 24 

Since minimum value is non-zero g(- 2) > 0 


=> d> 32 

so a = - 2, b = 0, c = 24, d > 32. 

6. Given, /(*) = : — 

I I 

Let /(0) = X, X is definite real number. 


Now Rf\0) = lim 

h — >0 


/(0-t- /;)-/(()) 

h 
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= lim 
/»-> o 


m- 1 


= lim 


l-Xh 


h h-*o h 1 
Hence f(x) is not differentiable at x = 0. Thus the 
conditions of Lagrange’s Mean Value theorem are not 
satisfied in the interval which includes the origin. 

Conclusion of the Lagrange’s Mean Value theorem: 

m-f(a) 


b-a 
_1 1_ 

1*1 N i 

b-a \ r 


= f\c),a<c<b 


or 


1*1 N ^ |cT 


01 1 


b + 1 


(v«=-l) 


or c = 


b 2 +b 


or 


\ c 

b 2 +b 


b - 1 b - 1 

£(*-l + V2 )(*-!- V2) 


< b 2 (as b 2 >c 2 ) 


>0 


b - 1 

=> b> 1 + V2 (v > 1) 

Hence the conclusion of the L.M.V. theorem is true if 

b> 1 + n/2. 

7, f\x) = 6x?~ 30x + 24 = 6 (jc - 4)(x - 1) 

Graph of f{x) will be as shown in fig. 

g'(a)=f(a)-f(5-a) 
if a < 5 - a 
5 


a< 


2 ’ 



then from the graph 

so g'(d) > 0 and if a > ~ then /( 5 - a) > /(a) so g\a) < 0. 

Hence g[a) is increasing in j^O, ^ j. 

8. f\x) = 3(x 2 - 2ax + a 2 - 1) clearly roots of the 
equation f\x ) = 0 must be distinct and lie in the interval 
(-2,4) 

/. A > 0 => aeR ...(1) 

f'(-2)>2=>a 2 + 4a + 3>0 
=> a< — 3ora>—\ •••(2) 

f\4)>0=*a 2 -8a+ 15 > 0 
=» a > 5 or a < 3 


and -2 < — <4 => - 2 < a < 4 
2,4 


-(3) 

...(4) 


from (1), (2), (3) and (4) -l<a<3. 

9. Since t 2 + 2xt + 4 = 0 does not possess distinct real 
roots, 4x? - 16 < 0 => - 2 <x < 2. 

Slope of the tangent at any point (x, y) is = 3 x - 4x + 1 


d 2 y 

which has max. or min. — ~r - 0 

dx 2 


• 6x-4 = 0=>x = — 
3 


Hen “ (sL- ; =2i (* L : ■ 5 -(*L j *4 

At x = -2,y = -8-8-2 = -18 

1 0. Any point P(x, y) on the curve can be represented by 
using parameter 0, as ( a cos 3 0, a sin 3 0) 

2 

<ty_ = dQ _ 3 asm 8cose ^ 

* * -3acos 2 0sin0 

</0 

equation of the tangent at P is 
y- a sin 3 0 = - tan0(x - a cos 3 0) 
tan0 x + y = a sin 3 0 + a cos 3 0 tan0 

a sin 3 0 + a cos 3 0 tan 0 


P\ = 


1 


sec0 

Also equation of the normal at P is 
y - a sin 3 0 = cot0(x - a cos 3 0) 
or x cot0 -y = a cos 3 0 cot0 - a sin 3 0 

a cos 3 0 cot 0 - a sin 3 0 


= — | <?sin20 1 


P2 = 


=| acos20| 


4 p 2 + pi = a 2 = constant V point P(x, y) 


co sec 0 
2 = const 

If p x increases, p 2 decreases and commonly 

- — and are of opposite signs. 

dx dx 


dp\ dp 2 
dx dx 


<0 
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Shitikanth has been a 
consistent performer. 

An alumnus of Patna's 
St Michael's High 
School, Shitikanth 
has been a consistent 
performer; he scored 
93% in his Class X 
and 91% in Class XII 
exams, conducted by 
the CBSE. For the last 
two years, he had 
been staying at Kota 
in Rajasthan, where he 
had joined a coaching 
institute.' 

Shiti isthe second child 
of Dr. Arun Kumar 
Barnwal, posted as a surgeon in Gaya Medical 
College and Dr. Anita Kumari who is posted 

in Danapur. Right from his childhood days he 

was inclined towards Physics. His parents never 
pressurised him to become a doctor. 
Overwhelmed by the success of the child, his 
mother said, "I knew even earlier that my son 
will succeed. My wish was that he would be 
at best in the top five but the happiness he 
gave us by coming first cannot be expressed in 
words. When early morning the father learnt 
about the news, he hugged so hard as if the 
son's success has given him all the happiness in 
the world." 

Shiti who is interested in taking admission for 
computer engineering in Kanpur ultimately 
wants to do research in Physics. After 
completing engineering he would like to 


start working towards 
that. Right now, he 
is preparing to take 
part in the Physics 
Olympiad in Vietnam 
which is to take place 
between 20th and 
29th of this month. 
He says he will do 
his best there and try 
hard to bring credit to 
the state and nation. 

A fan of cricket, 
Shiti's ambition is to 
be famous like our 
respected earlier 
President and great 
scientist Dr. A.P.J. 
Abdul Kalam. 

Shiti also said if any one wants to go to IIT, one 
should pay attention to the fundamentals. 
One should understand new situations and 
application of the concepts could give one 
success. 
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627 
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40,915 
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26,464 

575 

41,617 
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EXAMINER’S 

f mind ! 

FUNCTIONS by : R.K. Tyagi, HOD Maths, 

. 1 Samarth Shiksha Samiti, New Delhi. 

The questions given in this column has been prepared strictly on the basis of NCERT for XI th and 
XII th class. Over the last few years IIT-JEE /AIEEE has drawn its paper heavily from NCERT books. 


Straight Objective Type I 
Only one correct option 


' greatest integer function then f(f(- 2.5)) equals 

(a) -3 (b) -2 (c) 2 (d) 3 


1 The range of /(*) = j (where [ ] & { } 

respectively denote the greatest integer and fractional 
part function) is 

(a) /, the set of integers 

(b) N, the set of natural numbers 

(c) W , the set of whole numbers 

(d) {2,3,4 } 

2 - A function F(x) satisfies the equation 
x 2 F(x) + F(1 - x ) = 2x- x 4 V x € R then f(x) equals ? 

(a) x 2 (b) 1 +jc 2 -jc 

(c) 1 -x 2 (d) x 2 + x + 1 


3 • If .v and y satisfy the equations y = 2[x ] + 2 and 
y = 3[jc - 1] simultaneously thus [jc + y] is, (where [ ] is 
greatest integer function). 

(a) 5 (b) 4 

(c) 17 (d) None of these 

4* The maximum value of x 2 y subject to the constraints 

jc + y + yj2x 2 4- 2xy + 3 y 2 = k (constant), x,y > 0 is 

k 2 4 £ 3 + k 2 

(a) V-T (b) 

(2 + Vl5) 2 (3 + 7l5) 3 

4 ir> 

(c) (d) None of these 

(3 + Vl5) 3 


" The range of /(jc) = 5|sinx| - 3|cosjc| is 

(a) [3,-5] (b) [-734,734] 

(c) [5,734] (d) [-3,5] 

6- If /( 2x + 3 y, lx - 7>>) = 20* then /(jc, y) equals 
(a) lx - 3y (b) lx + 3v (c) 3x-ly (d) x-y 


7- Let /(*) = 


Jl + M 
1 \*\ 


, jc< -2 
, x>-2 


where [ ] denotes the 


<s * If /(jc) = ax + b, g(jc) = cx + d, c * 0 then, 

/(gto) = g(x ) if and onl y 

(a) /(jc)=jc (b)/(a)=/(c) 

(c) m=g(b) • (d) f(d)=m 

9 - Let /(*) = 2x" + X, X G R,f( 4) =133 and/(5) = 255 
then sum of the factor of/(3) - /( 2) is 

(a) 20 (b) 60 

(c) 21 (d) None of these 

10 - Lets /(*) = [16* - 4* + 1] V jc e (- ~>, 1), (where [ ] 
denote the greatest integer) then range of /(jc) is 

(a) {0, 1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} 

(b) {1,2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12} 

(c) {0,1,2,3,4,5,6,7,8,9,10,11,12,13} 

(d) {1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13} 

1 * • The range of / (jc) = cos -1 |^jc 2 + - j + sin -1 ^ j 

(where [ ] denotes the greatest integer function) is 
(a) {f j (b) {-f} (c) {0} (c) {n} 

1 -• Let / : R —> R be given by / (jc) = ( a> c » ^ 

being non zero real numbers) the condition for which 

/(jc) is inverse of itself, is 

(a) a + b = 0 (b) a + d=0 

(c) a + c = 0 (d) b + c = 0 

1 3- The domain of /(jc) = >J\og 3 cos(sin x) is 
(a) jc = ~,w€/ (b) jc = 2/m, nel 

(c) jc = nn,n e I (d) x = <|> 

1 4* The period of the function f(x) - sin 3 * + cos 3 jc is 
(a) 271 (b) 7l 

(c) (d) None of these 
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X _ -X 

15. Let/: R — > R be defined by /(x) = - — then 

/(*) is 

(a) many-one-onto (b) neither one-one nor onto 

(c) one-one onto (d) one-one but not onto 


16. Let/: [-10, 10]— >/? where fix)- sinx + 


be 


an odd function, then set of values of parameter a is/are 
(a) (-10, 10)- {0} (b) (0,10) 

.(c) (100, oo) (d) (-100,100) 


17. If fix) and g(x) are periodic functions with period 9 
and 5 then period of /(x) = /(f )#(*) + #(§)/(*) is 
(a) 18 (b) 45 (c) 8100 (d) 90 


18. Which one of the following graph is graph of a 




19. The range of the function 
/(A-)= 16 ^C 2y _ 1 + 18 -^P 4 .v-5is 

(a) {/(2),/(4)} (b) {/(2),/(3)} 

(c) (d) {/'(l),/(5)} 

20. The domains of function /(x) = log^log-j^-j-j is, 

(where { } denote the fractional part function). 

(a) (- oo, oo) (b) R - 1 (set of integers) 

(b) ( 1 , oo) - / (set of integers) 

(d) (~oo\ 1 ) - / (set of integers) 


Straight objective type II 
One or more than one correct answers 


In each of the questions four choices are given of 
which one or more than one are correct. You have to 
select the correct choices accordingly. 


21. Let / g be two function such that 

(a) If /is even, g is even =>/o g is an even function 

(b) /is odd, g is odd => fo g is an odd function 

(c) /is even, g is odd =>/o g is an even function 

(d) /is odd, g is even =>fo g is an even function 

22. If / is an even function defined on the interval 
[-5, 5], then real value(s) of* satisfies the equation 


i) is/are 


Vs — 1 

2 

w - <3 ^ > 

-3 + VS 

... -(V5 + 1) 

2 

( d ) 2 


23 . Which of the following functions are non periodic 

(a) /(x)=x + sinx 

(b) fix) = cosx + {x} (where {x} is functional part of x) 

(c) /(x) = cos x 2 

(c) fix) = cos{(x + 3) - [x + 3]> 

24. Which of the following functions have symmetrical 
graph about >>-axis. 

(a) /(*) = - |*l (b) f(x)=\lx 2 ,x*0 

(c) f(x)=x 2 - 2\x\ (d) f(x)=x 2 -x 

25 . Let / : R -» R, g : R -¥ R such that fix) = e\ 
gix) = 3x - 2, then which of the following is true ? 

(a) (fogXx) = e*-* (b) ( go f)(x) = 3e x - 2 

(c) Domain of ( fog)~ ] is (0, °o) 

(d) Domain of (go/) -1 is (-2, oo) 

26. If f{x) = sin[7t 2 ]x + sin[-7i 2 ]x, [ ] denotes the greatest 
integer function then which of the following is true ? 

(a) period of /(x) is 271 (b) / J = 1 

(b) f\n) - -19 (d) /(-x) - -f{x) 

27 . Let/ : R — > R, g : R -» R be two one-one and onto 
functions such that they are mirror images of each other 
about the line y = X. If h(x) - fix) + g(x), then which of 
the following is not true for /z(x). 

(a) one-one onto (b) not a constant function 

(c) many-one into (d) many-one onto 

28 ,. Let n be a positive integer with /(x) = 1 ! + 2! + 3! + 
.... + x! and P(x), Qix) be polynomials in x such that 
fix + 2) = P(x)/(x + 1 ) + Qix) fix) V x > 1 then 
(a) P(x) = x + 3 (b) P(x) = -x - 2 

(c) Qix) = -x-2 (d) g(x)=x + 3 

29. Let / : — > [0, 4] be a function defined as 

/(x) = V 3 sin x — cosx + 2j then f~ l equals 

(a) sin- l (^)-| (b) sin-'j^j + l 

(c) ^ - cos -1 1 (d) None of these 

30. Let/(x) = max{l +sinx, 1, 1 -cosx},xe [0, 27i] and 
g(x) = max{l, Jx — 1 1 } V x G R then, 

(a) gifi 0))=1 (b) gifi 1))=1 

(c) figi D)=l (d)/(g(0)) = sinl 

31. Let fix) = 1 1 -x| + 1 1 + x| V -2 < x < 2, then 
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(a) f(x}= -2x V -2 < x < -1 

(b) /(x) = constant function V |x| < 1 

(c) /(x) = 2xV 1 <x<2 

(d) graph of /(x) lies in the 1st and llnd quadrant 


Linked COMPREHENSION type Questions 


In these questions a passage has been given followed 
by questions based on the passage. You have to answer 
the questions based on the given passage. 

Passage 1 : Let/(x)=jr 2 -2r-3,g(x)=/(|x|),/iW = |g(.x)| 
are three functions. 

On the basis of above informations answer the following 
questions 

(i) The interval in which /(x) > 0 is 

(a) *-[-1,3] (b) [-1,3] 

(c) (- oo, oo) (d) None of these 

(ii) The minimum value of /(x) occurs at 

(a) x = 2 (b) x = 4 (c) x=l (d) x = -1 

(iii) /(jc) is increasing in the interval 

(a) (- 00 ,- 1 ) (b) (-oo, 1) (c) (- 00 , 00 ) (d) (1, oo) 

(iv) The zeros of /(x) are respresented by the set 

(a) {-1,3} (b) {1,-3} 

(c) {-1,-3} (d) None of these 

(v) Number of solutions of g(x) = 0 is/are 

(a) 4 (b) 3 (c) 2 (d) 0 

( vi) The value of X for which the equation g(x) - X = 0 has 
exactly three real roots which are distinct is 

(a) 2 (b) 3 

(c) -3 (d) None of these 

(vii) The curve h(x) meets the positive direction ofy-axis 
at the point 

(a) (1,4) (b) (-1,4) (c) (0,4) (d) (0,3) 

Passage 2 : Let / : X — > Y be a bijection. We define 
g : T — > X such that /(; t) =y <=> g(y)= x, x e X,y e Y , then 
g is called the inverse of / and is denoted by f~ l . 

On the basis of above information answer the following 
questions. 

(i) Let/: (- oo, 1 ) -> ( 1 , oo) such that J\x) = x(2 - x) then 
/ -1 (x) equals 

(a) 1 + y]\-x (b) 1 - y/\-x 

(c) y]\-x (d) None of these 

(ii) If the function /: (1, ®o) (1, «>) is defined by 

/(x) = 2* (t_ l) then f~\x) equals 

(a) (b) i(l + V41og 2 x + l) 

(c) «^(l - > /41og 2 Jc+ l) (d) not defined 


(iii) If the function /: R — > R 3 /( x) = x - [x], (where [v] 
denotes greatest integer <y) then / -1 (x) equals, 

(a) 7^1 (b) [x] ~ x 

(b) not defined (d ) none of these 

(iv) If/: R -> (-oo, 1) such that /(x) = 1 - 2~ (vi) (vii) * * x then/' 1 ^) 
is 

(a) 1 + log 2 (-x) (b) 1 - log 2 (— x) 

(c) log 2 (l — x) (d) — log 2 ( 1 — x) 

(v) The number of roots of the equation 

1 +log 2 (l -x) = 2~ r is 

(a) 0 (b) 1 (c) 2 (d) oo 

Passage 3 : Let / and g be two real functions with 
domain D\ and D 2 respectively then the domain of f± g 
:D { nD 2 ->R3(f±g)(x)=f(x)±g(x)VxeD { nD 2 

and — : D x n D 2 - {x | g(x) = 0} — > R such that 
(/ / g)W = V x e Z), n D 2 - {x \ g(x) = 0} 

Letp(x) = ^^, 9 (x) = 2 sin "'", 

R(x) = sin -1 1 log 2 (yjj./W = C ° [ \.-| X 

On the basis of above informations answer the following 
questions. 

(i) The domain of p(x) + /(x) is 

(a) [-1,1] ‘ (b) (-1,1) 

(c) [-l,0)u{l} (d) R-[-\, 1] 

(ii) Domain of p{x) + q(x) is 

(a) [-1, 0) u {1} (b) (0, 1) 

(c) [-1,1] (d) R 

(iii) Domain of R(x ) + q(x) is 

(a) [-2,-1] (b) [1,2] (c) (-1,1) (d) {-1,1} 

(iv) Domain of p(x) + q(x) + R(x) + /(x) i.e., Domain of 
(p(x) + /(x) + q(x) + /?(x)j is equal to 

(a) [-1,1] (b) (-1,1) (c) {-1,1} (d) (0,1) 


Matrix-Match type questions 


Given below' are Matrix-match type questions, with 
two columns (each having same items). Each item of 
Column I has to be matched with the item of Column 
II. It is to be noted that an item of Column I can be 
match with more than one item of Column II. All 
items of Column II must be matched. 



Column I 

Column II 

(A) 

Range of sin x + cos x 

(p) i 

HN 

1 
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(B) 

Range of 1 , 

2 + cos 3* 

(Q) *-[ 

y 

1 

(C) 

Range of tan -, jc - cot^jc 

(R)[-V2,V2] 

(D) 

n r sinxcos3jc 

Range of . - 

sin 3 jccosjc 

(S) 





(T) 

371 71 

2 * 2_ 



(a) (A) — » (R) (B) —3 (S) 

(b) (A) -» (R) (B) -*» (S) 

(c) (A) (R) (B)-»(S) 

(d) (A) — > (R) (B) — > (S) 


(C)-»(T) (D)-»(P) 
(C) — > (P) (D)-»(Q) 
(C) — > (P) (D) -> (T) 
(C) -» (Q) (D)-»(T) 


2 . 


/(2008) equals 

(9) If 10 C t _ i > 2 l0 C v and domain of x is ( a , fc, c) 3 

a<b<c then a = , Z> = , c = 

( 10) The set of values of 'a' for which 

x 2 - ax + sin" 1 (sin4) > 0 V x € R is 


True / false 


(1) If /( jc) be defined in [-3, 3] then domain of the 
definition /(|jc|) + 1 is [- 4, 2] 

(2) The function /: R — » R defined by 

fix) = (jc- oc)(jc - P)(jc - y) is many-one onto function. 

(3) The range of the function -- r- - A * ^ V x e R is (l,^l 

X + X + 1 \ 3 J 



Column I 

Column II 

(A) 

The function sin(7jc + 5) is 

(P) non periodic 

(B) 

The function 

\og a (x-Jx 2 + 1) is (a > 0, 
a * 1 assume to be into) 

(Q) one-one onto 

(C) 

Let/: R — > R defined by 
/(jc) = 7jc- 5 is . 

(R) invertible 



(S) many one 



(T) periodic 


(4) Let /: [— I, 1] — {0} — > such that 

J2 


/( jc) = cot(sinjc) + 


, (where [•] denotes greatest 


integer function) is an odd function then a must be greater 
than one. 


(5) if/00 
(- 6 , 6 ). 


= ^ ec - 1 (2j£lj 


then domain of /(jc) is 


Assertion & Reason 


(a) A— » S, T 

(b) A— > S, R 

(c) A — » S, T 

(d) A — > S, T 


B -> P, Q, R 
B — > P, Q, R 
B -> P, Q, R 
B — > S, P, R 


C -> P, R, T 
C -> P, Q, R 
C -> P, Q, R 
C P, Q, R 


Fill in the blanks 


(1) The range of /(jc) — sin(sin _I {jc}) (where { } is 

fractional part function is 

(2) The inverse of sin(tan _1 jc) is or 

(3) Let/(*) = Iog(|-i^) V * e (-1, 1) and g(x) = 

\ l ~ x l 1 + 3jt 

then (fog)( 0) equals 


(4) Let /(jc) = 1 + jc 3 and g(jc) = jc - jc 3 then (goJ)(x) for 

jc = 1 is 

(5) The range of / (jc) = yjx- 2 + ^4 - jc is 

(6) sgn(x) + jc 2008 is function. 

(7) If g( x) = cos -1 1 ^ j + cosec - 1 ^ j , 

then D g = 

(8) The function is defined for all jc g R. 

If f(a + b) = f(ab) V a and b and /|-;jJ = -^, then 


Each question contains Statement - 1 (Assertion A) 
and Statement-2 (Reason R). Each question has four 
choices (a), (b), (c) and (d) out of which only one is 
correct. 

Choice (a) : Both assertion (A) & Reason (R) are 
correct & Reason (R) is also the feasible explanation 
of assertion (A) 

Choice (b) : Both assertion (A) & Reason (R) are 
correct but Reason (R) is not proper explanation of 
assertion (A). 

Choice (c) : Assertion (A) is correct but Reason (R) is 
not correct 

Choice (d) : Assertion (A) is not correct but Reason 
(R) is correct. 

(1) Statement 1 : The period of 

/(jc) = sin2jc cos[2jc] - cos2jc sin[2jc] (where [•] is greatest 
integer function) is 1/2 

Statement 2: Period of {jc} is 1 (where {jc} denotes the 
fractional part function) 

(2) Statement 1:/M = |*-2| + |x-3| + |x-5| is an odd 
function for all value of jc lies between 3 and 5 
Statement 2: For odd function /(-*) = -f(x) 


(3) Statement 1 : / : R — » R is a function defined by 

r/ , 7 jc + 8 xU s-i, ^ 4(jc - 2) 
fix) = — z — then / M = — * 
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Statement 2 : /(*) is not bijective 

(4) Statement 1 : / : R — » R defined by /(a) = cos a, 
possess its inverse. 

Statement 2 : /is both one-one and onto 

(5) Statement 1 : The domain of the function 

/(a) = sin - ‘a + cos' 1 * + tan _, jc is [-1, 1] 
Statement 2 : sin 1 a and cos 'a is defined for 
V -1 < x < 1 and tan 1 is defined V a G R 


ANSWER 


, ^>(3 + Vi5) 3 ^ 


4 k 3 


(3 + Vl5) 2 




x 2 y < 


4k 5 


maximum value of x 2 y = 


(3 + Vl5) 3 
4A- 3 


1. (b) : •/ x G (0, sin 1 ), /(a) is defined if sin {jc} * 0 
sin {a} \sinl / 

_UJ(_L J' 

sin{jc}J Ll sinl /. 

-4-T I £[(1.155,00)] 
sin{.v}J 


le {1,2,3, 

[sm{x}J 


1<7c/3 

71 

sinl < sin — 


3 ; 


.} = set of natural numbers 


Hence choice (b) is correct 

2. (c) : x 2 F(x) + F(\-x) = 2x-x 
Replacing a — > 1 - a* 2 

(1 -JC) 2 F(1 -jc)+F(x) = 2(1 - jc) - ( 1 -or) 4 
Eliminating F(1 -x) from (i) and (ii) we get 
F(x) = 1 -x 2 

Choice (c) is correct answer. 

3. (c) ; 2[jt] + 2 = 3[x- 1] 

=> 2[.c] + 2 = 3[.v] - 3 => [jc] = 5 

y = 2[.v] + 2=12 
[x+y] = [x+ 12] = [x]+ 12 = 17 
Hence choice (c) is correct. 

4. (c): x +y=X+l+y 

Using AM > GM we have, 


...(i) 

(ii) 


1/3 


Equality hold if and only if = y 
Also, 2a 2 t 2 xy + 3 y 2 = 


x = 2y 


lx 1 , 2x 2 . . 2.v 2 , 2 xy 2xy 2 , 2 , 

— + t + - + — + — + - +_ r ^ * ' 


8 times 


.-. 2x 2 + 2xy + 3y 2 > 15 


4 times 
\8 . 


MM 


O ' 2 ) 3 


_ , 11 2a* 2 2av 2 

Equality hold <=> — g— = = y or x = 2 y 

k = x + y + (2x 2 + 2 xy + y 2 ) ,/2 > ( 3 ■ + Vl5 )f ^ 


1/3 


(3 + Vl5) 3 

Hence choice (c) is correct. 

5. (d) : Since / (a) is continuous function and |sinx| and 
|cosa| both are always > 0 

Hence minimum when |sin a| = 0 and |cos a| = 1 (when 
a = 0) and maximum when |sin a| = 1 and |cos a| = 0 
when a = ^ 

Required range [-3,5] 

Hence (d) is the correct choice. 

6. (b) : /(2 a + 3 y , lx - ly ) = 20a 

=> /(2a + 3 y, 2a - ly ) = 7(2a + 3 y) + 3(2a - ly) 

/(a, y) = 7a + 3 v 
Hence (b) is correct answer. 

7. (c) : /(- 2.5) = 1 + [-2.5] = 1 - 3 = -2 

/. /(/*(- 2.5)) =/(-2) = |-2| = 2 

Hence (c) is correct answer 

8- (*):g(A) = /te(A)) 

=> cx + d=f(cx + cf) 

=> cx + d= acx + ad + b 
=*■ a - 1 

/(a) = ox + 6 = a 
Hence (a) is correct choice. 

9. (b) : /(a) = 2a" + X,/( 4) = 1 33,/(5) = 255 
/(4) = 2-4" + X= 133 
/(5) = 2* 5" + X = 255 
/(5) -/(4) = 2(5" - 4") = 122 
=> s n - 4" = 5 3 - 4 3 => /; = 3 

/(4)= 133 = 2 *4 3 + X X = 5 
/(a) = 2a 3 + 5 
/( 3) = 59 and/(2) = 21 

. /(3) -/(2) = 38 = 2 x 19 = 2 fl 19 6 ,(fl=l;6® 1) 

9^ + 1 _ 1 J Q^ + 1 _ 1 

Sum of factors /(3) - / (2) = 


=> ca + c/ = a (ca + */) + b 
=> ac = x and ad + b = d. 
6 = 0 


(i) 

(ii) 


2-1 

3x360 

18 


19-1 
= 60 


Hence choice (b) is correct. 

10. (b) : 1 6* - 4 X + 1 = (4*) 2 - 4 V + 1 = ( 4 * - i)‘ + 1 


=* 1 6 X - 4 1 + 1 > 4 
4 

=> |<16 Jt -4 t + l<^ 
4 4 


[16 x - 4 X + 1] € 


[if] 


(v a g (- 00 , 1) & maximum 
value occurs at a = 1) 


14 
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=> [16'-4' + 1]= {1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} 
Hence choice (b) is correct answer. 

■M 


and * + - 


now cos 


-l 


= cos 


-l 


p+lj + sin-'p-i] 

[* 2 4] + sin _, ([* 2 4H 


cos ! 0 + sin ! (-l) if 

^ + il 

2. 


cos" 1 + sin" 1 0 if 

\ 2 + r 

L 2_ 

-ri 


= 0V 


[** 4 ]- 


0 or 1 


Range of/(*) is{0} 

Hence choice (c) is correct answer. 

x ax + b 
1 2. (b) : f(x) = y= 

^ x=r \ x) J-y* 


r' oo=— 

xc - a 


yc - a 

But f-\x)=f{x) 
b-xd ax + b 

=> = r 

xc -a cx + d 

=> c(a + d)x 2 - (a + d)(a - d)x - b(a + d) = 0 
=> (a + d){(x 2 -(a-d)x-b} =0 
=> a + d= 0 

Hence choice (b) is correct. 

13. (c) ; f(x) to be defined if log3Cos(sin x) > 0 

=> cos(sin x) > 3 => cos(sin *) > 1 

=> cos(sin jc) = 1 (as maximum of cos 0 = 1 

i.e, -1 < cos 0 < 1 

=> sin x = cos' 1 (cos 0) => sin* = 0 

=> x — tin , n e I 

Hence choice (c) is correct 

. 3 3sin*-sin3* 3 3cos* + cos3* 

14. (a) : sin x = - , cos * = 

Period of sin x is 2n, period of sin 3x is and 

period of cos x is 271, period of cos 3x is 

Now, sin 3 x + cos 3 x = sin .v + cos x + cos 3x - sin 3*} 

Period of sin 3 * + cos 3 * is LCM of the periods of (sin *, 
cos *, sin 3*, cos 3*) 


(a) One-one (if /is not one-one then it is many one) 

(b) onto (if it not onto it must be into) 

Now for 1-1, let*j, * 2 e R 3*, <* 2 

=> e*i < e* 2 (as base is e) (i) 

Also*! <x 2 => ~ x 2 < ~ x \ 

e ~ x 2 < e~ x \ (as base is e) .. v .(ii) 

Adding (i) and (ii) we get 
e x \ + e _t 2 < e r 2 + e~ Xl 

— S I — g~ x \ < (? x ~ — g~ x 2 


— p~ x 2 


A X \) < /(* 2 ) 


2 2 
=> /(*) is an increasing function 
=> / (*) is one-one so it cannot be many one which 
discard the choices (a) and (b) 

Again for onto 

as x ^ °°, f(x) -> °°1 + 
similarly as * /(*) -> - 00 J 

/. by - 00 </(*)< 00 so long as * e .(- 00, <») 

=> codomian of f- range of/ 

=> / (*) is onto which discard the choice (d) 

Hence we left with the choice (c) which is to prove that 
/is one-one onto. 

Hence choice (c) is correct. 

16. (c) : Since / (*) is an odd function i.e. f (-*) = -/ (*) 
,2' 

= 0V*e[-10, 10] 


=> 0 < — <1 V*e[-10, 10]and 0<* 2 < 100 
a 

=> a > 100 

Hcncc choice (c) is correct answer. 

17. (d) : As the period of /(*) and g(x) are 9 and 5 
respectively 

••• Period of = 18 

10 


(D-&- 


LCM of 


| 2t i 271 1 = LCM of (271, 2 tc) 


= 271 


HCF of (1,3) 

Hence choice (a) is correct answer. 

15. (c) : In such type of problem we need to check 
whether the function is 


.\ Period of g 

.\ period of f(x/2)g(x) = L.C.M. {of the period of /(*/ 2) 
and g(*)} = 18x5 

and period of /(*) • g(*/2) = 9x10 
/. period of /(*) = L.C.M. of (90, 90) = 90 
Hence (d) is correct answer. 

18. (a) : If any line drawn paralleld to y-axis meet the 
graph more than one point then graph does not represent 
the fuention. In the given graph, a line drawn parallel to 
y-axis meet the graph (b), (c), (d) more than one point 
in chioices (b), (c), (d) and in choice (a) the line drawn 
parallel to y-axis cuts the graph exactly at one point. 
Hence choice (a) is the correct answer. 

19. (b): For 16_ v C 2 . v _i 
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(i) 16-x > 2x- 1 


«. 17 
*- T 


1 


^ 2 


(ii) lx - 1 > 0 

(iii) 16 -jc> 0 .\ jc < 16 

x = 1, 2, 3, 4, 5 by taking intersection of (i), (ii) and 


(iii) 

Again 18 — 2jc > 0 x <9 

4x - 5 > 0 .\ jc > 5/4 

1 8 - 2jc > 4jc - 5 x < 23/6 

x = 2, 3 by taking intersection of 
jc < 9, jc ^ 5/4, jc <23/6 
Domain of /(jc) is {2, 3} 

Range of/(.t) is {/"(2),/(3)} 

20. (c) : log ^ log is 

if l 08 ((Ji) 


r-(A) 


...(B) 


defined if 


> 0 


•r x i 

if — > 1 

{*} 


> 1 


(v log e .v>0 => jc>1) 
(v *-{*} = [x]) 


{*} 

=> M > 0 => X > 1 => AT e (1, °°) - / 

Hence choice (c) is correct. 

21. (a, b, c, d) : (a) /is even, g is even 
••• /(-*)=/(*), g(-*) = £W 

••• (fog){~x) =f(gi-x)) =f(g(x)) = (fog)(x) (even) 
Choice (a) is correct. 

(b) /is odd, g is odd 

••• (fog)(-x ) =f(gi~x)) =f(~g(x)) = ~(fog)(x) V x 
.*. fog is an odd function 
Choice (b) is correct. 

(c) /is even, g is odd 

••• (jo g )(-x)=m-x)) =f(- g (x)) 

=f(g(x)) (as g(-x) = g(x)) =fog(x) V j: 

/. fog is an even function 
/. Choice (c) is correct. 

(d) (/og)(-x) =f(g(-x)) =f(g(x)) (as g is even) 

= (fog)(x) 

fog{ x) is on even function 
choice (d) is correct. 

Hence all choices (a), (b), (c) and (d) are correct. 

22. (a, b, c,d ) : As J'(x) is an even function defined on 
[-5, 5] 

... /(-*)=/(*) V*e [-5,5] 
x+\ 


x + 2 

x 2 + jc - 1 = 0 


or x 




or jc 2 + 3x + 1 = 0 
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X = 


X = 


-i±7s 

2 

-75-1 


or x = - 


-3 ±7s 


or - 


75 + 1 


or 


-3 + 75 -3-75 


or 


all the choices (a), (b), (c) and (d) are correct. 

23. (a, b, c) : (a) f(x) = x + sin jc 

sin jc is periodic function with period 27T where as x is a 
non periodic function 

.*. f(x) = x + sin jc is a non periodic function 

(b) /(jc) = cos jc + {jc} = COS JC + JC - [jc] 

The period of cos jc is 2n and period of x - [jc] is 1 
.*. Period of / (jc) = LCM of periods of cos jc and 
{jc} = LCM of (271, 1), 

which does not exist, as 27r is an irrational number and 1 
is rational and LCM of a rational number and irrational 
number is not possible. 

•*. / ( x ) = cos x + M is non periodic. 

(c) fix) = COS X 2 

Let / (jc) be a periodic with period T 
.\ /(jc + T) =/(jc) V jc € R 
=> cos(jc + T) 2 = cos jc 2 V jc G R 
=» (jc+ T) 2 = 2nn±x 2 V jc <= R 
=> (jc + T) 2 ± x 2 = 2nn V jc E R 

which is not possible because R.H.S. is an integral multiple 
of 2 ti where as LHS is a quadratic function of jc. 

/ (jc) = cos jc 2 is non periodic function. 

(d) f(x) = cos {(jc + 3} - [jc + 3]} 

We know that jc - [jc] is periodic with period 1 . 

.*. (jc + 3) - [jc + 3] is a periodic function with period 1 . 
.*. cos{(jc + 3) - [jc +’ 3]} is a periodic function with 
period 1. 

/ (jc) is periodic function. 

.*. functions in options (a), (b) and (c) are non period 
functions. 

- x if jc > 0 

24. (a, c) : (a) /(jc) = - 1 jc | = < 0 if .x = 0 

jc if jc < 0 



which is symmetrical about v-axis or jc = 0 
(b) /(JC)=1/* 



Symmetrical in the opposite quadrants 



(c)/(jc)=^-2W = M 2 -2M=/(W) 

where / (x) =x 2 -2x 


Now draw the graph of f (x) = 


\x 2 -2x V x>0 


x 2 -2xV x<0 



Now join the graph (i) and (ii) for the graph of* 2 - 2 |jc| 



(iii) f\x) = 0 => x = — and — = 2 > 0 


dx z 


So point x = 1/2 is point of local minima. 

(iv) * < 1/2 /(x) decreases and x > 1/2, / (jc) increases 



.J-C+-+) 


Group of options (a) and (c) are symmetrical about 
y-axis 

So, (a) and (c) are correct. 

25. (a, b, c, d) : /(*) = g(x ) = 3* - 2 

(a) (fog)(x) =f{g[x)) =/( 3x- 2) = e 3x ~ f 

(b) (go/)(x ) = g(f (x)) = g(e x ) = 3e x -2 

> 3x-2 = \ogy 

! 2 + log y 


(c) let (fog)(x) = e ix ~ 2 =y 


ifog) (>') = ' 


=> Domain of (Jog) ■ 1 is (0, °°) as log v is defined only for 

y> 0 

(d) (gof) (x) = 3e x -2 = z (say) 
r z + 2 


as x G R and log 


z + 2 


y 


= log^ 


z + 2 


is defined only if z > -2 


Domain of (gof) 1 = (-2, 

Hence all choices (a), (b), (c) and (d) are correct. 

26. (a, b, c, d) : / (*) = sin[7t 2 ]* + sin[-7t 2 ]* 
f(x) = sin [(3.1428) 2 ]* + sin[-(3.1428) 2 ]* 
f(x) = sin 9x - sin 10* 

/ (-*) = -f (*) :* Choice (d) is correct 


Again j= sin ^ — sin 571 = sin 4rt + ^j = 


1 


which is symmetrical about y-axis 
(d) / (*) = x 2 - * = *(* - 1 ), to draw the graph note the 
following 

(i) x-Intercept (0, 0), (1, 0) 

(ii) y-Intercept (0, 0) 


.*. graph is symmetrical about the line x = 1/2 but not 
symmetrical about y-axis 


choice (b) is correct 
Again f\x) = 9 cos 9x - 1 0 cos 1 Ox 
/'( 7t) = 9cos 971-10 cos 107C 

= 9(_1>_10(1) (v cos«Jt = (-l)") 
= -19 /. choice (c) is correct 


and period of sin 9x = ^ , period of sin 1 0* = ^ 


Period of sin 9* - sin 1 0* = LCM of 
LCM of (271, 7t) 


f 27T 7c1 

IT’IJ 


■ = 271 


HCF of (9, 5) 
choice (a) is correct. 

.*. All the choices (a), (b), (c), (d) are correct. 

27. (a, b, d) : As / (x), g(x) are mirror images of each 
other about the line y = a,f(x ) and g(x) are equidistant 
from the liney = X. Let for some particular value of x say 
* = *o 

fix o) = k + k, g(x o) -X-k 
Now h(x 0 ) =/(x 0 ) + g(jc 0 ) = 2X 
h(x) = 2 XV xe R 

=» h(x) is a constant function .*. choice (b) is false 
By the fact that every constant function is many one 
function, and many one function cannot be one-one. 
Again h(x) is constant function and co-domain of 
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h(. x) * Range of h(x). So h(x), cannot be onto and even 
function which is not onto, must be into function. 

Hence (a), (b) and (d) are correct choices. 

28. (a, b) :/ (x + 2) = P(x)f(x + 1 ) + Q(x)f(x) (given) 

* ...(A) 

/(x) = 1! +2! + +x\ 

f{x + 2) - fix + 1) = (x + 2)! = (x + 2)(x + 1)! 

= (x + 2) { fix + 1 ) -/•(*)} 

.-. fix + 2) = (x + 3)/(x + 1 ) - (x + 2) fix) ....(B) 
from (A) and (B) we have 
P(x) =x + 3 and Q(x) = -(x + 2) 

Hence choices (a) and (b) are correct. 

29. (b,c) :/(•*)= V3sinx-cosx+2 = 2sin^x--^j + 2 
let JC|,.r 2 e x 

f(x i ) =/(x 2 ) => X\ = x 2 => /is one-one and co-domain 
of /= range of f 

f (x) is one-one and onto so / _1 exist 
••• fof' =X 


X - 2 _ x | 



2 sin j 

=> 

sin^ 

=> 

/■'(• 

(••• 

£-1 

2 


i=sin_l 


< 1^X€ [0,4] 
choice (b) is correct 


71 

= cos 

2 




i.e., choice (c) is correct 

Hence (b) and (c) are correct answer. 

30. (a, b) :/ (*) = max { 1 + sin x, 1 , 1 - cos x} 
371 

1 + sinx, 0<x< — 

4 

3Jt 3 n 

1-cosx, — <x< — 

4 2 

1, — < x < 2n 
2 



gix) = max { 1 . |x 1|> = 

/( 0 ) = 1 

and /(l) = 1 + sin 1. 


1-x, if x < 0 
1, if 0 < x < 2 
x - 1, if x > 2 
=> (gof)(Q) = 1 . 

_ , 3jt^ 

0 < 1 < — 

4 J 

(v 1 < 1 + sin 1 < 2) 


/(g(l))=l + sinl 
/Cg(0» = 1 + sin 1 


=> «V(1))=1 

/. choice (a) is correct 
Further g( 1) = 1 
andg(0) = 1 
/. choice (b) correct. 

Hence (a) and (b) are correct choices. 

31. (a, b, c, d) :/(*) = |1 -*| + |1 +x| V-2<x<2 
Putting 1-x = 0 1 +x = 0 

JC = - 1, 1 

Now divide the interval -2 < jc < 2 keeping in mind the 
points jc = -2,-1, 1 2 

••• /(*)={|l-*| + |l + x| 

(l-x)-(l + x) if - 2 < x < -1 
(l-x) + (l + x) if - 1 < x < 1 
-(1 - x) + 1 + x if 1 < x < 2 
- 2x , if - 2 < x < -1 
f ( x ) = - 2(constant), - 1 < x < 1 
2x, if 1 < x < 2 

Graph of/(x) lies in the first and second quadrant because 
/ (jc) is the sum of two modulus functions, the range of 
/ (x) is set ofR + u {0} which lies in the first and second 
quadrants, V value of .v e R 
Hence choices (a), (b), (c) and (d) are correct. 


Linked Comprehension type 


Passage - 1. 

f(x) = x 2 - 2x-3 

=> /(I x |) = |x| 2 - 2|x| - 3 = x 2 - 2|x| - 3 = gix) 
=> \f (W)l = |x 2 - 2[x| - 3| = hix) 

(i) (a ):/ (x) = x 2 - 2x - 3 = (x + l)(x-3)>0 

+ * - + 

1 1 

-1 3 

=» /(X)>0V (-00,-1) U (3,00) 

=» Je-[-i,3] 

Hence (a) is correct answer 

(ii) (c)/(x)=x 2 -2x-3 
minimum value occurs at vertex V 


point of minima = — — = — = 1 
la 2 


_b_ _D_\ 
2a’ 4a ) 


Contd. on page no. 75 
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equal to 



b’xc' 

b'xc' 

(a) 

[a'b'c'] 

(b) = 

[a’b’c'] 

(c) 

b’xc’ 

[a'b'c'] 2 

(d) none of these 

M 

17 ., 9 : Paragraph for question No. 17 to 19 


Let ABC be a triangle. R be the circumradius of the 


triangle. Also given R 2 = - ( a 2 + b 2 + c 2 ). Then, 
8 

17. Which of the following is/are true? 

(a) X cos 2A=-\ (b) X cos 2 A - 1 

(c) X sin 2/4=1 (d) X sin 2A = - 1 

18. Hence the triangle ABC can be 

(a) equilateral (b) isosceles 

(c) scalene (d) none of these 

19 . Further, we have 

(a) r + 2R = 2s (b) r-2R = s 

(c) r + 2R = s (d) none of these 


SECTION - IV 


Matrix-Match type 

This section contains 3 question. Each question contains 
statements given in two columns which have to be 
matched. Statements (p, q, r, s) in Columns II have to be 
matched with statements (A, B, C, D) in Column I. 


20 . 


Column 1 

Column II 

(A) 

The no. of solutions of the equation 
sin (e*) = 5 X + 5~ x is 

(P) 8 

(B) 

The number of solutions of the 
equation tanx + secx = 2 co&x lying 
in the interval [0, n] is 

(q)6 

(C) 

The no. of values ofx in the interval 
[0, 57t] satistying the equation 

3 sin 2 x - 7 sinx + 2 = 0 is 

(r)2 

(D) 

The number of integral values 
of K , for which the equation 

7 cosx + 5 sinx = 2K + 1 has a 
solution is 

(s)0 


21 . 


Column I 

Column II 

(A) 

Ifyfx)=sin 2 x+sin 2 ^ j + cos* 

cos | x + y j and = 1 then 

(p) 3 


«4D- 



(B) 

Let/„(8) = tan | (1 +sec 0) 

(1 + sec 20) (1 + sec 40)... (1 + sec 2"0) 

then/ ’(i!) /j (!) = 

(q>-| 

(C) 

If cot (0 - a), 3 cot 0, cot(0 + a) 
are in A.P. and 0 is not an integral 
multiple of 7t/2, then sin0 cosec a 
is equal to 

(r)l 

(D) 

Number of ordered pairs (a, x) 

satisyfing the equation 

sec 2 (a + 2)x+fl 2 -l=0,-7t<x<7t is 

00 if 


22 . 


Column I 

Column II 

(A) 

If a,b,c are non coplanar unit 
vectors such that a x (b xc) 

_b +c then the ang i e between 

' 72 J 

a and b is 

K 

(P) y 

(B) 

Four vectors a,b,c,d such that 
(axb)x(cxd) = 0. Let P x and 
P 2 be planes determined by the 
pairs of vectors a, b and ?, d 
respectively, then the angles 
between P x and P 2 is 

2 

(C) 

If a and h are two unit vectors 

such that a + 2b and 5 a — 4b are 
perpendicular to each other then 
the angles between a and b is 

K 

(D) 

If |3| = 3,|£ | = 5 ,|c | = 7 and 
a + b + c = 0. The angle between 

a and b is 

(s) 0 


ANSWER 


Paper I 

1. (d) 2. (a) 3. (b) 4. (a) S. (a) 6. (d) 7. (a) 

8. (a) 9. (a) 10. (c) 11. (d) 12. (c) 13. (a) 14. (d) 

15. (c) 16. (b) 17. (b), (c) 18. (d) 19. (a) 

20. (A) -> (r), (B) -> (p), (C) -4 (q), (D) -> (s) 

21. (A) -4 (q), (B) -4 (r), (C) -4 (s), (D) -4 (p) 

22. (A) -4 (s), (B) (p), (C) -4 (q), (D) -4 (r) 

Paper II 

1. (a) 2. (a) 3. (a) 4. (d) 5. (d) 6. (c) 7. (b) 

8. (d) 9. (c) 10. (c) 11. (a) 12. (a) 13. (d) 14. (d) 

15. (d) 16. (a) 17. (a) 18. (b),(c) 19. (c) 

20. (A) -► (s), (B) -4 (r), (C) -4 (q), (D) -4 (p) 

21. (A) -» (r), (B) -4 (r), (C) -4 (q), (s), (D) -4 (p) 

22. (A) -4 (q). (B) -4 (s), (C) -4 (p), (D) -4 (p) ■■ 
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CHINESEKS 

Olympiad Problems 


SECTION I 


For each positive integer n , the parabola 
y - (n 1 + /z)* 2 - (2n + \)x 4- 1 cuts the x-axis at the points 
A and B . What is the value of 

n n 

1992 

I A„B„ ? 

1991 1992 1991 

(c) 


(a) 


1992 


(b) 


1993 


(d) 


1993 


1993 ' ' 1992 

2. What is the equation of the curve which consists of 
the unit circle minus the part in the second quadrant ? 

(a) (x+Vl-/)(y + Vl-^ 2 ) = 0. 

(b) (x-Vl-y 2 )(>--Vl-A: 2 ) = 0. 

(c) (x + -Jl — y* )(y- Vi"-* 2 ) = 0. 

(d) (.r-V^)(y + Vl^ 2 ) = 0. 

3. Let 5 be the largest of the areas of the four faces 
of a tetrahedron and T be the total surface area of the 
tetrahedron. Which of the following statements is true ? 


(a) 


T 

2 < — < 4. 
5 


(b) 3< — <4. 

_ 7 T 11 
(d) 

IS 2 


, \ 5 T ^ 

2 5 2 

C , sin 5 

4. In triangle ABC , CA = b * 1 . Both — and — — are 

A sin A 

roots of log^x = log 6 (4jc-4). Which of the following 
statements is true ? 

(a) ABC is isosceles but not a right triangle. 

(b) ABC is a right triangle but not isosceles. 

(c) ABC is an isosceles right triangle. 

(d) ABC is not isosceles and not a right triangle. 

5. In the complex plane, O is the origin, and points A 
and B are represented by the complex numbers z and co 
respectively. If \z\ = 4 and 4 z 2 - 2zco + co 2 = 0, what is 
the area of triangle OAB ? 

(a) 8>/3 (b) 4y/3 (c) 6 n/ 3 (d) 12V3 

6. The function f(x) satisfies /( 1 0 + x) =/( 1 0 - x) and 


/(20 -x) =-/(20 + x). Which of the following statements 
about f(x) is true ? 

(a) It is a periodic even function. 

(b) It is an even function but not periodic. 

(c) It is a periodic odd function. 

(d) It is an odd function but not periodic. 


SECTION Jl 


7. Let x, y and z be real numbers such that 3 jc, 4y and 5 z 
form a geometric progression while 1/x, \ly and \/z form 
an arithmetic progression. What is the value of 

z x 

8. How many roots of the equation cos lx = cos 5 jc lie in 
the interval [0, 7i] ? 

9. From the sides and face diagonals of a cube, at most 
how many can be chosen so that every two of the chosen 

ones are a pair of skew lines ? 

1 0. Let z, and z 2 be complex numbers such that |z, | = 3, 
|z 2 | = 5 and \ z ] + zj = 7. What is the value of arg -I? 
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^CHINESE 

Olympiad Problems 



3. 


4. 


5. 


SOLUTIONS 


SECTION I 


(b) : The roots of 

(n 1 + n)x L -(2n + \)x + 1 =0 


1 


1 


are - and 
n n + 1 

1992 1992 


Hence 


1992 1992/ i i \ 

X4A = S (i--ij)-l- 

/»=! n = \{ n W + 


1 

1993’ 


1992 

1993’ 


2 . 


(d) : The curve is the union of the right half and 
bottom half of the unit circle. Their respective 

equations are x-yj\-y 2 = 0 andyWl-* 2 =0. 
Hence the equation of the curve is 

(x - yj\ — y 2 )(y + V 1-JC 2 ) = 0. 

T 

(a) : Clearly, T < 45 or — < 4, and equality holds 

S 

for the regular tetrahedron. On the other hand, 
since the sum of the areas of any three faces of a 

T 

tetrahedron is greater than that of the fourth, — > 2. 

S 

To show that this cannot be improved, consider a 

tetrahedron ABCD in which the projection of A onto 
BCD is inside that triangle and the length of the 
altitude from A to BCD is arbitrarily small. Then the 
area of the face BCD is S and the total area of the 
other three faces is arbitrarily close to S. For such a 
T 

tetrahedron, — is arbitrarily close to 2. 

S 

(b) : The equation 

log* X 2 = log^ X = log 6 (4x - 4) 

simplifies to x 1 - 4jc + 4 = 0, which has double roots 
x = 2. Hence C=2A and sinZ? = 2sin^. Now 
3 A+B=A+B+C= 180°. 

It follows that 

2sin/f = sinZ? = sin3/f = 3sia4 - 4sin 3 /L 
This may be rewritten as 

sinA( 1 - 2sin/f )( I + 2sin/f ) = 0. 

Since sim4 > 0, we have sin ,4 = -. It follows that 

2 

A = 30°, C = 60° and B = 90°. 

(a) : The vector AB is represented by the complex 
number co - z. We have (co - z) 2 + 3z 2 = 0 so that 

co-z = ±V3zz. It follows that AB and OA are 
perpendicular to each other. Hence 


area of A OAB = - 1 OA || AB |= ^ | z 1 1 V3z | = 8^3. 

6. (c) : From the first given condition, we have 

/(10 + (10 -*)) =/(10 - (10 -*)) 
or /(20 -*)=/(*) 

Similarly, we have 

-f(20 + x)=f(x) 
from the second. Hence 

f(x) = -/(20 + x) =/( 20 + (20 + x)) = /( 40 + *), 
and f(x) is periodic. Moreover, 

/(-*)=/(20 +*) = -/«, 
and f(x) is an odd function. 


7. From 


we have 


9. 




SECTION II 


y x z’ 


y=- 


2xz 
x + z 


Substituting into lby 2 = 15xz, we have 
64jcz 


(x + z) 


= 15. 


Hence 


£ + £ _ (x + z) _ 2 _ 34 
z x xz 15 


10 . 


The equation may be rewritten as 
0 = cos7x - cos5x = - 2sin6jc sin*. 

Now sin* = 0 if sin 6x = 0. Hence the general solution 

is x = n — for any integer n. Within [0, ti], there are 
6 

7 solutions corresponding to 0 < n < 6. 

Skew lines do not intersect. Hence the 8 vertices 
of the cube can determine at most 4 mutually skew 
lines. On each of two opposite faces, take a diagonal 
such that the two are skew lines. The other 4 
vertices of the cube determine any such pair of face 
diagonals. It is easy to see that these are 4 mutually 
skew lines. 

Let O , Z p Z 2 and Z 3 represent 0, z p z 2 and z, + z 2 on 
the complex plane. By the Cosine Formula, 

3 2 +5 2 -7 2 _ 1 
2-3-5 ~ 2 

Hence 


cosOZ 2 Z 3 = 


Now 


ZOZ 2 Z 3 =J. 


arg = zZ 2 OZ i =n- ZOZ 2 Z 3 = - or — . 
Z\ 3 3 

It follows that 


z 2 o z 2 

arg^- = 3arg— = k. 
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10 BEST PROBLEMS 


Definite Integrals 


1. If/(x) = f (a + b - x), then what is the value of 
b 

jxf(x)dx? 

a 

5 

2. /([*] + [-*])<& = ? 

2 

3. If /:/?—>/? is continuous and differentiable function 
such that 

x 0 * x x 

j f(t) dt + /"' (3) jdt = J/ 3 dt - f\ 1) J t 2 dt 

-1 jc 1 0 

3 

+ /"(2) •}/<*, 

then find the value of /'( 4). jc 

271 

4. Evaluate J (cos x) 2001 d!x. 

o 

5. If/(5-x)=/(x), 

3 

then evaluate |x f{x)dx. 

10 2 

6. Evaluate J (x - 4) dx. 

5 

7. If g" (x) is continuous for all ‘x’, g (0) = g\\ ) = 1 and 
l 

\xg"(x)dx vanishes, then find g ( 1 ). 

0 7 

8. Evaluate j^dx. 

-3 

9. If V is a positive integer, then find the number of 
solution of inequation 

K 

}\ 2 T cos (3 jc) 3 1 _ 1 

J {a + -cosx + a sinx-20cosx>fi£r 


then find 
l 

\fix)g(x)dx. 

0 


SOLUTIONS 


b 

1. Let l = ^xf{x)dx ...(1) 

a 

b 

Again I = j(a + b-x)f(a + b- x)dx 

b a 

= jia + b-x)f(x)dx ...(2) 

a 

Adding ( 1 ) & (2) [v given fix) = fia + b- x)] 

b 

2 I = jia + b) fix)dx 

a 

I = — y— J fix) dx 

a 

this can be used as a standard result 

e.g. (i) Jxsin 3 xdx = j jsin 3 xdx = Z ± = 2Z. 

0 0 
[Because here / (x) = sin 3 x 
a = 0, b = 7i 

f(a + b-x) -f (7t - x) = sin 3 (71 - x) = sin 3 x = / (x)] 

2. Given integral 

3 4 5 3 4 

= J [x]dx + J [x]dx + J [x]dx + J [-x] dx + J [-x)dx 

2 3 4 2 3 

5 

+J hx]dx 

4 

3 4 5 3 * 4 5 

= J2 dx + J*3 d!x + J4<& + J-3 dx + ^-4 dx + ^-5 dx 

2 3 4 2 3 4 

3 4 5 

= J(-1)*+J(-1)*+J(-1)& 

2 3 4 


10. If/ (x) satisfies /' (x) = / (x), 
/(0) = 1 and /W + g(x) = x 2 , 


by: Er. Rakesh Kumar Gupta, Lecturer Mathematics, A.K. Vidya Mandir Pvt. Ltd., Bathinda, Punjab 
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3. Diff. the given equation by Leibnitz’s rule. 

We get fix) 3) = x 3 -/'( O'* 2 -/"( 2) • * 
Again differentiating 
/'W-0 = 3^-2x/'(1)-/"(2) 

... /'(4) = 48-8/'(l)-/"(2). 

4 / = J (cos x) 2001 dx 
o 

= 2 J (cos x) 200 1 dx [v / (2jc - x) = /(x)] 

o 

= 20 = 0 [v/(2|-x) = -/(x)] 

using properties 

a 

2-J/(x)<& if / (2a - x) = / (x) 
o 

0 if /(2a-x) = -/(x) 

Now from this, a standard result can be written as 
2n 

J (cos x) p dx = 0, p is positive odd integer 

0 

271 

and J (sin x) p ct t = 0, p is positive odd integer 
o 

2tc 2 ti 

e.g. J cos 5 * = 0 and J sin 1001 x dx = 0 

0 0 
3 

5. / = J x f (x)dx •••(!) 

2 

3 

Again / = | (2 + 3 - x) f (2 + 3 - x) dx 
2 

b • b 

using | f{x)dx = J f(a + b-x)dx 

a a 

3 

/ = J(5-x)/(5-x)<& 

2 

3 

= J (5 - x) / (x) (given /( 5 - *) = /(*)) 

2 V 

3 

= J(5 -*)/(*)<& ...(2) 

2 

Adding (l)and(2) 

3 3 

21 = ^ 5 f (x) dx = 5^ f (x)dx 
2 2 

1 = jjf(x)dx 

2 



Aliter : using property derived in question (1) 
a = 2, b = 3, 

3 


1 = 


2 + 3 


J / (x) dx = — jf(x)dx 


6 . 


10 

J(x-4)atc = 


(x-4) 2 


10 


J5 


35 

2 


Aliter : short cut for such type of questions. 

b+c b 

j f (x-c)dx = j f{x)dx 


10 


6+4 


Here / = J (x - 4) dx = J (x - 4) dx 

5 1 + 4 

|~v Here f (x-c) = x- 4 =>c = 4 
a = 1, , b = 6 
n 6 

_ 35 
2 


6 

=> 1 = jxdx = 

1 

1 1 

6 

Similarly f 1 

J x - 

3 

2 dx- 

= log 4 

71 

r 

Similarly J cos(jc-- 

\.( r n ^ 

n 


71 

2 


using above property 


Contd. on page no. 89 
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Contd. from page no. 18 

3ft 7t 
4 4 

c = | ••• /= J COS (x - -|) dx 

k n 
4 4 

3rt/4 

= | cos x = [sin xf* 


n 
4 

= sin ix)" sin f = 0 


1 


i37C/4 

k 

4 


7. Jx g"(x) dx = [x g'(x)]o - Jl • g\x) dx 


o o 

ll 


=[ig'd)-o]-[gw]; =g'(i)-.?(i)+g(o) 
Also given 

g(l)-g(l)+S(0) = 0 .-. g(i)-g'd) +g(0) 

or, g(l)= 1 + 1=2 

8. I =]^ dx + ]l^ dx 

-3 0 

= lir dx+ k dx =\-'dx + )\dx 


= [-a*]^3 + [xf Q =_3 + 7 = 4 units. 


Aliter 



sgn (*) 


. 1 * 1 . 


1, x > 0 
0, jc = 0 
-1, x<0 


9 . 


Reqd. solution = (1 x 7) + (3 x -1) = 4 


f ? [ 2 T cos 3 1 ™ 

io] a — 4 — + ^ cos* + asm* -20 cos* > 

2 rsin(3x) 3 . ]2 3 

^ a [ 12 + 4 Sin *j 0 


a [cos x~j^ - 20 [sinx^ < - — 



BITSAT 

EXPLORER 


Send D.D/M.O in favour of 
MTG Books. 

Add Rs. 35 for postage. 


- +iW- 0 ]-‘'[°rl] 

-20 [1-0] < -y 

=> a 2 + a - 20 < 0 
=> (a + 5)(a-4)<0 

< — I 1 > 

-5 4 

-5 < a < 4 

But V should be a positive integer 
.\ a =1,2, 3, 4 

a has four solutions. 

10.Clearly/(jc) = e x satisfies the given conditions 
1 1 

/ = je x g(x) dx = je x [ x 2 - e x ] dx 
0 0 

= g -£i_2 

22 

Aliter : given /(*) = /' (x) => = 1 

l‘/00 dx= l ldx 

=> log l/(x)| =x + c 
f(x) = e‘+ c = e‘f 
Again /(0) = 1 
=> 1 = e° • e c . => e c = l 

f( x ) = e* ' 1 = e*. || 
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Solution Sets 67 


1. (d): A = ±I,± 


"1 0" 


"1 

b 


a b 

c —1 


1 

b 

1 

o 

* 

i 

ro 

1 

Cl 

* 


where a, b, c are arbitrary and h * 0. 

2. (d): (2s - 3a) (2s - 3b) (2s - 3c ) = 0 
Since abc = 4. Rrs and 

^ab = s 2 + r 2 +4 Rs, 
s 2 = 1 8/?r — 9r 2 


(c) : A — y[2 + >/3 , B — 

jc 2 + 24x + c = 0 
a-p = 8, a + p=-24 


24 


J 3-V2 

-Mxp = 2 7 


4* (b) i The coefficient of x 8 in the expansion of 

(1 + jc) 12 + 6 (1 + x)~ 10 
= 2 3 x 3 x 53 x 59. 


5. (a) : 

x cos a + sin a = 4 
jc sin a + cos a = 3 
Eliminating a, 
jc 4 - 27JC 2 + 48jc - 24 = 0 


- 9 x 8 ). . . 

. is 75048 


— ^ 


c ^ 




(d) : Area = 8 1 J + jf V 5- *' 


t/jC 


= 5^7t -tan 1 -^-j-4 

■■ (KH 


7. (b): U + k 1 = 30 

8. (a): 5! (without zero) + (5 ! -4!) (with zero) = 216 


9. (d) : 6 | _ 5 i = 600 


10. (a) - (r), (b) - (s)„ (c) - (s), (d) - (s) 

Let jc = 4 sin 2 0 - 1 

■tc/2. 

'0 

•71/2 


(a) f 2dQ = n 

Jo 

(b) f 71 2 8 sin 2 QdQ = 2n 

JO 

f \ f7t/2 “5 

(c) f 8 cos 2 0 ^0 = 27c 
Jo 

(d) f 32 sin 2 0 cos 2 QdQ = 2n 
Jo 
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Statement 1 and Statement 2 both are true but 
Statement 2 is not correct explanation of Statement 1 .. 

J2 

or 2y = -Jt 2 + 2x + 2 

x2 


52 . (c): y ~ 2 +X + l 

or 2y- 3 =-x 2 + lx- 1 or = -(■*“ 

curve is symmetrical about 
x= 1. 

That is, about its axis. 

Statement 1 and Statement 
2 both are correct and 
Statement 2 is correct 
explanation 
for Statement 1 . 

53 . («) .Statement 1: 

PR = 2V| 

RQ 

OR is the internal angle 
bisector of /.POQ. 

. OP _ PR 
” OQ RQ 

P(- 2,-2), 0(1, -2) 

:.OP=2sfl 


ir 



y i 


\h 

II 

\ 

o\ 


/ / 

X. X 

Q h 

y i 

\ y— 2 

/ R 

' 2 x+y= 


OQ = S 

■ EE = 2 V 2 
” *0 V5 

=> Statement 1 is correct 

Statement 2 : In any triangle, bisector of an angle divides 
the triangle into two similar triangles. Consider A OPR 
and kORQ. For similarity of triangles, all the angles of 
A OPR must equal the angles of A ORQ. But this is not the 
case. Hence, statement 2 is false. 

54 (c) -A rea °f triangle made by the intersection 
points of tangents at points A(ty), B(t 2 ) and C(t 3 ) is 

2 1*1 ”*2 11*2 ~*3 11*3 ”*1 I * ^ 

Hence, Assertion is wrong. Reason is correct 

55 (c) :^ e &PQR form a right angled triangle, right 
angled at P{ 0, 0) and QR is hypotenuse. So P( 0, 0) is 
orthocentre and the mid. point S of QR , i.e., (1, 1) is 
circumcentre. 


56. (d) : Let be a c t rc ^ e 
which passes through A and 
B whose diameter is AB and 
C 2 be another circle which 
passes through A and B , then 
centres of C, and C 2 must lie on 
perpendicular bisector of AB. 


Indeed the centre of C, is mid-point M of AB and centre 
of any other circle lies somewhere else on the bisector. 
Then, A/,/4 > AM (hypotenuse of right-angled triangle 
AMM X ) 

=> radius of C 2 > — AB. 

2 

=> C, is the circle whose radius is the least. Thus 
Statement 1 is true but does not actually follow from 
Statement 2 which is certainly true. 

57. (a) :The slope of 



/ = - 


1 


the slope of the original line PQ 
1 


3-4 
k - 1 


= (*-!) 


Bisector 

P 


P( 1.4) 


_ . (k + 1 7 ^ 

The midpoint = J ) 

The equation to the bisector / is 
As x = 0, y = - 4 satisfies it, we have 

(_4-I)=(*-l)(o— 

=> it 2 - 1 = 15 => A^= 16 k = ±4. 


58. (c) :The vertex is 
the mid point of FN, 
that is, vertex = (1,0) 


Q(k 3) 


k 2 - 1 



( 2 , 0 ) 


N 

x = 2 


59. (d) ;The centre C of the 
circle is seen to be (- 1, - 2). 

As C is the mid point of P and 
P / , the coordinate of P / is given 0* 0)1 
by 

P f s(2 x - 1 - 1,2 x-2-0) 

= (-3,-4) 

60. (b) :Obviously the major axis is along the x-axis 
The distance between the focus and the corresponding 



directrix = 


a 

ae 

e 


= 4 


ae = 4 

e 


(note that —>ae) 




°r 4 


a 3 
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IfCHINESE^B 

Olympiad Problems 


1. , Let a { , a r . . a n be real numbers. Prove that the 
following two statements are equivalent : 

a t + a > 0 for any i and j with i * j; 
a,x, + <%+...+ a x x n > a x xf + a 2 x\ + ... + a„x 2 n , 
where x [9 x 2 , . . x n are any non-negative real numbers 
satisfying x x + x 2 + ... + x n = 1 . 

2. Let z,, z 2 , . . z n be complex numbers such that 
|z,| + |z 2 | + . . . + |zj = 1. Prove that the sum s of a subset 

of {z , z , . . . z } satisfies I s I > 

I z « £) 

3. Is there a permutation of the numbers 1, 1, 2, 2, 

3, 3, . . 1986, 1986 such that for any k , there are exactly 
A: other numbers between the two k’s ? 

4. Each point on a plane is coloured black or white 
arbitrarily. Prove that there exists an equilateral triangle 

of side 1 or V3 such that all three vertices have the same 
colour. 


SOLUTIONS 


1. First Solution : 

We have 

n nun 

X a k x k - X a k x k X x k = X a k x l + 

* = 1 * = t k= I * = l 


Y*( a - +a j) x \ x j- 


>*J 


Assuming the first statement, we have 

X ( a > + a /'> x i x j - °- 

/ * j 

J n n 

It follows that ^ a k x k > ^ a k xf r 

k = \ k = l 

We now assume the second statement. For 

1 < i < j < n, let x i = Xj ~ and x k = 0 for k * i, j. 

It follows that 

a , + a } a? + a , 

L>_ L or a . + a > 0. 

2 " 4 'v 

Second solution : 

We use the same argument in the first solution to prove 


that the second statement implies the first. We now assume 
the first statement, and prove the second by induction on 
ti. For n = 2, x x = 1 -x 2 and x 2 = 1 — jc,. Hence 

(a,*, + a 2 x 2 ) - (a ]X f + a 2 x rf ) = a,x, (1 - x, ) 

+ a 2 x 2 (l-x 2 ) 

= (a l +a 2 )x l x 2 >0 

Suppose the result holds for some n > 2. 

Let x r x v . . x n + ] be non-negative real numbers 
satisfying 

/i + i 

X x * =1 - 

k = l 

If x n + , = 1 , then x k = 0 for 1 < k < n, and the desired 
conclusion follows from a > a ..If* ,< l,then 

n *+■ i n + l /i + l 


= 1. 


X 

* = r *»+i 
By the induction hypothesis. 


Xr^rr^X fl i 

a = l 

or equivalently, 


A I 1 _ Y 

w+l A = 1 V X n + \j 


Xlr 


\2 


c-^+iiXv^Ivt- 

TT k = 1 k = 1 

Hence 

n + \ n n 

a k x k — 0 ~ x n + 1) ^ a k X k X n + 1 2* a k x k 

k = 1 A' = 1 A = 1 


+ a n+ i^ + i( 1 -^ + i) + «„ + i^+i 


/i + l 


X a *** +a » + 1^+1 X** 

A = 1 A = 1 A = 1 

n + \ 

i.X,. 


>-Y.ar 2 


A A A 

since (a k + ^ n+1 )x^ n+1 > 0. This completes the induction 
argument. 

2. First solution : 

For 1 < k < ru we may assume that z k * 0. Then 
z k = r k (cos Q k + i sin 0^) 

with r k > 0. We divide these n complex numbers into 
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three subsets, consisting respectively of those satisfying 
60° < 0 , < 180°, -60° < Q k < 60° and -180° < 0 < -60° 

It follows from the Pigeonhole Principle that for at 
least one of these subsets, the sum of the moduli 
of the complex numbers is at least 1/3. Using 
rotation about the origin if necessary, we may 
assume that this subset S consists of those satisfying 
-60 < 0* < 60°. Let the complex numbers in S be 
Z\,z 2 ,...,z m . Then 

|z, +z 2 + . . . +zj > r ( cos 0, + r, cos 0 2 + . . . + r m cos 0 m 

>\(r x + r 2 +... + rJ 


Second solution : 

For 1 < k < w, let z = a. + iy.. Then 

n K * 

1= 2>„i 

k = 1 

k = \ 

= X 1**1+ X 1**1+ X b*t+ X b*l 

^>0 X A: <0 y k *o y k < 0 


Since there are 993 even pairs, they will occupy an odd 
number of black spaces. If k is odd, the two copies of k 
will occupy spaces of the same colour. Hence the 993 
odd pairs will occupy an even number of black spaces. 
It follows that the total number of black spaces must 
be odd. However, this number is 1986, and we have a 
contradiction. 

Second solution : 

Suppose such a permutation exists. If a copy of a number 
x lies between the two copies of another number y, we 
say that x is pinched by y. We may have both a’s pinched 
by the y’s, both y 9 s pinched by the a’s, one a* pinched 
by the y 9 s and one y pinched by the a’s, or no pinches 
among the a’s and the y 9 s. Hence the total number of 
pinches arising from any two pairs of numbers must be 
even. On the other hand, the two l’s make 1 pinch, the 
two 2’s make 2 pinches, and so on. Thus the total number 
of pinches is 1 + 2 + . . . + 1986 = 1987 x 993 , which is 
odd. We have a contradiction. 

4* If every two points at 
a distance 1 apart have the 
same colour, we will have 
an equilateral triangle of 
side 1 with the desired 



By the Pigeonhole Principle, at least one summation in 
the last expression is not less than We may assume 
that X I ** I - 4 • Since all terms have the same sign, 

**<o 


X** 

> 

X x k 

£ 

A 

O 


o 

V 

I? 


= XI**I^> 
**<° 


1 

6 * 


3. First Solution : Suppose such a permutation exists. 
Paint the 3972 spaces alternately black and white. The 
two copies of k has exactly k spaces between them. If 
k is even, they will occupy spaces of different colours. 


property. Hence we may assume that there exist two 
points A and B of different colours such that AB = 1 . Let 
C be a point such that AC = 2 = BC. Then C is different 
in colour from either A or B. 

We may therefore assume that there is a black point 
D and a white point F such that DF = 2. Let E be the 
midpoint of DF. By symmetry, we may assume that E 
is black. Complete the equilateral triangles DEG and 
DEH. If either G or H is black, we have an equilateral 
triangle of side 1 with three black vertices. If not, then 

FGH is an equilateral triangle of side >/3 with three 
white vertices. ■■ 
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Olympiad Enrichment Series XI 

IIT-JEE 2009-10 


This series is selected for their motivating, interesting and stimulating sets of quality problems, 

with a lucid expository style in their solution. 


1 . Find all functions f'Q—*Q such that 
f{x + y) +f(x -y) = 2f(x) + 2f(y) 
for all x,y e Q. 

2. Let — < a < 1 . Prove that the equation 

jc 3 (x + 1) = (x + a) (2x + a) has four distinct real 
solutions and find these solutions in explicit form. 

3. Let a, b, and c be positive real numbers such that 
abc = 1 . 

Prove that 

T + T + 7 ^ 1 . 

a + b + 1 6 + c + l c + a + 1 

4. Find all functions f defined on the set of ordered 
pairs of positive integers, satisfying the following 
properties : 

fix, x)=x,fix, y) =f(y, x), (x +y)ffx, y) =yfix, x+y). 


SOLUTIONS 


1 . The only such functions are f(x) = kx 2 for rational k. 
Any such function works, since 

fix + y) +fix -y) = kfx + y) 2 + k(x ~y) 2 
= kx 2 + 2kxy + ky 2 + kx 2 - 2kxy + ky 2 
= 2 kx 2 + 2ky 2 = 2 fix) + 2f(y). 

Now suppose /is any function satisfying 
f(x+y)+f(x-y) = 2f(x) + 2f(y). 

Then letting x = y = 0 gives 2/ (0) = 4/ (0), so / (0) = 0. 
We will prove by induction that / ( nz ) = n 2 f(z) for any 
positive integer n and any rational number z. 

The claim holds for n = 0 and n = 1 ; let n > 2 and suppose 
the claim holds for n - 1 and n-2. 

Then letting x = (n - 1) z, y = z in the given equation we 
obtain 

f(nz) +f((n - 2 )z) =f((n - 1 ) z + z) +/((* - 1 ) z - z) 

= 2 / ((n - 1 )z) + 2/ (z) 

so /(nz) = 2 / ((n - 1 )z) + 2/(z) -/((« - 2)z) 

= 2 (w - l) 2 /^) + 2/ (z) - (n - 2) 2 f(z) 

= (2 n 2 -4n + 2 + 2-n 2 + 4n-4) f(z) = n 2 f(z) 
and the claim holds by induction. 

Letting x = 0 in the given equation gives 


f(y) +f(~y) = 2/(0) + 2/oo = 2/(y), 

so A~y) = f(y) f° r a N rational y\ thus /(;iz) = n 2 f(z) for 
all integers n. 

Now let k=f( 1); then for any rational number* =p/q, 

q 2 f(x) =f(qx) =f(p) =P 2 f( 1 ) = ty 1 
so /(*) = kp 2 /q 2 = kx 2 . 

Thus the functions /(*) = kx 2 , k e Q, are the only 
solutions. 


2. Look at the given equation as a quadratic equation in a : 
a 2 + 3xa + 2x 2 - * 3 - x 4 = 0. 


The discriminant of this equation is 
9x 2 - 8jc 2 + 4* 3 + 4jc 4 = (* + 2* 2 ) 2 . 


Thus 


a 


-3* ± (* + 2x 2 ) 
2 


The first choice a = -x+ x 2 yields the quadratic equation 
x 2 - x - a = 0, whose solutions are 


(l±Vl + 4a) 

2 


The second choice a = - 2x - x 2 yields the quadratic 
equation 

x 2 + 2x + a = 0, whose solutions are -1 ± yj\ - a 
The inequalities 


, n \-J\ + 4a 1 + Jl + 4a 

+ 

show that the four solutions are distinct. 


Indeed 
reduces to 


•1 + n F^' 


1 - + 4 a 


2 7T Z a<3-7i + 4a 

which is equivalent to 6 ^1+4 a < 6 + 8a, 
or 3 a < 4a 2 , which is evident. 

3. Alternative 1 

Setting x = a + b, y = b + c and z = c + a, the inequality 
becomes 

-L- + -L. + -L-<1 

x+l y + 1 z+1 


i £ 1 . 1 < x 

y + 1 z + l"* + r 


i.e. 


y+z+2 < x 

(y + 1) (z + 1) ” * + r 
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i.e. xy+xz + 2x+y + z + 2< xyz + xy + xz + jc , 

Le. x+y + z + 2<xyz, 

i.e. 2 (a + b + c) + 2 < (a + b) (b + c) (c + a), 

i.e. 2 (a + b + c)< a 2 b + ab 2 + tPc + be 2 + c 2 a + ca 2 . 

By the AM-GM inequality, 

(a 2 b + a 2 c + 1 ) > 3 yja 4 bc = 3 a 

Likewise, ( b 2 c + b 2 a + 1) > 3b 
and (c 2 a + c 2 b + 1) > 3c. 

Therefore we only need to prove that 

2 (a + b + c) + 3 < 3 (a + b + c), 
i.e. 3 <a + b + c 

which is evident from AM-GM inequality and abc = 1 . 

Alternative 2 

Let a = aj\ 6 = b j\ c = cj\ Then ci x b x c\ = 1. Note that 
a] + ij 5 - aft - atf = (a, - b, ) (a 2 - 6, 2 ) > 0, 
which implies that 

a \ — a fi\ ( fl i "h ) 


Therefore, 


1 


1 


a + * +1 a\ + $ + a x b fx 


a \b\ i a \ + ) + a \b\ c \ 




afy (tfj + 6, + c { ) a { + + Cj 

Likewise, 

1 ^ 


and 


b + C + 1 + Cj 

i „ a 


C + + 1 flj+Z)j+C| 

Adding the three inequalities yields the desired result. 

4. We claim that /( x, y) = 1cm (jc, y), the least common 


multiple of x and y. It is clear that 

lem (x, x) = x and 1cm (x,y) = 1cm (y, x). 

Note that 1cm (jc, v) = — — - 
gcd(x, y) 

and ged (jc,y) = ged (jc, jc + y), 

where ged (w, v) denotes the greatest common divisor of 

u and v. Then 

(X + y ) 1cm (x,y) = (x + y)- 
JC (jc + v) 

= y ged (.r, ,v + _>’) =jlcm(x,Ar+j). 

Now we prove that there is only one function satisfying 
the conditions of the problem. 

For the sake of contradiction, assume that there is another 
function g (jc, y) also satisfying the given conditions. 

Let S be the set of all pairs of positive integers (jc, y) such 
that / (jc, y) * g (jc, y), and let (m, n ) be such a pair with 
minimal sum m + n. It is clear that m * n , otherwise 
/ (m,n) =/ (m,m) = m = g(m, m) = g(m, n). 

By symmetry / (jc, y) = / (y, jc), we can assume that 
n - m > 0. 

Note that 

nf (m, n-m)-[m + (n- m)]f (m, n-m) 

= (n-m) f (m, m + (n- m)) = (n - m) f (m, n) 

or f(jm,n-m) = ^-^-f{m,n) 

Likewise, g(m, n - m) = — — — g (m, /i). 

n 

Since /(/w, n)* g (m, /i),/ (m, -m)* g (m, n - m). 

Thus (m, w — mi) g S. 

But (m, n-m) has a smaller sum m + (n - m) = n, 
a contradiction. Therefore our assumption is wrong and 
/ (jc, y) = 1cm (jc, y) is the only solution. 
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Series-1 


Vision for 
SCORING 



Trigonometric Functions 


GRAPHS OF SINE AND COSINE FUNCTIONS 


Basic sine and cosine curves 

In this section you will study techniques for sketching 
the graphs of the sine and cosine functions. The graph of 
the sine function is a sine curve. In figure 1 , the black 
portion of the graph represents one period of the function 
and is called one cycle of the sine curve. 


Range: 

| y = sinx | • 

V 

i 

1 <>y< 1 

-3n “A -3 / 

t • V ™ 

n n \ 5n 



2 \2/ : 2 



— j 

Figure : 1 

Period : 2tt 


interval [-1, 1], and each function has a period of 271. 
The sine graph is symmetric with respect to the origin, 
whereas the cosine graph is symmetric with respect to 
the y-axis. These properties of symmetry follow from 
the fact that the sine function is odd whereas the cosine 
function is even. 

Example 1 : Sketch the graph of v = 2siax on the interval 
[— 7t, 471] 

Soln.: Note that y - 2siax = 2(sinx) indicates that the 
y- values for the key points will have twice the magnitude 
of the graph of y = siax. Divide the period 2 tc into four 
equal parts to get the following key points fory = 2siax. 

(0,0), (J, 2 ). (>r, 0), - 2 ) and (271, 0) 


The coloured portion of the graph indicates that the basic 
sine wave repeats indefinitely to the right and left. The 
graph of the cosine function is as shown in figure 2. 



Figm-c ; 2 ' 


X 

sinx 

cosx 

0 

0 

1 

7l/6 

1/2 

73/2 

7C/4 

72/2 

72/2 

tc/3 

73/2 

1/2 

tt/2 

1 

0 

3tc/4 

72/2 

- 72/2 

71 

0 

-1 

3tt/2 

-1 

0 

2 it 

0 

1 


Domain of the sine and cosine functions is the set of all 
real numbers. Moreover, the range of each function is the 


By connecting these key points with a smooth curve and 
extending the curves in both directions over the interval 
[-71, 47t], you obtain the graph shown in figure 3. 



Amplitude and period of sine and cosine curves 
In the rest of this section you will study the graphic 
effect of each of the constants a , b , c, and d in equations 
of the forms 

y = d + a sin(Z?x - c) and y = d + a cos (bx - c). 

The constant factor a iny = a siax acts as a scaling factor 
- a vertical stretch or vertical shrink of the basic sine 
curve. If \a\ > 1, the basic sine curve is stretched, and 
if \a\ < 1, the basic sine curve is shrunk. The result is 
that the graph of y = asinx ranges between - a and a 
instead of between -1 and 1. The absolute value of a is 
the amplitude of the function y = a sin x. The range of 
the function y = a sinx is -a < y < a. 
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Definition of amplitude of sine and cosine curves : 

The amplitude of y = a sinx and y = a cosx is the largest 
value ofy and is given by 
Amplitude = |a|. 


Kxample 2 : On the same coordinate axes, sketch the 


graphs of y - - cos x and y = 3 cos x. 

2 i.i 

Soln.: Because the amplitude of y = -cosx is -, the 

maximum value is 1/2 and the minimum value is -1/2. 
Divide one cycle, 0 < x < 2 tt, into four equal parts to get 
the key points. 




A similar analysis shows that the amplitude ofy = 3cosx 
is 3, and the key points are 


(0,3), 



( 71 ,- 3 ), (y, oj 


and (27t, 3) 


The graphs of these two functions are shown in figure 4. 

y 



The graph of y = -/ (x) is a reflection in the x-axis of the 
graph of y =/ (x). For instance, the graph of y = -3cosx 
is a reflection of the graph of y = 3cosx, as shown in 



Period of sine and cosine functions 

Let b be a positive real number. The period ofy = a sin bx 

and y = acosbx is 2 t iJb. 

Note that if 0 < b < 1 , the period of y = a sin bx is greater 
than 271 and represents a horizontal stretching of the 
graph of y = a sinx. Similarly, if b > 1, the period of 
y = a sin bx is less than 271 and represents a horizontal 
shrinking of the graph of y = a sinx. If b is negative, we 
use the identities sin(-x) = -sinx and cos(-x) = cosx to 
rewrite the function. 

Scaling - Horizontal stretching: 

Example 3 : Sketch the graph ofy = sin(x/2). 

Soln.: The amplitude is 1. Moreover, because b = 1/2, 

- ... 2n 2n A 

the period is — = — = 471. 

F b 1/2 

Now, divide the period-interval [0, 47t] into four equal 
parts with the values 7t, 2n and 37t to obtain the following 
key points on the graph. 

(0, 0), (7i, 1), (2 ti, 0), (37t, -1) and (4 ti, 0). 

The graph is shown in figure 6. Use a graphing utility to 
confirm this graph. 



Study tip : In general, to divide a period-interval into 
four equal parts, successively add “period/4”, starting 
with the left end point of the interval. For instance, 
for the period-interval [— 7T/6, ti/ 2] of length 27i/3, you 

, , . , 2tc/3 ti 

would successively add = — to get 

4 6 


K . K K ,71 

— , 0, — , - and -. 
6 6 3 2 


Translations of sine and cosine curves 
The constant c in the general equations 

y = asin(6x - c) and y = a cos (bx - c) 
creates horizontal translations (shifts) of the basic sine 
and cosine curves. 

Comparing y = a sin bx withy = a sin (bx - c), we find that 
the graph ofy = a sin(Z?x - c) completes one cycle from 
bx - c - 0 to bx - c = 27t. By solving for x, we find the 
interval for one cycle to be 

Left end point Right end point 


£ 

b 


< X < 


c 2n 
b+ b 


Period 
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This implies that the period of y - a sin(Z>Jt - c) is 2n/b, 
and graph of y = a sinta is shifted by an amount c/b. The 
number db is the phase shift. 


Graphs of sine and cosine functions 

The graphs oiy = a sin {bx - c) andy = a cos(bx - c) have 

the following characteristics. (Assume b > 0). 

Amplitude = \a\. Period = 2n!b. 

The left and right endpoints of a one-cycle interval can 
be determined by solving the equations bx - c = 0 and 
bx -c = 2 71. 

Horizontal translation: 


1 . ( K 

Example 4 : Sketch the graph of y = -sin 

Soln.: The amplitude is 1/2 and the period is 27t. By 
solving the equations, 

71 _ , 71 _ 

x — = 0 and * — = 2 n 

3 3 

n In 

x = — x = — . 


you see that the interval [7i/3, InJZ] corresponds to one 
cycle of the graph. Dividing this interval into four equal 
parts produces the following key points. 


(HfriMMPr- 



The graph is shown in figure 7. 



v =-sin(x - rc/3) 


Period = 2 ti Fi 8 UI *e : 7 



The final type of transformations is the vertical 
translation caused by the constant d in the equations 
y - d + a sin(ta - c) and y = d + a cos(&c - c) 

The shift is d units upward for d > 0 and downward 
for d < 0. In other words, the graph oscillates about the 
horizontal liney = d instead of the x-axis. 

Vertical translation: 

Example 6 : Analyze the graph ofy = 2 + 3 cos2x. 
Soln.: The amplitude is 3 and the period is 7t. The key 
points over the interval [0, n] are 

(0, 5), 2 ),^, - 1 ), 2j and (71, 5). 

The graph is shown in figure 9. Compared with the graph 
of f[x) = 3 cos2x, the graph of y = 2 + 3cos2x is shifted 
upward two units. 



GRAPHS OF OTHER TRIGNO. FUNCTIONS 


Horizontal translation: 

Example 5 : Analyse the graph ofy = -3cos(2tix + 47i). 
Soln.: The amplitude is 3 and the period is 2nJ2n = 1 . By 
solving the equations 

2tix + 4tc = 0 and 2tdc + 4ti = 2ti 
27ix = -47t 27Lc = -2n 

jc = -2 x = -\ 

You see that the interval [-2, -1] corresponds to one 
cycle of the graph. Dividing this interval into four equal 
parts produces the following key points. 

(-2,-3), (-J, o).(4 3 ), 0 ) and (— 1, -3) 

The graph is shown in figure 8. 


Graph of the tangent function 

The tangent function is odd. That is, tan(-x) = -tan*. 

Consequently, the graph of y = tanx is symmetric with 

respect to the origin. You also know from the identity 

sin* , . , „ 

tanx = that the tangent is undefined when 

COSJC 

cosx = 0. Two such values are x = ± nJ2 ~ ± 1 .5708. 


* 

-71 

2 

-1.57 

-1.5 

-1 

0 

1 

1.5 

1.57 

71 

2 

taru 

Undef. 

-1255.8 

-14.1 

-1.56 

0 

1.56 

14.1 

1255.8 

Undef. 


taru approaches 
-oo as x approaches 
-nil from the right 


tan* approaches 
as .x approaches 
nil from the left 
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As indicated 
in the table, 
tanx increases 
without bound 
as x approaches 
nJl from the left, 
and decreases 
without bound as 
x approaches -nil 
from the right. 

Thus, the graph of 
y - tanx has vertical asymptotes at x - nJl and — tc/2, as 
shown in figure 10. 

Moreover, because the period of the tangent function is 
71, vertical asymptotes also occur when x = nJl + mi, 
where n is an integer. The domain of the tangent function 
is the set of all real numbers other than x = ti/2 + nn, and 
the range is the set of all real numbers. 

Sketching the graph of a function of the form 
y = a tan(6x - c) is similar to sketching the graph of 
y = a sin (bx - c) in that you locate key points that 
ideitify the intercepts and asymptotes. Two consecutive 
asymptotes can be found by solving the equations. 

bx - c = -nil and bx - c - nil 
The midpoint between two consecutive asymptotes 
is an x-intercept of the graph. After ploting the 

asymptotes and the x-intercept, plot a few additional 

points between the two asymptotes and sketch one 
cycle. Finally, sketch one or two additional cycles to 
the left and right. 



Example 7 : Sketch the graph of y = tan(x/2). 
Soln.: By solving the equations. 


2 2 2 2 


X = -71 X = 71 

you can see that two consecutive asymptotes occur 
at x = -7i and x = n. Between these two asymptotes, 
plot a few points, including the x-intercept, as shown 
in the table. 


X 

-n 

-71/2 

0 

tc/2 

71 

tan(x/2) 

Undef. 

-1 

0 

1 

Undef. 


Three cycles of the graph are shown in figure 11. 



Example 8 : Sketch the graph of y = -3tan2x. 
Soln.: By solving the equations 

2x = and 2x = — 

2 2 
n n 



you can see that two consecutive asymptotes occur at 
x = -ti/ 4 and x = 7i/4. Between these two asymptotes, 
plot a few points, including the x-intercept, as shown 
in the table. 


X 

— 7t/ 4 

— tc/8 

0 

71/8 

n/4 

-3tan2x 

Undef. 

3 

0 

-3 

Undef. 


Three complete cycles of the graph are shown in 
figure 12. 



By comparing the graphs in examples 7 and 8, you can 
see that the graph of y = a tan (bx - c) is increasing 
between consecutive vertical asymptotes if a > 0, and 
decreasing between consecutive vertical asymptotes if 
a < 0. In other words, the graph for a < 0 is a reflection 
in the x-axis of the graph for a > 0. 

Graph of the cotangent function 

The graph of the cotangent function is similar to the 
graph of the tangent function. It also has a period of 

7 i. However, from the identity 

cosx 

y = cotx = 

sinx 


you can see that the 
cotangent function has 
vertical asymptotes 
x = nn, where n is 
an integer, because 
siax is zero at these 
x-values. The graph 
of the cotangent 
function is shown 
in figure 13. 


i 

1 3 ’ 
\ 2 “ 
\ 1_ 

k y = cotx 

u 

— 7T\ 

5\ : \ 

2 \ . 

2 \i \ 


\ \ 


Example 9 : Sketch the graph of y = 2 cot(x/3). 
Soln.: To locate two consecutive vertical asymptotes 
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of the graph, solve the equations x/3 = 0 and x/3 = 7t, 
as follows. 

- = 0 and - = n 
3 3 

x-0 x = 3n 

Then, between these two asymptotes, plot a few points, 
including the x-intercept, as shown in the table. 


X 

0 

3n 

T 

371 

T 

971 

T 

371 

- X 

2 cot— 

3 

Undef. 

2 

0 

-2 

Undef. 


Three cycles of the graph are shown in figure 14. 



Graphs of reciprocal functions 

The graphs of the two remaining trigonometric functions 
can be obtained from the graphs of the sine and cosine 
functions using the reciprocal identities 

1 H 1 

cosecx = and secx = 

sinx cosx 

For instance, at a given value ofx, they-coordinate for 
secx is the reciprocal of the y-coordinate for cosx. Of 
course, when cosx = 0, the reciprocal does not exist. 
Near such values of x, the behaviour of the secant 
function is similar to that of the tangent function. In 
other words, the graphs of 

sinx 1 

tan x = and secx = 

cosx cosx 

have vertical asymptotes at x = n/2 + nn , where n is 
an integer and the cosine is zero at these x-values. 
Similarly, 

cosx 1 

cot x = and cosec x = 

sinx sinx 

have vertical asymptotes where sinx = 0 - that is, 

x = Ml. 

To sketch the graph of a secant or cosecant function, 
we suggest that you first make a sketch of its reciprocal 
function. For instance, to sketch the graph of y = cosecx, 
first sketch the graph of y = sinx. Then take reciprocals 


of the y-coordinates to obtain points on the graph of 
y = cscx. You can use this procedure to obtain the 
graph shown in figure 15. 


Period: 2n 
Domain: all x * mi 

Range: all y not in (-1 1) 
Vertical asymptotes: x = nn 
Symmetry: origin 



Period : 2 n 

Domain : all x * — + nn 
2 

Range: all y not in (-1, 1) 
Vertical asymptotes: x = ^ + mi 
Symmetry: y-axis. 



In comparing the 
graphs of the secant 
and cosecant functions 
with those of the sine 
and cosine functions, 
note that the “hills” 
and “valleys” are 
interchanged. For 
example, a hill (or 
maximum point) 
on the sine curve 
corresponds to a valley (a local minimum) on the cosecant 
curve. Similarly, a valley (or minimum point) on the 
sine curve corresponds to a hill (a local maximum) on 
the cosecant curve, as shown in figure 16. 

Comparing trigonometric graphs: 

Example 10 : Compare the graphs of 

x + — and y = 2csc x-f- 

4 J l 4 

Soln.: The two graphs are shown in figure 17. 




y cosecant 
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Note how the “hills” and “valleys” of the graphs 
are related. For the function y = 2sin[x + (rc/4)], the 
amplitude is 2 and the period is 271. By solving the 

double inequality 

^ 71 71 7 71 

0<x + — <2 ti => — <x< — 

4 4 4 


you can see that one cycle of the sine faction corresponds 
to the interval from x = -7t/4 to x = 77t/4. The graph 
of this sine function is represented by the light curve 
in figure 17. Because the sine function is zero at the 
end points of this interval, the corresponding cosecant 
function 


y = 2 cosec 



/ 

H 

l = 2 

V 


sin [x + (n/ 4)] 


has vertical asymptotes at x = -tt/4, 3ti/4, 7ti/ 4 etc. 
The graph of the cosecant function is represented by 
the black curve. 


the lines y - -x and y = x. Furthermore, because 

K 

/(x) = xsinx = ±x at x =— + nn 
/(x) = xsinx = 0 at x = nn 

the graph of / touches the line y = -x or the line 
y = x at x = nJ2 + nn and has x-intercepts at x = nn. 
A sketch of /is shown in figure 19. In the function 
/(x) = x sinx, the factor x is called the damping factor. 



Example 11 : Compare the graphs ofy = cos2x and 
y = sec2x. 

Soln.: Begin by graphing the two functions, as shown 




correspond to the vertical asymptotes 

n 3n 5n 

x = — , x = — , x - — , .... 

4 4 4 

of the graph of y - sec2x. 

Damped trigonometric graphs 

A product of two functions can be graphed using 

properties of the individual functions. For instance, 

consider the function f (x) = x sinx 

as the product of the functions y = x andy = sinx. Using 

properties of absolute value and the fact that |sinx| < 1, 

we have 0 < |x||sinx| < |x|. Consequently, 

- |x| < x sinx < |x| 

which means that the graph of/(x) = x sinx lies between 


Example 12 : Analyse the graph of / (x) = e~ x sin3x. 
Soln.: Consider / (x) as the product of the two 
functions 

y = e~ x and y = sin3x 

each of which has the set of reat numbers as its 
domain. For any real number x, you know that e~ x > 0 and 
|sin3x| < 1 . Therefore, \e~ x \ |sin3x| < e~ x , which means 
that 

— €~ x < e~ x sin3x < e~ x . 

Furthermore, because 

/ (x) = e~ x sin3x = ±e~ x at x = — + — 

J W 6 3 

and /(x) = e”*sin3x = 0 at x = ^ 
the graph of / touches the curves y = -e~ x and 
y = e~ x at x = ^ and has intercepts at x = nnJ3. The 
graph is shown in figure 20. 
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1 0 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE syl- 
labus. This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In 
every issue of MT, challenging problems are offered with detailed solution. The readers' comments and suggestions regarding 
the problems and solutions offered are always welcome. 


1. If [.] stands for the greatest integer function, 

2 

J[3a]^a is equal to 

(a) 3 (b) 4 (c) 5 (d) 6 


> du k 

2 If J ~ 7’ then va ^ ue °f x ls 

ln2Ve U -1 


(a) 4 (b) In 8 

(c) In 4 (d) None of these 

3. The equation of a curve is y =/ (x). The tangents at 
(1, /(!)) > (2, /( 2)) and (3,/(3)) make angles n/6, 
n/3 and n/4 respectively with positive direction of 
A-axis, then the value of 


3 3 

f , r 

Solutions 

J / (a)/ (a )dx + J / '(a)^* is equal to 

1. (b): 


z 1 

(a) ~s 

(C) o 


(b) js 


(d) None of these 
4. Let /(a) be a function defined by 

X 

fix) = J t(t 2 - 3/ + 2)dt, 1 < a < 3. Then the range 


of /(a) is 

(a) [0,2] 

(c) [-1/4,2] 


(b) [-1/4,4] 

(d) None of these 


5. All the values of V for which 
2 


j(a 2 -I- (4 - Aa)x + 4x 3 )dx <12 are given by 


(a) a = 3 
(c) 0 < a < 3 


(b) a <4 

(d) None of these 


6. Evalute ^ 2 


(1 + x) sin a 


(x + 2x) cos a - (1 + x) sin 2a 


-dx 


7. Show that the value of 


. . ( 

n sin /H — h 

f 1 2 ) 


dx , n e N, is 


° ™(f) 

independent of n. Find the value of the integral. 

8. Find the orthogonal trajectories of the family of 
circles having their centres on the^-axis and touching 
the A-axis. 

9. Find the area bounded by a = cos^y, A-axis and the 
lines |a| = 1. 

10. A family of curves intersect the hyperbolaj>= 16/a at 
an angle tc/ 2. Find the equation of the curves. 


4/3 


5/3 


J [3a ]dx = J [3a ]dx + J [3a] dx + J [3a] dx 

1 1 4/3 5/3 

4/3 5/3 2 

= J 3 dx + J 4^v + J 5 dx = 4 

1 4/3 5/3 

2. (c) : Put e u - 1 = t 1 . Then e"du = 2t dt , so that 

>je x - 1 I 

K f 2 tdt r . -ive x -l 1 - 

7” J T~2 7“" tan 1 =2 tan l de x -\ 

6 J tit +\) 1 J \ 2 


1 


=> tan 1 yje x - 1 = — => \fe x - 1 = tan — 

3 3 

= >/3 => e x = 4 .*. a = In 4. 

3. (a): Here /'(!) = tan| = j=,/'(2) 

= tan^ = V3,/'(3) = tan- = l 
3 4 


Now, j f'(x).f"(x)dx = 
2 
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= -j[{/'(3) 2 }-{/'(2) 2 }] 

and \f'\x)dx = \f{x)i =/'(3)-/'(l) 

•• value = I[l 2 -(^) 2 ] + l--^ = -^ 

4. (c): /' fxj = xCx 2 - 3x+2) = x(x - 1 ) (x - 2). 
The sign scheme for f'(x) is as below. 




+ 


0 . 1 2 

f'(x) < 0 in 1 < x < 2 and f(x) > 0 in 2 < x < 3. 

f'(x) is decreasing in [1, 2] and increasing in [2,3] 

2 

min f(x) =/( 2) = J *(* 2 - 3x+ 2)<7r 

l 

4 


— -. r 3 +* 2 

4 


max.f(x) = the greatest among {/'(l),/(3)}. 

1 3 , 

/(l) = J.t(x 2 - 3x + 2 )dx = 0, / (3) = J.v(.f - 3.t + 2)<ir = 2 

l i 

max/(jc)=2, so the range [-1/4, 2] 


5. (a) : J(a 2 + (4 - 4 a)x + 4 x 3 )dx 


1 2 


= a 2 [x] i +(2-2a)[x*\ -t-[^], 

= a 2 +(2-2a) (3) +15 
Given a 2 -6a + 21 < 12 

= a 2 - 6a + 9 < 0 => (a -3) 2 <0=>(fl-3) 2 = 0=>a = 3 
6. j(l +x) sin x dx = siav - (1 +x) cos x + C 


, 7 = | 


(1 + x) sinx 


[sinx - (1 + x)cosx] z - 1 


-dx 


= — In 
2 


sin x - (l + x)cosx-l 


sinx-(l + x)cosx + l 
dx 


+ C 


7. Let /„ = \ 


sin^« + ^ jx< 


. X 

sin — 
2 


Then /„-/„ + , = } 


n sin^ + 0v-sin^/ + |jj 


. X 

sin — 
2 


dx 


= -2j cos(« + l)x dx = — .[sin(« + 1 )x] q = 0 
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=>/ ., = / „ + l Hence /„ = /,= /, = /, = , 

n 

Thus I„ = I 0 = fdx = n. 


8. The family of circles is given by x 2 + y 2 - ay = 0, 

. aeR . (1) 

Differentiating w.r.tjc, we have 


2x + 2y^j--a— = 0 => a = 2 
ax dx 

Putting this value in (1), we have 


dx 

x — + y 
dy 


x 2 +y 2 -l 


dx 

x —+y 
. dy 


y = 0=>x 2 -y 2 -2xy— = 0 


For the orthogonal trajectories we replace 

[dy\ 

\dx i 


dy 


by 


rip 8 * 


x 2 -y 2 + 2xy^ = 0=>^=y^~ 
dx dx 2 xy 

This is a homogeneous differential equation in* and y. 
Putting y = Vx , we have 

F 2 -l 


■ww dV FV-* 2 

F + * = 

dx 2* • F* 


dV _ 
dx 
dx 


V 2 — 1 — 2F 2 


2F 

2F 


2F 

H-F 2 

2F 


c/F 


* 1 + F 2 

=> log | * | + log( 1 + F 2 ) = constant 
=> |*|(1 + y 2 /* 2 ) = constant = b (say) 
which is required orthogonal trajectories. 


9. * - cos* 1 y => y = cos*, * e [0, 7 i]. 

The required area (shaded portion) is shown in the 
adjacent figure. 


, -71/2/ 


y 

Wm 

x= 1 

x' 

X = 

0 

= -l 

X 

’? 


Required area 

= 2 J cos * dx = 2 sin * | ' = 2 sin 1 sq. units. 

o ° d 

10. For the required family of curves, let = -J- 
and for the curve y = 1 6/* , 
m 2 = value of dy 

dy J^-16 

dx~ x 2 

As the family of curves intersect the hyperbola at — , 
x m 2 = -1 2 




dy ( _ dy _ x^_ 
dx \ x 2 ) dx 16 


dy 1 2 » 

=> *j“ = ttx 2 dx 
dx 16 

Integrating both sides 

j*" j => 


^-48 +C 


*• T= C is the required family of curves. 


Choice of Toppers : HT-Bombay 

Delhi Retains No. 2 Slot, Madras Follows. 

The cream of the country's young brains continues to hanker 
after IIT-Bombay. The institution has retained its position as 
the most sought-after IIT in the country, with Delhi and Ma- 
dras a distant second and third respectively. 

A number of factors have been re 


sponsible for this: from geography to 
gastronomy and placement records to 
what coaching classes tell students. 

Of the top 100 JEE-2008 rankers who 
have been admitted to the NTs this year, 
more than 50% preferred IIT-B over any 


IIT-Centre 

2008 

2007 

2006 

2005 

Bombay 

54 

50 

46 

52 

Delhi 

27 

29 

oo 

rvj 

21 

Madras 

10 

5 

6 

7 

Kanpur 

9 

15 

20 

17 

Kharagpur 

0 

1 

0 

3 

Guwahati 

0 

o 

0 

1 

0 


other IIT (see box). This was followed by Delhi - where 27 of 
the top 100-have been admitted. While Bombay and Delhi 
have maintained their positions over the years, IIT-Madras 
has overtaken Kanpur this year. 

There was a time when up to 30% of the top rankers chose 
Madras but "food" became an issue for students. "Students 
have often said that IIT-M does not have 
the kind of food that Bombay or Delhi 
have. But all our students are good, 
whether they are in the top 100 or in 
the ranks below," said IIT-M director M 
S Ananth. Food for thought, that. 

Source : Joint Entrance Exam Cell, IIT 
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49 . The length of the chord joining the points 

(4 cos0, 4 sin 6) and (4 cos(0 + 60°), 4 sin(0 + 60°)) 
of the circle x 2 -by 2 = 1 6 is 
(a) 16 (b) 2 

(c) 4 (d) 8 

50. The number of common tangents to the circles 
x 2 -by 2 -y = 0 and xr -by 2 -by = 0 is 

(a) 0 (b) 1 

(c) 2 (d) 3 

51. The co-ordinates of the centre of the smallest circle 
passing through the origin and having y = x + 1 as a 
diameter are 

(a) (-1.0) (b) 

<‘> (i t) « (??) 


58. The vertices of triangle are (6, 0), (0, 6) and (6, 6). 
The distance between its circumcentre and centroid 
is 

(a) 1 , (b) 2V2 

(c) 2 (d) V2 

59. The angle between the pair of lines 
x 2 -blxy-y 2 = 0 is 

(a) 0 (b) 7i/3 

(c) 71/6 (d) ti/2 


60. 


lim 

n — » 00 


3 . 2" + 1 - 4 • 5” + 1 
5 • 2” + 7 • 5” 


(a) -j- (b) 0 

3 —4 

(c) T (d) ~ 


52. The length of the diameter of the circle which cuts 
three circles 

xr +yr -x-y- 14=0; 
xr+yr + 3x-5y- 10 = 0; 
x 2 +yr - 2x + 3y - 27 = 0 
orthogonally, is 

(a) 4 (b) 2 

(c) 8 (d) 6 

53. For the parabola y 2 = 4.*, the point P whose focal 
distance is 1 7, is 

(a) (2, 8) or (2, -8) (b) (16, 8) or (16, -8) 

(c) (8, 8) or (8, -8) (d) (4, 8) or (4, -8) 

54. The angle between the tangents drawn to the 
parabola yr = 1 2x from the point (-3, 2) is 

(a) 30° (b) 45° 

(c) 90° (d) 60° 

55. The number of values of ‘c’ such that the line 

x~ 7 

y = 4x + c touches the curve — + y~ = 1 is 

4 

(a) infinite (b) 0 

(c) 1 (d) 2 

56. If the circle xr + y 2 = cr intersects the hyperbola 
xy = c 2 in four points P(x u y,), Q(x 2 , y 2 ), R(x } , y 3 ) 
and ‘S‘(x 4 ,y 4 ), then 

(a) y x y 2 y 3 y 4 = 2c 4 (b) x x + x 2 4 - x 3 + x 4 = 0 

(c) y, +y 2 +y } +y 4 = 2 (d) x x x 2 x } x 4 = 2c 4 

57. The foot of the perpendicular from the point (2, 4) 
upon * -by = 4 is 

(a) (1,3) (b) (3,-1) 

(c) (2,2) (d) (4,0) 


SOLUTIONS 


1. (d) 

2. (a) 

3. (a) 

4. (b) 

5. (b) 

6. (d) 

7. (a) 

8. (a) 

9. (0 

10. (0 

11 . (a) 

12. (d) 

13. W 

14. (a) 

15.(0 

16. (d) 

17. (a) 


18. Question is incompleted 




19. (d) 

20. (b) 

21. (b) 

22. (0 

23. (b) 

24. (0 

25. (d) 

26. (b, d) 

27.(0 

28. (d) 

29. (d) 

30(b) 

31. (b) 

32. (d) 

33. (b) 

34. (a) 

35. (d) 

36. (0 

37.(0 

38. (0 

39. (a) 

40. (0 

41. (0 

42. (0 

43. (a) 

44. (b) 

45. (d) 

46. (b) 

47. (b) 

48. (d) 

49. (0 

50. <d> 

51. (W 

52. (a) 

53. (b) 

54. (0 

55. (d) 

56. (b) 

57. (a) 

58. (d) 

59. (d) 

60 . (a) 


■ ■ 
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International 
Olympiad Problems 


Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 


1. Find all polynomials /(x) = x" + a x x n ~ l + ... + a n 
with the following properties : 

(i) all the coefficients a x , a 2 , a n belong to the set 

(ii) all the roots of the equation /(x) = 0 are real. 

2. Let Z denote the set of all integers. Consider a 
function /: Z Z with the properties : 

/(92+x)=/(92-x) 

/( 19-92 +x)= /( 19-92 -x) (19-92= 1748) 
/(1992+x) =/(1992-x) 

for all x e Z. Is it possible that all positive divisors of 92 
occur as values of /? 

3. Prove or disprove that 

>/5 + V2l+V8 + V55 =>/7 + >/33 +>/6 + n/35. 

4. From the triangle T with vertices A, B and C, 
the hexagon H with vertices A\, A 2 , B h B 2 , C b C 2 is 
constructed, as shown in the figure. Show that the area 
of H is at least thirteen times the area of T. 



5. Let ( a n ) and ( b n ) be two sequences of integer 
numbers which satisfy the following conditions : 

(i) a 0 = 0,b 0 = 8; 

(ii) a n + 2 = 2 - a n + 2; b n+2 = 2 b nH - b„, 

(iii) a~ + b' is a perfect square, for all n. 

Determine at least two possible values for the pair 

(^1992, ^1992)- 

6. Two circles intersect at A and B. P is any point on 
an arc AB of one circle. The lines PA, PB intersect the 
other circle at R and S, as shown below. If P' is any other 
point on the same arc of the first circle and if R\ S' are 
the points in which the lines P'A,P'B intersect the other 


circle, prove that the arcs RS and R'S' are equal. 



S 


7. Suppose that the 4th-degree polynomial p(x) 
has three local extrema, at x = x 0 , Xj and x 2 , so that 
p(x 0 ) = p(x 2 ) = m and p( x i) = where m < M. Let A be 
the area of the region bounded by y = m and y=p(x), and 
let B be the area of the region bounded by y = p(x) and 
y “ M. Find B/A. 

8. Let ABC be a triangle and let D, E , F be points on 
sides BC, CA , AB respectively (different from A, B, C). 
If AFDE is inscribable in a circle show that : 

Aar^DEF) (EF V 
ar(ABC) ~\AD ) 

9. Prove that for each positive integer n 
(2w 2 + 3«+1)"£6>!) 2 . 

10. If a - sin 10°, b - sin50°, c - sin70° Prove that 

(i) a + b - c 

(ii) a~ l +b~ l =c“ 1 +6 

(iii) 8 abc = 1. 


SOLUTIONS 


1 . Let Yi , Y 2 » • ■ ■ • > Y/i represent the roots of/(x). Then 

S Y7 = (z Y, ] - “Z Yi Yy = - 2a, = 1 - 2a,. ...(1) 


;=1 


i=l 




By the Arithmetic Mean-Geometric Mean inequality we 
have 


^£s(nYr) 1/ "=(a*) 1/ ' , =i 

n 

with equality if and only if y, 2 = 1 for all i. 
From (1) we obtain 
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1 - 2 a 2 ^ n. 

This implies 

1. n<> 3. 

2. If n = 3, y, = ± 1 for all i. 

3. If m = 2, 3, a 2 = -1. 

This gives the following polynomials: 
n = 1 /(x) = x + l or /(x) = x - 1 

n = 2 /(x) = x 2 +x-lor/(x) = x 2 -x-l 

n = 3 f(x) = (x-l) 2 (x + l) = x 3 +x 2 -x-l 
or /(x) = (x+l) 2 (x-l) = x 3 -x 2 -x + l. 

The set of polynomials is 
{x-l,x-l-l,x 2 -x-l,x 2 -l-x-l,x 3 +x 2 -x-l, 

x 3 - x 2 - x + 1}. 

2. /: Z — > Z satisfies 

1. /(92 + x) =/(92 - x) 

2. /(1748 + x) =/(1748 -x), and 

3. /(1992+x)=/(1992-x). 

Then, we have, /(488 +x) =/(244 + 244 +x) 

= /(1992 - 1748 + 244 + x) 

=/( 1992 + 1748 - 244 -x), by (3) 

=/(1748 + 1992- 244 -x) 

=/(1748 - 1992 + 244 +x), by (2) 

=/(x) ....(4) 

Then, we have,/(40 + x) =/(1992 - 4*448 + x) 

= /(1992 +x), by repeated application of (4), 
=/(1992 - x), by (2) 

= /(1992 - 4*448 - x), by repeated application of 

(4) 

=/( 40 -x) ....(5) 

So, /( 104 +x) = /( 52 + 52 +x) =/(92 - 40 4- 52 +x) 
=/( 92+40-52-x) by (1) 

=/( 40 + 92-52-x) 

=/(40 - 92 + 52 + x) by (5) 

=/(*) -(6) 

Now 8 = 3 x 488 - 14 x 104. Therefore 
/(8 + x) = /(3 x 488 - 14 x 104 +x) 

=/(-14 x 104 + x), by repeated application of (4) 

= /(x), by repeated application of (6). 

This shows that /is periodic, and all the possible values 
of/are in the list/(0),/(l),/(2),...,/(7). Finally 
/( 4 +x) = /( 92 - 8 x 11 + x ) = /( 92 + x), by periodicity 
=/(92-x) by (1) 

=/(92-8 x n +x)=/(4-x). 

In particular /(7) =/(l),/(6) =/(2),/(5) =/( 3). Hence 
all the possible values of / are /(0),/(l),/(2),/(3) and 
/( 4). In particular,/ assumes no more than 5 function 
values. However, 92 has 6 positive divisors, namely 
1,7,4, 23,46 and 92. 

Hence, the answer is No. 

3. In order to simplify the radicals, the radicands 
should be forced to equal square numbers ( e.g ., 7 + V33 


should be a square of some number). Numbers whose 
squares have a rational and radical part are usually in the 
form a + b. 

So let yfl + ^33 = a + b = yf(a + b) 2 = Va 2 +6 2 +2a6, 
and set 

a 1 +b 2 = 7 and 2ab = ^33, i.e.b = —. 

la 


Thus, a + 


(#)=• 


which multiplying by 4 a 2 gives 

(2a 2 - 3X2a 2 - 11) = 4a 4 + 33 - 28 a 2 = 0 
So 2a 2 = 3 or 2 a 2 = 11, i.e. 

1 3 >/6 M V22 

"vr T- bs 7T — 

In V22 , >/6 
01 T- 

2 

Using the same process for the other radicals, we get 


+ + ...(1) 

and = 

SO 

+ - (2) 
from (1) and (2) 

>/ 7 + >/33^ + ^6 + ^35 = *7 8 + + VJ 4 -V 2 T. 

4. Note that ACQC 2 and ACB 1 .4 2 are both isosceles 
triangles and are thus similar. Also the area of 
ACj5 1 ^ 2 + ACQC 2 is equal to 

-c 2 siny+-(a + 6) 2 siny=-[c 2 +(a + Z?) 2 ]-^-^, 
2 2 2 

since we know that the area of T, 

|r|=~<3^siny 

Similarly A5S,B 2 + A BA i C 1 =[b 2 +(a + c) 2 ]^— 

ac 

and AAA i A 2 + AAC& = [a 2 + (b + c) 2 ] ■ ^ . 

be 

So all together 

A CB x A 2 + A CC X C 2 + A BD x B 2 + A BA X C 2 

4* + A ACfBi = | H | +2 1 T \ + 1 T_ 

c 2 +(a + 6) 2 ( & 2 +(<3 + c) 2 f a 2 +(b + c) 2 
ab ac be 

So 
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c 2 + a 2 +b 2 


b 2 + a 2 +c 2 


\H\ + 2\T\ =| T\ 


ab 


- + 2 + - 


ac 

a 2 +b 2 +c 2 


be 


+ 2 

+ 2 


= 1 T\ 


(a 2 +b 2 +c 2 )l^- + — + -J- + 6] 
V ab ac be ) 


Note that by the arithmetic mean - Geometric Mean 
inequality 

(a 2 +b 2 + c 2 ) 1 3(abc) v} 

and that — + — + — >3|— ^— | 
ab ac be v °bc ) 

with equality when a = b = c in both cases, so we have 


v2/3 


\T\ 


(a 2 +b 2 +c 2 ) 


i i n 
— + — +— 
ab ac be J 


+ 6 


>15|T| 


which implies \H\ > 1 3 1 T\ as required, with equality when 
A ABC is equilateral. 


5. The recurrence relation U n + 2 = 2 U n + , + U„ = 0 has 
general solution U„ = An + B , for constants A and B. 

The recurrence relation U n+2 = 2 t/ n+1 + U n = 2 has the 
particular solution U n = n 2 . Thus a n = n 2 + + J5 and 

— Cn + D. 

a o = 0, = a (say) 

=> £ = 0, .4 = oc - 1 
/> 0 = 8, = P (say) 

=> D = 8, C = P - 8, 
and we have, = n 2 +An (rt = a x - 1 ) 
b n = Bn + 8 {B = b ] - 8) 

and a 2 + b 2 = w 4 + 2An 3 + (A 2 + B 2 )n 2 + 1 6£w + 64 
= (« 2 +^« + 8) 2 iff^ = £ = ± 4. 

(I) A = £ = 4 gives a x = 5, 6, = 1 2 and 5 2 + 1 2 2 = 1 3 2 
checks, whence = « 2 + An, b n = An + 8 giving 

(*i 992 . * 1992 ) = (3976032, 7976). 

(II) ^ = £ = - 4 gives ^ = - 3 , b , = 4 and (- 3) 2 + 4 2 = 5 2 
checks; whence a n = n 2 - An, b n = - An + % giving 

(*1992, &1992) = (3960096, - 7960) 

6. Because opposite angles of a cyclic quadrilateral 
are supplementary we have that 

ZPBA =n- ZABS = ZARS. Similarly ZPAB = ZBSR. 
Thus APAB and &PSR are similar, from which 
PA _ PB = AB 
PS ~ PR ~ RS 

(Notice that this also gives the 'power of the point' result 
toxP,PAPR = PBPS) 

Similarly, = 

P'S P'R' R'S' 

Consider now triangles APS and AP'S'. We have 
ZAPS = ZAPB = ZAP'B = ZAP'S', because P, P' lie on 
the same arc of chord AB of the one circle. From the fact 
that 5 and S' lie on the same arc of chords of the second 
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circle ZAS'P' = ZASP. But then AAPS and A AP'S' are 
similar. Thus 

PA _ P'A AB _ AB 
PS ~ P'S' 9 S ° RS ~~ R'S' 

Thus RS = R'S' and the arcs are equal. 


Since A and B are unaffected by translation in the xor y 
direction, we may assume without loss of generality that 
x x =0 and m = 0. Using Taylor's formula, the conditions 
P(x o) = p\x o) = 0 and p(x 2 ) = p'(x 2 ) = 0 imply that p(x) 
is divisible by ( x - x 0 ) 2 and (x - x 2 ) 2 . Since the degree 
of p(x) is 4, we must have p(x) = a(x - x 0 ) 2 (jc - jc 2 ) 2 , for 
some a * 0. Then, the condition p'(0) = 0 implies that 
- 2oxqX 2 (x q + x 2 ) = 0, i.e., x 0 = - x 2 . Using the condition 
p{ 0) = M, we get 

p{x) = a(x A - lx 2 x 2 + x 2 ) = ax 4 - lax 2 x 2 +M 
[soM= ax 2 ]. This last expression implies that p(x)=M 
when x = 0, ± * 2 >/2 (see the figure). Finally, since p(x ) 
is symmetric with respect to they-axis, 

< ^ f / \ i - { ax j 2ax 2 x 2 4 ^ 16 ax 2 

A = 2\ p(x)dx = 2\-± j-± + ax A 2 x 2 

° * 2 >/2 x 2 J2 

B = 2 J ( M — p(x))dx = 2 a j (lx\x 2 - x 4 )dx 

0 0 


so. 




\ 6 ax\yf 2 
~5 ’ 


8. As A, F, D, E are coney clic we have 



ZEDF + ZEAF = n, 
so sin ZEDF = sin ZEAF = sin ZB AC. 
Therefore 



I 

ar(DEF) _ 2 
or (ABC) 


DE DF sinZEDF 


DEDF 

.ABAC 


...( 1 ) 


- AB • AC • sin ZB AC 
2 

Let B ', X be the feet of the perpendiculars from B , D to AC, 
respectively, and let C', 7 be the feet of the perpendiculars 
from C, D to AB. Because BB' is parallel to DX, we get 
DX DC DY BD 


_ DC ^ DY _ 

BB' ~ BC ^ CC’ ~ BC ’ 


thus 


DX DY 


DC BD 
BC BC 


BDDC 


...(2) 


BB' CC' BC BC BC 2 

As BC 2 = (BD +DCf = (BD-DC) 2 + 4BDDC > 4BDDC, 
we have from (2) 

DX DY ^ 1 

..(3) 

BB' • CC' 4 V ' 

We put ZEAF = a, and ZDEA = ZDFB = 0, and we 

denote the circumradius of .AFDE by R, then we have 

EF = 27? sin a and AD = IRsinQ, so that 

EF _ sin a 

.AD sin0 


..(4) 


Because BB' = AB sin a, CC ' = ^Csina, DX-DE sin0, 

, r.,, _ . „ DX DY DE DF sin 2 0 

and DY = DFsin0 we get, — = r — 

BB' CC’ AB AC sin 2 o. 


Hence we have from (3), 
4 DEDF 


sin 2 a 
sin 2 0 


ABAC 

Thus we have from (1 ), (4) and (5) 


DE DF sin 2 Q ^ 1 
AB • AC sin 2 a 4 

...(5) 

4 ar(DEF) 


ar(ABC) 


*(f) 


9. By the Arithmetic Mean-Geometric Mean inequality 

, w(/i + 1X2w + 1) 
we have - 


6 n 

1 2 + 2 2 +... + w 2 


>(l 2 2 2 ..« 2 ) 1/n =(«!) 2/ " 


or (m + 1X2« + 1) ^ 6(w!) 2/ ' 1 
or (2w 2 + in + \ y > 6n(n \ ) 2 
with equality if and only if n = 1 . 

Next we give Wildhagen's version. 

For 1 £k<>n we have k(n + 1 -k)<((n + l)/2) 2 , hence 

k-\ V 1 J 

Therefore it suffices to show that 

(2»+l)"(« + l)">6 n [^] 
or (2n + lX» + l)^6^^-^ j 


2 n 


or 2w + l > — (« + l). 

2 

This last inequality holds trivially (and is strict unless 
W = l). 

10. Since sm30° = sin 150° = -sin210° = — , 
we have 

sin(3 x 10)° = sin(3 x 50)° = sin(3 x -70)° = X - -(1 ) 
But sin 3 x = -sinx-— sin3x. 


so that by (1) 

sin 3 10° = - sin 10° - sin 3 50° = -sin 50° - - 
4 8 4 8 

and sin 3 (-70)° = — sin(-70)° - — , 

4 8 

i.e. a, b,-c are the three roots of 
4 8 

Therefore 

(i) a + b + (— c) — 0 

(iii) ab(-c) = and 
8 

3 

(ii) ab +b(-c) + (-c)a = — 

4 

Dividing by abc and using (iii) this leads to 


-l 


=> a-'+b- l =c- l +6 
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rc hives 10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers' comments and suggestions regarding the problems 
and solutions offered are always welcome. 


1. tan 2 — + tan 2 — + tan 2 — + tan 2 — 

6k 


, 7 In 

+ tan^ — + tan 2 — 


16 


16 


is equal to 

(a) 24 (b) 34 

(c) 44 (d) none of these 

2. If /(*) = ^ sm ^ x M) cos * x # then fix) is ([x] denotes 
the greatest integer function) 

(a) non-periodic 

(b) periodic with no fundamental period 

(c) periodic with period 2 

(d) periodic with period n 

3. Which of the following homogeneous functions are 
of degree zero? 

, x x t y y . x x(x- 

y x x y y( x + 

(c) ' T" 1 — i (d) all of the these 

w x 2 + y 2 


y) 

y) 


4. If 0 is small and positive number then which of the 
following is/are correct ? 

(a) = 1 (b) 0 < sin 0 < tan 0 

0 

. . tan0 sin0 

(c) — — > — — (d) none of these 

0 0 

5. Match the column. (Each entry of column I matches 
with exactly one entry' of column II) 


c 

lim f -j-J t^-1 

lnxy 

r 

1 

D 

x - sin x 

lim 

v->o x - tan x 

s 

0 


(a) A— > s, B — > p, C — » q, D — » r 

(b) A — > p, B — > q, C — > r, D — > s 

(c) A — > r, B — > s, C — ^ p, D — > q 

(d) A q, B — » r, C — > s, D — > p 


6 . 


If y = cos 1 


cos 3x 
V cos 3 x 


I 3 

dx V cos x. cos 3x ’ 


then prove that 


7. Let a e R, then prove that a function / : R — > R is 
differentiable at 4 a' if a function 4> : R — > R satisfies 
/(x) - f(a ) = <|)(x)(x - a) x € R and $ is continuous at 
V. 


8. If (J, y e (0,7t) such that 

cos a + cos (a + (3) + cos (a + p + y ) = 0 and 

sin a + sin (a + P) + sin (a + P + y) = 0 . 

Then evaluate /'(p) and lim g(x) 

v 7 x-*y 

where f(x) = sin2x(l + cos2x) _1 and 
z v 1 + sinx-cosx 

a ( x ) = 

v ' 1 + sin x + cos x 

(Here /'(x) denotes derivative of / with respect to x .) 


Column I 

Column II 

A 

lim log sint sin2x 

x->0 

P 

-1 

B 

t . ln(cos x) 
lim 

x— >0 * 

q 

-1/2 


9. Find area of the triangle formed with vertices 



f 

n 

> 


( 


(0,0), 

lim 

X ~2 

,0 

and 

... ( tanxV 

0, lim 

71 

cosx 



x-^Oy 

X ) 


l 2 


J 



/ 


where [.] denotes the greatest integer function. 
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10. Prove that the straight lines whose direction 
cosines are given by the relations al + bm + cn = 0 and 

f 1 7 h 

firm + gnl + him = 0 are perpendicular if — + + — = 0 

a b c 


SOLUTIONS 


1. (b) : Let 0 = — 

tan 2 77 = tan 2 0 
16 


■ 80 = nil. 


and tan 2 ^ = tan 2 (^-^) = tan 2 (i-0)=cot 2 0 


, K , 7rc 
tan z — + tan z — 
16 16 


= tan 2 0 + cot 2 0 = 


8 


1 - cos 40 


-2 


, n , 7tc 
tan z — + tan z — = ■ 
16 16 


1 - cos 4 


-) 

16/ 


-2 = 14 + Syfl 


Applying similar process with other terms, we get 

,271 ,671 , 

tan 2 — + tan 2 — = 6 
16 16 


and tan 2 7^ + tan 2 = 14 -8>/2 
16 16 


2. (c) : /(x) = e sin(x ~W )C0S ^ 

sin(x - [. x ]) = sin{x} which has period 1 

^ „ . 271 

Period of cos nx is — = 2 
n 

Hence period of /(x) is 2. 

3. (d) : / ( x , y) is homogeneous function of degree 
n e R in x,y if f{kx,ky) = k n f{x,y ); where k > 0 

4. (c) 

5. (c): 

Insin2x In2 + lncosx + lnsinx 

(A) lim - — : = lim : — : 

x _>o In sin x *_>o lnsinx 

In2 lncosx lnsinx 
= Inn i — + lim - — : — + Inn - — : — 
x->o In x x -*o In sin x x -*o In sm x 

= jn2 + lncos0 + 1 =0+0 + 1 

oo oo 

=> A—> r 


(B) lim Inf l-2sin 2 7 ] 

x— >0 ^ 2 ) 

-1 

^l-2sin 2 *jj 2sm2 2 


-2 sin 2 - 


= lim In 

x— >0 


= In lim 

x-»0 


^1 -2sin 2 ^j 


2 sin 2 1 


2 


lim 

x — »0 2 


= lne 


= limine 0 = lnl = 0 

x-»0 

=> B — > s 
(C) lim \ — - = lim 


[lim{l + /(x)K^ = e 

x-*a 

where lim / (x) = 0] 


= lim 

/i— >o 


= lim 
h-> o 


x— >o In x /,->() In (l -/?) 

h 


let x = 1 - h 


i~ h 


h 2 h 3 
2 3 

1 


) 


) 




C — > p 

x - sin x 


(D) lim 


*.3 


x_»o x-tanx 


A 

( X 2 X* ) 


= lim 

x— »o 


1 


x J 2x 3 


■ = lim 


l_x 2 


x (x + ^ ••••) 


x-*o 1 2x 2 

3 “IT 


= I6 = _I 
I 2 

3 

=> D — > q 


6. cos y 


I cos3x _ l‘ 

“fe 3 ! \ 


4cos 3 x- 3cosx 


cos 3 x 




=> 1 - sm 2 y = V 4 - 3 sec 2 x 
=> cos 2 y = 4 - 3 sec 2 x 

= 4-3(l + tan 2 x) = 1 - 3 tan 2 x 


sin 2 y = 3 tan 2 x 


siny 




tanx 


cosy 


= >/3 sec 2 x 
ax 


. <jy__ \ 

" dx V 


cosx. cos3x 


[ •• from (1)] 
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7. v <(> : R — > R is continuous at x = a and satisfies 

/(*)-/( a ) = < H*)(* -a ) v xsR 

=> lim — ll°l = | Lrrl i^(.c) 

x—>a X — a x->a 

=>/'(a) = < |>(a) v lim (|)(x) = <|)(o) 

x-»a 

=* /is differentiable at x = a. 

8. Given 

cosa + cos(a + P) + cos(a + P + y) = 0 

sina + sin(a + p) + sin((X + p + y) = 0 

Where p,y e (0 ,tc) 

cos 2 (a + P + y) + sin 2 (a + P + y) = 1 

=> [cosa + cos(a + P)]~ + [sina + sin(a + P)]~ = 1 
=> 2 + 2[cos(p)] = 1 

A 1 

cos P = -- 

Similarly cos y = -4 

a 2n 

■■v-y-T 

_ w v sin2x , / \ . x 

But fix) = — = tan x and g(x) = tan — 

v 7 l + cos2x v ' 2 

•••/<¥)— ‘t-; 

and lim g (x) = tan — = yfi 
2n 3 

X ~*~3 

9. Let O = (0,0) 


A = 


/ 

K 

x - — 

\ 

lim 

n 

2 

cosx 

,0 

V 2 


> 


(••• [-*] = -l-[x] x$ I) 

_ Jt 

Let x - — = f 


= flim[— 1, oW-l-lim[— 1, o) 
V,/-*oLsm/ J y V ( -*oLsinfJ ^ 


= (- 2 , 0 ) 



( 

l A 

B = 

_ ( tanxV 

0, lim 

x-+0\ X J 


\ 

/ 


= (o.O 


Area of AOAB = — |— 2 — 0| = 1 square units. 


10. al + bm+cn = 0 ....(1) 

firm + gnl + him = 0 ....(2) 

Eliminate n 

+ {°f + b 8- ch )(^) + b f = 0 (3) 


Now, if l u m u n x and / 2 , m 2 , n 2 are d.c’s of two lines then 

/, J U 
roots of (3) are — and — 
m \ m 2 


.\ Product of the roots 

. l \k m x m 2 
f!a gib 


] L h_ = y_ 

m i rn 2 ag 


l x l 2 _ m x m 2 _ n x n 2 
f/a gib hlc 
v Lines are perpendicular 
/j/ 2 + m ] m 2 + n\n 2 = 0 


/ g h „ 

— + f- + - = 0 

a b c 


■ ■ 
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CONCEPTUAL PROBLEMS 


Functions 



2. If * 2 /(* ) = Vl + cos2x+ | /(x) |, 

n l cosx 

where — < x < n and /(*) = — — 7 . Then / is 


x 2 -l 

(b) s 

(d) 1/2 


(a) 1 
(c) V2 

3. Let / : . 1 j — » [-1, 1] is given by 

/(x) = 4x 3 - 3 jc ; then / -1 (x) is given by : 

(a) cos cos" 1 xj (b) 3 cos (cos -1 x) 

(c) 3 sin -1 (sin x) (d) Not defined 

4. Number of solution of the equation 
/(x-l) + /(x + l) = sincx, 0<a<^ where 


fl-|x| ; |x|<l 
/W = i 0 ; |x|>l 


(a) 0 
(c) 4 


(b) 2 

(d) infinite 


(b) one-one, onto function 

(c) many-one, into function 

(d) many-one, onto function 

7. If f:R—>R where /x) = ax + cos|x| is an invertible 
function then : 

(a) a € (-2, 1] u [1, 2) 

(b) a 6 [-2, 2] 

(c) a e [-«, - 1] u [1, °°) 

(d) a e [-U] 

8. Range of /(x) satisfying 2 sln ^ + 2-^*) = 2 is : 

(a) (-o=,2] (b)(— ,1] 

(c) [-1,1] (d) [2,~) 

9. Domain of /(x) = • v /cos“ : (cosx) - [x] , where [.] 
denotes the greatest integer function, is : 

(a) (— <«, 2k + 3] (b) tc-3] 

(c) (— oojt + 3] (d) (-oo,27t-3] 

10 . Range of /(x) = [cos -1 {x}], where [.] and {.} 
denote the greatest integer function and fractional part 
respectively, is : 

(a) {0,1} (b) {0,1,2} 

(c) {0,1, 2, 3} (d) {0} 


SOLUTIONS 


1. (d) :/(*)= ^sin 1 (2x)-'|, 

let h(x) = sin -1 (2x) - — 

6 


5. Range of /(x) = log 2 (| sinx | + 1 cosx | ) is : 


(a) [-1,0] 

0) [4°] 

(c) [0,1] 

1 1 

— I<N 

cT 

i i 

/— *\ 

X) 


6. If/: R -> R be defined by /(x) = x + {x} 2 , (where 
{ . } denotes fractional part) is : 

(a) one-one, into function 


For domain 

sin _1 (2x) - ~ > 0 and - 1 < 2x < 1 
6 

=>sin _1 (2x) > ^ and - \ < x<\ 
o 2 2 

=>sin _1 2x > sin -1 4 and < x < 
2 2 

=> 2x>]r and -J- < x < ]- 
2 2 2 


2 


By : Er. Ashok Kumar, KOTA POINT, Varanasi. Phone : 0542-3248445 
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and -r^ < x < 

4 2 2 

Now we take common and get 

l Sx <i 

4 2 


So domain € 


4’ 2 


Let h(x) = sin ! 2x-- 

Now we find maximum and minimum value of h(x) 

{i.e. range of h(pc ) for i < * < 4 ) 

4 2 


^nax jsm 1 [2 * 2 j 6 ^ sm ] (!) ^ 

71 _ /rc 
■ \2~6 " \3 

So range of/(x) = | 1 0, ^ 


2. (b) : x 2 /(x) - Vl + 2cos 2 x-l + | /(x) | 

x 2 /(x) = V2 | cos x | + | /(x) | (i) 

In equation (i), R.H.S. is positive so L.H.S. must be 
positive /(x)>0 

x 2 /(x) = 4l | cosx | +/(x) 

=* (x 2 -1) /(x) = V2 I cosx I 


Vlico^ 

x i -1 


/(*)- 

/ = -V2 


-V2 


cosx 


x 2 -l 




3. (a) : /(x) = 4x 3 - 3x now put x = cos0 

=> 0 = cos -1 x ....(i) 

= 4cos 3 0-3cos0 *.• i < x < 1 

= cos 30 

Let v — cos 30 — < cos 0 < 1 

2 

^O<0<- 
/. 0 < 30 < n 

Rf= [-1, 1], so function is one-one onto 
so above function will be invertible 

30 = cos -1 y or 0 = ^-cos -1 y 


Now put value of 0 from equation (i) 

-1 1 -1 

cos 1 x = - cos 1 y 

x = cos i (cos -1 y) ,\ / _1 (x) 

4. (c) : /(x) = 


_cos(Icos-,) 


1-x 
1 + x 
0 


then /(x-1) = 


0 < x < 1 
-1 ^ x < 0 
x < — 1 or x > 1 

l-(x-l) ; 0 < (x - 1) < 1 

1 + (x — 1) ; -1 < x-1 < 0 

0 ; x-.l < -1 or x-1 > 1 


2 - x 
x 
0 


1 < x < 2 
0 < x < 1 
x < 0 or x > 2 


(i) 


Now /(x + 1) = 


l-(x + l) 0 < x+ 1<1 

l + (x + l) • -1 < 1 + x < 0 

0 ; l + x<-lorx + l>l 


/. /(x + l) = 

Adding (i) & (ii) 


-x 
x + 2 
0 


-1 <x<0 
-2 < x < -1 
x < -2 or x > 0 


....(ii) 


/(*-l) + /(x + l) = 


2 - x 
x 
0 

-x 
x + 2 
0 


1 < x < 2 
0 < x < 1 
x > 2 

-1 <x<0 
-2 < x < -1 
x < -2 


Now draw the graph of/(x- l)+/(x+ 1) 


/(x+l)+/(.r 

\' 

7 

^7 = sin a 

/ 

A 

A 



-2 -1 

Now 0 < sin a < 1 so intersection of graph on four points 
only. 

5. (cl) : / (x) is defined for all real x, but / (x) is periodic 
with period 7i/2 

Let h(x) =| sinx | + 1 cosx | , h{x ) is also periodic with 
period tc/2. 

h(x) = sin x + cos x ; 0 < x < 
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h(x) = V2sin(x + j j 
So range of h(x) will be [1, -Jl ] 


Range of /(x) = 
6. (b): 





o 


Graph of f(x) from graph function is one-one and range 
of functions is R so this is equal to co-domain of function 
so function will be one-one onto. 

7. (c) : The function f(x) is clearly onto if a ± 0 
Y (cos |x| = COS X) 

Now, f\x) - a- sin x , f\x) > 0 V a - e R 
=* a >sinxV x e R =>«>1 

For f'(x) <0 \/xeR 

We get a < sin .v V x e R => a < -1 

.*. a e (-oo, - 1] u [1, °o) 

8. (b) : 2l sin 4- 2 /(*) = 2 => 2^ = 2 - 2^ 
taking log both side 


/(x) = log 2 (2-2l sin ^) 

(f(x) is periodic function with period n) 
f(x) is real valued when 2 - 2 sln r ' > 0 

2l sinjc l <2=$ |sin x| < 1 => -1 < sin x < 1 
Let h(x) -2- 2 ,sin *l 


h(x) 


= 2 - 2 sinx ( 0 <x<f orf<x<tt) 


Maximum values of h(x) = 1 
Minimum value of h(x) = 0 
Range of / ( x ) is (- 0] 

9. (d) : We must have cos -1 ( cos *) > [x] 


.... n 



y'Vy = cos _, cos jc 

/•-o \ / \ 

-n -= 

“5 2k 


Above figure represents the graphs of cos -1 (cos x) and 
[x]. It clearly indicates that graph of cos _1 (cos jc) either 
coincident or lies above the graph of [x] for all x < 3 and 
these two intersect some where in (n, 4) for this point 
2k-x = 3 => x = 271 - 3. Thus domain is (- oo, In - 3] 

10. (a) : Range of cos" l {x} is ^0, 

Range of [cos”{x}] is {0, 1} ■■ 
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1 -/ - 4yP- = 0 
/ + Af - 1 = 0 

, -4±>/l6 + 4 -41^20 

y =■ 


2 2 

y 2 =-2 + y/5 and -2-V5 
but *-2- V? (v>A>0) 

=> y 2 = tan 2 (x/2) = -2 + V5 

59. (c) : Given system of equations 
xsin30-y + z = 0 
jccos20 + 4y + 3z = 0 
2x + ly + Iz = 0 

Since system has non trivial solution 
sin 30 -1 1 


= -2±>/5 


are homogeneous system of 
_ linear equations 


= 0 


cos 20 4 
2 7 

sin 30 [28 - 21] -h l[7cos20 - 6] + [7cos20 - 8] = 0 
7sin39 + 7cos20 + 7cos20 - 14 = 0 
=> 3sin0-4sin 3 0 + 2(l - 2sin 2 0) -2 = 0 
=> sm0(4sin 2 + 4 sin 9 - 3) = 0 
either sin0 = 0 or 4sin 2 0 + 6sin0 - 2sin0 -3 = 0 
=> (2sin0 - l)(2sin0 + 3) = 0 
1 3 

sin0 = — ,sin0* — (vsin0>-l) 


0 = «7ior Q = nn+(-\) n — 
6 


0 = K 


n + 


(- 1 )" 


60. (c) : Since 


6 

1+ cos 20 


= cos 2 0 


4* ( . 

cos — = cos — 

8 V 8 ) 

p + cos(27t/8) j 2 _p+cos(7t/4)] 


2 

4 3k 


1+cos(3k/4) 


r 

Similarly cos*- 1 ^ 1 ^ 

4 5k ri+cos(57c/4) 

5 T"L 


cos 


cos 


r 

, 7k _ p+cos(7K/4) j 


r 


Given expression will become 


X i+ ^) 


+ 2 1 - 


1 


\Il 


= -x2[2 + l] = -x2x3 = 
4 .4 


( In in 5n n\ 

I Y cos — = -cos — , cos — = -cos— I 
V 4 4 4 47 
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Functions 


- MTG Editorial Board 

This column is especially aimed at Class XII so that they can prepare for competitive exams such as IIT, AIEEE, 
DCE, etc and be also in command of what is being covered in their school as part of NCERT syllabus. The 
problems here are a happy blend of the straight and the twisted, the simple and the difficult and the easy 
and the challenging. 


PART - A 


o 


1. 


General understanding 

(i) Let / and g be defined as 
c+1, x<l 
1 2x + l, 1 < x < 2’ 


/(*) 


12* 


g(x) = 


\x 2 , -1 < x< 2 

[x+2, 2<x<3 


Find fog and gof. 

(ii) A function /: R — > R is defined by 

. otx 2 +6x-8 t „ 

/(x) = - Find the interval of value of a 

a + 6x-8x z 

for which the function is onto. Is the function one- 
one for a = 3? 

(iii) If A, B are finite non empty set of coordinates m , n 
respectively, show that the number of functions 
from^ to B is n m . How many of these are ONTO? 

(iv) If A, B are finite non empty sets of coordinates m, n 
respectively, show that the number of ONTO 
functions from A to B is 


rt" - n C\(n - 1 r + n C 2 (n - 2J* - ... + (-1 y*” 1 W C„_, 1"’. 
2. (i) Decide about the following functions being even 

or odd. 

(a) /(x) = ln(x+Vl+* 2 ) 

(b) /(*) = — — +— +1 

W e x — \ 2 

(c) f(x +y) =/(x) +/(y) Vx,yeR 

(ii) Decide about the following functions being even or 
odd. 

( a ) /0) = Vl + x + x 2 “ >/i ~ X + x 2 

(b) /(x) = |x|-tanx 

(c) Let /(x) = x 2 + x + sinx - cosx, xG [0, 1]. Find 
the odd and even extensions of f(x ) in the interval 

H.l]. 


(d) /(*) = 


e x -l 
e x + \ 


O Domain and Range 

3. (i) The function /(x) is defined on [0, 1]. Find the 
domain of definition of /(tanx),/(sinx) and 

f(2x + 3). 

(ii) Find the domain of the following functions 
(a) /(x) = >g, /2 (2x-3) 

o.) /<«)=#« 

V(x-4Xx+8) 

(c) /(x)=sin -1 (x 2 -6x + 9) 

(d) f(x) - cos-'(2x 2 - 3) 

(e) /(x) = -y/[x]-l +>/4-[x], where [x] is the 
greatest integer function 

4 . (|) Find the range of the following function 

(a) /(x) = 3 sinx + 4 cos(x + 71/3) + 5 

(b) /(*) = sin"‘Q+x 2 j 

(c) f(x) = log((cosx) c03X + 1), x € (0, n/2) 

(d) /(x) = V^-x + Vx-^2 

(e) /(x) = x 3 + 3X 2 -I- 4x + 7 
(ii) Find the range of the function 

N sin 2 x+sinx-l 

/(*) = — 1 : T 

sm x-sinx+2 

O Periodicity' 

5. (i) (a) Find the period of the function 
/(x) = cos (sinx) + cos (cosx) 

(b) If/ (x) = sinx + cos ax is a periodic function, then 
show that a is a rational number. 

(ii) ( a )/(* =>l3f (x), then find the period 

of/ 
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(b) /(x-l)+/(x+l) =Jlf ( x ), then find the period 

° V A-i 

(c) / (x) = — j= , then find the period of / 

V3 +x 

6. (1) Let f(x,y ) be a function satisfying 
f(x,y) = /(2x + 2y, 2 y - 2x ) for all x,y. Define 
g(x) =/(2 x , 0)- Show that g is periodic having period 
12 . 

(ii) Let /be a real valued function defined by 

f(x+p) = ^ + yjf(x)-{f(x)} 2 , p > 0. Prove that 
/is periodic 

O Functional Equation 

7. (i) If m and n are positive integers, /is a function 
defined on positive numbers and takes only positive 
values such that f{x)f\y) = x m y n , prove that n = m 2 

(ii) Determine all functions / satisfying the functional 
relation. 

2(l-2x) 


/(*)+/ 




where x e R - {0, 1 } 


x(l-x) 

8. (j) Let / be a function from set of positive integers 

to the set of real numbers./ such that 
/( 1)=1 and 

/(l) + 2/(2) + 3/(3) + ... +«/(«) = n{n + 1 )/(«), for 
n> 2. Find /(2010). 

(ii) Let / (x) = ax 1 + bx + c. Such that 
L/(0)| < 1, |(/(1)| < 1 and |/(-l)| < 1. 

Prove that L/fc)| ^ 5/4 \/x G [—1, 11 


O Miscellaneous 
9. (j) Show that /(x) = 


2x(sinx+tan x) 

2 \ 

[- ';"J 

I - 3 


is an odd 


function. 

(ii) If/(* +y) =f(x) f(y) Vx, y&R and/(0) * 0. Then 

prove that g(x) = — ^ v is an even function. 

!+{/(*)} 

(iii) If/satisfies/(x +y) +/(x - y ) = 2f(x)f(y) 

Vx, y e R,f(0) * 0, then / (x) is an even function. 

10. (i) L et M x ) = j+l°. Vx e R and/,(x) =/i</„-i(*)), 

n > 2. Find f„(pc). 

4 X 

(ii) Let /(*) = — Find the value of 

A — y A— i+/f— i+-+/f— i 

J V2010 y 7 12010 J ^ V2010 J UOIOJ 

(iii) Solve the equation 

2 , 1 I 3 

* - x+1 =2 + V~4 


PART - B 


Multiple Choice Questions 


Single Option Correct 

1. Thedomainofthefunction/(x) = log I0 log 10 (l +X 3 ) 
is 

(a) (-1,~) (b) (0, °o) 

(c) [0, oo) (d) (-l,oo) 


2. The domain of f( x ) 


= |o 8l „(^) + 10 C, 


(a) {1,4} (b) (1,4) 

(c) (0,l)u(4,5) (d) (0,5) 

3. If /(x) is defined on [0, 1 ] the/ (2sinx) is defined on 

(a) 


(b) 

(c) 


2mz-— j 

H 

^2«7t + ^ , (2 n+ l)7tjj 

j^2/?7t, 2/77C H- 

H 

j^2«7i + Y>(2«+l)Jtjj 

|j^2w7t, 2/m— jj 

H 

^2«Jt - ^ , (2u +l)ll J 

j^2/77l, 2/771 + — j 

H 

^2»7t + -^,(2M + l)7t | 


is 


\n tO 

w | 

(n k\ 

Li-iJ 

Lj-tJ 

U’ 2) 

I w 1 

G-i) 


r -ll * + 1 

4. The range of sin — r 

1x^+2 

T TT 7 F 

(a) 

(c) 

5. The domain of /(x) = log 2 log 3 log4 log 5 x is 

(a) (5,oo) (b) (125,oo) 

(c) (25, oo) (d) (625, oo) • 

More than One Option Correct 

6 Consider the equation — +- — - = {x} + 3. About 

[x] [2x\ 

the solution of this equation which statement (s) is /are 
correct ? 

(a) The number of solutions is 3 

(b) The equation does not possess any integral 
solution. 

(c) The equation has three positive integral solution 

(d) The equation doesn't possess any negative real 
number as its solution. 

7 # Let f{x) = \x - 1| + |x - 2| + |x - 3| + |x - 4|. Which 
of the following statements are correct? 

(a) The least value of/is 4 

(b) The least value is not attained at a unique point. 
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(c) The number of integral solutions of/(*) = 4 is 2. 

(d) The value of — — — [ s \ 

2/(24) 

8. Let /(*) be an invertible function and f~\x ) be its 
inverse. Suppose f(f~\x)) = /"*(*) has two real roots a 
and P, which are in the domain of f then 

(a) /(*) = * also have the same two real roots 

(b) /"*(*) - x also have the same two real roots 

(c) /(*) =/ _1 (*) also have the same two real roots 

(d) The points (0, 0), (oc,/(a)), (P,/(P)) determine a 
triangle. 


Assertion and Reason Type 


Directions : Question numbers 9 and 10 are Assertion- 
Reason type questions. Each of these questions 
contains two statements : 


Statement - 1 (Assertion) and Statement - 2 (Reason). 
Each of these questions also has four alternative 
choices, only one of w hich is the correct answer. You 
have to select the correct choice. 

(a) Statement-1 is true, Statement-2 is true; 
Statement-2 is correct explanation for 
Statement-1 

(b) Statement-1 is true, Statement-2 is true; 
Statement-2 is not a correct explanation for 

Statcment-l 

(c) Statement- 1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 

9. Statement-1 : The function v = , 

cx+d 

(ad -be* 0) can't attain the value a/c 

Statement-2 : The domain of the function 

b —dy a 

g(y) is all real except — . 

cy-a c 

10. Statement-1 : The domain of the function 
sin -1 * + cos -1 * + tan" 1 * is [-1 , 1] 

Statement-2 : sin” 1 *, cos" 1 * are defined for |*| < 1 and 
tan" 1 * is defined for all *. 


Linked Paragraph Type 


A rational function is defined as a quotient of two 
polynomials /?(*) and q(x). The domain of the rational 
function is all reals except the roots of q(x) = 0. The range 
of rational function can be found by finding minimum 
and maximum values of the function. In case p(x) = 0 
and q(x) = 0, have a common factor * - P, then after 
cancelling the common factor, the rational function must 
assume a value at * = p, which has to be deleted from the 
range otherwise found, since P is not there in the domain 
of the rational function. 


11. The range of the rational function f(x) = 


(a) R-(5H) 


(b) 




5*-t-l 

7*-3 


is 


(C) tf-j-j (d) R-^ 

12. The range of the rational function 

rr ^ 2 *+l 

/(*) = ' 


2x 2 +5x+2 ,S 


(a) 


*-H) 

1 } 


-HI 


(c) R- 


(b) R 
(d) R-{ 0} 


. . * -* + l 

13. The range of the function /(*) = —5 

* z +*+l 


is 


(a) 

(c) 


N 


(b) 

(d) R 


(M 

-(H) 


Matrix-Match Type 


14. Match the function in column I with their inverse in 
column II. 


Column - I 

Column - II 

(A) 

f(x) = x*-x+ 1, 

(■"•iH?") 

(p) 

r i ( v ) _- 1 + '/ 4 *- 3 

/ (*)- 2 

(B) 

/(*) = JC 2 - * + 1 

[?“HH 

(q) 


/ (*)- 2 

(C) 

/(*) = * 2 + * + 1 
l/r-HH 

(r) 


(D) 

f(x) = x 1 +x+ 1, 

(s) 

r'w.'-f 5 


v 


Subjective Type 


15. The period of the function 

nx Tlx UX TlX TlX . 

sin7t*+cos 1- tan hcot f-sec f- cosec — is 

2 3 4 5 6 


16. Let /(*) = sin 2 *+sin 2 ^*+j 
and g^j = l then g(f(x)) equals 


+ cos*cos 
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SOLUTIONS 


PART -A 


1 . («) : 


fog(x) = f(g(x)) = 


g{x)+ 1, gW<l 
2g(x)+l,l < g(x) < 2 


Consider g(x)< 1 
Then we have two cases 

(a) x 2 <l 9 -l<x<2 

=> -l<x<l,-l<x<2 whose intersection gives’ 

-1 <x<l 

(b) x + 2<l,2<x<3 

=> x<-l,2<x<3 whose intersection gives x E 4> 
Again consider 1 < g(x) < 2, Then two cases arise 
(a) 1 <x 1 <2,-l <x<2 
=> 1 < x < ±V2, -1 < x < 2 

=* xe[-V2,-l)u(l,V2], -1 <x<2 

whose intersection gives 

1 <X<yfl 


(b) 1 <x + 2<S2,2<x<3 

=» -l<x<0, 2<x<3, whose intersection gives x e <|> 
Thus we have 

/(*(*)) = 


fx 2 +1, -1<X<1 
[2 x 2 +1,1 <x< V2 


_l/ 2 (x), -1</(X)<2 


Now 

gof(x) = g(f(x))-- 

|/(x) + 2, 2 < /(x) < 3 
Consider -1 </(*)< 2, two cases arise 


(a) -1 <,x+\ <2,x<l 

=> -2 < x < 1 , x < 1 whose intersection gives 


-2 < x < 1 


(b) -1 <2x+l <2, 1 <x<2 
-2 < 2x < 1, 1 < x < 2 

-1 < x < 1/2, 1 < x < 2 whose intersection gives 

XE (() 

Again consider 2 < fix) < 3 two case arise 

(a) 2 <x + 1 < 3, x < 1 

=> 1 < x < 2, x < 1 whose intersection gives x = 1 

(b) 2 < 2 jc + 1 <3, 1 <x<2 


Thus gif(x)) 


1 < 2x < 2, 1 < x < 2, whose intersection gives xe<|) 
f(x+l) 2 , -2 < x < 1 

|x + 3, x = \ 

As at x = 1 , the two branches yield the same result. 

We can also write gif(x)) = (x + l) 2 , -2 < x < 1 

otx 2 +6x-8 

(ii) Let y = — — j 

a+6x-8x 


The function^ = fix) will be onto if y assumes all real 
values Vx e R. 

=> ay + 6xy - Sx 1 y = ax 2 + 6x - 8 


=> (8y + a^c 2 - 6x(y - 1) - (ay + 8) = 0 

As xe R, Discriminant > 0 

=> 36(y-l) 2 +4(8y + a>(a^ + 8)>0 

=> 9(y 2 -2y+l) + (8ay 2 + 64y + a 2 y + 8a)>0 

=* (8a + 9)yP- + (a 2 + 46)y + (8a 4* 9) > 0 

For this to happen 8a + 9 > 0 and discriminant < 0 

=> (a 2 +46) 2 -4(8a + 9) 2 <0 

=> (a 2 + 46 + 16a+ 18Xa 2 +46-16a-18)<0 

=> (a 2 + 16a + 64)(a 2 - 16a + 28) < 0 

=> (a + 8) 2 (a - 14)(a - 2) < 0 

=> a e (2, 14) 

For this range 8a + 9 > 0 

Thus the function is onto iff a E (2, 14) 


Again when a = 3 

,, N 3x 2 +6x-8 

fix) = r 

3+6x-8x 2 


In this case/(x) = 0 

=> 3X 2 + 6x - 8 = 0 has real roots given by 

-6± V36+96 _ -6±JU2 _ -3±>/33 
2-3 6 ” 3 



we have fix x ) = /(x 2 ) but x \ * x 2 - Hence the function is 


not one-one. 

(Hi) Let A consist of {a x , a 2 , a m } and B consist of {b u 
b 2 , ... b n }. So to form a function from A to B, amounts 
to choose a sequence {b x , b 2 , ..., b n ) of n elements and 
setting /(a i) = b x Jia 2 ) = b 2 ...fia m ) = b m . Since each of 


b Xj b 2 , . ■■ b m can be chosen in n ways, it follows that there 
are w" 1 functions from A into B. 

Next to form one-one function from A into B , amounts 
to choosing a sequence {b u b 2 , ..., b m } of m distinct 
elements of B. This is impossible if m > n, so that in 
this case there are no one-one functions from A into B. 
Suppose now that m < n. Then b x can be chosen in n 
ways, having chosen b x , b 2 can be choose in (w - 1) ways 
and so on. It follows that there are «(« - 1) ... (w - m + 1) 
one-one function from A to B. 

Note that the integer nin - 1 ) ... in - m + 1 ) is zero when 
m > n. Therefore, in all cases, the number of one-one 
functions from A to B is w(« - 1 ) ... (w - m + 1 ). 

(iv) Let ,4 = {a u a 2 , ..., a m }, B = {&,, b 2 , ... b n ). 

For 1 < i <n, define f the set of those function from A 
into B which never take the values b r Thus f is the set of 
function from A into B - {6,}, then f=f\ u f 2 u .... Kjf n 
is the set of those functions from ^4 into B which are not 
ONTO. The coordinates N(f) of /is given by 

1 ,<J N<f x nf 2 n.../„) 
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The 1st sum has ”Cj terms, each equal to (w - l) 7 ", The 
second sum has n C 2 term, each equal to ( n - 2)™, etc. 
Thus 

iyoo = "Cfn - 1 r - ”C 2 (n - 2r +...+ (-1)"~ 2 "C^l 7 ” 

And hence the number of surjective functions is 
n m -N(f)=rj m - n C l (ri - ir+"C 2 (w - 2 r+ 

...+(- ir ln c n _ 1 r . 

If w < m] then an no surjective functions is 
w 7 ” - n(f) = - "Cj (« - 1 r + ”C 2 (w - 2r + 

...+ (-ir lw C^il m 
If m < m ] there are no surjective functions from A into B, 
hence the above sum is zero. Suppose that m = n. Now it 
means that the function which is surjective becomes one- 
one functions. We already know that this value is !”• 
Hence 

rT - n C\(n - iy" + "C 2 0* - iy* +...+ (-1 y- ] n C ^ l m = \n 
2. (i) (a) 1st Solution : 

/(x) = ln(x+Vl+x 2 ) 

/(-x) = ln(-x + Vl+x 2 ) 

Now f ( x ) + / (-x) = ln(x + Vl+x 2 ) + ln(Vl+x 2 — x) 

= lnl = 0 

=> /(-x) = -/(*) 

Thus /is odd. 

2nd Solution : 

/(x) = ln(x + Vl + x 2 ) 


1 + - 


2x 


/'(x) = A\+X 


x+Vl+x 2 Vl 




+x 


which gives f'(x ) is an even function. 
Hence its anti derivative /(x) is odd. 
(b) 1st Solution : 

. x x , 

/(x) = +-+1 

e x — 1 2 

. -x x , 

/(-x) = +1 

e -x -l 2 


— 1 


-*+l 

2 


1— e ; 


-*+l 
' 2 


-*+l 


e x -l 2 
We have /(x)-/(-x) = - 


x , xe 
-+-+ 1 — 


•+i-i 


x(l-e x ) e 

= — -+x=— x+x=0 

e x — 1 

Thus /(-x) =/(x). Hence /is even. 


-1 2 e x — 1 2 


2nd Solution : 


Rewrite /(x) = 


x , 
-+-+1 


e x -l 2 
x{2+e x -1} 


2(e x — 1) 


+ l-i™ 

2 ve x -l 


+1 


, x /2 

~x/2 


+1 


x(e* n + e-* n \ 

2 Ve x/2 -e _x/2 ) 

«->•(?)(» 

xfe x/2 + e - x/2> ) 

2Ve x/2 -e _x/2 J 

As f(-x) = fix) we find that /is even. 

(c) f(x +y) =f(x) +/00 Vx,yeR 
Replacing x, y by zero we get 
/(0)=/(0)+/(0) 

=> /( 0 ) = 0 

Putting - x in place ofjy we have 
/(x-x)=/(x)+/(-x) 

=> /(x)+/(-x) = 0 
then/(-x) = -/(x) 

Hence /is an odd function. 

(ii) (a) /(x) = V l + x+x 2 -Vl-x+x 2 

/(-x) = V 1 -X + X 2 -Vl+X + X 2 
As/(-x) = -/(-x),/is odd. 

(•>) /(x) = |x| - tanx 

/(-*) =/(x) - tan(-x) = |x| + tanx 
Thus / is neither even nor odd because /(-x) is neither 
fix) nor -/(x). 

(c) To make / an odd function on [-1 , 1 ], we define / as 
follows 

/(x) = {/(x), 0<x<l 

x 2 + jc+sinx-cosx, 0<x<l 
[-x 2 + jc+sinx+cosx, -1 <x<0 
To make / an even function on [-1 , 0] we define / as 
/y-wJ/OO’ 0<x<l 

J 1 fi~x) -1 <x<0 


i 


{ x 2 + jc + sin x — cos x, 0<x<l 
x 2 -x-sinx-cosx, -l<x<0 


(d) 1st Solution: 

/Y ^ 

/(*) = 


/("*) = 


e x + 1 

e” x — 1 1 — e x 


e X +1 l + e x 
Thus /is an odd function 


e x — 1 
e x +l 


= -/(*) 
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2nd Solution : 


e x -l 


e x -\ xl 2 

Rewrite /(x) = 

e +1 e +1 

_*/ 2 


x/2 -x/2 

e —e 

' „ xl1 
e +e 


/(-*) = - 


„ -x/2 x/2 x/2 -x/2 

e -e _ e -e _ v 

•x/2 , x/2 — x/2 , -x/2 — 

e +e e +e 


Thus /is an odd function. 

3. (i) If /(x) is defined on [0, 1], then/(g(x)) will be 

defined when 0 < g(x) ^ 1 
Then /(tanx) is defined when 0 ^ tanx ^ 1 
=> tanO ^ tanx <; tanrc/4 
Then nn <> x < nn + tt/ 4 
Again /( sinx) is defined when 0 < sinx ^ 1 
=> sinO <: sinx < sin7i/2 
=> nn ^ x ^ 2rtn + n!2 
Also f(2x + 3) is defined when 
0 < 2x + 3 < 1 
=> - 3 ^ 2x < - 2 
=» - 3/2 < x < -1 
Thus the domain is [-3/2, -1] 


For root to be defined log 1/2 (2x-3) > 0 

/ i N ° 

2x- 


(H) (a) /(x) = > g 1/2 (2x-3) 

3t to be deft 

-4J 

=> 2x - 3 < 1 
=> 2x^4 
=» x < 2 

Again for log function to be defined, 2x - 3 > 0 
=> x > 3/2 


Thus the domain is 


(H 




-lX*-2) 


(b » m -4X^8) 

(x-lVx-2) 

For root to be defined — — — ^ 0 

(x- 4X^+8) 

Also Denominator should not be zero 
i.e.(x- 4Xx + 8)*0 

from the wavy curve method we have the sign scheme 


for the rational expression 


(x-lX*-2) 

(x-4X*+8) 


as 


+ - + 
-x x- 


- + 
-x X — 


-8124 

Thus the domain is (-°°, -8) u [1, 2] u (4, «>) 
(c) /(x) = sin _1 (x 2 -6x + 9) 

As sin"/ is defined only for -1 ^ t < 1 we have 
-1 ^ x 2 - 6x + 9 ^ 1 
=* -1 < (x- 3) 2 < 1 


=> (x- 3) 2 <> 1 
=> -1 <x- 3 < 1 
=> 2 <x ^ 4 
Thus the domain is [2, 4] 

(d) /(*) = cos" l [2x 2 - 3] 

for /to be defined -1 < [2X 2 - 3] < 1 

=> -1 < 2X 2 - 3 < 2 

=» 2 ^2x2 <5 

=> 1 < x 2 < 5/2 

x 2 > 1 givens x e (- -1] u [1, °o) 

'W 


x 2 < 5/2 given x e 


Taking intersection we have x e - 1 u 1, ^ j 

(e) f(x) = y/[x]-l+y/4-[x] 

/is defined when [x] - 1 > 0 and 4 - [x] > 0 
Thus 1 £ [x] < 4 => 1 < x < 5 

Hence domain = [1 , 5) 

in /<*>=»” 

2x-l 


We have -1 < ■ 


3x-2 


<1 


2x-l 


thus XE 


<1 

3x-2 

|2x- 1| < |3x- 2| 

|2x- 1| 2 ^ |3x- 2| 2 
(2x - 1 ) 2 - (3x - 2) 2 ^ 0 
(5x-3X-*+ 1)^0 
(x-lX5x-3)StO 


°) 


Also for cos 


-l 


(¥)•* 


defined 


3x — 4 

-iz— — <i 
5 

-5<3x-4s£5 

— - < x < 3 
3 


=> -1 < 3x £ 9 


Thus xe 


[T-: 


Taking intersection, the domain is jju[l, 3] 
4. (i) (a) /(x) = 3sinx+4cos^x+j j+5 

= 3sinx+4|-cosx-— sinx}+5 

1.2 2 J 


= 3sinx+2cosx— 2-^3 sin x+ 5 
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1st Solution 


y = (3-2V3)sinx+2cosx+5 
Let P = (3-2>/3)sinx+2cosx 

— V((3 - 2>/3 ) 2 + 2 2 ) < P £ 7( 3 - 2V3 ) 2 + 2 2 
5 - V(3 - 2>/3 ) 2 + 2 2 </> + 5<^(3-2n/3) 2 + 2 2 +5 
The greatest value of y is V(3-2>/3) 2 +2 2 +5 
= V25-12>/3 +5 

and the least value is 5- V 25 - 12 V 3 
Then the range is 

[ 5 - V 25 - 12 V 3 , 5 +V 25-12 

(*>) /(x) = sin _1 ^ + x 2 j 


For any values of x. 


T,|j + * 2 ]is. 

d only for two 

/.<?. |^ + x 2 J = 0 =* 0<^ + x 2 <1 


non-negative integer 


and sin _1 x is defined only for two non-negative integers 
0 and 1 . 


* 2 <i 


Also 


M- 


1 < — +x 2 < 2 
2 


1 . 2 3 

=> ^ AT < — 

2 2 

Thus the domain is 0 < x 2 < 1 

Thus the range of /is {0, rc/2}, the range consists of just 
two elements. 

(c) /(x) = ln((cosx) co& * + 1), x € (0, ti/2) 

As x e (0, ti/2), => 0 < cosx < 1 

Range of InfCcosx) 008 * + 1 } in (0, ti/2) = range of 

ln(x x + 1 ) in (0, 1) 

Let y = x x + 1 

— = x*(l + lnx) 
dx 

dy 1 

dx e 


1 

x < — 
e 


and j^<0 
dx 

Thus y(x) is minimum at x = Me 

Minimum value ofy(x) is^l/e) = (1/e) 17 * + 1 

And maximum value ofy(x) is><l ) = 1 + 1 = 2 


Thus 


■("(;D 


< ln(l + x x ) < ln2 
/ 


Hence range of /(x) is 
(d) f(x) = 'j6-x+\Jx-2 


■fen 


In 2 


Let y = yj6-x +>Jx-2 
the domain is 2 < x ^ 6 
Now squaring 

y 2 = 6-x+x-2 + 2 > /(6-xX^-2) 
y 2 = 4 + 2V(6-xXx-2) 

As > /(6-xXx-2) > 0 we have v m = 2 (note that y is 
always non-negative) 

Again y 2 -4 = 2^/(6 -xXx- 2) 

=> /-8^ + 16 = 4(6-xXx-2) 

Writing in the form of quadratic in x, 

4X 2 - 32x +/ - 8y2 + 64 = 0 
Its discriminant > 0 
=> (32) 2 >4.4{y 4 - 8^ + 64) 

=> y 4 -8y 2 <0 
=> ^<8 
=> y < y/8 

Hence the range is [2, 2yfl] 

2nd Solution : 

After v = 4 + 27(6- xXx-2) 
we have AM & GM inequality 

< 6 -*)+ (j: — 2 > sV ( 6-:«X»-2> 

=> 2>^(6-xXx-2) 

=> (6-xXx-2)S4 
Now>^ < 8 

=» y < 2>/2 (vyis + ve) 

Hence the range is [2, 2\fl] 

(e) Here we present a different argument. 

Note that /is an unbounded function. 

As x — > 00 , /(x) — > 00 
Also as x —» - 00 /( x) — > - 00 

When x increases, /keeps on increasing in unbounded 
manner. 

x decreases, /(x) keeps on decreasing in unbounded 
manner. 

As/is a polynomial function it is continuous and hence 
will vary continuously. Thus /: R — > R i.e. the range of 

/is (- 00 , 00 ). 

_ . sin 2 x+sinx-l 

(ii) /(*)=— 5 : 

sm x-sinx+2 

Let sinx = /, so that t e [-1, 1] 

The range of /(x) is equivalent to the range of g(t ) 
defined by 

g(0=4 ±£= 7>^[-u] 

r-t+2 
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/'+/-1 
let y = - 

t-t+2 

=> (y-l)/ J -(y+l)f + (2y+l) = 0 

For r e 7? we have iy + l) 2 - 4 iy - IX? y + 1) £ 0 

=> -7y+6^ + 5^0 

=> 7y 2 -6y-5<0 

3 - 2 V 1 T 3+2VTT 

=> <y< 

1*1 

But only this is not sufficient, t must be lying between 

H. i] 

Three cases arise : 

I : Both roots are greater than 1 
this mean 

t x 4- 1 2 > 2 and (*i - 1X*2 - 1) > 0 

y + 1 _ , 2y+\ y + 1 . _ 

— y — ->2 and — — +1 >0 


y - 1 
y- 1 

y - 1 


y-i y - 1 


<0 and ^_!>0 

y - 1 


=> 1 < y < 3 and y > 1 or y < ^ 

Taking intersection y e (1,3) 

II : Both roots are less than -1 , then t x < -1 and t 2 < - 1 
=> t j + t 2 < - 1 and (/j + 1 X *2 + 1 ) < 0 

-- • y+ - + 2<0and fo+l + Zll+i >o 


y - 1 y - 1 


and 


4v+l . 
< 0 and — 1 > 0 

y - 1 


y - 1 

3y-\ 

y- 1 

=> -<y <1 andy >1 ory <-- 

Taking intersection we gety G <(>. 

HI : If the one root < 1 and the other root > 1 then 

t x < - 1 and t 2 > 1 

=» t x < - 1 < t 2 and t x < 1 < t 2 

=> t x < -1 and t 2 > -1 and t x < 1 and t 2 > 1 

=> (*! + 1 X ^2 + 1) < 0 and (/, — 1 X ^2 — 1 ) < 0 

2y + 1 y+1 , _ , 2y+l y+1 

=> — — +- — +1 <0and — — +1 <0 

y-1 y— 1 y-1 y-1 

4y + l . 2y-l 

=> — — < 0 and < 0 

y-1 y-1 

1 i ^ 1 

=> — < y < 1 and — < y < 1 

4 2 

1 

Thus ~<y<l 
The range of fix) is 


5. (i) (a)/(x) = cos (sinx) + cos(cosx) 


/ (* + 1 ) = C° s [sin (| + x ))+ cos { cos (f + x )} 


= cos (sinx) + cos (-sinx) 

= cos (sinx) - cos (sinx) 

Thus /is periodic of period 7t/2. 

(b) fix) = sinx + cosax 

period of sinx = 2 tc, period of cosax = 2nJa 

Thus period of ♦ 

2 k 2n 

fix) = LCMof — and — 

1 a 

LCM of 2 n and 2 n _ 2 n 

HCF of 1 and a ~k 

— = integer = q (say * 0) 
k 


a 

and — = integer = p 
k 

tt a P P 

Hence = — => a = — 

1 Ik q q 

Thus a is a rational number. 

(ii) (a)/(*-l)+/(x+l) = V3/(x) 
Changing x - 1 to x we have 

T(x)+/(x+2) = >/3/(x+l) 


. 0 ) 


Again changing x to x + 2 

/(x+2)+/(x+4) = V3/(x+3) ...(2) 

Adding (1) and (2) 

/(x)+2/(x+2)+/(x+4) = V3(/(x+l)+/((x+3)) 
fix) + 2/(x + 2) +/(x + 4) = V3. S. fix + 2) 


= 3/(x + 2) 

=5- /(x) -fix + 2) +fix + 4) = 0 ...(3) 

Again changing x to x + 2 

fix + 2) -fix + 4) +/(x + 6) = 0 • • (4) 

Adding (3) and (4) 

fix) + fix + 6) = 0 ...(A) 

Again changing x to x + 6 

/(x + 6)+/(*+ 12) = 0 ...(B) 


Subtracting (B) from (A) 
fix) -fix + 12) = 0 
/(x) -fix + 12) 

Thus the period is 1 2. 

(b) /(x-l)+/(x+l) = V2/(x) 

Changing x to x + 1 , we have 

/(x)+/(x+2) = V2/(x+l) ...(1) 

Again replace x with x + 2 

/(x + 2) + fix + 4) = >/2/(x +3) ...(2) 

Adding (1) and (2) 

/(x)+2/(x+2)+/(x+4) = ^(/(x+l)+/(x+3)) 

= V2-V2/(x+2)=2/(x+2) 
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Thus /(x) + f(x + 4) = 0 
Changing x to x + 4, 

f(x + 4) +f(x + 8) = 0 
Subtracting (B) from (A) 
f(x)-f(x + 8) = 0 

=> /(*)=/(* + ») 

Thus the period is 8. 

1st Solution : 

, , tt s y/3x-\ 

(c) /(x) = — 

+ x 


...(A) 

•(B) 


>/3 

-fijSx-l) 




V 3+x 


3x-\fi —yfs -X 
3 + V3x+-v/3x-l 


2x-2V3 x-V3 

2yfix + 2~ y/lx + \ 

V3(x-V3) 

/(/(/(*))) = ^ X+1 


-1 


V3x-3->/3x-l 


>6- 


(+ x-V3 3x+i/3 +x— -y/J 

>/3x+l 

_ -4 
4x x 

Let g(x) -f(J\f{x) =/ 3 (x), say where /"(x) denotes the 
composition / applied 3 times, 
we have g(g(x) =/ 6 (x) = x 
Thus the period is 6. 

2nd Solution : 

1 

X ~T3 


Rewrite /(x) = - 


1 

-vr 


let x = tanG 


/(*>= 


x - tan — 
6 




l+xtan— 

6 

/ 2 (x) = tan(0 - 271/6) 

/ 3 (x) = tan(0 - 37t/6) 

In this chain we find 

f 6 (x)= tanO-— = tan(0-7t)= tan0 
6 

Thus /is periodic of period 6. 

6- (0 f(x,y) =/( 2x + 2p, 2p - 2x) 

Applying this again and again 
/( 2x + 2p, 2y - 2x) 

=/(2(2x + 2y) + 2(2p - 2x), 2(2 y - 2x) - 2(2x + 2p)) 
=/(8y,-8x) 

Again/(x, y ) =f(Sy, - 8x) 


=/(8(-8x),-8(8y)) 

=/(-64x,-64y) 

So/(x,jy) =/(- 64, - 64y) 

/(-64x, - 64y) =/( 64 2 x, 64 2 p) 
=/(2 12 x, 2 l2 y) 

/(x, 0) =/(2 12 x, 0) 

So /(2 X , 0) =/(2* +I2 , 0) 

Thus g(x) = g(x + 1 2) 

Hence g is periodic of period 12. 

(ii) 1st solution: 

/(x+p) = ^ + V /(x) - / 2 (x) 
/(x+2^) = ^+V/(x+p)-/ 2 (x+p) 

= -^+V/(*+p){l-/(*+,P)} 


~ 2 + 
1 

= - + 
2 


{i + V/(x)-/ 2 (x)}{i-V/(x)-/ 2 (x)} 


7-/W+/ 2 (x) 

4 




1 

= — + 

2 

={+/(*>—=/(*) 


Thus /is periodic with period 2p. 

2nd Solution : 

Rewrite /(x + p) = ^ + -J/(x) - / 2 (x) 
1 2 


{/(-,)4} = 


as ^/(x+p) 

/ 2 (*+p)-/(x+p)+i = /(x)-/ 2 (x) 

/w 4l + { /< * +,,) 4} 4 

Set *(x) = /(x)-i 
then we have 

g(x)+g(x+p) = ]- 
4 

Changing xtox+/?we have 

g(*+P)+g(x+2p) = \ 

4 

Subtraction gives g(x) - g(x + 2p) = 0 
Then g(x) = g(x + 2p) 
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=> /(*)— l ~ = f(x+2p)-^ 

f(x)=f(x + 2p) 

The period of /is 2 p, as before. 

7- (')/(x/(y))=x>" 

=> {/(*/</))} 1/m = *v” /m 

y-'* 

Let there be x, y such that xf (v) = 1 
from (A) 


-(A) 


/O') 


/O0= 


„,nhn 


Now 


/(D= 


{/(!)} 

1 


Mm 


/(D = l 


{/0)) 1/B 
Thus fiy)=y n!m 
Hence f(xy nlm ) = x m y n 
Put y n,m -t so that fixt) = {xtj 71 
=> /(A,) = X m 

on comparison w = nlm => n = m 2 




(ii) f(x)+f 


Replacing x by , 

1-x 


2(1 - 2x) _ 2 2_ 

x(l-x) x 1-x 


•••(A) 



1=2(1-*)- 


1 -- 


\ — x 


- <B) 


= -2x+— 

X 

Again replacing * by 1 — , we obtain 
x 




( 1 1 

2 2 

l-R)j 

'3 -(4) 


•(C) 

-(D) 


- /(l-i) + /W=5- 2 « 

Subtracting (B) from (A), 

2x -r~, 

Adding (C) and (D) we have 

2/(x) = —r ~ — — 
x — 1 1-x 

, /•/ s x+1 

thus /(x) = - 

X — 1 

8. (i) Given 

/( 1) + 2/(2) + 3/(3) + ... + »/(«) = n{n + ...(A) 


Replacing n by (« + 1 ) 

/( 1) + 2X2) + 3X3) + + (« + l)/(« + 1) 

= ( W + 1X« + 2)X« + 1) -(B) 

Subtracting (A) from (B) 

(n +l)/(w + 1) = (w + 1 X* + 2)/(n + l)-«(« + l)/(«) 

=> nf(n) = {n + l)/(n + 1) 

from which we have the chain of equalities 

2/(2) = 3X3) = 4/(4) =....= nf(n) 

According to question 

/(l)+(«- \)nf(n) = n(n+ 1 )/(«) 

=> /(1) = 2«X") 

=* /(») = ^ = ^- then /(2010) = -J- 

2w 2w 4020 

(ii) f(x) = ax 2 +bx + c 


m=c 

J{\) = a + b+c 

f(r\) = a-b+c 

Solving for a , b and c 

/(-D+/(D-2/(0) 

a 

2 

: /(!)-/(-!) 
c=/(0) 2 

Thus /(*) = ax 1 + bx + c 

_ /(-l)^/(D-2/(0) x , 2 | /( l)-/(-l) x , /(Q) 

2 2 
(x 2 -x)+ /(-!)+ (x 2 +x)/(1)+2(1-x 2 )/(0) 

2 

=*• 2Xx) = (x 2 - x)/(-l ) + (x 2 + x)/( 1) + 2(1 - x 2 )/(0) 

|2Xx)| S lx 2 -x||/(-l)| + IX 2 +x|l/-(l)| +2|1 -x 2 ! l/(0)| 

^|x 2 -x|+|x 2 +x|+2|l -x 2 ! 

£-|x|(x- l) + |x|(x+ 1) + 2(1 -x 2 ) 

= 2|x| + 2-2x 2 
Thus |/(x)| £ |x| + 1 -x 2 
= -<|x| 2 - jx| - 1} 

Thus |/(x)|S^ 

4 


9. (i)/(*) = : 


2x(sin*+tan*) 

2 

*+2tt1 

. 7t J 

I- 3 


2*(sin*+tan*) 

2 (* +2 ) -3 

_ 2x(sin*+tan*) 2*(sin*+tan*) 

‘ < G 04 3 = 2 ( f >' 
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x(sinx+tanx) 


/(-*)= 


(-xXsin(-x) + tan(-x)) 




_ x(sinx+tanx) 

' HM 

Now two cases arise 
When x = nn, n e z, then 


[-M 


The /(x) = 0, also /(-x) = 0 
When x * wrc, n e z 


then 


HH;]- 


1 


-GK 

Hence /is an odd function 

(li) /(x+y)=/(x)/(y) 

Let x =>» = 0 
=> {/(0)} 2 =/(0) 
/( 0 ){/( 0 )-l }=0 

Put /( 0) gt 0 (given). Thus /( 0) = 1 
Sety = - x in (l),/(0) =/(x)/(-x) 

=> /(-*) = - 1 


.( 1 ) 


Now g(x) = 
g(-x) = 


fix) 

fix) 

l+{/(*)} 2 

fi-x) 


1 


/(*) 


/(*) 


...(A) 

...(B) 


l+{/(-x)} 2 i + ! l+{/(*)} 2 

{fix )} 2 

As g(x) = gi~x), we conclude that g is an even function 

(Hi) f(x +y) +f(x -y) = 2 :/{x)f(y) 

Replace x by y and y by x 

fix +y) +f(y ~x) = 2f(y)f(x) 

From (A) and (B) on subtraction 
f(x-y)-f(y-x) = 0 
=> fiy-x) =fix-y) 

Set x-y = te R, so that 

fi~t ) =/(0 

Hence /is an even function. 

10. (i) fix) =/i(/i(x) =/(x/3 + 1 0) 

x/3+10 , A x 10 , A 
= + 10 = ^- + — +10 
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fix) = fif 2 ix)) 




_ 3 


x 10 
- T + — +10 
2 3 


+10 


x 10 10 , A 

= — r H — r-H h 1 0 

3 3 3 2 3 

x x 10 10 10 lA 

/4W = T4 + + -j + — + 1 0 
3 3 3 3 

Thus continuity in the same fashion 
.. . x 10 10 10 , A 

/„(x)= + r + 7 + ... + + 10 

n 3 n 3" -1 3"“^ 3 

=— +io{i+-+...+-^ T l 
3" 1 3 3 n_ J 

-a-T 


=—+10 

3” 


1-1 

3 




3" 




(«) fix) = • 


4* + 2 


wc have 


*1-* 




_ 4 _ 

_ 4* _ 


+ 2 A + 2 4+2-4* 

4* 


4* + 2 


so/(x) +/(1 - x) = 1 



Adding we have 


'(iMsiMi) *<E) 

= 1004.5 

(ill) let /(x) = x 2 - x + 1 
Suppose y = x 2 -x+ 1 

on the given domain and co-domain the function / is 



invertible, we have as a quadratic in x 
x*-x + 1 -y = 0 

l±^Jl-\(l-y) _ l±yj4y-3 
2 2 


1 | 3 

As x E [1/2, oo) we have x = -+Jy~- 
Thus the inverse function is 


/-‘M-j+f - 1 


we observe that the equation to be solved is 

/(x) =/->(*) 

we already know that when a function and its inverse 
meet.y = x 
=> x 2 - X + 1 = X 

=> x 2 -2x + 1 =0 
=> (x- l ) 2 = 0 /. x=l 

PART-B 

1 . (b) : For /(x) to be defined, log l0 (l + x 3 ) > 0 

=> 1 +X 3 > 10° => x 3 > 0 

=> x e ( 0 , °°) 

2. (a) : For 


logi/4 


5x-x 2 


to be defined 


5x-x 2 


>0 and 


5x-x 2 


<1 


0 <- 


5x-x z 


<1 


0 < 5x - x 2 ^ 4 


which gives x(x — 5) <■ 0 and — 5x -+- 4 0 

=> x E (0, 5) and x E (-°°, 1] u [4, oo) 

Thus intersection is x E (0, 1] u [4, 5) 
log x is defined for x E {0, 1, 2, 3, 4, 5, 6 , 7, 8 , 9, 10} 
Thus the given function is defined for the intersection, 
that is x E {1,4} 

3. (d): 

/(x) is defined on [ 0 , 1 ] => 0 ^ x ^ 1 

Now /(2sinx) shall be defined, if 0 <, 2 sinx ^ 1 

=> 0 < sinx < - 

2 

u u L *1 I" 571 1 
which means 10, — Jul— ,7iJ 

The general solution is 


u 

nez 

4 . 


2mt, 2w7C+^ju|^2w7t+^,2«7r + 7t J 


(a): 
Let t = 


x 2 +l 


x 2 + 2 


= 1 — 


l + x z 


As X — > oo t — » 1 


Also f >1-- = - 
2 2 


SO /E 




note that 1 is not in the range of t. 


Now sin -1 r takes the value [n/6, n/2) 

Notice that n/2 is not included because for no value of 


xdoes sin -1 


x 2 +l 


x 2 + 2 


becomes n/2. 


5 . (d) : In these type of problems we should start with 
outermost log function 

log 3 log 4 log 5 x >0 

=> log 4 10g 5 X >3° => 10 g 4 log 5 X > 1 

=> log 5 x>4 1 => x>5 4 

=> x> 625 
Thus x E (625, oo) 

1 1 f , 1 

6 . We have — +— : = {*}+- 

[x] [2x] 3 

As {x} > 0 we have RHS always positive. So the solution 
must satisfy x > 0 . 

Let x = n+f where « = [x] and /= {x} f 

1 1 , 1 

=> — l = f +— 

n 2ft +[2/] 3 

Case I : 


0 £ 2/< 1 
which gives 

I + T =/+ I 

n 2n 3 


0 </< 1/2 


3 


1 


2n 3 
3 1 1 

As 0 </< 1/2 we have 0 < < — 

2n 3 2 

13 5 1 1 5 

=> — < — <— =$ — ^ — < — 

3 2ft 6 9 2ft 18 

18 18 

=> 9 > 2ft > — => — < 2ft < 9 
5 5 

9 ^ 9 

=> - < ft < — 

5 2 

Thus ft = 2, 3, 4 
for ft = 2,/= 5/12 

n = 3,f=l/6 29 97 

ft = 4,/= 1/24 and x = — >— 
Again 1 £ 2/< 2 12 6 24 

so that the equation becomes 

1 1 -/4 


“ + ■ 
ft 2 ft+l 
ft = 1 => 

« = 2 => 
ft = 3 => 

ft = 4 => 
ft = 5 => 


/= i 

/= 11/30 
/= 1/7 
/= 1/36 
f< 0 


no value of'/' is in the interval 


&*) 
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29 19 97 

Then the only valid solutions are — , — , — 

12 6 24 

7. (a,b,c,d) : /(x) = \(x - 1)| + |x - 2| + \x - 3| + |x - 4| 



tv 

V... 




1 2 

3 4 


The least value of /(x) is 2 attained at all x e [2, 3] 

/( 2) = 1 +0 4-1+2 = 4 

The number of integral solution of /(x) = 4 is just two, 
viz {2, 3} 

As n - 1, e e [2, 3] vve have f(n - 1) = f(e) = (say) 
Also 2 - 4 G [2, 3] we have /(2 - 4) = k 

/ ( ?-»>+/(«> „ 

2/<2-4) 

8. (a, b, c) : As >> = /(x) and y = f'\x) intersect at 
y = x, we have that the reflection of y =/(x) in the line 
y = x gives f~ l (x) 

f (f -'(*)) =f-\x) =>x=f-\x) 

and /(x) = x =* 

Thus all have same roots a and p. Also (0, 0), (a,/ (a)), 
j(P,/(P)) are collinear and so they don't form a triangle. 
ax+b 

9. (a) : y = - 


=> x = 


cx d 

cxy + dy = ax + b 
b—dy 


x(cy - a) - b -dy 


cy-a 


Thus y can't take the value ale. Indeed the range of y is 

V) 

Thus statement 1 is true and statement 2 explains it 
also. 

10. (a) : Obviously x G [-1, 1] if sbr'x + cos^x+tan^x 
is to be defined then both statement 1 and statement 2 are 
correct and statement 2 implies statement 1 . 

5x+l 

n. W:y=— 

=> Ixy - 3y = 5x + 1 => x(ly - 5) = 1 + 3y 

1 + 3^ 

=> x = ■ 


7y-5 

As ly - 5 * 0 => y*5H 
then the range is R - {5/7} 


12. (b): y 

Thus y = 


2x+l 


(2x+l) 


2x 2 + 5x+2 (2 x + 1X* + 2) 


1 1 

, x * — 

x+2 2 


1 


2-1 
2 


Range ofy isR- {0} 

Also since x * - 1/2 we have y * 7- i.e. y * 

The range is R - {0, 2/3} 

T x 2 -x+l 

13. (a) : Let y = — 

x +x+l 

=> yx 2 +yx +y = x 2 -x + 1 

=> (y-l^ + Cy+^x+^-^O 

AsxG R=>(y+ 1 ) 2 — 40 - 1) 2 >0 

=> (y + 1 + 2y - 2)(y + 1 - 2y + 2) £ 0 

=> (3y — lX - ^ + 3) > 0 => (3 y -l)(y-3)<0 

Thusy G [1/3,3] 

14. (A) -> (s), (B) -> (r), (C) -» (p), (D) -> (q) 
y = x 2 - x + 1 

=> x 2 -x + (l->;) = 0 

^ x . l±Vl-4(l->>) _ l±V4^3 

2 2 
(A)/: 1/2] _» [3/4, 00) 


(B)/: [1/2, 00) ->[3/4,o.) 

r , (x)=! wp 

Again .y = x 2 + x + 1 
=> x 2 +x + (l -y) = 0 

-l±Vl-4(l-y) -l±V4y-3 

2 2 


_j. , — 1 — >/4x— 3 


/; [-», -1/2] -^[3/4,00), /-'(x) = 

/: [-1/2, »)-> [ 3 / 4 , 00 ), /->(*) = 

15. The period is the LCM of 

2 it 2 it 2tt 2 it 2 7t 2 it 


_! s -1 + V4X-3 


it (it/ 2) (it/3) (it/4) (it/5) (it/ 6) 

271 4ti 671 87t 1071 1271: 

> > > » » 

K K n K K K 

i.e. the LCM of (2, 4, 6, 8, 10, 12) i.e. 60 

16. fix) ~ sin 2 x + sin 2 (x + 7i/3) + cosxcos(x + ti/3) 

= — i-cos2x + l-cos( 2x+ — l+cos— + cosf 2x + 
2[_ V 3 ) 3 l 

= — 2-cos 2x+-+cos| 2x+— )+cosf 2x+ — ] 

2L 2 { 3J { 3 )\ 

l[5 ^ „ Jtl 

2L2 3 J 

1(5 - ^5 

2 V2 ) 4 


■cos2x + cos2x 

g(Ax))=gm)=\ 


- constant 
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ASSERTION AND REASON 


Direction : In each of the following questions, a statement 
of assertion is given and a corresponding statement of 
reason is given just below it. Of the statement, mark the 
correct answer as - 

(a) If both assertion and reason are true and reason is the 
correct explanation of assertion 

(b) If both assertion and reason are true but reason is not 
the correct explanation of assertion 

(c) If assertion is true but reason is false 

« 

(d) If assertion is false and reason is true 

41. Consider the equation x 4 - 5x 3 + 56|x-3| = 0 
.Assertion : The number 13 is not a root of the equation. 
Reason : A polynomial equation with integral coefficients 
can have only the divisor of constant term as it’s integral 
root. 

42. Assertion : If z satisfy \z\ = 1 and z-2-z then z 
is purely real. 

Reason : Principal argument of z is 0. 

43. Assertion : Period of 

_ KX TlX . 

/(x) = sin + cos — is 2 (h)! 

(w-1)! n\ 

Reason : Period of |cosx| + |sinx| +3 is tt 


44. Assertion : Lei a,6,c be three non-coplaner 
vectors, then (b -c).[(c - a)x(a-b)] = 0. b —c can 
be expressed as linear combination of c - a and a - b . 
Reason : Given non-coplanar vectors one vector can be 

expressed as a linear combination of the other two. 

45. Assertion ; If x+y+z= xyz , then at most one of the 
numbers could be negative. 


Reason : In ® triangle ABC, 

tan.4 + tan B + tanC = tan.4 tan# tanC and there can be 
at most one obtuse angle in a triangle. 


46. AsNcrtion : Let L i '■ a i x + by + c x = 0, 

L 2 : a 2 x + by + c 2 - 0 and L 3 : o 3 x + by + c 3 = 0 are three 

concurrent lines, then 

a \ h c x 


Reason : If 


= 0. 


bi 

th 


= 0, then the lines L l9 L 2 and Z, 3 


must be concurrent. 


47. / W i s polynomial of degree 3 passing through 
origin having local extrema at x = ±a. 

Assertion : R at i° °f areas in which /(x) cuts the circle 
x 2 Vy 2 = 36 is 1 .1. 


Reason : Both y = / (jc) and the circle are symmetric 
about origin. 

48. Let /(x) = sin -1 x + cos'" 1 x+ tan -1 x and xe[- 1,1]. 
Assertion : Range of f(x) is 
Reason : /(x ) is an increasing function. 



49. Assertion : If a normal drawn at a point P on the 
parabola y 1 = 4ax meets the curve again at Q , then the 
least distance of the point Q from the axis of the parabola 
is 4yfla. 

Reason :If normal drawn at point P(aP, 2 at) on parabola 
y 1 = 4 ax meets the curve again at Q(at\, 2 at { ), then 

/,=/ + -=> minimum value of t x - 2>/2. 

' xrn 

50. Assertion : lim— - does not exist, (where [.] 

x->o a\x J 


denotes the greatest integer function) 

Reason : lim f — ] does not exist. 
x->ovxy 


ANSWER KEY 


1. 

(d) 

2. 

(b) 

3. 

(b) 

4. 

(b) 

5. 

(a) 

6. 

(d) 

7. 

(a) 

8. 

(b) 

9. 

(c) 

10. 

(b) 

11. 

(d) 

12. 

(b) 

13. 

(d) 

14. 

(d) 

15. 

(c) 

16. 

(b) 

17. 

(a) 

18. 

(d) 

19. 

(<D 

20. 

(b) 

21. 

(c) 

22. 

(a) 

23. 

(c) 

24. 

(b) 

25. 

(*) 

26 

(b) 

27. 

(d) 

28. 

(a) 

29. 

(b) 

30. 

(b) 

31. 

(a) 

32. 

(a) 

33. 

(b) 

34. 

(b) 

35. 

(b) 

36. 

(b) 

37. 

(a) 

38. 

(b) 

39. 

(d) 

40. 

(c) 

41. 

(a) 

42. 

(b) 

43. 

(c) 

44. 

(c) 

45. 

(d) 

46. 

(c) 

47. 

(a) 

48. 

(a) 

49. 

(c) 

50. 

(d) 
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International 
Olympiad Problems 


Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 


1. Show that if x,y,z> 0, then 


, /l 1 1 V 9 

U x+y) 1 C v+zf (*+*) 2 J 4 


2. (a) Find all positive integers p<q<r satisfying the 
equation 

/? + g+ r +/?<7 + <?r + rp= pqr + 1 . 

(b) For each such solution (p, q , r), evaluate 
tan _1 (l/p) + tan -1 (l/^) 4- tan _1 (l/r). 

3. If m a , m b , m c are the medians of a triangle with sides 
a, b,c, prove that 

m a (bc - a 2 ) + m b (ca - b 2 ) + m c (ab - c 2 ) > 0. 


4. Let n be a fixed positive integer. Show that for any 
non negative integer k, the diophantine equation 

has infinitely many solutions in positive integers x, andy. 

5. Determine all sequences a x <*a 2 <> ...<>a n o f positive 
real numbers such that 

n n n 

= 96, a, 2 =144 and = 216. 

i=i i=i i=i 

6. Find all polynomials P(x) that satisfy the equation 
P(x 2 ) + lx 2 + 10* = 2 xP(x +1)4-3. 


7. Prove or disprove that 

„ sin A sin B sinC ^ 9>/3 

2 < + + < , 

A B C 2n 

where A, B, C are the angles (in radians) of a triangle. 


8. ABCD is a convex quadrilateral, and O is the 
intersection of its diagonals. Suppose that the area of the 
(nonconvex) pentagon ABOCD is equal to the area of 
triangle OBC Let P and Q be the points on BC such that 
OP\ | AB and OQ\\DC. Prove that 

[OAB] + [OCD] = 2 [OPQ\, 
where [XYZ] denotes the area of triangle XYZ. 

9. Are there any non constant differentiable functions 
f:R->R such that 

f(f(f(x)))=f(x)>0 
for all xeR? 


10. Let D, E, F be points on the sides BC, CA, AB 
respectively of triangle^BC, and let R be the circumradius 
of A ABC. Prove that 


AD + BE 



) 


(DE + + FD) > 


AB + BC+CA 
R 


SOLUTIONS 


1. Writings + z = a, z + x = b and x +y = c, we have 
b + c- a 

X- - , etc., 

thus etC) 

4 4 

and hence, in cyclic sum notation, 

£vz=+£( 26 c-<i 2 ). 

Now assume a'Z.b'Z.c without loss of generality ; then 
2 be - a 2 < lea - b 2 <> lab - c 2 
and therefore, by Chebyshev's inequality and the 
A.M. - G.M. inequality. 


fax) 


= -I(2bc-a 2 )-Z-\ 
3 3 a 2 


(x — — 
l ( y + * ) 

>il^(26c- a 2 )-4) 


2. (a) There are exactly 3 solutions, given by 

(p, q, r) = (2, 4, 13), (2, 5, 8) and (3, 3, 7). 

Note first that 

{p-\Xq-\\r-\)=pqr-{pq+qr + rp) + {p+q+r)-\ 
which becomes, using the given equation, 

(p-lXg-lX''-l) = 2(p + g + r-l) ...(1) 

If p £ 4, then 4 < p < q < r implies 
{p-\\q- lX r ~ I) ^ 9(r- 1) and 
l{p + q + r - 1 ) < 2(3r - 1 ); and since 
9(r-l)-2(3r-l) = 3r-7>0, 

(1) cannot hold in this case. Thus p < 4. Since p - 1 
clearly does not satisfy (1), we have p = 2 or 3. When 
p = 2, (1) becomes ( q - 1 )(r - 1) = 2(q + r + 1) or 
(q - 3X+- 3) = 10. Thus q- 3 = 1, r-3 = 10 or g - 3 = 2, 
r - 3 = 5, yielding two solutions: (2, 4, 13) and (2, 5, 8). 
When p = 3, (1) becomes iq - 1 )(r -l) = # + r + 2or 
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(q - 2 )(r - 2) = 5 which yields the third solution : 

(3, 3,7). 

(b) The value is tc/4 in all cases. To see this, set 
A = tan _1 (l/p), B = tan -1 (l/g) and C = tan -1 (l/r). Since 

o<ia<i<i, 

r q p 

we have 0 <C <B <>A< nJ4 and thus 
0 < A + B + C < 37E/4. From the well known formula 
for tan(x +y) one easily deduces that for all x,y, z with 
x +y + z * kn + n/2 (where k denotes an integer), 

tan x + tan v + tan z - tan x tan y tan z 


tan(x + y + z) = 
Thus 


1 - (tan x tan y + tan y tan z + tan z tan x) 
1111 


. p 

+ “ + 

q r pqr 

1- 

i i i 

j_ i 

K pq qr rp ) 

pq+qr + rp - 1 


pqr-(p + q + r) 
Hence A + B + C = tc/4, that is. 


tan 




3. Let G be the center of gravity and M a , M b , M c be 
the midpoints of the sides. We now apply the Mobius- 
Neuberg inequality to quadrilateral M c BM a G and get 
C 



B 


BG • MJvf c < M C B • M a G + BM a • GM C , 

3 2 2 3 2 3 

i.e. y 2bm h <cm a + cim c . ...(1) 

Thus b 2 m b < ^(abm c +bcm a ), 

and cyclic permutation yields 
2 1 

c m c < — ( bcm a +cam b ) and 

a 2 m a < ^-( cam b + abm c ). 

Now adding, we obtain the claimed inequality. 

\2 


4. Since 1 J +2 i + ... + n J =(-^-— 

we see that when k = 0 , , v 

, , n(n + l)) 

(x 1 ,x 2 ,...,x w ;^) = l 1, 2, ..., w, — - — J 


and notice that for 


is a solution. To see that we can generate infinitely many 
(w(n-l)) 

solutions in general, set c = 

all positive integers q , we have : 

2 ) 3 + ... 

1 (l 3 +2 > + ... +n i ) 


(cV t+2 ) J +(2cV +2 ) 5 + +(rtc k q ik+2 ) i 


= c 1 V ( “ +2) n ! + 2 3 + . 


= c ik q i(ik+2) 




= c ik+1 qW +2) = (cq i y 


}\lk + 2 


That is, (*,, x 2 , .... x n ; y) = (c k q >k+2 , 2c k q ik+1 , 
cq l ) is a solution. This completes the proof 

5. According to Cauchy's inequality, we have 

96 x 216 = (a x +a 2 + + a rX a i + a i + ••• + a n) 

= ((«! 1/2 ) 2 + (* 2 1/2 ) 2 +.»+ ( OW ) 2 +... + ( O 2 ) 
£ (a/V 2 + afa? + ... + 

= (a 2 + a 2 2 + ...+a n 2 ) 2 = 144 2 , 
where equality holds if and only if a 3/2 = Xa,- 1/2 for all 
1 < / < n. We can see that 144 2 = 96 * 2 16, thus a, = X for 
all 1 <*i<n y which implies 

Xn = 96, X 2 n = 144, X 3 w = 216. 

The first two equations imply n = 96 2 /144 = 64. This gives 
X = 96/64 = 3/2, and this (X, n) satisfies X l n = 216 too. 
Hence the only solution is 

64 times 


, nc k q lk+1 -. 


<w-(H |) 




2nd Solution : Let ^--b^ i-l, 2, ...,«. 

Then we must find all sequences 0<b x <.b z <. 
such that 

2>=7( 96) = 64, 5#= 1(144) = 64, 
j>/=i-(216) = 64. 

i=l Z ' 

We can see that 

2^(6,-l) 2 = I(6, 3 -26, 2 +6,) 

1=1 =64-2-64 + 64 = 0 

It is obvious that since 6, > 0 it must be that b, = 1 for all 
i, and thus n- 64. So the only sequence is a, = 3/2, 

/= 1,2,..., 64. 

6. If P(x ) is a polynomial of degree w, then Ptf) has 
degree 2n , while 2xP(x + 1) has degree n + 1. Thus 
n= 1, /.e. P(x) is linear, say P(x) = a + bx. 

From x = 0, P(0) = 3 = a, and from 
x = -1, P(l) + 2 - 10 = - 2P(0) + 3 = - 3. 

So P(\) = 5 = a + 6. Thus 6 = 2 and P(x) = 2x + 3. 
g 1 

sin .-I f _ . . 

7. First note that £ — — -JIcos tAdt, 
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where the sums are cyclic over A, B, C. We know that 

3sin 2 — < Zsin 2 tA < sin 2 tn for 0 < t < — 

3 2 

r r 2 tit 1 2m ^ 

Using sin — = -II -cos-^- I, etc., 

and replacing t by t/ 2, we get 


Thus 


tn 

2 + cosm<ZcosLl<3cos — forO<f<l. 

3 


1 1 1 IT 

2 = J(2 + cos tn)dt < J 'LcostAdt < j3cos-^d/ = — — , 


o o 

and the result follows. 


8. Let [DOC] = u[AOD ] and [BOA] = v[AOD], 

then [BCO] = uv [AOD], and the condition of the problem 
implies 

1 + u + v = uv. ...(1) 

Furthermore, 

AD _ 1 _ BP ^ DO _ 1 _ CQ 

OC~ u~ PC 3n OB ~ v " QB 
Let BP = x, PQ = y , and QC = z. Then, since OP | | AB 
and OQ\\DC, 



x 1 , z 1 

= — and = - , 

y+z u x + y v 

so z = ux-y andx = vz-y. 

We may let^y = 1 , which implies x = v(ux - 1 ) - 1 , so 
v + 1 

x = . 

uv — 1 

u + 1 

Similarly z = , and thus by (1) 

uv — 1 

v + 1 + uv - 1 + u + 1 2wv 

x + y + z = = . 

uv - 1 u + v 

Now [BPO] : [PQO] : [QCO] = x :y : z, and so 

[OPO] = — ^ — [BCO] = — • m{AOD] 
x + y + z 2 uv 

2 2 
which implies the result. 

9. Applying/to both sides of the functional equation 
f(f(f(x ))) =/(*) SO ...(1) 

gives gCg(x)) = g(x), where g(x) =f(f(x)) for all 
x e R. Of course g is also a differentiable function on R 


and g(x) > 0 for all x e R. Then the range T = g(R) of g 
is an interval contained in [0, +oo). Let a be the mfimum 
of T. Since g(t) = t for all t e T and g is continuous, it 
follows that g(a) = a. Assuming that Thas more than one 
element, choose 8 > 0 such that ( a , a + 8) c T. 

Then xG (a - 8, a) implies g(x) > g(a) (= a\ hence 
g(x)-g(a) 
x- a 

Therefore 

*'(«-)- lim 

x— >a x — a 

For * 6 (a, a + 8) we have 
g(x)~g(a ) . 


..( 2 ) 


• = 1 , 


hence *'(«*)- l,m 


x- a 


(3) 


(2) and (3) are contradictory since g is differentiable at a. 
We are led to the conclusion that T is a single point, i.e., 
g is a constant function, say g(x) = c for all x e R. This 
gives, using (1), that /(c) = /(x) for all x e R, showing 
that /is a constant function. Thus there is no non constant 
differentiable function satisfying (1). 

10 . 


Let 5 = 



Reflect D in AC to get D x , with £>£>, intersecting AC at 
D'. Reflect D in AB to get Z) 2 , w ith DD 2 intersecting AB 
at D". Then 

DE + EF + FD = D 2 F + FE + ED X > D 2 D l = 2 D"D\ 


so sZD"D' 


~.(D 


Now AD'DD" is concyclic with AD as diameter, so 

D"D' 
sin A = 

AD s D"D' 

Putting ( 1 ) and (2) together, = sin A 

Likewise, 

s s 

— > sin B and — = sinC. 

BE CF 

Finally, adding these inequalities, 

( — ^ \s > s in A + s in B + s in C 
\AD BE CF) 

_AB + BC +CA 

and the required inequality follows. 


2 R 


■■ 
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10 Best Problems 



MAth 
rchives 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE 
Syllabus. This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In 
every issue of MT, challenging problems are offered with detailed solution. The readers' comments and suggestions regarding 
the problems and solutions offered are always welcome. 


1. If /(*) 


fl*|. 

IM. 


when x < 2 
when x>2 


, then 


(a) Lt /(*) = - 2 
*->2~ 

(b) Lt f(x) = -2 

x-»2 + 

(C) Lt /(*) = /( 2) 

x — » 2 + 

(d) Lt f (x) does not exist 

x—>2 

x n 

2. If n G N, then Lt — = 0. 

X-»oo Q X 

(a) when n is even only (b) for no value of n 

(c) for all values of n (d) when n is odd only 
2" 


3. If y = sin 1 
-2 


\-x* 


_l + x 2 _ 


, then — = 


dx 


(a) 


(c) 


1 + x 

1 

2 + x 2 


(b) 


(d) 


1 + x 


2-x 


4 . The derivative of tan 
/ 


to tan 


2xVl-x 2 

l-2x 2 


_l| Vl + x 2 -1 


(3) I 


(b) - 


at x = 0 is 


(cl - 


with respect 


(d) i 


-i 


log(ex 2 ) 


f 3 + 21ogx x | 
(l-61ogx / 


then 


5. If y = tan 

d 2 y . 

— T 1S 
dx 1 

(a) 2 (b) 1 (c) 0 (d) -1 

^ v ;x*0. Test whether /(x) is 

0 ;x = 0 

differentiable at x = 0. Is it continuous at x = 0? Justify 


6. Let /(*) = 


xe 


7. A triangle ABC, right angle at C, with CA = b and 
CB = a, moves such that the angular points A and B slide 
along x-axis andy-axis respectively. Find locus of C. 

8. Prove that sin 0 • sec 30 = ^ (tan 30 - tan 0) and hence 

find the sum to V terms of the series 
sin0sec30 + sin30*sec 3 2 0 + sin3 2 0sec3 3 0 + ... 

9. Consider a real valued function f(x) satisfying 

2 f(xy) = (f(x)Y + (f(y)Y V x,ye R and/(l)=p where 

n 

p* 1 , then find (p ~ 1 

r-\ 

10. A line makes angles a, P, y, 8 with four diagonals of 
a cube. Prove that ^ 

r€{a,p,y,8} 


2, X 4 
cos (r) = -. 


SOLUTIONS 


I. (c) : lim /(x) = lim[2 + h] = 2 = /( 2) 

x-»2 + h ^° 

lim /(*)= \im\2-h\ = 2 

x->2 

Hence limit exists 


2. (c): 


lim— (— form) 
x — > 00 e X \oo J 


= lim 


= lim 


dx 


(Apply L' Hospital Rule) 


dx 


nx 


,n - 1 


X— >oo g 


(= torn) 


= lim 


n(n- \)x l 


n-2 


(Apply L' Hospital Rule) 


Apply L'Hospital Rule until we get 
^ or — form j 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. 
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n(n - 1X« — 2)...4 -3-2-1 
= lim 

X — >°° £ X 

- Iim - o 

X-*oo g X g°° OO 

3. (a) : Putx = tan0 

y - sin ‘I r~ = sin” 1 (cos 20) 


= sm 


. 1 - tan 0 

= sin r— = sir 

Ll + tan 2 0j 

_1 sin^-20 y~29 


> y = — - 2 tan ] x 
2 . 

dy -2 


dx 1 + jf 2 
4. (b) : p = tan” 1 


1 + x" -1 


put x = tan0 


•\ P = tan” 1 


Vl + tan 2 0-l 


tan0 


= tan 


_ifl-COS0^ _] f 1-1 + 

= tan 1 = tan 1 

V sin0 / *. v2sin(0. 


. x ( sec0-l ^ 

l tan0 J 

-l + 2sin 2 (0/2) 


2sin(0/2)cos(0/2) 


= tan 


p _ 9 _ tan x 

~ 2 ” 2 

Hence 

dP 1 


dx 2(1 + x 2 ) 


...CD 




= tan 


l-2£ 

2sin(|)^/l — sin 2 <}) 
l-2sin 2 <(> 


put x = sin(f) 
\ 


= tan 1 f 2s i n< ^ COS< ^ l=t a n 1 (tan2(J>) 
V cos 20 J 


e=20 

dQ = 2 

dx Vl-x 2 

from (1 ) & (2) ^ 


...( 2 ) 


ctf 5 2(1 +x 2 ) 


<*0 

2 


V l-x : 

Put x = C 

I 


_ 1 


X 

H 

O 

1 

4* 1 

5. (c): 

1 

I 

II 


log(e/x 2 ) 


+ tan' 



l log(ejr) 
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■l p + 21ogX > j 
[l-61ogx J 


In given function 
Put logx 2 = tan 9 


_ifl — tanO'I _i ( 3 + tan0 'I 

y = tan + tan 1 

Vl + tan0y U-3tan0y 


= tan 


r r \*i p°8* 

1 tanf^-0j + tan -1 3 + tan -1 (tan 0) 


= — -0 + tan 1 3 + 0 = — + tan 1 3 
4 4 

^ = 0 
dx 

Then 4-o. 

rfx 2 r „ 

xe 2 x ;x>0 


6. /(x) = 

/. /(0) = 0 

L.H.D. 


0 ;x = 0 
x ;x< 0 


r(!nm u u ± ml 

/,-> 0 -/l >0 — /z 


R.H.D. 


•2//j 


r(0 + )= L , _ — 

A-* 0 A to— >0 h 

= e'°° = 0 

v L.H.D. ^ R.H.D. 

/. / is not differentiable at x = 0 
L.H.D. atx = 0 

lim /(x)= lim(0-/i)= lim(-/i) = 0 
x _>o~ h — ^0 /i — >0 

R.H.L. atx = 0 

lim /(x) = lim(0 + A)e -2/(0+A) = lim/je -2 ^ = 

; C _ > 0 + /i — >0 h — >0 

/(0) = 0 (Given) 

.-. L.H.L. (at x = 0) = R.H.L. (at x = 0)= /(0) 
/(x) is continuous 

7. Let /f = 0,0) 

B = (0,q) 



Let C (/», fc) be the any point on the locus 

CB = a = 7/» 2 +(fc- 9 ) 2 -0) 

Cyf = 6 = 7(/j-p) 2 +fc 2 •••(») 



AB = ^+q 1 — (iii) 

v ZC= 90° 

ab 2 =ac 2 + bc 2 

=> p 2 + q 2 = a 2 + b 2 -(iv) 

from (i) and (ii) 

q = k±Ja ^,P = h±4b^? 
from (iv), p 2 + q 2 = a 2 + b 2 
or (htsfO^l t 2 ) 2 +(*± Va 2 - A 2 ) 2 = a 2 +b 2 

=> 2Wa 2 -* 2 = 2k\[a 2 -h 2 

=» h 2 b 2 - h 2 /c l = /^cr 2 - h 2 1? (squaring both sides) 

=> h 2 b 2 = kW => hb = ±ka => = ± ay 

Locus is bx ± ay = 0 

sin0 cos0.sin0 sin 20 
— — 

cos30 cos0.cos30 2cos0cos30 

= lsin( 39 - 9 I = I (tan 30 . tan0 ) 

2cos0.cos30 2 
" , r A sin ?> r ~ x 0 

^ sin3 '" esec3 ® 
r=l 

= ly sin ( 3r 9-3 r *9). = iy (tan3 -e_tan3 r - | e) 
2 cos 3 r 0. cos 3 r_ 0 2" 


= i[tan3”0-tan0] 


9 > 2/fcy) = C/W + (/W Vx,yeR 

Puty = 1 

=> 2/(x) =/(x) + (f(\W 

=> /(*>=/ (•••/(!) =p) 

w n n n+\ _ n 

••• im-y-V 

(p-i)i/w=(p n+i - J p) 

r=l 


!q ,i 


in. D.C'sofor-^.jj.jj) 

D.Csof 



Let /, m, n be the D.C’s of required line 
cosa = //, + mm l + m/j, 

= / ^ + W ^ + M i = ^ (/ + m + ” ) 

Similarly 

cosP = -j|(/ - WJ + «), COSY = -j=(/ + m - n) 


cos8 = + m + w ) 

cos 2 a + cos 2 P + cos 2 y + cos 2 8 

= -((l + m + n) 2 + (/-m + w) 2 +(/ + w--h) 2 
^ + (-/ + m + n) 2 ) 

_ 4 

3 ■■ 
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Aligarh Muslim University 


(Engg.) 


1. In an ellipse, if the lines joining focus to the 
extremities of the minor axis form an equilateral triangle 
with the minor axis, then the eccentricity of the ellipse is 

(.) 4 <f> T ^ <“> I 

2. If the planes x = cy + bz f 

y = az + cjc, 
z = bx + ay. 

pass through a line then a 1 + b 2 + c 2 + 2 abc is 
(a) 0 (b) 1 (c) 2 (d) 3 

3. If cos -1 * + cos -, j> + cos -1 z + cos -l f = 4 k, then the 
value of* 2 +y2 + z 2 + t 2 is 

(a) xy + zy + zt (b) 1-2 xyzt 

(c) 4 (d) 6 

4. Four dice are rolled. The number of possible 

outcomes in which at least one dice shows 2 is 

(a) 625 (b) 671 (c) 1023 (d) 1296 

5. If /(* + y) = /(*) f(y) for all * and y and if 
X5) = 2 and /'( 0) = 3, then/'(5) is 

(a) 0 (b) 2 (c) 5 (d) 6 

6. The equation of the curve satisfying the differential 
equation y 2 (x 1 + 1) = 2 *y, passing through the point 
(0, 1 ) and having slope of tangent at * = 0 as 3 is 

(a) y = jr 3 + 3* + 1 (b) y = jc 3 - 3* + 1 

(c) y = x 2 + 3* + 1 (d) y = x 2 - 3* + 1 

7. For the function /(*)= lim 

"-* 00 1 + x 2n 

which of the following is true? 

(a) lim / (*) does not exist 

JC— >1 

(b) lim / (*) does not exist 

jc-»r 

(c) Both limits exist and lim /(*)= lim /(*) 

jt-»r jc->i + 

(d) Both limits exist and lim /(*)* lim /(*) 

X — >1 X — >1* 

8. The curve y-e^ + x- Ohasa vertical tangent at the 
point 

(a) (U) (b) (1,0) 

(c) (0,1) (d) none of these 


9, If a hyperbola passes through the foci of the ellipse 

jc 2 y 2 

-^7 + —- = 1 and its transverse and conjugate axes 
25 16 

coincide with the major and minor axes of the ellipse 
and product of their eccentricities be 1, then the equation 
of hyperbola is 


x 2 y 2 

(b) T-T6 =1 


(a) £-_2L = i 8 
9 25 l -j< 

x 2 y 2 

(C) 16 “ 25^- ;1 >os! (d) none of these 

1 0, Ifp, q, r are positive and are in A.P., then roots of the 
quadratic equation px~ + qx + r = 0 are complex for 


(a) 


--7 
P 


>W3 


(b) 


--7 
r 




(c) all p and r 


(d) no p and r 


II. For any t\vo sets ^4 and B if A nX= B nX= $ and 

A u X- B u X for some set X, then 

(a) A - B = A n B (b) A=B 

(c) B -A- A nB (d) none of these 


1 2. If the coefficient of variation of a distribution is 45% 
and the mean is 12, then its standard deviation is 

(a) 5.2 (b) 5.3 

(c) 5.4 (d) none of these 

1 3. The largest term in the expansion of (4 + 2*) 49 where 
*= 1/3 is 

(a) 3 rd (b) 5 th 

(c) 8 th (d) none of these 

1 4. The curve described parametrically by * = Z 2 + / and 
y = fi-t represents 

(a) a pair of straight lines (b) an ellipse 
(c) a parabola (d) a hyperbola 

1 5. Let r be a relation from R (set of real numbers) to 

R defined by r = {( a , b)\a, b e R and a - b+ >/3 is an 

irrational number}. The relation r is 

(a) an equivalence relation (b) reflexive only 

(c) symmetric only (d) transitive only 

16. The set 

C={z\zz+az+az + b = 0,beR and b<\a^} is 
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• 5y < - 8 => y < 


-8 


8 8 

15 '* 5 

20. (a) : For the first 1 1 terms in A.P. , d- 2 

Middle term of the A.P. is 6 th term. 

a 6 =a + 5d =a + 10, 

a\i = a + 10 d= a + 20 

For next 1 1 terms in G.P. r = 2 

Middle term of the G.P. is 6 th terms = b(2) 5 where b = 

last term of A.P. 

=j> (a + 20)32 = a + 10 

=> 32a + 20 x 32 = a +10 => 3 la = 10 - 20 x 32 
-630 


=> a = - 


31 


Middle term of entire sequence is 1 1 th term 

-630 1A . -630 1A 0 10 

= + \0xd = — — + 10x2 = -— 

31 31 31 

required term is — — 

31 


21. (b) : 



x n+2 

x n+i 



1 X 2 X 3 


y n+2 

/ +3 

= x n y n z n 

1 y 2 y 3 

z" 

z" +2 

z n+3 



1 z 2 z 3 

1 



.3 



0 

/-x 2 

y 3 

-x 3 

(Ri R3- R\ 

0 

z 2 -x 2 

z 3 - 

-x 3 

Ri ^ Ri — R\) 


= x y z 


- x n y n z n (y - x)(z - x) 


0 x + y x 2 +y 2 +xy 
0 x + z x 2 +z 2 +xz 


= x* z n (x - y)(x - z)(x* + xz 2 +x 2 z+yx 2 +yz 2 + xyz-x 3 
-xy 2 - x 2 y -zx 2 -zy 2 - Xyz) 

= x n y n z n (x - y)(x - z)[xz? + yz 2 - xy 2 -zy 2 ] 

= x n / z n (x - y)(x - z)[x (z 2 - y 2 ) + yz (z - y)] 

= (*V z”)(x - y)(x - z)(z - y)(xy + yz +zx) 

= xTyT z n (x -y)(jc - z) ( z -y)(xy + yz+zx) 

= x n+1 y ,I+1 z' ,+1 (x - y)(y - z)(z 




Comparing with given value of determinant 

w+l = 0=>w = -l 

22. (d) : Total number of cards = 52 
13 1 

Chance of getting spade = — - - 


.*. Chance of not getting spade - 1 “ ~ - — 

.*. Chance that the person will not get spade in first two 


draws = — 

4 4 


9_ 

16 


23. (c): Force (/) = 


6 x (9 i + 6j + 2k) 
V81 + 36 + 4 


= (9/ + 6j + 2k) 

Displacement vector ( d ) = (7 - 3)/ + (-6 - 4)/ + (8 + 1 5)£ 


= 47 - 10} + 23* 

.*. work done = f.d = —(9 x4-6xl0+23x2) 
j n v 

= — (36-60 + 46) = — x22 = 12 
11 11 


24. (b) : Equation to line in intercept form 

x y fl n 

- + — = 1. It passes through I I 


=» a + b = 5ab (i) 

point P(xy) divides AB joining A(a, 0) and B( 0, b) 

internally in ratio 3 : 1 

a 3 b . , 4y 

=>x = -,y = — =>a = 4x,b = — 

4 4 3 


Keeping values of a and b in eq. (i) we get 



=> 3x + y = 20 xy 
25. (d) : Since 

-V3 2 +4 2 < 3cosx + 4sinx<>/3 2 + 4 2 \/xeR 
=> -5 + 5 <3cosx + 4sinx + 5< 5 + 5 
=»0<3cosx + 4sinx + 5<10 Vxe/? 


/. Max. value = 1 


26. (c) 

27. (d) 

28. (c) 

29. (a) 

30. 

(d) 

31. (a) 

32. (b) 

33. (d) 

34. (c) 

35. (b) 

36. 

(c) 

37. (a) 

38. (b) 

39. (b,d) 40. (c) 

41. (c) 

42. 

(c) 

43. (b) 

44. (c) 

45. (a) 

46. (d) 

47. (d) 

48. 

(d) 

49. (b) 

50. (d) 

51. (c) 

52. (a) 

53. (b) 

54. 

(d) 

55. (b) 

56. (c) 

57. (d) 

58. (c) 

59. (a) 

60. 

(b) 

61. (b) 

62. (b) 

63. (b) 

64. (b) 

65. (d) 

66. 

(d) 

67. (c) 

68. (d) 

69. (a) 

70. (d) 
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CONCEPTUAL PROBLEMS 


Functions 


1 . Range of / (jc) = sin ‘(log 2 (sin * - cos jc)) is : 

<d) H-i 


2. Let fix) = 


sin* 


COS* 


Vi 


+ tan 2 x Vl + cot 2 x 


, the range of 


fix) is : 

(a) {0} 


(b) [-1,0] (c) [-1,1] (d) [0,1] 


3. Domain of f(x) = yj p.log 3 (x 2 - l).sin(-O), 


p = cos 0 + sin 0,-Jt < 0 < — ^ 
F 4 


(a) (-oo,-72) 

(c) [-72,72] 


(b) [72, oo) 

(d) (1,72 ]u[-72,-1) 


x 2 -2 
x- 2sina 


(a) 

(c) 


(b) 

(d) R 


[*S] 


4. A function/: R-+R is defined by /(*) = 
is onto function then range of a is 

7t 3 tc1 

4'tJ 

5k 7k] 

4 ’ 4 J 

5 . A quadratic equation (cos2)* 2 + bx + c = 0, has 

positive roots, then domain of / (*) = yjc\og 0A (x- x 2 ) 
(a) (0,1)' (b) (-co,0)u(l,oo) 

(c) (1,-) (d) 0 

6. If x l f{x) = 7l + cos2.r+ 1 /( x) < x < — | 

and f{x) = • Then X is : 


jc 3 + 1 


(a) 72 (b) -72 (c) 1 


(d) 2 


7 # If the graph of the function fix) = — 
symmetric about y-axis, then n = 

(a) 1/4 (b) -1/3 (c) 2/3 


is 


jcV ,n ' r + l) 

(d) 2 

If/(jc) + 2/(1 - jc) = jc 2 + 1 , V jc G /?, then range of 

fix) is : 


(a) (--I) (b) 




(C) (-1,1) (d) [0, oo) 


9. Range of the function/defined by f(x)= — - — 

cos{jc} 

where [.] and {.} denote the greatest integer and fractional 
part function respectively, is : 

(a) set of integers 

(b) set of all natural numbers 

(c) {2,3,4, } (d) {1} 

10. Ify —fix) is one-one function and (5, 1 ) is a point on its 
graph, which one of the following statements is correct ? 

(a) (1, 5) is a point on the graph of the inverse function 
y=f~\x) 

(b) /(5)=/(l) 

(c) The graph of the inverse function y - f~ { (x) will be 
symmetric about the >>-axis 

(d) fif-\ 5))=1 


SOLUTIONS 


1 . (b) : / (x) is real valued function when 

sin x - cos x > 0 and -1 < log 2 (sin x - cos *) < 1 

(.*. log 2 x is defined when jc > 0 and sin _l jc is defined 

when -1 < jc < 1) 

sin jc - cos x > 0 and — < sin* -cosjc < 2 
2 

But - < sinjc- cos* < 75 

- < sin*- cos * < yfl 
2 

=> log 2 (l / 2) < log 2 (sin* - cos*) < log 2 
=> -l<log 2 (sin*-cos*)<-^ 

=» sin _1 (-l) <sin _1 (log 2 (sin*-cos*))<sin _1 ^ 


--</(*)<- 

2 y 6 


So, Range is 


k n 
2’ 6 


sin* 


cos* 


2. (c) : /(*)=, . . . 

I sec* I | cosec* | 

= sin * | cos * | - cos * |sin *| 
clearly, domain of/(*) is R - < nn,(2n + 1) 


>!} 


By : Er. Ashok Kumar, KOTA POINT, Varanasi. Phone : 0542-3248445 
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n e /, and period of / ( x ) is 271 
0 , tg(0,tt/2) 

-sin 2* , tg(tt/2, tt) 

0 , .ve(rc,3rc/2) 

sin 2a* , x g (3ft / 2, 27c) 


/(*) = 


=> range of/(,r) is [- 1 , 1 ] 


3. (d) :p = cos 0 + sin 0 = V2sin 


and sin (- 0) > 0 when 0 g 


H-t) 


f k\ 


1 / ( x ) 1 = -/ (A), /(jc) < 0 and | cost | = -cost. 

l 4 J 


when t g f-— , - — ) 

t TT \ 


l l 4 2JJ 


_ 3k -3k _ K K 

—K < 0 < => <0 + -< 

4 4 4 2 


-l<sin| Q + “ 


< — U,sop < 0 
v2 


Y P log 3 (* 2 - 1) sin (- 0) > 0 

log 3 (jc 2 - \) < 0 => x 2 - 1 >0 and t 2 - 1 <3° 

=> x 2 > 1 and .v 2 < 2 

=> x > 1 or x < - 1 and - >/2 < t < >/2 

^ ,re(l,V 2 ]u[-V 2 ,-l) 

, , a 2 -2 

4. (b) : Let sm a = X, Let = y 

yx - Iky = x 2 -2=> x 2 -yx + Iky -2 = 0 
As x is real, D > 0 

y 2 - 4(2 ky - 2 ) > 0 or y 2 - 8 ky + 8 > 0 
This has to be true for all realy 
Hence its D < 0, i.e., (-8A.) 2 - 4.8 < 0 

=» 64 A 2 - 32 < 0 => 32 (2k 2 - 1 ) < 0 

=> — \= < A < -1= or — \= < sin a < -4= 

>/2 y/2 V2 y/2 


So Range of ( 


K K 1 

a is — , — 

L 4 4 J 


5. (d) : Both roots are positive and real 
Let a and P be roots then 

a.p = -^ |cos 2 = cosp^j=cosll5°<oj 

c <0 (-.ap> 0 ) 

For domain c logo 4 ( x - x 2 ) > 0 
/. logo .4 (x - x 2 ) < 0 (*.* c < 0 ) 

=> jc - jc 2 > 0 and x-x 2 > 1 

(Since base 0.4 lies in (0, 1), so sign of inequality 
changes) 

=> t(t - 1 ) < 0 and jc 2 - x + 1 < 0 

=* 0 < .x < 1 and 4 > (..* 2 _ JC+ 1 = L_iT + l >0 

V { 2) 4 j 

6. (b) : - v V(*) = n/i+cos2.v+ | /(a) \ = Jlcos 2 x+ 1 f(x) 


= sfl | cosa | + 1 /(a) | 

Since R.H.S. is positive, so L.H.S. must be positive 
So x?f(x) > 0 =>/(a) < 0, 

a 3 < 0 when - ^ < a < —j j 


a 3 /(a) = — V 2 cosa— /(a) 

r , . -V2COS.V A. COS A 

••• / (jc) = ; .Since / (.v) = - 


A 3 + I 


A 3 + I 


X = -y/2. 

1 </ sinv -l 

7. (b) : ./ M = x qSin , t + 1 is even function 

(.*. graph of /is symmetric about v-axis) 
a ™ x - 1 . _ 1 


Let h( a) = 


A(-x) = 


-sm.v 


and g(x) = - 

= -Kx) 


a smx + 1 jc 

<T sinv -l l-c/ sinr 


a --+1 1 +c; 

i.e., h is an odd function 
Hence g (jc) x odd function = even function 
g(jc) is an odd function i.e. g(-r) = - g(x) 
1 1 


(-jc)” t" (-l)V 


- — =-— =^(-i)'* +i = i 
n ji 


This is possible only when n=z ~~ 

8. (b) if(x) + 2/(1 - .v) = A' 2 + 1 (i) 

replacing jc — > ( 1 - jc), we get 
/( 1 x) + 2/(.v) = ( 1 - .t) 2 + 1 
=> /( 1 - .y) + 2 f (x) = 2 + .v 2 - 2 .y (ii) 

1 9 

From (i) and (ii), we get f(x) = —(x -4.Y + 3) 

3 3 

So range of/(A) will be 


B-) 


9 # (j) : 0 < {jc} < 1 => cosl < cos {a} < cosO 

.*.!<- 


1 1 

< <2 


cos{jy} cosl 

1 


cos{.y} 


= 1 , i.e. range of the function is 


10. (a) : Graph of f 1 (a*) is symmetric about liney = jc, 
so if a point ( a , b) lie on /(jc) then the point (/?, a) lie on 
f~\. y), so option (A) is correct. 
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X 




& 


1. (a), (b), (c) : The result follows from the fact cf + b n 

is divisible by a + b for n odd and <f - b n is divisible by 
a - b for all n 


2. (d) : P (i) = ki, i = 1 to 6 

The desired probability = 


P(5) 


P(l) + P(3) + P(5) 1 + 3 + 5 


3. (a), (b), (c), (d) : f(x) = 2r* - 3(X + 2)x? + 2Xx + 5 
f'(x) = 6 (x 2 - (>. + 2)x + QJ3) = 0 has two distinct roots 

if (X + 2) 2 -Y = ^ 2 + Y + 4 = f A - + T} + T >0 for 

all X. 3 3 V y 

4. (c) : Let the points be A(z),B(z), C^- j,Z5 4 j 



The desired area = |area of A OCD - area of kOAB\ 
1 


H*vl 


l- 


U 2 +t 2 ) 2 


= -|r 2 -z 2 

4 


1 -- 


( z + z z-z\ 

r 


C D 


(d): A 
B 


4 5 

5 4 


The possible selections are 


4 

0 

3 

1 

2 

2 

1 

3 

0 

4 

1 

3 

2 

2 

3 

1 


0 4 
4 0 


The number of ways is 


L* 




/ 4 \ 2 

v 2 . 


I \2 



= 1 + 20 2 + 60 2 + 40 2 + 5 2 = 5626 


6. (c) : r, R and A be the inradius, circumradius and 

area of A ABC, I is the incentre of A ABC 

Z.B 

In A BFD, ZBDF = ZBFD = 90° — — (BD = BF) 

Similarly ZCDE = 90° - ^ 

A 



ZEDF = 180°- (ZBDF + ZCDF) 

= ^b+zc =9QO za 

ZD = --—,ZE = --—,ZF = -~ — 

2 2 2 2 2 2 

A' = 2r 2 sinD sinP sin F (r is circumradius of A DEF) 

2 A & C r 2 s 
= 2 r cos— cos— cos — = — 

2 2 2 2 R 

/ D . E . F 

7. (a) ; — = 4sin — sin — sin — 

. B + C . C + A . A + B ~ . A 

= 4 sin sin sin =-l + Xsin— 

4 4 4 2 

r{ A . D E F 

8 (bl : — = 4sin — cos— cos— 
w r 2 2 2 

- . B + C C + A A + B 

= 4sin cos cos 

4 4 4 

t . A . B . C 

2 2 2 

9. (a) - (t), (b) - (p), (c) - (r), (d) - (t) 

Continuity at x = 1=> b = 0 
Differentiability at x = 1 => a = 1 
Continuity at x = 3 => d = 3c 
Differentiability at x = 3 => c = 1/3, d =1 . 

10. If P(x h y\) is the midpoint of BC , its equation is 
S\ = S iu yyx - 3(x + x { ) =y ? - 6^ 

It passes through (9, 5) 5^ - 3(9 + *0 =y\ - 6x { 

The locus of P is y 2 - 5y = 3x - 21 
2 


HH-i) 


Comparing with y 2 = 4 AX, so 4A = 3 
So, latus-rectum is 4 A, i.e. 3. 
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Limits, Continuity 
& Differentiability 

- MTG Editorial Board 


This column is especially aimed at Class XII so that they can prepare for competitive exams such as NT, AIEEE, 
DCE, etc and be also in command of what is being covered in their school as part of NCERT syllabus. The 
problems here are a happy blend of the straight and the twisted, the simple and the difficult and the easy 
and the challenging. 


PART - A 


O Evaluating Limits 

1. In all the problems given below find the value of the 


limits. 


(*> 


(U) lim 

x->0 


(iii) lim 

x-»0 


(cosa)* -(sina) t -cos2a a6(0> n/2) 
x-4 

(e x -\)-(e xcosx -\) 


x + smx 

tan([-7t 2 ]x 2 ) - tan( [-7I] 2 )x 2 

sin 2 x 


(v) 

x— >o^ n ) 

< vl > St { (n +1) (" 4 1" + ?H" + 2^ 1 

2.(i) A square is inscribed in a circle of radius R, a circle 
is then inscribed in this square, then a square in this 
circle and so on for n times. Evaluate the limit of the 
sum of areas of all squares as n — » °° 


.. Vx + 7-3V2x-3 

(ii) Find 3 / 3 / 

x—>2 v x + 6 — 2.yJ3x — 5 

(iii) Calculate the values of a and (3 in order that 

li m *(l + *xcosx)-Psinx _ j 

x->0 X 3 


(iv) lim 

0 — > 71/4 


V2 -cos0-sin0 


(40-tc)" 

(v) Without using L’Hospital rule evaluate 


x k+] -(k + l)x + k 

(x-l ) 2 


lim 

X-»l 


O Testing for continuity 

3. (I) U. m - C0S '' ( '~' ,|i) Sln '‘ (1 - (,,) for M 0 

V2(W-W J ) 


K 

2 


for a: = 0 


Consider another function g(x) defined by 

f/<*x 

8{X [ 2 V 2 /(x), x<0 


-3<x<0} 


(U) Let /(x) = x 3 -3x 2 +6 V xe R 

[max{/(0’^ + l <t<x + 2, 
for jt>0 

Find the points where the function g(x) is 
discontinuous in the interval xe [-3, 1]. 

(iii) Let [x] denote the greatest integer function and f(x) 
be defined in a neighbourhood of 2 by f(x) given 
by 

fexp{(x + 2)ln4/~9~)]~ 1 6 


/(*) = 


4* -16 
1 - cos(x - 2) 
(x-2)tan(x-2)’ 


x< 2 
x> 2 


Find the values of A and /( 2) in order that/(x) may 
be continuous at x = 2. 

Mixed Problems on Continuity and 
Differentiability 

fx + 2, 0<x< 2 


4.(1) Let /(x) = 


6-x, x>2 


Jl + tanx, 0<x< Jt/4 
~ [3-cotx, rc/4<x< it 


MATHEMATICS TODAY | SEPTEMBER ’09 


27 









Find the composite function fogfx , ) and test its 
continuity and derivability. 

(ii) Given that / and g are differentiable functions, 
evaluate (using L’Hospitals rule) 


lim 

x — >2 


/(*)g(4 - x) - /(4 - x)g(x) 


x-2 


• Assume/(2)=2, 


/(2) = -3,g(2) = 4and/(2)=l. 

5.(i)Let g(x) be a polynomial of degree 1 and /(x) be 
defined by 

g(x), x<0 

\l/x 

x>0 


fix) = 


im 


Find the continuous function satisfying 

/0)=/H). 

(ii) Test continuity for the function 

f(x)= lim ( 1 + Slnx ) n + Lnjc 
w -^oo 2 + (l + sinx) w 

(iii) If a function fix) satisfies 

and/(0) = 1 , then prove that fix) is continuous for all 
xe R. 

6. (i)Let / : [0, °°) — > [l, oo) be a one-one function 

satisfying /(x)/(y) + 2 =f(x)+f(y)+f(xy)V x. y > 0 
1 

and/(l)=2*/(0) Evaluate j f(x)dx 
0 

(ii) Define fix) = x 2 - 2 x, x e R. Let g(x) be defined 
by g(x) = f(f(x) - 1) +/(5 - fix)). Show that 
g(x) ^ 0 V x e R. Also find the critical points of g(x). 

O Application to function-based questions 

7. (i) A function/(x) is defined for all x e R and satisfies 

f(x + y) = f(x) + 2y 2 +kxy V x,ye R' where k is 
a given constant . If/(1) = 2,/(2) = 8, find/(x) and 


show that f(x + y)f 


(^h 


x + y * 0. 


(ii) Let / and g be real function such that 

f(x + y) + f(x-y) = 2 fix)g(y) V x, ye R. 

If fix) is not identically zero and | fix) | < 1 Vxe/?, 
then prove that \giy) \ ^ 1 V yeR. 

m]fe-*yf(xy) = e- x f(x) + e- y f(y), V x,yeR + , 
and /(l) = e, determine fix). 

O Miscellaneous 

8. (i) Find the values of a, 6, c if the function 
fix) = <3|sinx| + be^ + c|x| 3 is differentiable at 


x = 0. 

(ii) Test for differentiability of the function 
/(x) = (x 2 — 1) | x 2 -3x + 2|+cos|x| 

9. (i) F ind |j m cotxtan~'(mtanx)-wcos 2 (x/2) 

*->0 sin 2 (x/ 2) 

( Jlx ,l\Ix ,\lx V* 

(ii) Find lim £ ±° — +c . 

3 J 

10 . 

(i) Let/ : R — » R be a function satisfying 
f(x + 2 y) =f(x)e ly +f{2y) e x + x\\- e 2 ^ 

+ V( l-e*) + 4xy Vx 'y e/i ‘ 
Also/(0) = 1 Find f(x). 

(ii) Let f(x) be a continuous function in [-1, 1] 
and satisfies/^* 2 - 1 ) = 2xf(x) V x e [-1 , 1 ] . Show 
that fix) is identically zero V xe [-1, 1], 


PART - B 

Multiple Choice Questions 


Single Option Correct 

1- The value of lim — — - ■- ' tan — - is 
*— >o x 3 

(a) V2 (b) 1/V2 (c) -1/2 (d) 1/2 

2. A function fix) satisfies 3/(x) + 4/f — j = — - 5. 
Then the value of /(2) is ^ * ' X 

(a) -3/14 (b) 3/7 (c) 3/14 (d) -3/7. 


3. Let F(x) —fix)g (x) /j(x) when f g , h are differentiable 
function. Assume F '(xq) = 1 3 F (x 0 ), 

/'(* o) “ 9/(x 0 ), g'ix 0 ) = 4 g (x 0 ), then 

K*o) ’ 


(M*o)* 0 ) is 


(a) 0 (b) 26 (c) -26 (d) 17. 

4. About the function represented parametrically as 
x = 2t - 1 / \,y = r 3 + 1 1, which of the following statement 

is correct? 

(a) / is differentiable everywhere, except x = 0 and 
x = 2 

(b) /is differentiable everywhere except x = 0 

(c) /is differentiable at x = 0 and/^O) = 0 

(d) /is differentiable at x = 0 butZ'(O) * 0. 

fix) is a real valued function not identically equal 
to zero such that/(x +y") =/(x) + (/*(y))", ye Rmdn 
is natural number > land/(0) > 0, then which of the 
following statements is correct? 

(a) /(!5) = -15,/'(20) = -l 
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(b) /(15)=15,/(20) = -l 

(c) /(15) = -15,/(20)=1 

(d) /(15)=15,/(20)=1 

6. Let D be the domain and R the range of 
/(*) = [ln(sin _1 Vx 2 +3x + 2] 
where [•] denotes the greatest integer function, then which 
of the following statements is correct? 

r-3-vs 


(a) D = 


(b) D = 


-2 


\ 

u 

f-1, ■***] 

/ 

2 

\ J 


R = Set of non-positive integers 


3-V? 


•- 2 ) 


-3 + V5 


R = Set of non-positive integers 


(c) 


(d) D- 


R = Set of non-negative integer 


3-Vs 


(a) land 2 (b) 1 and 1 (c) 2andl (d) land-1. 
12. The value of lim(4”+5") 1/n is given by 

n — »<*> 

(a) V20 (b) 4 (c) 5 (d) 4.5. 


. -2 u 


R = Set of non-negative integers. 

j2. 


7. If x +y = e x ~ y , then at x =x 0 is given by 


dx i 


(a) 


(c) 


4e v ° 

+e vo 

^ g ( x o~yo^ 
(e^-vo 175 


(b) 


(d) 


4e^ 

+ e y ° 

4(xq -Hy'p) 


+ 1 ) 

8. The value of 


( x o + .Vo + 1) 

27 X -9 X -3 X + 1 . 

I— >0 y/S - V 4 + COSX 
(a) 4-^5 (In 3) 2 (b) 8>/5(ln3) 2 

(c) 4V5(ln3) (d) 8>/5(ln3) 

9. The value of a such that / is continuous at x = 0, 
sin2x + asinx 


where /(x) = : 


x*0 is 


(a) -2 and then /( 0) = -1 (b) 2 and then/(0) — 1 
(c) -2 and then/(0) =1 (d) 2 and then/(0) = 1 

to. The value of n limcos^|jcos| cos|....cos^- i 


(a) 


smx (b) (c) sinx (d) 


2x 

2x sinx x sinx 

11- The values of a and b if the function given by 
x 2 + ax + 1, x rational 
ax 2 + bx + l, x irrational 


/(*)=• 
are respectively 


13 . Let /(x) = cos2xcot^-x j. Given that / is 

continuous at x = u/4, the value of/(jt/4) is 
(a) -2 (b) 2 (c) 1 (d) -1. 

14 . Let /and g be two continuous and differentiable 
functions satisfying /(x + y) = /(x) + f{y) V x, y e R. 
Also /(x) = x*g(x). Then |/( 1 5) -/(- 1 5) | is 

(a) -30 (b) 30 

( c ) o (d) cannot be determined. 

v I/3 -v 1/4 -2 

15. The value of lim f is 

*^i x 3 -l 

(a) 1/36 (b) -1/36 (c) -1/12 (d) 1/12. 

PART - A 


, (cosa) -(sina) -cos 2a 

1. lim - 

*->4 * — 4 


= lim 


(cosa) T - (sin a) x - (cos 2 a - sin 2 a)(cos 2 a + sin 2 a) 


= lim 

x— >4 


x— >4 x 4 

. . (cos a) 1 - (sin a) x - cos 4 a + sin 4 a 

= lim- 

*->4 x-4 

.. (cos a) 1 - cos 4 a - (sin a) x + sin 4 a 

= lim 

*->4 X-4 

(cos a) 4 { (cos a) x ~ 4 - 1 } - sin 4 a{ (sin a) x ~ 4 - 1} 

x-4 

4 .. (cosa) x_4 -l „ ; _ 4 „ .- (sina) x-4 -l 

= cos a • lim sin a • lim 

x— >4 X — 4 x->4 X — 4 

= cos 4 a - lim a * - sin 4 a - lim^— - - — 0) 

h-> o h h->o h 

where a = cosa and b = sina 

Now ii m i = lim- = In a 

h->o h h—>o h 

Using this we have from (1) the desired limit = cos 4 a • 
ln(cosa) - sin 4 a • ln(sina). 

w lim (^-i)-(^ s ^i) 

x _>o x + sinx 

= lta ^L-, to •*“*-* 


x— »o x + sin x *->0 x + sinx 

e x -\ 


= lim 

x-»0 


^ + sinx j x-^o xcosx ^ sec:c + _^^L j 


e xcosx_ 1 
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= lim 
*->0 


e x -\ 


X + 


1 - lim — 


'-l 


*-><> *cos* sec;c + jm* 


XCOS* 


lim 


e x — 1 


x ->0 x 


lim : — 

*->0 j + simx 


A COS A 1 

lim =1 

a-> 0 *cos.x 


lim 

A* — >0 


secx + 


tan* 


= ,._i — i._L = I-I = o. 

1 + 1 1 + 1 2 2 

Remark : Now we have pulled x and xcosx 
from the numerator while evaluating limits e x - 1 and 

X 1 

gXCOSX _ | to ma p e use of th e f act t h at Jj m £ 1 - J 

x — >0 * 

Such obervations help greatly when you want to simplify 
your caluclations and avoid the traps laid by UHospital 
rule. 

(Hi) lim tanfl-Tt 2 ] * 2 ) - tan ([-7t 2 ])x 2 
*-»0 sin 2 jc 

(Observe that n = 3.14 => 7t 2 = 9.86 
=*-ti 2 = -9.86 => [-re 2 ] = -1 0). 
ljm tan(- 1 Ox 2 ) - (tan(- 1 0))x 2 
x-*0 sin 2 * 

•j -tan(10* 2 ) + (tanl0);c 2 


x — > 0 


2 

sin x 


[(- tan(l Ox 2 ) + (tan 1 O)* 2 )] 


= lim - 

x — > 0 


( • 2 
sin jc 


_ 10 . (tan(10* 2 ) + tanl0 


= lim - 

x — > 0 


IOjc 


(“t 5 ) 


-101 + tanl0 




= tan 10- 10. 


(iv) lim 

x — >0 


r— 1 

lim ( ?+? +3* +...+** Q.g 
= e » J x 

| >+ 2 *- h .. H - n *- n j . £ 


lim 
, A~>0 


lim | 
_ e x-»° l 


(l- t -l)+(2*-l)+...+ (n- t -l) l . i 


j lim — + ,im ^4+...+ lim [ • - 

_ e U -»0 x x — >0 x x — >0 x ■ n 


(In 1 + In 2+... + Inn) • - {ln(«!)}— 

= e n = e n 

= e > ( " !) =c ln(n!) a/ " = („!) a/ " 

(V) to_„-" ! {,„ + i,(„ + i)...|„ + -L T J 


= lim 

n—> oo 


,("+1)1 


,/ w +-Ll 
( 2” -1 J 

( M+ 2/ 


n 


r 

n 

1 

Jw + 1 

»+i 

n + — L- 
2"-' f 

nr' 

n 

» J 


= lim 

n—^oo 


= lim 

n — >°° 




'»+-* 


• 2 "-' 


2w 

2"-'«" 

) T - 

.fl+ », I 2 "- 

/ 

l 2” _ • w J J 




lim 

n—> oo 


(1 + » ' W-« 
{ 2” - • n J 


= e ■ e 1/2 e 1/4 .... e 1/2n "' = e 1 + M + ” + = e '-( 1/2 > 


2.(1) If in a circle of radius R , we inscribed a square, then 
its side is given by 


_ diagonal _ 2R - J 2 R = a (say) 

V 2 v2 

Let a x be the side of another square, 
then a\y[2 = a =$ a x = -~ 

Again a 2 V 2 = aj => a 2 = 

v2 2 

= Sum of areas of all squares 
= a 2 + a 2 +a 2 + ... + ^ 

2 a 2 a 2 

= + — + — + to n terms 

2 4 
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= « 2 


/ 1-— x 
2 " 

'-1 


= 2a^ 


1 - — ) 
. 2 ”) 


lim S„ = 2 a 2 = 4 R 2 . 

n—>°° 

>/* + 7-3>/2*-3 


= JI ||m l-cos(6-(n/4» 

9->(Jt/4) 16(0-(n/4)) 2 

Set 0 = — + h , so that when 0 — » ti/4, h — » 0 
4 


Above limit = >/2 lim 


1 — cos h sfl .. 1-cos/j 
iim z— = — • lim r — 

/i-»0 16/i 2 16 *-»0 /j 


(U) lim 


*— >2 lfx + 6 - 2n/3jc — 5 
_ V* + 7->/ 9 + V9-3V2*-3 

” i™ 2 yfx + 6 -yj$ + 1I& ~2y/3x^5 

{(* + 7) 1/2 -9 1/2 }-3{(2*-3) l/2 -l} 

{(* + 6) ,/3 -8 ,/3 }-2{(3*-5) ,/3 -l} 


= 4 = .l im f2sin 2 (/»,/2) 


= lim 

jc->2 


(a: + 7) 1/2 -9 1/2 , 

r (2* — 3) ,/2 — 1 1 

•2 

* + 7-9 

(2* - 3) - 1 

( * + 6) l/3_ 8 l/3 J 

(3* — 5) 1/3 — 1 1/3 

■ 3 

* + 6-8 

'Cj 

1 

1 


i. (9) f 1 - 6 .i. (1) r l _l.i- 3 


i ( 8)r'-6-|(i)^' 


I.i-2 

3 4 


__17 11 

6 -23 


34 

23' 


(ill) 


*(l + gcos*)-ftsin* _ j 


jc— >0 


lim - 

x->0 


4! 



1 + a h-£- + * J Up *-£-+* 


3! 5! 


= 1 


/.€?. lim 

jc-»0 

lim 


*jc 3 

*->0 x ^ jc-»o\ 2! 3!/ jc— > 0 V 4! 5!/ 

As the limit tends to a finite value, we have 

1 +oc-P = 0 and _ ^ 7 4 " 3 i = 1 ie ' ~3oc + P-6 

Solving we get a = -5/2, P = -3/2. 

.. >/2-cos0-sin0 

/| V \ lim 5 

( ’ e->5 (40 -7t) 2 

4 


= 1 


.2 _ 


= 1 


= lim - 

0— >(7t/4) 


:Lk 


cos0 + -Usin0 

J2 


(40- Jt) 2 


8-^2 h—*o 
1 


: J_. 2 .limf^2)] .1 

8^/2 A-»0V hi 2 J 4 


16>/2 ' 16>/2' 

** +1 -(/fc + l)* + A: (* t+1 -*)'-A-(*-l) 

fvt hm 1 t = tun x 

( ’ *->l (*-l) 2 *-»I (x-1) 2 


1 


= lim ^-D-y-l) 


(x-ir 

xU-lX**"^**" 2 +•■■ + * + !)-£(*-!) 


(x-1) 2 


= lim 
*->1 

(*-l)(*(** _1 +** _2 +...+*+l)-fc) 

= lim o 

*-*l (jc-1) 2 

X* + ** -1 +... + X 2 + *-& 


= lim 
*->l 


JC-1 


x k + x k ~ l + ... + X 2 + X - (1 + 1 + ... to k times) 

= lim : 

*-+1 x ~ l 

.. (* A -l) + (**"‘ -l) + ... + (* 2 -l) + (*-l) 

= lim — : 

x->\ -*" 1 


Jc-i 

x — > 1 X — \ x -» 1 x — l 


y* _ 1 . X 

= lim — + lim 


— 1 + ...+ lim — — j- 

JC — !• 1 JC — 1 


, *(* + 1) 

= k + (k- 1) + (^-2) + ... + 2 + 1 = -hj — • 
3.(i) For x > 0 

Right hand limit = lim /( 0) = lim f(0 + h) 
*->0 + h->0 

_ cos~‘ (1 - {h} 2 ) ■ sin~‘(l -{/»}) 

V2({/i}-{/i} 3 ) 

cos -1 (1 -h 2 )- sin -1 (1 - h) 

= lim -7= ^ 

h->0 V2 (h-h 3 ) 

cos _1 (l-/i 2 )sin -1 (l-/j) 

= lim ■= x 

h->0 v2 • h(\-h 2 ) 

cos -1 (l-/» 2 )-sin -1 (l-/») 

— lim r— 

h— >0 yJ2 ■ h(\-h)(l + h) 

sin - *(1 — /*) .. cos -1 (l-b 2 ) 

= lim —j= — • hm : 

h->0y/2(\-h)(\ + h) h—>o h 


MATHEMATICS TODAY | SEPTEMBER *09 



J 



=> g(x) = 


sin 1 1 


• lim 


20 


>/2 9->0 V2 sin 0 

sin _1 l 2 r 0 / • -i,x, n 

V2 V 2 6™ sin 0 ~ Sm 1)1 "2 


For x < 0 

Left hand limit = lim /(x) = lim/( 0 -/ 2 ) 

x— >0~ 

_ lim cos~ 1 (l-{0-/?} 2 )-sin~ 1 (l-{0-/?}) 

V2({0 - *} - {0 - *} 3 ) 

= hm cos-’d-d-M^-sin-'d-d-M) 

* ->0 V2({l-A}-{1- A} 3 ) 

_ j im cos" 1 (ft(2 -/»))• sin -1 h 
A->o S(l-h) (2-h) h 

= i im cor' ^(2-^) ,| im sin^ 
h~*0 V2 • (1 — h)(2 — h) A -» 0 

_ cos" 1 0 j _ 71 

2V2 ~ 4>/2 

Also /(0) = | 

Thus /(x) is discontinuous at x = 0. 

Checking the continuity for g(x ) at x = 0 
g(0) =/(0) = tc/2 

Right hand limit = lim g(x) = lim /(x) = — 
x— >0 + x->0 + 2 

Left hand limit = lim g(x)= lim 2yfl /(x) 

x->0~ x— >0“ 

= 2^2 lim /(x) = 2>/2 ~= = -5 

*->0- 4 V 2 2 

Thus g(x) is continuous at x = 0. 

(H) f(x) = x i - lx 1 + 6 
f(x)=lx 2 -6x=>x = 0, 2 
These are the critical points of the function /(x) 

/'(x) = 6x,/"(x) = 6, /'(2) = 12 > 0 
/. x = 2 is a point of local minima and x = 0 is a point of 
local maxima. 

Clearly /(x) is increasing in (- 00 , 0) and (2, 00 ) and 
decreasing in (0, 2). 

X + 2 < 0 => X ^ -2 => g(x) =/(x + 2), -3 i£ x £ -2 
If x + 1 <0 and 0 < x + 2 < 2 i.e. x < -1 and -2 < x < 0 
Thus -2 < x < -1 , g(x) =/(0) 

Now, for0£x+l,x + 2<2=»-l 5x50, 

«(x) =/(x+ 1) 


/(x + 2) -3Sx<-2 
/(0) -2 <x<-l 

/(x + 1) -l<x<0 

1 — x x>0 

Thus g(x) is continuous in the interval [-3, 1 ]. 

(Hi) For finding left hand limit, observe that 1 < x < 2, 
so that [x+ 1] = 2 

LHL = lim i- 4 * +2 > 1/2 - 16 = lim - -^-4) 


x-*2~ 4 — 16 


= lim f-L.Li-1 


x-*2~ (2 - 4)(2 + 4) 


RHL = A lim 1 ^ os( * 2 \ = A lim Izcosh 
x->2 + ( x 2)tan(x 2) ' /,_>o /jtan/? 

where x = h + 2, so that when x — > 2 + , » 0 

- A | im gSSit*/ » , A fa . ?*■"*<»' 2 > 


/?— >0 Man/7 


= lim 
>0 


/ sin(/»/ 2)\ 2 1 

l h!2 [ 4’ 

tan /7 

h 


0 A (tan/;/ A) 


_ , 2 _A 
A 'A 2 


For continuity at x = 2, LHL = RHL = /(2) 
=> .4 = 1 and /(2) = 1/2. 


4-(i) /(*) 


g(x) = 


_ fx + 2, 0Sx<: 
[6-x, 0>2 


1 + tan x, 0 < x < — 
4 

3-cotx, ^ <x < n 

4 


For 0 < x < n/4, g(x ) = 1 + tanx 
So /(g(*)) = /(I + tan x) = 1 + tan x + 2 

NowxG [0, 7t/4) => 1 + tanx € [1, 2) 


and for xe 


g(x) = 3-cotx 


: [H 

Alsofor xe^, 7t j, 3-cotxe [2, oo) 


Kx) =/fe(*) = 


So /(g(*)) =/( 3 - cotx) = 6 - (3 - cotx) 

Again denote by h(x) the composition of / w.r.t. g 

3 + tanx, 0<x<k/4 
3 + cotx, k/4£x<k 
f(x ) is obviously continuous in [0, n] 

+ = l* m (-cosec 2 x) = -2h'\ ZE ) 

U/ *-A- l 4 J 
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= lim (sec 2 *) = 2 
jc-»k/4 

Thus f(g(x)) is differentiable everywhere in [0 , tt) except 
at* = 7i/4. 


,u) i 

x — >2 


x-2 


Let h = x - 2, so that when x — ) 2, h — » 0 
= , ilu fjh + 2)g(2 - fr) - /(2 - ft) • g(2 + /») 
fc -»0 h 

/( 2 + ft)g(2 - ft) - /(2)g(2 - ft) + f(2)g(2 - ft) 

= Um ~/(2 - ft)g ( 2 + ft) + /( 2 - ft)g(2) - /(2 - ft)g(2) 

/ l ->0 * 

g(2 - h)[f(2 + ft) - /( 2)] - /(2 - ft)(g(2 + ft) - g(2)) 

+ g(2-ft)/(2)-/(2-ft)g(2) 

= lim 

h-> 0 n 

= g(2)f'(2)-f(2)g'(2) + 

1; g(2-A )/(2)-/(2-ft)g(2) 

A->o h 

= 4 • (-3) -21 + 

/T2)g(2 - ft) - /(2)g(2) + /(2)g(2) - /(2 - ft)g(2) 


lim : , 

/!->0 " 

= -12-2+ /(2)(lim g(2 ~^~ g(2) |- 


,h — >0 




= -14 + /(2)(-g'(2)) + g(2)/(2) 

= —14 — 2 • (+1) + 4 (—3) = —14-2 - 12 = -28. 

5 .(j) Consider g(x ) = a* + b, where a and b are constants 

to be determined. 

ax + b, , *<0 

(&r »• 


/w= 


i /(x) = lim /(x) => (i) =b b= 0 

' + jc-» 0~ w/ 


lim 
*-»0 

/0)=f 


( 1 4- \^ jC 

- — ) on taking logarithm both sides 
2 + xl 

ln/(*) = ^{ln|* + l|-ln|2 + *|} 

/'(*) _ 1 ] 1 + * 1 
^ f( x ) x 2 n 2 + * *(* + l)(* + 2) 


m _ 

/(i) 


3 |.2-3"' n H 


= -lln|+ 1 


-r( »=H + H = H4 

Now/'(l) = /(-l) = i-a 

^6- a = |ln| + i^0- a = |ln| + i 
2. 3 1 

... fl = __ ln ___ 

Thus /(x) = "(f ln | + |) x 

(ii) /(*) is defined for V x e (0, °°) 

Now, for x = n + 1 , 1 + sinx = 1 
xe ((2n-l)Jt, 2nn), 0 < 1 + sinx < 1 
For xe (2mr, (2n + l)Jt), 2>l + sinx>l 
Thus f(x)c an be described as 
"l + lnx 


/(*) = 


x = nn 


xe((2«-l)Jt, 2rm) 


1, xe (2«7t, (2/7 + l)rc) 

It is seen from the above that /(*) is discontinuous at 
integral multiple of 7T. 

(iii) Given relation is 

v Xtye R 

Replacing x by 3x and y by 0, we get 

/(x) = /(3 *> + 2 ^ =» /( 3x) + 2/(0) = 3/(x) 

=» /(3x) = 3/(x)-2/(0) 

Now f'(x)= lim f( x + h l z l (A 
h^> 0 " 

= lim — - 

/i->0 n 

= lhu /(3x) + 2 /(3ft / 2) - 3/(x) 

/i-»o 3ft 


= lim 

t i-^O 


3/(x)-2/(0) + 2/(3ft/2)-3/(x) 

3h 


a->o (3ft/ 2) 

Thus /'(x) = 1 => /(x) = x + c, which being a linear 
function in x, is always continuous. 

6 (j) We have/(x)/(y) + 2 =/(x) +/(y) +/(xy) 

Let x = y = 1, we get/ 2 (l) + 2 = 3/(1) =>/(l) =1,2 
Setting x = y = 0, we obtain 
/ 2 (0)+2 = 3/(0)=>/(0)=l,2 
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As / is 1 - 1 function and /( 0) * 2 => /( 0) = 1 and 

/(l) = 2 


- , im /(* + *)-/(*) _ / H 1 + «)) 


/« 


f'(x) = lim 

h — >0 


■ = lim - 

/i->0 


/(*)-/(l + 5) + 2-/(*)-/(l+AV-/(* ) 

— lim 2 ^LL ' X ' 


= lim 

h->0 h 

-i im (/ (x) - 1 )/( 1+(/ » / ^)- 2( /w- i) 

/»-> o h 

_ |im (/ (x) ~ 1 )(/( 1 + ( ^ / *))~ 2 ) 

h-> 0 /? 

-lim (/(X) ~ 1 )( / ( 1 + (/,/x) )~ /(1) ) 

J»-*o /? 


= lim 

h->0 


{f(x)-l){f{l + (h/x))-AD) f(x )- 1 


/'(I) 


XX (/*/x) 

=> x/(x) = 2(/(x) - 1) 

Integrating both sides w.r.t x in between 0 and 1 , we 
obtain 

jxf'(x)dx = 2 j (f(x)-\)dx 
0 0 
1 1 1 

>*/(*) - f f( x )dx = 2 J f(x)dx - 2 

0 0 0 


►//(*)& =4 


(Ui) g(x) =/l/(x) - 1 ) +/( 5 -/(X)) 

#[(*) =/'(/W - 1 )/'(*) -/'(5-/(x))/'(x) 

Since/(x) is differentiable everywhere =>g(x) exist for 
all x € and then there is no point on which function 
is not differentiable. 

Thus g(x) is continuous as well. 

For critical points g'(x) = 0 

=>/'(*) if '(fa) - 1) ~/'(5 -/(*))} = 0 

Either /'(x) = 0 or/(x) -1=5 -/(x) 

=> x = 1 or x is given by /(x) = 3 
fix) = 3 => x 2 - 2x - 3 = 0 => x = -1 , 3 
Thus x = -1, 1, 3 are the critical points. 
itfx)=/(/-(x) - 1) +7(5 -/(x)) 

= (AW ~\Y-2(f(x)~ 1 )+/(5 -/W) 2 - 2 (5 -/(x)) 

=/ 2 - 2/+ 1 - 2/+ 2 + 25 - 10/+/ 2 -10 + 2/ 

= 2/ 2 - 12/ + 18 = 2 (f 2 - 6/ + 9) = 2 {Z(x) - 3} 2 > 0 

7.(1) fix +y) =/(x) + 2y 2 +*x.y 

Setting x = 1, >- = 1, we get/(2) =/l) + 2+ k 

=>& = 2+ 2+ k=>k = 4 


Now /L *V>-/<«> . 2 fa 
.V 


Let y = /* 


/(x + /?) — /(x) 


= 2h-\-hc 


Taking limits + ^ = }im(2ft+jb:) 


fc-»0 


/i->0 


=>/'(x)=*x = 4x =>/(x) = 4.y + C = 2x 2 +C 
/(1) = 2=>C = 0 
Here /(x) = 2X 2 and 


(U) Let max/(x) = M, where 0 < M < 1 (Becauses/(x) 
is not zero identically and |/(x)| <1 V x e R) 

Now f(x + y) +/(x —y) = 2/(x) • g(y) 

=> 2/ (x) g(y) = /(x +y) +/(x - >>) 

=> 12/ (x) g(y)| = |/(x +y) +/(x - y)| 

.=> 2|/(x)| |gO)| 2 |/(x +>)| + |/(x-x)| <M+M 

=> 2|/(x)| |g(y)| < 2 M => |g(»| < 

=> lsO)l ^ i.e. |g00| < 1 

(ill) e-vfixy) = e~ x f{x) + e^ffy) ( 1 ) 

Let x =y = 1 in (1) to obtain 
e- 1 f(l) = e-' f(l) + e-'f(l) 

=>/(!) = 2/(1) .-./(1) = 0 

By definition /'(x) = lim — * + ^ 

lim /(x(l + (*/x)))-/(x-l> 

h-> 0 /2 

{«"*/(*) + «" 1_ */(1 + (A / x))} 

= jjju -e , (<-V(x) + e-7(l)) 

/t->0 /? 

= i im e, '/(x) + e t+, '~ 1 ^/( 1 + (A / x))-/(x)-e ;t - | /(l) 
*->o h 


= /(x). lim ^1 + ^-" lim 

/i->0 « 

= /(x)- l + e* -1 = 


e */(l + (A/x)) 
h^O x(h/x) 


/(*)+ £ — £ =/w+ ^ 

X x 


=> /'(*) =/(*)+— =>e '/'(x) -«"*/(*) = - 

* X 

= s('-vwK 

On integrating, we have e~ x f(x) = In x + it 
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As /(1 ) = 0 => k = 0 , f(x ) = Inx ■ e x 

8.(i)/(x) = a] sin x| + + c|x| 3 

J h->o h 

- lim as * n h + be 1 ' +ch 3 -b 


h ->0 


L(sinft) +fc p-0 

+ ch 2 

{ l ft / ^ ft J 

_ 


-a + b 


Ao-)=iim m-Wd * 

/i— >o /z 

( b-as\nh + be h +ch 3 ) 

= lim : 

h-> o h 




\+ch 2 = -(a + b) 


For /to be differentiable at x = 0, 
we have a + b = - (a + b) 

=> a + b = 0. Thus the values of a , 6, c for/ to be 
differentiable at a, b eR : a + b = 0 and cei?. 

(ii) /(x) = (xM ) I* 2 - 3x + 2| + cos|x| 

= (x 2 - 1) |(x - 1) (x - 2)| + cosx 
Thus /(x) = -(x 2 - 1) (x - l)(x - 2) + cosx, 1£ x < 2 
= (x 2 - 1 ) (x - 1) (x - 2) + cosx, x e (— oo, l)u(2, oo) 
The only points where the function may fail to be dif- 
ferentiable is x = 1, 2. 

Fnr x = l 

h — >0 ^7 

T{l - (1 + /?) 2 } (1 + ^ ~ 1)(1 + A - 2) + cos(l + /?)] - cos 1 

/7->0 /z 

(/i 2 -h 2 /j) • /?(1 — /i) .. cos(l + /z)-cosl 

h — >0 h /»-> 0 h 

-sin(l + (/z/2)) 

= 0 + lim — - = -sin 

h^> o 1 

m . ta Zffi=ZSzfi 

/i->0 /z 

cosl - Pea - A) 2 - 1)(1 - ft - 1X1 - h - 2) + cos(l - ft)l 

= lim J 

/»->0 

-(ft 2 - 2ft)ft(l + ft) [ ^ cos 1 — cos(l — ft) 
h->0 ft h—*0 ft 

_ .. -sin(l-(ft/2)) 

= 0+ lim = 0 - sm 1 = - sin 1 

h->0 1 

Hence / is derivable at x = 1 


For* = 2 

h-> 0 /z 

[{(2 + ft ) 2 - 1}(2 + ft - 1)(2 + ft - 2 ) 

+cos(2 + /z)]-cos2 

= lim — ; 

h-> 0 h 

(/ 7 2 + 4 /z + 3 Xl + ^y* . cos(2 + /z)-cos2 

= lim + hm 

>0 h h-+ 0 /z 

_ -sin(2 + (/z/2)) . 

= 3 + lim — = 3 - sin 2 

/i-»0 1 

r ( r,=.in ./BfcffiiH 

/?->o /z 

COS2 -[(1 - {(2-/») 2 >X2 - ft - 1X2 - ft - 2)+cos(2 - ft)] 

= lim ; 

h-> 0 h 

-(h 2 -4/z + 3)/z(l-/z) cos2-cos(2- Jz) 

= hm + hm ; 

/i->0 /z h —>0 h 

. .. -sin(2-(/z/2)) 

= -3 + lim ; = -3 - sin 2 

^->0 /z 

As/'( 2 + ) * /'( 2 "). Thus /(x) is not differentiable at 
x = 2 . Then the only point where the function is not 
differentiable is x = 2. 

cot x tan" 1 (m tan x) - m cos 2 (x / 2) 

9 . (i) : x _40 sin 2 (x/2) 

cot x tan -1 (m tan x) - m ( 1 - sin 2 (x / 2)1 

= lim j 

x— >o sin (x / 2) 

cot x tan -1 (m tan x) - zzz 
= lim z + m 

x— »0 sin 2 (x/2) 

tan” 1 (mtanx)-mtanx 

= lim y + m 

*-*o tanxsin (x/2) 

\2 


tan (mtanx)-mtanx 

= lim + > 

x->o x • (x / 2 ) 


tan Vzzztan x)-zzztanx 
= lim r— + 


lim 

x— >0 


x 3 /4 


r-tanf 

= hm 7— rr + /w (set m tan* = tan t ) 

'->o( f 3/ 4m 3) 

, 3,. r-tant , . 3.. l-sec 2 t 
= m + 4 m lim ; — =m + 4 m lim 


/-» 0 t 


<->0 3r 
(applying L’Hospital rule) 
3 


3 -2sec 2 ttant ..3^0 4 

= m + 4 m lim = m + 4 m — =m-- 

r->o 6 t 3 J 3 


<“> 


<3 1/ *+f, 1/ x +c l/x 
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= lim 
/-»o 


a‘+b‘+c‘ 


Set t =- 
x 


1 

= lime' v 3 ) 

/-» o 


Now, 


-In 

t 

' a' +b‘ +c ' ' 

= lim - In 

f— >0 t 

[, a'+ft'+c'-3l 

1 _L 

3 

i T 

3 


> 


/ 


= lim 
/-»o 


J+b'+c'-i 


In 


1 + 


a'+Z>'+c'- 3 


a'+^'+c'- 3 


= lim (^-l)-H(^-l)-K^-l) Hm Ino + K) 
f->o t /— >Jp w 

(a'-l) . (&'-l) . (c* -1) 


= lim 
/-»o 


- + - 
t t 


t 


1 


[lim '-I 

| + 

f, im ‘'->i 

+ 

L, •'->1 

H ' J 

i 

o r 

^ ) 


t-> 0 t 

\ y 


= In a +ln& + lnc = In (abc) 

Hence the limit is e h * abc ) = abc. 

10. (i) We have / (x + 2 y) =/(x) +f(2y ) . e* + 

(1 — 4- (1 _ gX) -|- 4xy 

Set x = y = 0, we obtain /(0) = 2/(0) => /(0) = 0 

By definition /'(x) = lim /(* + 2/, )~/(*) 
ft->o 2 ft 


f(x)e 2h + e x f(2h) + x 2 (1 - O + 


= lim 
/»->o 


= lim 

h — >0 


4ft z (l-e x ) + 4xft - /(x) 


2ft 


/(x)(e 2A - 1) + e x (/(2ft) - /(0) - (e 2h - \)x 2 
+ 4xft-4ft 2 (l-e x ) 


= /(x) lim 


e 2h ~l 

+ e lim 

A-»0 2ft h->0 


2 ft 

/(2ft) -/(0) 


2ft 
x 2 lim 


e 2A -1 


A-»0 2ft 


+ 2x 


= /(x) + e x •/'( 0)-x 2 + 2x 

^/'(x) =/(x) + e x - x 2 + 2x 

=> e~ x f'(x) - e~ x f{x) = 1 + 2xe~ x - x 2 e _I 

^^( C " I/(X) ) = X( XVI + X ) 


=> e X f{x) = x + x 2 e x +k 

As /( 0 ) = 0 => A' = 0 /(x) = xe x + x 2 

(il) /(2x 2 - 1) =2x/(x)Vxe [-1, l] 

Replacing x by -x, we obtain 
/( 2 X 2 - 1 ) = - 2 x/(-x) => 2 x/(-x) +/( 2 x 2 - 1 ) = 0 
=>2x/(-x) + 2x/(x)=0 
=> 2 x (/-(x) +/(-x))= 0 V x £ [- 1 , 1] 
f{x) +/(— x) = 0. Thus / (x) is odd. 

As fix) is odd and continuous in (-1, 1] => /( 0) = 0 

=> fix) = — lx -1) => lim fix) = lim = 0 

2x x— >o x— >o 2x 

Replacing x = cos0 in the given functional equation, 
we obtain 

/(cos20) = 2cos0/(cos0) = 2cos0 |2cos|/|cos| jj 
= 2 2 cos 0 cos— /[ cos - 1 

2 l 2 J 


= 2 2 cos0 cos-1 2cos 


! ! / ( co5 !)) 


= 2 ‘ 


n + 1 


= sin 20 


a 0 0 0 J 0 ^ 

COS0 • COS — COS r -COS / COS 

2 2 ”~ 2 " { 2" J 

(co S ±) 

{ 2" J 


0 

sin — 
2 " 


Taking limit on both sides as n -> oo, we get 

f{ 

0 “ 


lim /(cos 20) = sin 20 lim 

n — n — »«>o 


= sin 20 lim 


is n —t oo, 

J 0 ) 

i 2" J 

. 0 

sin — 

2" 

f 2005 '^- 1 ) 


S 2sin- 


»n+l 


•cos- 


i«+l 


/ 


= sin 20 


lim 


n — »<*> ^ • 0 0 

2sin — 77 -COS 77 

2«+i 2” + 

Thus /(cos20) = O V0e R 
This gives /x) = 0 Vxe [-1, 1] 

PART-B 


= 0 


1- (d) : lim 

x-»0 


*->o 2>x 2 


sin ! x-tan *x v \-x 

r = lim v 
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= lim 


(1 + x 




= lim 


*“»° 3x 2 (l + x 2 )\/l-x 2 

(l + x 2 ) 2 -(l-x 2 ) 


“ > °3Jc 2 [(l + x 2 ) + Vl -x 2 ] 


= lim 


x 4 +3x 2 


x 2 +3 1 1 


*-*o 3x 2 (l + x 2 ) + Vl-x 2 2~2 

2. (c) : The functional relation is 

3/(x) + 4/W= i - 5 ....(1) 

Changing x to \/x in (1) we have 
3/ (x) + 4/(x) = *~ 5 


....(2) 


Multiplying (1) by 3 and (2) by 4 and then by sub- 
tracting 

9/(x) - 1 6/(x) = 3^ - 5 j- 4(x - 5) 


.-7/(x) = -15 + 20 + — 4x 


8 - (3 / 2) - 5 = 16-3-10 _ 

14 


^ 7 2x7 

3. (a) : F(x) =/(x) g(x) h(x) 

Taking logarithm, we have 

In F(x) = ln/(x) + lng(x) + ln/j(x) 

Differentiate w.r.t x we obtain 

n») _ /'(*) , g'(x) , ^(x) 

F(X) /(x) g(x) /l(x) 

^ n*o) _ /"(xp) t g'(x 0 ) | ^'(xp) 

F(*o) /(Xo) s(x 0 ) Mx 0 ) 

=>13 = 9 + 4 + ^^ =>0 = ^^ .••/i , (x 0 ) = 0 

Mxo) Mxo) 

4. (c):x = 2f-|r|,y = / 3 + / 2 |/| 

Function can be written in the form 
x = 3/, y = 0, when t < 0 

x = t,y = 2Z 3 , when / > 0 
Eliminating the parameter, we obtain 
y = 0 x < 0 
= 2** jc^O 
Differentiate w.r.t x gives 

£ , 0, « < 0 
dx 

= 6X 2 , x £ 0 


Hence the function is differentiable at x = 0 and 
/'( 0) = 0 

5. (d) : /(x +y") =/(x) + (f{y)'T 

Set x = y = 0 =>/(0) =/( 0) +/(0) =/(0) = 0 

NOW 

y" y-> 0 y” 


.y-»0 

>/(*) 


-w - ( 


lim 


/w 


v 


y-»o ^ 


x->0 y 


=(T(0))" constant 

f{x) = ax + b,f\ 0) = l,/(0) = 0 .*. a = 1, b =0 
Thus /(x) = x /(15) = 15,/' (20) = 1 

6. (a) : For domain 0<x 2 + 3x + 2<1 

x 2 + 3x + 2 > 0 => (x + 1) (x + 2) > 0 
=> x 6 (-», -2) u (-1, ») 
x 2 + 3x + 2£l=>x 2 + 3x + l£0 

[^•^] 


>xe 


Thus domain D = 



u 


L 2 J 


2 

v J 


For range, 0 < sin 1 yjx 2 +3x + 2 ^ — 

=^“°°<ln( sin” 1 Jx 2 + 3x + 2)-l n ^r 

Thus ln|sin -1 Vx 2 +3x + 2 j can take all non-positive 

integral values. 

7. (c ):x+y = e*~y 
Differentiating w.r.t x, we get 

1 + — = e*- y (l- — 1=> y' + ^e^O-yO 

dx y dx J 

^ y' + 1 = (x + y)(l - yO =>y'(x + y + l) = x + y-l 

Differentiating again 

y"(x + y + 1) + y'(l + yO = 1 + / 

=> y"(x+y + 1) +y' 2 - 1 = 0 


> y"(x + y + 1) + 


k+y-l f 
* + >' + 1 , 


-1 = 0 


(ar+y + l)-* 

= + y + ,) + H*£±4 , o . y . -H£±yL 

(x + y + 1) 2 (x + y + 1) 3 

d 2 y 4(xo + y 0 ) _ 4e^ y ° 

d * 2 x=xo (*o+y 0 +l ) 3 (i +^ _> ’ 0 ) 3 
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27 x - 9*-3* + 1 (9*-lX3*-l) 

8 . (b): lim - 7 = — r = hm = — , 

x-»o v 5 - v 4 + cosx x->ov 5 - v 4 + cosx 

( 9 JC -l)( 3 JC -l)(V 5 +V 4 + cosx) 

5-(4 + cosx) 

( 9 JC -l)( 3 x -l)(>/ 5 +V 4 + cosx) 


= lim 

x-»0 


= lim 

x->0 1 -cosx 


lim 


9 * -1 


x— >0 X 


lim 


3 * -1 


lim 

x-*0 


X 2 X 

2 sin 2 — 


x— >0 X 

= In 9 • ln 3 • 2 • = 21 n 3 (ln 3 ) • 4 Js 

= 8 V?(ln 3) 2 


(Vs+VJ) 


9. (a): lim /(x) = lim 

x— >0 jc-*0 

2cos2x + acosx 


sin 2x + tfsinjc 


= lim 

x->0 


3x 2 


For the limit to exist i.e. to be finite, the numerator must 
tend to zero when denominator tends to zero. 

2 + a = 0 => a = -2 

Putting the value of a, we obtain 

v 2(cos2x-cosx) 

lim / (x) = lim — 

*->0 3x 2 

= 2(-2 sin 2x + sinx) 

x— »o 6x 


x->0 


x— >0 ^ 3 J ^ 2 x J x->o 3 ^ x J 3 3 

xxx X 

10. (c) : lim cos— cos - cos— cos — 

2 4 8 2 " 


1. 


= lim 

n—*°° 


X X 

cos— cos — 
2 4 


.cos- 


2” 


sin- 


2” 


sin- 


2" 


= lim 

n—* oo 


X X 

cos - cos - - 

2 4 .2 


sin- 


,n-l 


= lim 


x 

sin — 

2" 

1 X X X 

- cos - cos - sin — T 

4 2 4 2" -2 


sin- 


= lim 

n—>oo 


sinx 


. 1 

( X ' 

sin 

i. 2 " > 


2 n 


- lim 

n — >°° 


X 

2" 


2" sinx 
sinf— ) * 

U w J 


sinx 


lim 


sinx 

x 


1 = 


sinx 


x r-> o sin / x x 

(We have repeatedly made use of the identity 
6 0 

sin0 = 2sin— cos — ) 

2 2 

11. (b) :/is continuous at x = 1 
=>a + 2 = a + b + l =>6 = 1 
/ is continuous at x = 2 => 2a + 5 = 4a + 26 4* 1 
=> 2a + 5 = \a + 3 => 2a = 2 <3=1 


12. (c): lim (4” + 5”)” = lim \5 n 

n— »°o ' • n — ><» 



13. (b) : Since r is continuous at x = 7C/4 

/(7c/ 4)= lim cos 2x cot — -x 
x — > tc/4 4 


-2sin2x 


\ 


= lim 

2 fn ) 

71 


X — > — 

4 

l U J 


- 2 - 1 
-1 


= 2 


14. (c) : We ha ve/(x +y) =/(x) +/(v) (A) 

and/(x) = x 1 g(x) 

As /(x) is differentiable, by definition, 

r , t x .. /(x + 6) - /(x) /(6) 

/ (x) = lim = lim (using A) 

h—tO h h-> 0 6 

= lim ^ = lim 6g(6) = 0 

/i— >o 6 h-+o 

=> /*(x) = 0.\/(x) = constant = c (says) 

Thus 1/(15) -/(-l 5)| = |c-c| = 0 


15. (a) : lim 

x— >1 


X 1/3 -X 1/4 


x 3 -l 


— = lim^ I/3_1)_(jcl/4_1) 


X — >1 


= lim 


* 3 -i 

(x l/ 3 -l)-(x 1 / 4 -l) 


_l/3 


lim : 

x — >1 X - 1 


-1 ,. x I/ 4 -l" 

- lim 


x— >1 x- 1 


x->\ (x-l)(x 2 +x + l) 
1 


(1 2 +1+1) 


■HO 


j]ar 2/3 -^ar 3/4 


1 l i 

4 3 


1 1 1 

— X - = 

12 3 36 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE 
Syllabus. This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In 
every issue of MT, challenging problems are offered with detailed solution. The readers comments and suggestions regarding 
the problems and solutions offered are always welcome. 


1 . If xJ\+ v + yVl + x = 0 then -7- = 

ax 

T (b) 


(a) 

(c) 

2 . 

(a) 


1 + x^ 
1 

1 + X 


1 + x 

(d) none of these 
dy 


If sin y = xsin(a + y), then— = 
dx 


shr(a + y) 
sin a 


(c) sin 2 (a+y) 
3 


(b) sin (a+y) 
sin(a + y) 
sin a 


(d) 


(a) 0 

(c) -1 
4. If/(x) 


lim If x + sinx j 
x ~*y\x-cosxJ 


(b) 1 

(d) none of these 


( x 2 +5x + 3Y 

+ 2 J * 


then lim /(x)is 


(a) e 4 (b) e l 

(c) e 2 (d) 2 4 

5. Let a and P be the roots of ax 2 + bx + c = 0 then 


lim 


1 - cos(ax 2 + bx + c) . 


x->a 

(a) 0 


(x-ct) 2 


(c) ^-«x-P) 2 


is equal to 
(b) ^(a-p) 2 
(d) -y(tx-p) 2 


6. Find the domain of the function 


/(*)«: 


. _ 5 sin "' * 2 


+ where [.] denotes the 


[x/ 3 ] ' Vx+T 
greatest integer function. 

7. If a,, a 2 ,a 3 , ..., a n are the roots of equation 
x n -nax-b = 0 and (a, - a 2 ).(a, - a 3 ) .... (a, - aj = A, 
then find the value of A - mx"~ *. 


8. If left hand derivative and right hand derivative of a 
function/ at 'a' are finite, then show that /is continuous 
at 'd. 

9 . Find the value(s) of 'd for which 
sin 3 x + asin 2 x 


lim ' 


exists finitely. Find the value of the 


lim . 


limit also. 

10 . If a, P are distinct real roots of the quadratic equation 
ax 2 + bx + c = 0, then show that 
1 - cos(ax 2 + bx + c) _ b 2 - 4 ac 
(x-a ) 2 2 


SOLUTIONS 


1 . (d) : Squaring the given equation we will get 

-x 


y= i +x 

Hence, 

dy -1 


dx (1 + x) 2 

(a) : Diffemtiating both sides w.r.t. x we get 

dy dy 

cos v— = sin (a + y) + xcos (a + y)— 
dx dx 

dy dy 

cosy — = sin (a + y) + xcos(a + y)— 
dx dx 

— [sin(a + y).cosy - siny.cos(a + y)] = sin 2 (a + y) 
dx 

dy sin 2 (a + y) 
dx sin a 


3 . (b) : 


lim 


1 + 


sinx 


1 - 


cosx 


lim sinx _ H m cosx _ 
ana ^ 0 


4 . (a) : Use the fact lim (f(x)) g(x} 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile : 09334870021 
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Km (f(x)-l)g(x) 


Where f(x) — »1 as x — » °o => g (*) — > ©o 
5. (c) : Use the fact 

1- cosax _ a 2 

1 “T 


lim . 

x — »0 


6* As 


ie 


= 0 


>0<-<l =» 0<x<3 


is defined for xeR- [0,3). 


sin ! x 2 is defined for 0 < x 2 < 1 => x e [-1, 1] 

3x + 1 ! is defined for 3x + 1 >0 and 
(3x+l)e{0, 1,2,3, } 

{/■ 4 H 

is defined for x e (-l,©o) 


=> xe 
1 

Vx 71 


H h 


-2 -1 


■4 — H — I 1 — h 

0 1/3 2/3 1 2 3 


t} 


/(x)is defined for x € 

7. Given x n - riax -b = 6 
Roots are oc t ,oc,,a„ , a 

x"-nax-b = (x-a i Xx-a 1 Xx-a ) ) ...(x-a) 
x" -nax-b 

0t - — = (*-a 2 )(x-a 3 ). 

x n -nax-b 

or hm 


*-»a, (x-OCj) 


=x^a, (x-a 2 )(x-a 3 )....(A:-a, ! ) 


wx" _l - na 
or lim 

= lim (x-a 2 )(x-a 3 )...(x-a ) 

x-*a| 

or na^- na = (a, - a 2 Xa r a 3 Xa 1 - a 4 )...(a, - a n ) 
=> na"” 1 - na => A 
A - na" 1 = - na 

8. lim (/(a) - /(a - h)) = lim ~ ^ . h 

*_o* v ’ h-> o' h 

lim f\a ) h (as f\a) is finite) 

h-> 0 

Similarly 

lim ( f(a + h)-f(a))= lim f'(a + ).h = 0 
A -4 0 + h-> 0 + 

Hence 

lim f(a -h)= lim f(a + h) = f(a) 

/*-> 0 + / 2 ->o + 


Hence/is continuous at a. 

. . lim sin3x + asin2x 

Let / =*_>o , 


3 cos3x + 2 a cos2x 
3a: 2 


(sH 


= lim 
x -»0 

We should have g (0) = 0, where 

g(x) = 3cos3x + 2a cos2a:. as the given limit exists 

finitely =>a = - 3/2. 

3cos3x-3cos2x 


Further / = lim 

x— >0 


3a- 


= lim 

x->0 


cos3x-cos2x 


= lim 
x — >0 

= lim 
*->0 


2sin2x-3sin3x 

2x 

cos 2x-9cos 3x 


(j form ) 

(iH 


10 . 


Thus a = - 3/2 and limit value = - 5/2. 

2 1 0x2 +bx + c 1 

lim l-cos(^ +f x +c) = lim 2sm 


> ^ ax 2 + bx + c j 


(x-ay 


(x- a y 


= lim 


2 sin 2 ^ —— a ^ x ~ P) j ^ 
^ q(x-q)(x-P) j 2 4 

^1=4 [(,i+b ’- 4 “ w 


(*-U) ! 


a 

~2 


b__4c_ 

2 


b z -4ac 
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allenge your preparation for Competitive 
with the se ex c e ptional pr act ice t ools 


MASTffi 

Mental Ability 


PROBLEMS 


Let n be a positive integer and k be a whole number, 
k<iln. 

The maximum value of 2n C k is ^C,,. 
n C r = n C n _ ri for « = 0, 1,2, ..., n. 

Let y =x + 3,.y = 2x+3,y = 3x + 2 an dy + x = 3 are 
four straight lines 

The number of triangles formed is 

4 C 3 . 

Number of distinct point of intersec- 
tion between various lines will determine the num- 
ber of possible triangle. 

3 

Let A and B are two events such that = - and 
P(B) = | , then 

Slnli'iii' nl 


UJ io 


Every square matrix can be uniquely 
expressed as the sum of a symmetric matrix and a 
skew symmetric matrix. 

The elements on the main diagonal of 
a skew symmetric matrix are all different. 

Consider the following system of equation 

ax +y +z = 0, x +by +z = 0, x +y +cz = 0 where 

. _ . a b c „ 

a, b and c are satisfying +- — -+- = 2 

1 -a \-b \-c 

Above system of equation have infi- 
nitely many solutions. 

a 1 1 

= 0 . 


From the point />(V 2 , >/6 ) , tangents PA and PB are 

drawn to the circle x 2 -Vy 2 = 4. 

Area of the quadrilateral OAPB is 4. 
Tangents PA and PB are perpendicu- 
lar to each other . 

Tangents drawn from the point 
x 2 v 2 

(3, 4) on to the ellipse = 1 will be mutually 

perpendicular. 

St;ik j The points (3, 4) lies on the circle 

x 2 +y 2 = 25. 

The shortest distance between the 
skew lines r = a + ab and r = c + (3J is 
1 [a-cbd]\ 

\bxd\ 

Two lines are skew lines if there exist 
no plane passing through them. 

The equation of two straight lines are 

£z! = Z±2 = £z 2 fz2 = Zzl = i±3 . 

2 1-3 1-3 2 

v;iau i The given lines are coplanar 

The equation lx { -y t = 1, 
x, + 3 yi = 4. 3x, + 2y t = 5 are consistent. 


1. (d) 

2. (c) 

3. (a) 

4. (d) 

5. (b 

6. (a) 

7. (a) 

8. (d) 

9.* (a) 

10. (d 

11. (a) 

12. (b) 

1 3. (a) 

14. (d) 

15. (c 

16. (a) 

17. (a) 

18. (a) 

19. (b) 

20. (a 
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International 
Olympiad Problems 


Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 


1. The vertices of six squares coincide in such a way 
that they enclose triangles; see the picture. Prove that the 
sum of the areas of the three outer squares (I, II and III) 
equals three times the sum of the areas of the three inner 
squares (IV, V and VI). 



2. ABCD is a square with incircle T. A tangent / to T 
meets the sides AB and AD and the diagonal AC at P, Q 
and R respectively. Prove that 

AP .AR AO 

-i 1- — — l . 

PB RC OD 

3. Let AABC be an equilateral. On side AB produced, 
we choose a point P such that A lies between P and B. 
We now denote a as the length of sides of AABC, r x as 
the radius of incircle of APAC: and r 2 as the exradius of 
A PBC with respect to side BC. Determine the sum r x + r 2 
as a function of a alone. 

4. If the tangents at A . B, C to the circumcircle of 
triangle A ABC meet the opposite sides at D, E , F, 
respectively, prove that £>, F, F, are collinear. 

5. For triangle ABC such that R (a + b)= cyfab , prove 
that 

3 

r < — a. 

10 

Here, a, b , c, R , and r are the three sides, the circumradius 
and the inradius of A ABC. 

6. Consider the infinite sum 

S = -£<L + -?L + .£L. + i!L + , 

10 ° 10 2 10 4 10 6 

where the sequence {a,,} is defined by a 0 = a x = 1, and the 
recurrence relation a n = 20a n _ ,•+ 12 a n _ 2 for all positive 


integers n > 2. If y/s can be expressed in the form -^L, 

yjb 

where a and b are relatively prime positive integers, 
determine the ordered pair ( a , b). 


7. Show that r + r a + r\ + r] > 4 K, where r, r a , r b , r c , 
and K are respectively the inradius, exradii and area of a 
triangle .ABC. 


8. The surface area of a closed cylinder is twice the 
volume. Determine the radius and height of the cylinder 
given that the radius and height are both integers. 


9. It is given that cos x = cos y and sin x = - sin y. 
Prove that sin 1994 x + sin 1994 y- 0. 

10. Let a , b , c, d , e,f be the lengths of edges of a given 
tetrahedron and She its surface area Prove that 


S<—-(a 2 +b 2 +c 2 +d 2 +e 2 + f 2 ). 
6 


SOLUTIONS 


1. LetMN=x x ,LU=x 3 , VY=x 2i AC=x 4 ,AB=x 5 ,BC=x 6 , 
ZMBN= a, ZLAU= p, ZVCY= y, ZBAC =A, ZACB = C and 
ZABC = B. 

Then we ha\e a + F = 7 c. P+.*I = tc, y + C = tc 

.vj 2 =x%+xj- 2x 5 x 6 cos a 

x\ =x 2 +xjr-2x 4 x 6 cosy • (i) 

x 2 =xj + x 2 - 2 x 4 x 5 cos (3 
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xj = x 5 +x 6~ 2x 5*6 cos # 
= JC4 + xl - 2 x 4 x 6 COS C 
*6 = X4 + X5 - 2x 4 x 5 cos .-1 


(ii) 


From (ii), we have 

X4 +X5 +x*6 = 2 c 4 jc 5 cos .-I + 2 x 5 x 6 cosE + 2x 4 x 6 cos C 
= - 2t 4 x 5 cos P - 2t 5 x 6 cos a - 2 x 4 x 6 cos y ... (iii) 
From (i), we have 

x] +x\ + *3 = 2 (x 2 4 + ^5 + x 2 6 ) - 2x 5 x 6 cos a 
- 2x 4 x 5 cos P - 2 x 4 x 6 cos y 

= 2 (x 4 + x]+ x\) + x 2 4 + x]+ xl using (iii) 

= 3(x 4 + X 2 +Xg) 

That is. Area of (I + II + HI) = 3 Area of (IV + V + VI). 

2. We suppose that the equation of T is x 2 + y 1 = 1, 
and the coordinates of A and C are (1, 1) and (-1,-1) 
respectively. Let L (cos /, sin /) be the coordinates of the 

point of tangency of line /, with 0 < / < 

Then the equation of PO is 
j'-sin / + x cos / = 1, 

and the coordinates of the involved points are 


R 


1 


1 


sin/ + cos/ sin/ + cos/ 


V 


1-cos/ 
sin / 


M 


1-sin/ ^ 
cos / 


and so 
AP 


sin/ + cos/ -1 


AR 

RC 


sin/ + cost -1 
sin / + cos/ + r 


PB sin/-cot+l 
AQ _ cos/ + sin / - 1 
QD cos/ -sin/ + T 

from which an easy calculation shows that 
.AP AQ .AR . 

PB QD RC 

3. Looking at the figure, we see that ZT X O x R = 60° 
since it is the supplement of AT ! = 1 20° (as an exterior 

angle for txABC). Hence, ZAO x R = 30° Similarly, we 
obtain ZBO^S = 30°. 



* I ~ £ 

ice tangents drawn to a circle from an external point 
i equal, we have 

T X T 2 = T X A + AB + BT 2 = RA + AB + SB 
= r, tan30° +a + r 2 tan30° = + a. 


= 2a-- 


and 

T\T\ = T\C + CT' 2 = CR + CS = (a - RA) + (a - SB) 

r \±L 2 
£ ' 

Since common external tangents to two circles are equal, 
T x T 2 = T\T' 2 . 

Hence, 

r A±H + a = 2a .^ 


£ 


£ ’ 


aV 3 

Hence we find that r, + r 2 = —j~- 

4. 



= P and RB = R-i = Y- 

Apply Menelaus 1 Theorem for triangle A POR with 
transversals BDC. EAC and BAF 
_ PB RDQC _ QC RD 
~ ~~BRDQCP ~ BR DQ’ 

PE R4 QC _ PE RA 
ER AO CP ~ ER CP ’ 

PB Rsi QF _ PB OF 
BR AO FP ~ AO FP' 

These lead to 


-L 


-1 = - 


Y+P +QD _ 

BR _ 

Y 

QD 

QC 

P’ 

a + P + ER_ 

CP _ 

a 

ER 

R.A ~ 

y’ 

QF 

_ aq _ 

; _P 

FQ + a+p 

PB 

a 


•(i) 

....(ii) 
.... (iii) 


Now consider the product of ratios to prove D , E and F 
collinear by the converse of Menelaus : 

PE RDOF 
ER DQ FP ’ 

This is equal to 

ct + p + EE y+p + gD OF 

ER QD FQ + a + p' 

Using (i), (ii) and (iii) above, we get a value of-1, and 
the result is proved. 

5. Since c-2R sinC, R(a + b) = IRsinCyfab. 

Using the AM-GM inequality 

. Q TZ? _ t 
sinC = — 7= >1. 

2 \[ab 


87 



Hence, sin C = 1 , C = 90°, a-b and c - yfla. Thus 


r - 


Area of taABC 


3 

<— a, 


Semi-perimeter of A49C 2a + y[la 2 + >/2 10 

as required. 


We have 




205 125 

( °o 

+Jh- 

+ -£L + i!L. 

10 

2 10 4 

(\0° 

10 2 

10 4 10 6 

J 

(20ao 

20a, 

20 o 2 

+ ^1 + ) 

1 

{ 10 2 

10 4 + 

10 6 

10 8 J 

_l 

(n% + 

12o, 

12 a 2 


1 

{ 10 4 

10 6 

10 8 

10 10 J 




= _fo_ + _S 2Qa o t 02 - 20 ^- 12 ^ 


10 ° 10 2 


10 " 


10 4 


a 3 -20fl 2 -* 12^1 a 4 -20a 3 -\2a 2 

^ - A “o + —• 


10° 


10" 


Since a n - 20a n _ ] - 12a„_ 2 = 0 for all positive integers 
w £ 2, we have 

^ 205 125* _ a 0 + a, 20 oq 

10 2 10 4 _ 10° To 2 ~ 10 2 ’ 

and substituting in Qq = a, = 1 , we have 


79886’ 81 


= ,so5 = 


2025 


• Hence, yfs = - 


45 


10000 100 1997 ’ "'"“Vfqqy’ 

So the desired ordered pair is (a, b ) = (45, 1 997) 
We have 


and 


K K 

r = —y r a = , 

s s-a 


K A K 

r h = — and r c = . 

s-b s-c 


Thus, by the AM-GM inequality. 


r‘+r;+tf+r/=- T + 7 + ~ + T 

s 2 (s-a) 2 (s-b) 2 (s-c) 2 


>41 


5 2 (5-a) 2 (s-fc) 2 (s-c) 


K 2 

= 4— = 4AT. 
2 K 


Let r be the radius and h be the height of the closed 
cylinder, where r and h are both positive integers. 

If the surface area of the closed cylinder is twice the 
volume, then 

2nrh + 27C/ -2 = 2tcr^h. 

It follows that h-Vr-rh. Thus 

(r - \ )(h - \ ) = rh - r- h + \ = 0 + 1 = 1. 

Hence r- 1 = 1 and h - 1 = 1 (since r and h are both 
positive integers), so that r- 2 and h = 2. 

It is easily checked that if r = 2 and h - 2, then the surface 
area of the closed cylinder is twice the volume. 


More generally, we prove that sin mx + sin my = 0 
where m is an integer. 

Since sin mx + sin my - 


2sin^m **' V jcos^m^- - V jj, it is sufficient to show 
that sin^~~“ j = 0 since sin^m^-^- j= 0 follows easily 


by induction from 


si„f (OT+ i)(£±Z)j = 




sin 




+ COS 


(-^M 




Now, 


cos x = cos y <=> cos x - cosy = 0 


. . x + y . x-y _ 
e=> -2 sin — -sin — - = 0 


(0 


and 


sin x = - siny <=> sinx + siny = 0 


_ . x + y x-y _ 
e=> 2sin — —cos — — = 0. 


2 2 

Squaring each of (i) and (ii) and adding, we find 
4sin 


.... (ii) 




sin 2(fZZ) + cos 2(£zZ) 


> 0 ' 


=1 


Hence sin^-^ = 0. 


In tetrahedron ABCD we put ,AB = a, AC = b, AD = c, 
BC = d , CD = e and BD = f and we denote the areas of 
bsABC, A ACD, A+SD, and A BCD by S u S 2 , S 3 and S 4 
respectively. 

Then the surface area S of the tetrahedron is equal to the 


sum of S u S 2 , S 3 and 5 4 , i.e. 

S = S } + *^2 + S$ + S 4 (i) 

Using well known Geometric Inequalities we get 

a 2 +b 2 +d 2 >4<j3S i (ii) 

b 2 +c 2 +e 2 > 4 V 3 S 2 (iii) 

a 2 +c 2 + f 2 > 4V35j (iv) 

d 2 +e 2 +f 2 24y/3S 4 . (v) 

From (ii) + (iii) + (iv) + (v) we get 


2(a 2 +b 2 +c 2 +d 2 +e 2 +f 2 )24j3S, by(i) 
Hence we have 

S<— (a 2 +b 2 + c 2 + d 2 + e 2 + f 2 ) as required. 
6 
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CONCEPTUAL PROBLEMS 


Limit, Continuity, Differentiability 


1. If p and q are positive roots (p > q) of the quadratic 
equation ax 1 + bx + c = 0, (a > 0) then 


lim 


l-cos2(cx 2 + bx + a) 


r 

x-*- 
V 

p-q 

(a) Z—Zc 
pq 


2(1 -pxf 


is 


(b) 


(c) 0 


(d) 


P‘7 

£z£ 

c 


2. If/(x) = x 2 + x 3 + log,x and £ is inverse of/ then 
g'(2) is equal to 

(a) 6 (b) 1/6 (c) 2 (d) 3 

3. The graph of function y = f(x) has a unique tangent 

at (e“, 0) through which the graph passes, then 
to log(l + 7/M)- s m(/l,» |0; 

. 3 f(x) n 


3 f(x) 

(a) 1 (b) 2 

(c) 7 (d) none of these 

4. Number of non-differentiable points of 


f(x) = I I X I -1 1 + I COS JIX I + 


. n 
sin — x 

2 


in - 2 < x < 2 


is 

(a) 7 
(c) 5 


(b) 8 
(d) 2 


5. Let /( x ) = 


--1, 0<x<l 

2 


l<x<2 


<t>(x) = (2x + l)(x -X) + 3,0<x<~ 

Then <!>(f(x)) is continuous at x = 1, if A, equals 
(a) 1/2 (b) 11/6 

(c) 1/6 (d) 13/6 


6. If /(*) = • 






x sini i, w j^ ere j j denotes 

0 , x = 0 

the greatest integer function is continuous but 
non-differentiable at x = 0, then 
(a) a 6(0, 2) (b) flG[ 2 ,oo) 


(c) fl€(0, 1) (d) ae[l,2) 

7. If the tangent to the curve y = f(x) at x = 0 be 
given by the equation x + 3y + 3 = 0, then find 


the value of lim - 


8 . 


~0 {/(AT 2 ) - 5/(4x 2 ) + 4/(7 x 2 )} ■ 

(a) -1/3 (b) 1/3 

(c) 2/3 (d) -2/3 

Number of points where the function 

f(x) = max{ltan7ixl, costia:} is non-differentiable 

in the interval (-1, 1) is 

(a) 4 (b) 6 

(c) 3 (d) 1 

Set of all values of x such that 
1 


lim - 


1 + 


is non-zero and finite 


| 4 tan (27LY) j 
number, when n eN is 


1 

r i "l 

(b) 

f 1 ll 

(a) 

l°-d 


(c) 

L± _Ll 

L 2n2ni 

(d) 



10. Number of non-differentiable points of 

/(*) = min^[x],W,jx-||j in (0, 2) where [.] 

and {.} denotes the greatest integer function and 
fractional part respectively, is 
(a) 3 (b) 4 

(c) 2 (d) 1 


I 


SOLUTIONS 


l ( a ) : A 1 are roots of cx 2 + bx + a = 0. 
V cj 


so cx + 




so, lim 


|2sin 2 (cx 2 + bx + a) 


2(1- px) 2 
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= lim 

H-tVp* 


I sin (cxr 2 + i>jr + «) I 
ll-pxl 


lim 

sinc< 

H)H» 

1111 1 

n-*l/p+ 


'Pi 

x- : 

l 

1 

) 


P>q 


1 1 

- < - (p and q are positive) 
1 1 

<0 (vc>0)l 

v q 1 


= lim 


— sine j | 



c 

•H) 

K 

L 


VP q) pq 


2. (b) : g(x) =f'\x) (given) 

g(f(*)) =r 1 m) = at 

Differentiate both sides 
g'(f(x))f(x) = 1 

••• *'(/(*)) = 


fix) 


...(i) 


/(*) = at 2 + r 3 + log^r, f\x) = 2x + 3x 2 +- 
Put x = 1, then x 

/(l) = 2, /'(l) = 6 
put x = 1 in equation (i) 

s °< £'(/(!)) = - 1 


' /'(l) 


=> g'(2) = 


1 


/'(l) 


[by putting/(l) = 2] 


3. (b): Here, lim i£g(l + ?/(*)) -sin(/(*)) fO \ 

*-*» 3 /(*) 1^0 ) 

Using L-Hospital’s Rule : 

lim 7 /'(*) ~ { cos (/( y » • /'(*)){! + 7 /(y)) 
x-*e a 3f\x){l + 7f(x)) 

lim 7 ~ cos( / (y) M 1 + 7 /(*)} 

*-«» 3(1 + 7 /(at)) 

4. (a) : We know that, if /(*) is differentiable and 
£(*) is also differentiable then f(x) ± £(x) is also 
differentiable but if f(x) is differentiable and 
g(x) is not differentiable then f(x) ± g(x) is not 
differentiable. 
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(i) graph of y = I Ixl - 1 1 is given 

Vo,i)y=-* +1 



so 1 1 x I - 1 1 is not differentiable at x - 
x = 0 and x = 1 in (-2, 2) 

(ii) Graph of y = Icos7ta:I is 


- 1 , 




so; 

so f(x) is not defferentiable at x - 0 
So number of non-differentiable points is 7 


5. (a): ♦(/(*)) = 

\x-l) (x-2-2X) 


{§->) ■ 

© .« 


0 S a: < 1 

x<2 


4-2A. 


+ 3 ( 0<x<l 

,1< x<2 


Um ♦(/(*)) = 3, <K/(1)) = 4- 2X 
lim <(>(/(l)) = 4-2X. 


X->1 + 

For <) >(/“(*)) to be continuous at x = 1, 
4 - 2X = 3 

=> X = - 
2 


^'sin(i) 

\h) 


6. (b) : /'( 0) = lim /(fo) /(0) = lim - 

A -.0 h h-*o 

= lim ft (t ‘ ,| " 1) .sinfi) 

h-> 0 Vh) 

This limit does not exist if [a] - 1 > 0 
i.e., a > 1 a > 2 




Now, lim/(x) = limx 1 '' 1 *sinQJ=0 
If [a] - 1 > 0 => a > 2 

7. (a) : The slope of tangent x + 3y + 3 = 0 be given 

by /(O) = -1/3 
Now required limit is 


/ =lim 

x -*0 

= lim 


f(x 2 ) - 5/(4x 2 ) + 4/(7 x 2 ) 
2x 


f\x 2 ) ■ 2x - 5/'(4x 2 ) ■ 8x + 4 f\7x 2 ) ■ 14x 

(applying L’Hospital’s rule) 

_ Hm ? 

2 f\x 2 ) - 40/'(4x 2 ) + 56 /'( 7x 2 ) 

2 

~ 2/'(0) - 40 /'(0) + 56 /'(0) 

" 2 (- 1 M-s) + 56 H) 

- 1 

8. (a) : The function is not differentiable and 

continuous at two points x = -- and x = 2 a * so 

function is continous but not differentiable at 
x, and x 2 ■ Hence at four points, function is not 
differentiable. 


A 

/j\e — y= ltannx| 

/: V 

i7i\ 

/ \X 

/|\J \ 

-1 A 1*2 

oxi iK i . * 


2' 


y - COS7LT 


„ _ 4 tan 1 (2nx) „ , 
9. (c):-12 21 

=> - j < tan' 1 (2itx) < j 
4 4 

=> - 1 < 27a < 1 
=> XG 


HA] 


10. (a) : Function is defined as below 
0<x<l 


/(*) = 


0 , 
x-1 , 
3 

~ X +2' 

3 

X "2 J 


5 

l<x<- 

4 

5 „ 3 

4* X< 2 

|<x<2 



3 

\2 ■ 
s 

■ y = -* + 2 

(0, 3/2) s 
1- 

y=x-l/ 

• \ - 1/ / 


r /<_ v =x 


> 

II 

N 

O 

y = 0i 5 3 2 * 

4 2 


Function is continuous for (0, 2) 


/'(*) = 


0 , 

0 < x < 1 
, 5 

1 , 

4 

5 3 

-1, 

4 <X< 2 

3 

1 , 

— < x < 2 
2 


so, function will not be differentiable at x = 1, 

■ ■ 


5,3 
x = 4 and x= 2 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers comments and suggestions regarding the problems 
and solutions offered are always welcome. 


If a, b, c, d are positive real numbers then 

\c+dx 


lm(.— U 

a + bx) 


(b) <? /a 
(d) * 


1. 

lim 

X-+00 

(a) e*‘ b 
(c) e^ c + + *) 

Jl + cos2(x-l) 

2. lim— ^ - 

x— >1 x - 1 

(a) exists and it equals V2 

(b) exists and it equals -4l 

(c) does not exist because (x - 1) — > 0 

(d) does not exist because L.H.L. is not equal to R.H.L. 


3. The function 


log (l + ax) - log (l - bx) 


is not 


defined at x = 0. The value which should be assigned 
to/ at x = 0, so that it is continuous at x = 0 is 
(a) a - b (b) 1 + b 

(c) log a + log b (d) none of these 

4. If a line OP through the origin O makes an angle 
a, 45° and 60° with x, y and z axis respectively then 
the direction cosines of OP are 

j_ i i I I _L 

(a) & 2' 2 (b) 2' 2' ^ 

1 1 1 

(c) 2 ' ' 2 (d) none of these 

5. If O is the origin and the line OP of length r makes 
an angle a with x-axis and lies in the xz-plane, then 
the co-ordinates of P are 

(a) (r cos a, 0, r sin a) (b) (0, 0, r sin a) 

(c) (0, 0, r cos a) (d) (r cos a, 0, 0) 

6. Evaluate lim — SX ... . 

x-»jc/2(l- s inx) 2/3 

7. Evaluate lim f sin — + cos— 1 . 

X_>00 V * 


8. If / and g are differentiable at a e R such that 
/[«) = g(fl) = 0 and g\a) * 0, then show that 

*-"»£(*) £(*) 

9. Show that the function £, defined by 

g(x) = sin a + cos a - 1, a = sin -1 VW , { . } denotes 
fractional part function, is an even function. 


10. Evaluate lim — + \ 
x— >-«» 4x + 1 


SOLUTIONS 


1. (a) : lim ^1 + - ^^ j (T form) 


= lim 

X — 


(«^r 


c+dx 

a+bx 


lim 


= e 


-+b 


= e d/b 


(If lim f(x) = 0 then lim(l + f(x)) fw = e) 

X — >°° X-+oo 

2. (c) : Put x - 1 = f 

Jl-fcos2(y-l) ,, m 7?|cos<| 


lim 

X — >1 


X -1 


= lim 
f->0 t 


= lim ^ cost does not exist because t -» 0, (x - 1) -» 0 
t-+o t v ' 

3. (d) : For continuity at x = 0 

lim/(x) = /(0) 

fl.log(H-ax) | b log(l - bx) 

nr —hr J \ ) 


lim 

x->0 


-bx 


{■: taMliii,,) 

V x->o x ) 

=> a + b = /(o) 

4. (c) : Direction cosines of OP are / = cos a, m =cos 45°, 
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n = cos 60° and we know that l 2 + m 2 + n 2 = 1 
=» cos 2 a + cos 2 45° + cos 2 60° = 1 

=>cos 2 a + ^j + ^j = l =>cos 2 a = i =>cosa = i 

5. (a) : Let the co-ordinates of P be ( x , y, z) 

Since OP lies in xz-plane and makes an angle a with 
the *-axis. 

It makes angle ^-a with z-axis and ~ with 
y-axis. 


(H 


„ 71 

So, x = r cosa, y = r cos—, z = r cos 

required co-ordinates and therefore are 
(r cos a, 0, r sin a) 

cos* sint 

6 . 


are the 


lim 


- = lim - 


at— > 7t/2 (i _ sin x) 213 M0 (1 - cos t) 213 

2sin(f/2)cos(t/2) m Um-L. C ° S(f/2 } 

” (2sin 2 «/2)) 2/3 '-°2 1/3 (sin(f / 2)) 1/3 

Limit value is «> as t -» 0 + and limit value is - as 
t 0" . Thus limit does not exist. 


7. 


lim 

x->°° 


= e 


/ ~ - \* lim .v( sin— +cos— — 1 ] 

f . 1 1 I „ x-*~ { x x j 

sin— + cos— = £ 

>1 X x) 

)( i o 

[ COS 2x" Sm 2xj 


. 1 _ . 1 1 

sin - = 2 sm— cos— , 
a: 2 x 2 x 

1 . _ . 2 1 

cos— = l-2sin — 

. a: 2a: 

/(*)-/(«) 

8. lim ^ = lim = Arc- as ^ fl ) = ^ = 0 

X^ag(x) x-*a j?(x)-^(a) S(a) 

(x-fl) 

and g\a) * 0. 

9 g(x) = sin(sin _1 VW ) + cos(sin _1 V(x} ) - 1 

= y/{x} + COS(COS -1 =>/W + V 1- M -1 - 

If x e / then {x} = 0 

=> #(*) = 0 => $(X) = g{~x) 

If x £ I, then {— x) = 1 - (x) 

=>£(-*)= ’Jl-{x]+yf{x)-l = g{x)- 
Hence, g is an even function. 


n/2x 2 +1 .. 

10. lim — — — — = hm - 
x->-~ 4a: + 1 *-*— 


2 + — 
x 2 


lim sin(l/2x) 
1/2jc 


4 + — 
a: 


1 

2 V 2 ' 


as x<0 
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Sample Paper 

I IT- J EE 2010 


PAPER - I 


SECTION - I 


Straight Objective Type 

[3 marks for correct answer and -1 for wrong answer] 
This section contains 8 multiple choice questions numbered 
1 to 8. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 

1. On a railway there are 10 stations. The number 
of types of tickets required in order that it may be 
possible to book a passenger from every station to 
every other is 
10 ! 

(a) ¥ (b) 10! 2! 


8! 

, , 10 ! 

(c) if 


(d) “L 
V ' 8!2! 


2. If the roots of ax 2 + bx + c = 0 are of the form 
m m + 1 . 

and then the value of (a + b + c ) 2 is 

m — 1 m 


(a) b 2 - 2 nc 
(c) b 2 - 4nc 


(b) 2 b 2 - ac 
(d) 2 (b 2 - 2 ac) 

3. If A and B are two square matrices of order 3x3 

which satisfy AB = A and BA = B, then (A + B) 7 is 
(a) 7(A + B) (b) 7 / 3x 3 

(c) 64 (A + B) (d) 128 / 3 x 3 

4. If a v (ly ( 13 , a A , a$ are in H.P., then 

a x a 2 + a 2(13 + + a 4 a$ is equal to 

(a) 2^5 (b) 3^5 

(c)8flirt 5 (d) 

5. The maximum value of (sin oq) (sin a 2 )....(sin a„) 


<- and 
2 


under the restrictions 
(tan ctj) (tan a 2 ) ....(tan a f/ ) 

O^oq, a 
= 1 is 

(a) 

1 

1 

2* 

(b) r 5 - 
2jj 


1 


(c) 

2»/ 2 

(d) i 


6. In a conference 10 speakers are to give their 
speaches one after another. Find the probability of 
the event if S x speaks before S 2 and S 2 speaks before S 3 
and the remaining 7 speakers have no objection to speak 


at any number? 



(a) 

1 


1 

6 

(b) 

3 

(c) 

1 


3 

45 

(d) 

10 

7. 

V is a 



(a) 

complex number 



(b) 

purely imaginary number 


(c) 

real number 

(d) none of these 


8. If k and K are minimum and maximum values of 
sin' 1 * + cos' 1 * + tan' 1 * respectively, then 


I v / _ 71 v 3tc 

(a) k--,K = — 

(c) k = 7i/2, K = n 


(b) k = 0, K = n 
(d) not defined 


SECTION - II 


Multiple Correct Choice Type 

[4 marks for correct answer and —1 for wrong answer] 
This section contains 4 multiple choice questions numbered 
9 to 12. Each question has 4 choices (a), (b) ; (c) and (d), out of 
which ONE OR MORE is/are correct. 

9. If f{x) and #(*) are functions such that 
f(x + y) =/(*) . g(y) + g(x) ,f(y) then 

/(a) S(a) /( a + 0) 


m 

/( Y) 


*(P) 

g( 7) 


/(P + 9) 

/(y+6) 


is independent of 


(a) a (b) f) 

(c) Y (d) 0 

10. Sum of the roots of the equation 

(x + 1) = 21og,(2' + 3) - 21og 4 (1980 - 2'*) is greater 
than 

(a) 2 (b) 3 

(c) 4 (d) 5 

11. Let 0 < P(A) < 1, 0 < P(B) < 1 and 
P(A u B) = P(A) + P(B) - P(A) ■ P(B ) ; then 


(5)-: w 


(a) P , 

. . 1 p (A) 

(b) P(A C u B c ) = P(A C ) + P(B C ) 

(c) P((A v By) = P(A C )P(B C ) 
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is monotonically increasing. 


v sin 4 x + cos 4 x . 

40. f(x) = 5 is 

x + x tan* 

(a) even (b) odd 

(c) periodic with period n 

(d) periodic with period 2n 


ASSERTION AND REASON 


Directions: In each of the following questions, a 
statement of assertion is given and a corresponding 
statement of reason is given just below it. Out of the 
statements, mark the correct answer as 

(a) If both Assertion and Reason are true and Reason 
is the correct explanation of Assertion 

(b) If both Assertion and Reason are true but Reason 
is not the correct explanation of Assertion 

(c) If Assertion is true but Reason is false 

(d) If Assertion is false and Reason is true. 

41. Let a, P, y be the roots of die equation x 3 + ax + b = 0; 

a,b g R. 

a P y 

Assertion: p y a =0. 
yap 

Reason : Any cubic equation over reals has atleast 
one real root. 

42. Assertion : Let L x : a x x + by + c x = 0, 

L 2 : a 2 x + b$ + c 2 = 0 and L 3 : a^x + b 3 y + c 3 = 0 are three 


concurrent lines, then 


c i 

b 2 c 2 


= 0. 


Reason : If 


b x Cj 


= 0, then the lines L u L 2 and 


45. Assertion : The sequence 


fl " = ( 1+ n) 


« 3 t/ 3 1,3 

L 3 must be concurrent. 

43. Assertion : The numbers sinl8° and -sin54° are 
equations of such quadratic equations with integer 
coefficients. 

Reason : If x = 18°, then bx = 90° if y = -54°, then 
by = -270°. 

44. Assertion : If a > 0 and b 2 - 4 ac < 0 then the 

value of the integral f — will be of the type 

J ax 2 +bx + c 

p tan" 1 ^ j + C, where A, B, C, p are constants. 

Reason : If a > 0, b 2 - Aac < 0, then ax 2 + bx + c can be 
written as sum of two squares. 


Reason: The function f(x) = I * + - ] is monotonically 
increasing over (0, «>). 

46. Assertion : The area bounded by y = x(x - l) 2 , the 

2 

y- axis and the line y = 2 is f (*(* - 2) 2 - 2 )dx is equal 
. 10 0 

“T 

Reason : The curve y = x(x- l) 2 is intersected to y = 2 
at x = 2 only and for 0 < x < 2, the curve y = x(x - l) 2 
lies below the line y - 2. 

47. Assertion : If a normal drawn at a point P on the 
parabola y 2 = 4 ax meets the curve again at Q, then 
the least distance of the point Q from the axis of the 

parabola is 4>/2fl. 

Reason : If normal drawn at point P^f 2 , 2 at) on 
parabola y 2 = 4 ax meets the curve again at Q(at u 2 ati), 

then t x = t + j=> minimum value of = 2^2. 

48. Assertion : lim— ( - ) doesnot exist, (where [•] 

x-+oa\xJ 

denotes the greatest integer function) 

Reason : lim [ — ] does not exist. 

*->o yxJ 

49. Assertion: b and c are two non-collinear vectors, 
such that a-(b + c) = 4 and 

a x (b x c) = (x 2 - 2x + 6)b + (sin y)c, where x and y are 
real numbers. The point (x, y) lies on .v = 1. 

Reason : The vector a lies in the plane of b and c • 

50. Let / : [1, 13] — > R be an integrable function with 
f"(x) > 0 V x € R. 

3 13 9 

Assertion : J f(x)dx + J f(x)dx > J f(x)dx 

1 11 5 

Reason : If a < b < c and f"(x) > 0, then 

f (a - b + c) < f (a) + f (c) -f (b) 


ANSWER KEY 


1. 

(c) 

2. 

(b) 

3. 

(d) 

4. 

(a) 

5. 

(a) 

6. 

(b) 

7. 

(0 

8. 

(c) 

9. 

(c) 

10. 

(b) 

11. 

(b) 

12. 

(d) 

13. 

(a) 

14. 

(b) 

15. 

(0 

16. 

(b) 

17. 

(a). 

18. 

(b) 

19. 

(b) 

20. 

(a) 

21. 

(a) 

22. 

(d) 

23. 

(a) 

24. 

(a) 

25. 

(0 

26 

(b) 

27. 

(c) 

28. 

(d) 

29. 

(a) 

30. 

(b) 

31. 

(a) 

32. 

(d) 

33. 

(d) 

34. 

(c) 

35. 

(b) 

36. 

(b) 

37. 

(b) 

38. 

(«) 

39. 

(d) 

40. 

(b) 

41. 

(b) 

42. 

(0 

43. 

(a) 

44. 

(a) 

45. 

(a) 

46. 

(a) 

47. 

(0 

48. 

(d) 

49. 

(0 

50. 

(a) 
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International 
Olympiad Problems 


Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 


1. There are 9 regions inside the 5 rings of the 
Olympics. Put a different whole number from 1 to 9 
in each, so that the sum 
of the numbers in each 
ring is the same. What 
are the largest and the 
smallest values of this 
common sum? 

2. Let R* be the set of all non-negative real numbers. 
Two positive real numbers a and b are given. Suppose 
that a mapping / : R + — » R + satisfies the functional 
equation 

/</(*)) + af{x) = b(a + b)x. 

Prove that there exists a unique solution of this 
equation. 

3. Let f(x) be a polynomial with rational coefficients 
and a be a real number such that 

a 3 - a = (Roc)) 3 -f( a) = 33 1992 . 

Prove that for each n > 1. (f^ n \ a)) 3 -/M( a) = 33 1992 , 
where/ ("R*) = ftji—flx))), and n is a positive integer. 

4. In a triangle ABC, let D and E be the intersections 
of the bisectors of ZABC and ZACB with the sides AC, 
AB respectively. Determine the angles ZA, ZB, ZC, if 
ZBDE = 24°, ZCED = 18° 



5. 


Prove that n = 


5 125 - 1 
5 25 -1 


is a composite number. 


6. Triangle ABC is inscribed in a circle. The chord 

AD bisects ZB AC. Assume that AB = y[lBC = yflAD. 
Determine the angles of A ABC. 


7. Show that any triangle can be dissected into 9 or 
fewer convex pentagons of equal area. 

8. Define a boomerang as a quadrilateral whose 
opposite sides do not intersect and one of whose 
internal angles is greater than 180 degrees. (See figure 
displayed). Let C be a convex polygon having s sides. 
Suppose that the interior region of C is the union of 
q quadrilaterals, none of whose 
interiors intersect one another. 

Also, suppose that b of these 
quadrilaterals are boomerangs. 

Show that q>b + (s- 2)12. 



46 




9. Let A^A 2 .... A n be a convex n-gon. 

(a) Prove that 

A^A 2 + A 2 A 3 + ... + A n A] < A\A 3 + A 2 A 4 + ... + A n A 2 . 

(b) Prove or disprove that 
2cos^j(4 1 4 2 + 4 2 i4 3 + ... + A„4 1 ) 

> A^A 3 + A 2 A 4 + ... + A n A 2 . 

10. In an equilateral triangle ABC of side 2, consider 
the incircle T. Show that for all points P of T, 

2 2 2 

PA +PB +PC =5. 


SOLUTION 


1. For the five rings, we have : 
a + b = b*c + d = d + e +f=f+g + h = h + i = N ...(i) 
Since, we are dealing with the nine non-zero decimal 

9 

digits so we have ^7 = ^ = 45. The five regions 

/=i 


sum to a common N for 45/5 = 9, but then one pair 
must be 9 + 0 or one triplet 9 + 0 + 0, which is not 
allowed. So N > 9. Since 
a + b = h + /, there must 
be atleast two pairs of 
decimal digits that sum 
to N. For 10 < N < 15, 
we have 



N = 9 + fl = 8 + (l+fl) = ...., for 1 < a < 6 
while N = 16 = 9 + 7 and N = 17 = 9 + 8 only. 

So N < 15. 

From (i ) :a + b = b + c + d or a = c + d ...(ii) 

and h + i= f+ g + h or i=f + g ...(iii) 

The five central digits must equal 45-2 N : 

(c + d) + e + (f+g) = a + e + i = 45- 2 N. 

So we have 


N 

2 N 

45-2 N 

a, e, i 

10 

20 

25 

9, 8, -no digit available 

11 

22 

23 

9, 8, 6; .... 

12 

24 

21 

9, 8, 4; .... 

13 

26 

19 

T8, 2; .... 
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14 

L 

28 



17 

9, 7, 1; .... 

15 

30 

15 

9, 5, 1; .... 


So, 11 <N<15. 

2. Let x 0 > 0 and let x n = /<">(Ar 0 ) =f<f"-\Xo)), 

fV\x 0 ) = * 0 . Since /: R+ R + , x u > 0 for all n G N. Putting 

x n into the given equation we obtain 

x„ «■ 2 + <>x n + i = b(a + b)x H 

for starting values and a^ = f(x 0 ). Solving this 
recurrence, we get 
x„ = Ab" + B(-l)"(fl + l?)" 

for some real constants A and B. If B * 0, then taking 
n large enough we would get \Ab n \ < \B(-l) n (a + b) u \ 
(because \b\ < I a + b\). Therefore, for some large n, 
x„ would be negative. Hence, B = 0, which gives 
x„ = Ab' 1 and in particular, x 0 = A,/(at 0 ) = x^= Ab = bx o, 
for any x 0 > 0. This gives a unique solution / (at) = bx. 

, 2 V 3 

3. Let #(a;) = Ar - a:. It is easy to see that if c > — — , 

then the equation g(x) = c has a real solution which is 
unique. We have, g(a) = g(f (a)) = 33 1992 . 

But, since 33 1992 > /(a) = a. 

Thus,/M(a) = a and we get 
{f("\ a)) 3 -/ (,,) (a) = a 3 - a = 33 1992 . 


Expanding and doing some calculations gives 

1 Q sinl8 0 sin84°-sin24 0 sin42° , ... . 

tan— B = , and this is 

2 H sin 24° cos 42° + sinl8°cos84° ' 


equal to tan6° 

[To see this we have 
sinl8°sin84 0 -sin24 o sin42° _ sin 6° 
sin 24° cos 42° + sin 1 8° cos 84° cos 6° 
by cross multiplication 
sinl8° sin 2 84° - sin24° sin42° cos6° 

= sin6° sin24° cos42° + sinl8° sin 2 6° 
=> sinl8°[cos 2 6° - sin 2 6°] 

= sin24°[sin6° cos42° + cos6° sin42°J 
=» sinl8° cosl2° = sin 24° sin48° 

=> sin!8° = 2 sin!2° sin48° 


=* sinl8° = cos36° - cos60° 
sin 18° = -2 sin 2 18° + ^ 
giving the equivalent condition 

2 sin 2 18° + sin 18° - = 0. 

2 

This is the same as sinl8° = “(-1 + >/5), which is 
true.] 

So, ip = 6° => P = 12° and a = 96°, p = 12°, y = 72°. 



4. Let 7 be the incentre 
of triangle ABC. Let D' 
and £' be the projection 
onto AC and AB such that 
ID' = IE' = r (inradius) of 
7, and let ZA = a, ZB = (3 
and ZC = y, as usual. 

Now ZADB = ip + y, so 
ID = — -Z r and IE 

sin (fp+yJ 


sin(p + -Y) 


Applying the law of sines to triangle IDE we have 


sin(p + - Y ) sinl8 o 

. , 1 n x sin 24° 
sin(-P + y) 

As ZBDE = 24° and ZCED = 18° we have 


...(h) 


ZDIE = 138° =90° + ia =>a = 96°. 

Thus, 2 

P + Y = 84° so y = 84° - P and i y = 42° - ip ...(iii) 

Now using (iii) in (ii),. we get 
sin(42° + lp) sinl8 „ 

sin(84°-|p) SUl24 ° 


5. Let x = 5 25 , then 

5 125 — 1=at 5 — 1 = (at— 1)(a^ + a^ + a^ + a: + 1) 

= ( x 4 + 9X 2 + 1 + 6a^ + 6a: + 2a^ - 5x ?- 10a^ - 5a:)(a: - 1) 

= ((x 2 + 3 at + l) 2 - 5 a:(a: + 1) 2 )(a: - 1) 

= ((x 2 + 3x + l) 2 - 5 13 (at + 1)) 2 )(* - 1) 

= (at 2 + 3 a: + 1 + 5 13 (at + 1)) 

(at 2 + 3at + 1 — 5 13 (a: + l))(ar - 1) 

5 125 -1 

which implies — — is a composite number. 



Since BC = AD, the cyclic quadrilateral ABDC must be 
an isosceles trapezoid. So either AC = BD or AB = CD. 
The diagonal of an isosceles trapezoid is greater than 

its arm, while here AB = \[2&C, so the latter case is 
not possible. Therefore AC = BD (see the figure). D is 
the mid point of the arc BC, so that BD = CD. Thus, 

AC = BD = CD = x. Let a = BC(= AD). Then AB = asfl. 
Using the Ptolemy theorem on ABDC we get 
AC -BD + AB- CD* AD • BC, 
or x 2 + xa\fl - a 2 = 0, which gives 
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x V6-V2 

a 2 

Let a = ZABC. Clearly, ZCAB = 2ZABC = 2a. 

Using the law of sines on A ABC, we obtain 

0 sin 2a a 2 

2 cos a = = — = —= — j=, 

sina .r V6-V2 

, . . . V 6 +V 2 „ 

which gives cosa = . Hence, 

- , 2 , 8 + 2Vl2 , S 

cos 2a = 2 cos a - 1 = 1 = — , 

8 2 

or equivalently 2a = 30°. Therefore, the angles of the 
triangle ABC are 15°, 30° and 135°. 

7. We claim that any triangle can be dissected into 
9 convex pentagons of equal area. Take an equilateral 
triangle and dissect it as follows : 




This can be done if we consider the comer A. We can 
find some X such that the area of A is 1/9 the area of 
the triangle. Once we have this we can find y so that 
the area of B isl/18 the area of the triangle. Then the 
area of C will be 
1 111 

--2— - (the area of the triangle). By symmetry 

all nine pentagons will have equal areas. Further all 
other triangles are shears of the equilateral triangle 
which preserves the ratio of areas. 

8. For convenience, the interior angle in a boomerang 
which is greater than 180° will be called a "reflex 
angle". 

Clearly, there are b reflex angles, each occurring in a 
different boomerang and each with the corresponding 
vertex in the interior of C. Angles around these vertices 
add up to 2 bn. On the other hand, the sum of all the 
interior angles of C is (s - 2)n and the sum of the 
interior angles of all the q quadrilaterals is 2nq. 
Therefore, 2nq > 2bn + (s - 2)n 
from which q >b + (s - 2)12 follows. 


9. 


(a) Let n > 3 and take all indices modulo n. For each 
k, define point B k as the intersection of A k A k + 2 and 



A k _ \A k + j. Then A k , B k/ B k + h A k + 2 are on the line 
segment A k A k + 2 and exactly in that order because of 
convexity of the n- gon. Thus 

! ^ W+2 - ^ ( A A + ^Jt+l Afc+2 ) 

by shifting of indices 
by the triangle inequality 
(b) This inequality is false. 

Again let n > 3 and take all indices modulo n. 
Trivially, 

*+1 + At+iAt+2 ) 

by the triangle inequality 

— AtAt+i) 

by shifting of indices 

= 

However, the constant "2" cannot be lowered. Fix 
two points X and Y with distance 1. Consider the 
(degenerate) ?i-gon A = AjA 2 ... A n , where 

A l *A 2 *X, A 3 = ....=A n = Y. 

(A is degenerate, but it could easily be approximated 
by a sequence of proper convex rc-gons). 

Then £ AA + 2 = 4 and ^A k A k+1 = 2. 

10. Take O as origin, with the 
.t-axis parallel to BC, and y-axis 
along OA. Then the incircle has 
radius 
1 

~ ^ and A, B, C 
have co-ordinates 

"■ i)- B (' 1 ' i)' c ( l 

A point on the incircle has co-ordinates parameterized 

by 0, 0 < 0 < 2n given by P(—j= cosG, -^=sin0). 

v3 v 3 

Let c - cos0, s = sin0. Then 
AP 2 + BP 2 + CP 2 

= [l e!+ l <2 - s)1 ] + [l <ct ' /3)! 4< s+i)J ] 

[3 - + 3 + j 

= i[c 2 + 4 - 4s 2 + s 2 + c 2 + 2\f3c + 3 + 

s 2 + 2s + l + c 2 -2V3c + 3 + s 2 + 2s + l] 

= i[3(c 2 +s 2 ) + 12]=5 

Since, c 2 + s 2 = 1. ■■ 


% 

i 

A 

1 / 

\l 

Ar 

A 

y\r 

oh > 

B l 

/ C 
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Mock Test Paper 


COMMON ADMISSION TEST 


CAT 2009 


Exam on 

28th November 2009 
to 

10th December 2009 


There are 25 multiple choice questions numbered 1 to 
25. Each question has 4 choices (a), (b), (c) & (d) out of 
which ONLY ONE is correct. 


4. 


1. A man marks up his goods by x% and then gives 
a discount of y% and thus makes a profit of 53%. 
If he had marked his goods up by y% and then 
given a discount of x%, then he would have 
suffered a loss of 77%. What is the value of x, if 
the cost price of the goods is Rs.100? 

(a) 45 

(b) 15 

(c) 80 

(d) cannot be determined 


2. Consider the diagram given below. 



O is the centre of the circle with radius 4 cm. AC is 
4>/3 cm. Find the length of side AD, if AD = DC. 

(a) 4 cm (b) 4^3 cm 

(c) 5 cm (d) none of these 


3. 


Consider the figure given below. 
A 



AB = 3 cm, AC = 4 cm and BC = 5 cm. Points D and 
E divide sides AB and AC in such a manner that 

— - = k and = k. Find the area of □ DEFG if 

AB AC 

the ratio of area of A ADE to that of A ABC is 2 : 5. 
(a) 2.38 cm 2 (b) 2.78 cm 2 

(c) 2.98 cm 2 (d) 4.8 cm 2 


7. 
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A grocer mixes two varieties of pulses A and 
B in the ratio of 2 : 5 and 3 : 7 so as to make 
two mixtures and M 2 respectively. He now 
mixes and M 2 in the ratio of 1 : 4 and sells 
the compound mixture at Rs. 15 per kg making 
a 25% profit. Find the price of A (dearer variety) 
if price of B is Rs. 10 per kg? 

(a) Rs. 16.7 per kg (b) Rs. 12.2 per kg 

(c) Rs. 17.7 per kg (d) Rs. 18.3 per kg 

A Rajdhani express leaves Mumbai at 7.00 am. It 
takes 12 hours to reach Delhi. There is exactly one 
Rajdhani express leaving for Delhi every hour. 
A Ranidhani leaves for Mumbai from Delhi at 
7.30 am and it takes 12 hours to reach Mumbai. 
There is a Ranidhani express leaving for Mumbai 
every hour. How many Ranidhani expresses will 
the Rajdhani express (leaving Mumbai at 7.00 
a.m.) come across? 

(a) 12 (b) 11 

(c) 1 (d) None of these 

In a family, Sita is married to Anil and Geeta is 
married to Sunil. Geeta's age is the average of Anil's 
& Sunil's age. Sita's age is two-third of Geeta's 
age. Four years ago, Sunil's age was four times 
current age of his son Bunty. Keshav and Parvati 
are Bunty and Babli's grandparents. Difference 
between ages of Parvati and Bunty is equal to the 
difference in ages of Keshav and Babli. Babli is 
twice as old as Bunty. Anil's age is equal to sum 
of ages of Bunty and Babli. Sum of the ages of 
the family members except the grandparents is 
134. Sum of ages of Keshav and Parvati is equal 
to the sum of ages of Sunil, Anil, Sita and Geeta. 
Find the ages (in years) of Keshav and Parvati. 

(a) 63, 55 

(b) 59,51 

(c) 70,62 

(d) Cannot be determined 

Find the last digit of the number 

8 323 '” - 256 m3247 - 795 1403327 

(a) 1 (b) 8 

(c) 7 (d) none of these 






Radius of circle S 2 = 




- and so on. 


j.. a a a 
sum of radii = a + -7= + - + — 7= + = 

V2 2 2 V 2 


- = 2 


1- 


=> a = 2 




Vi 


7. (d) : Shifting the origin to (2, 3) 

So equation of circle will be (x - 2) 2 + (y - 3) 2 = 8 

8 (c); AP = 2rcos30° = ^j^ = rV3 

AP = AC = CP = TyJ 3 Now /4C + CP = 2r%/3 
=» AR + RC + CS + SP = 2rS 
=> AR + SP + RC + CS = 2rS 
=> RT + TS+RS + RS = 2ryj3 
[•_• PC = PS and CS=RS] 

=> 3PS = 2rV3 => PS = 

s 

9 . <a):LetP(e),Q(e + y),p(e + y) 

then P' = (fl cos0, fr sin0), 

Q' s [ flcos (0 + f],i>si n (e + ^)], 

P' ^flcos^e + yj / fesin^e + ^)] 

Let centroid of A P'Q'R' = (xf, y') 

COS0 4- cos ^0 + j + cos^0 + ^ j 


x = a 


= ^ j^COS0 + 2cos (0 + tc) cos = 0 
y' = ^sin0 + sin ^0 + j + sin ^0 + ^ j 


■ 5 [' 


!]-' 


sin0 + 2 sin (0 + 71 ) cos — = 0 


10. (c) : Equation of normal is 
ax sec 0 - by cosecG = a 2 -b 2 

Q = ^ q2 ~ — cos0, 0 j, R = (o. 


h = 


a 2 -b 2 


cos0, k = 


1,2 n 2 
u - a 


sin0 


2a 2b 

Eliminating 0 we get the equation of locus as 




- = 1 


4 a z 


4 b l 


/ z __ l2\2 

which is an ellipse with 1 L. > 


4 b z 


{a 1 - b 2 ) 2 _ {a 1 - b z ) 


2x2 


So, 


4tf 


4fc 2 




=> e = 


(l-c 2 ) 


(1-e' 2 ) => e = e' 


(fl 2 -i> 2 ) 2 

4a 2 


11. (c, d) :Let the equation of the circle be 

x 2 + y 2 + 2 gx + 2fy + c = 0 -(i) 

It passes through the points (0,0) and (1,0) 

.*. c = 0 and 1 + 2g + c = 0; g = -1/2 
Radius of circle (i) is ^ = >/(g 2 + / 2 ~ c ) = )J(~£ + / 2 ) 

The centre of the circle x 2 + y 2 = 9 is (0, 0) and 
radius r 2 = 3 

Since the circle (i) passes through the centre (0, 0) 
of given circle and it also touches the circle internally. 

Diameter of circle = radius of given circle 
i.e. 2 = r 2 

or 2^(i + / 2 ) = 3 => / 2 = 2 => / = ±V 2 
Hence the centre of circle (1) is (-#, -/) 

12. (a) 13. (d) 14. (a) ■■ 
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CHALLENGING PROBLEMS 



for various 
Engineering Exams 


i If z-i log^ + Vs ) then cosz = ? 

(a) V8 (b) 3 

(c) -2 n/ 8 (d) 6 

If a u a 2f a 3 , ..., a u be in H.P then terms 
a r 

— (where r = 1, 2, 3, //) are in 

'L n <~ n r 

i = 1 

(a) A.P. 

(c) H.P 


(b) G.P. 

(d) none of these 


3. If OA = 2i -3j + 4k, OB = 4* + 3j-2k thenbisector 
of ZAOB is position vector 

(a) 3 i + i (b) -2t -6j + 6k 

(c) i + 3j - 3k (d) none of these 

4. If a = 1 + (>/2 -1) + (3 - 2jl) + (5>j2 -7) + ... to oo 
and ap = 1 then a, p are roots of 

(a) (2-V2 )(x 2 +1) + (W2-7)x = 0 

(b) x 2 - 4x + 1 = 0 

(c) x 2 - 2 V2x + 1 = 0 

(d) none of these 

27 27 27.... 27 = A(10 8 -l) then 

2)1 times 

(a) A = — , B = 2n 
11 


(b) A = -,B = n 


(c) A = —,B = 2n 
11 


(d) none of these 

6. If (a 2 - l)** 2 + 2 (a - l)x + 2 > 0 V.r gR then 

(a) a > 1 or a < - 3 (b) a < - 3 or a > 1 

(c) a < -1 or a > 1 (d) none of these 

7. If/(x + y) =/(x)/i(y) + h(x)f{y) then 
/(a + 0) /(a) /i(a) 


/(p + 0) /(P) A(p) 
/(Y+0) /(Y) Hi) 
(a) 0, a 
(C) a, P, Y 


is independent of 

(b) 0 

(d) a, p, Y , 6 


{£}- 


(a) 1/26 (b) 9/26 

(c) 4/13 (d) none of these 

4 4 

If A = ^Tsin(2r - 1)0, B = ^cos(2r - 1)0 then 

r=l r=l 

A : B = ? 

(a) tan0 (b) tan 20 

(c) tan40 (d) cot40 

10. If 12 tan " lx + 12 sin ' lx + 12 cos ‘ ,x > 3.K k/k then K = ? 

(a) 12 (b) 4 

(C) 2 V 3 (d) none of these 

H. The domain of f(x) = \js\n ~ 1 Vl - x 2= T 
is 


cos" 1 a: 


[-H] 


(a) ( b ) I" 1 ' 1 ! 

(c) (-1, 1) (d) none of these 

12. Find the greatest angle of triangle with sides 

y, yjx 2 +xy + y 2 


(a) 90° 
(c) 120° 


. f x 2 dx T re'dx , _ 

13. If J, = /, = then /, : J 2 = ? 

1 2 Jl + x 


(b) 150° 

(d) none of these 
1 e x dx 


(a) 1:3 
(c) 1 : 3<? 




(b) 3:1 
(d) 3e : 1 


14. 


.. srnr 
lim = ? 


x-*-n | x + n I 
(a) 1 (b) -1 

(c) —k (d) does not exist 

15. What is constant for hyperbola 

(x - 9) 2 cos 2 0 - y 2 sin 2 0 = sin 2 20? 

(a) ordinates of latera-recta 

(b) abscissae of foci 

(c) eccentricity 

(d) none of these 

r 6 16 30 48 

16. 1 1 1 b ... tO 00 = ? 

1! 2! 3! 4! 


? (where {*} is fractional part of x) 

By : Anil K r. Gupta(AKG), ASANSOL (W.B.) Mob.: 09832230099 
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(a) Se (b) Se-1 

(c) Se - 2 (d) none of these 

17 . Find the no. of rational terms in expansion of 

(#3 + V2) 36 is 

(a) 6 (b) 7 

(c) 8 (d) none of these 

18 . Find solution set of I sin* I - sin* < 1 in 
x e (0, 2n) 

(a) [o,y] ( b ) 

(c) (°'y ) u (^' 2n ) (d) ( 0 , 7 t)u (-T' 27t ) 

19 . If ax + by = 1 touches x 2 + y 2 = p 2 then locus of 
(a, b) is 

(a) parabola of latus-rectum 4 p 

(b) circle of radius 1/p 2 

(c) ellipse having centre as origin 

(d) none of these 

20. If J {x(l - x 2 )} 1/3 • = >l(x B - l) c -t- K then 

« — ! 

«> C= | 

21 . No. of ways of forming 10 couples from 10 men 
& 10 women is 

(a) 576 (b) 490 

(c) 385 (d) none of these 

y 


(b) B - -2 
(d) all of these 


22. If J V4 - sin 2 t dt + j 

n/6 

(*!)£- 


sin 2 t dt + J cos t • dt = 0 then at 

n/6 0 

? 


(a) -2V2 
(c) V2 


(b) 2V2 


(IT 


+ x 2 + 3 = x 


23. Number of real solutions of 
is 

(a) 0 (b) 2 

(c) 4 (d) infinitely many 

24. If a, P be roots of x 2 + ax + b = 0 then roots of 
a: 2 + (2b - a 2 )x + b 2 = 0 are 

(a) a + P, a - P (b) a 2 , p 2 

(c) (d) none of these 

v 1 P a 

25. If one root of x 3 + >/3(3x 2 - 1) = 3x is tanO then 
0 = ? 

(a) 30° (b) 40° 

(c) 60° (d) none of these 


■ = 0 has atleast one 


a 2 + 1 - cos x a 

26. If + : — 

cos 2x 1 - cot x 

real solution of x then a lies in 
(a) (-1,1) (b) [-1,1] 

(c) {0} (d) none of these 

27. A plane cutting the axes in P, Q, R passes through 
(a - P, P - Y/ Y ~ a )* K O be the origin then locus of 
centre of sphere OPQR is 

(a) ax + Py + yz = 4 

(b) (a-P)x+(P-Y)y + (Y-a)z = 0 

(c) (a - P)yz + (P - y)zx + (y- a )xy = 2 xyz 

(d) none of these 

28. Find f(x) if [f'(x)} 2 + 3/'(x)/(x) + \f(x)} 2 = 0 

(a) c.c 1 (b) c.e~ x 

(c) c.e (_3± '^ )x (d) c.e * ^ >2 

29. If sin A, sinB, sinC are in an increasing A.P. in 
A ABC then 

(a) Bf> 60° (b) A < 60° 

(c) C > 60° (d) all correct 

30. f(x) = tan _1 (cosx + sinx) 3 is an increasing function 

,n r« M 

« b > U-jJ 


(“■I 

(-f-f) 


(d) none of these 


«/ 2 


If J (( = J x"cosxdx and 2 l (J t + 7 A; Z 6 ) = n* then 


(a) 

(c) 

31 . 

1 = 7 

(a) 6 (b) 8 

(c) 5 (d) none of these 

32. The locus of the centre of the circle touching 
circles Iz - z l I = rj and Iz - z 2 l = r 2 externally is 

(a) circle (b) ellipse 

(c) hyperbola ’ (d) none of these 

33. If (x 2 + y 2 ) 5 = (ax 5 - lOxV + bxy*) 2 + (bx 4 y - 10xY 

+ ay D ) 2 then 

(a) a = 1, b * 3 (b) a = 1, b = 5 

(c) a = 5, b * 1 (d) none of these 

34. If/: N -» I defined as 


/(*) = 


— , if x is even 
2 


x — 1 


then / is 


, if x is odd 


(a) one-one and onto 

(b) one-one but not onto 

(c) neither one-one nor onto 

(d) none of these 

35. If sin0 = tsin(0 + <(>) implies 

tan(0 + <(>) = S * n< ^ - then p = ? 

cos<|> + p 
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(a) k 
(c) 2k 


(b) -k 
(d) -2k 


36 If a,- > 0, bj > 0 (/ = \, 2, 3, n) so that 

— i 

/=1 /=1 /= l “f + "i 

w (*>) 

1=1 1=1 

(c) t b i 


1=1 


(d) none of these 

X 

37. If /(.v) = J \/4 - f“ dt then /(*) increases strictly 
when jcg 1/2 

(a) (-2,2) (b) [-2,2] 

(c) (2, «>) (d) none of these 

38. If k < 0 and f(x) = e kx + e~ kx is monotonically 
decreasing then xe 

(a) (-fck) (b) (0,00) 

(c) (-oo, 0) (d) none of these 

39. Find the sum of those factors of 7! which are of 
the form 3 n + 1 and odd (n gN) 

(a) 48 (b) 42 

(c) 12 (d) 8 

40 . The total number of selections of atmost n boys 
from a group of (2n + 1) boys is 31, find n 

(a) 2 (b) 5/2 

(c) 3 (d) none of these 

2 a 

C 21 

41. If (l.t - a I +5)dx does not exceed — then ae 

(a) (~,-f)u(l,~)(b) (-<[) 

(c) (d) none of these 

n/4 

J (tan"(x - [x]) + tan n_2 (x - [x]))dx = ? 

0 

(b) 


42. 

(a) 

(c) 


1 


n-l 

2 


n-l 

43. For every odd integer n, if 

n 

sin n 0 = rt r sin r 0 V 0 e R then 

r=0 

(a) a 0 = 1, a x = 2 
(c) fl 0 = 0, = 1 


1 - n 

(d) none of these 


(b) - 0/ ~ 2 

(d) none of these 


44. Jx 3 |^cos^ + ljd!x= ? (where [*] is Greatest 


Integer Function) 
(a) 1/4 
(c) 0 


(b) 4 

(d) none of these 
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45. If differential equation T““~7 + — — — = 0 
represents a circle then p = ? ^ + * P x + & 

(a) g (b) / 

(c) 3 (d) 4 

48. If x 2 - 4x < sin _1 (sin5) then 

(a) x e (2- yl2n-\, 2 + \l2n-l) 

(b) x e(-l, 5) 

(c) * e (2 - V9-2 te, 2 + >/9 - 2tc) 

(d) none of these 

47. If j /(* + \ll + x 2 )dx = j | c + -j j f(x) dx, then 


o b 

(a) * = i 


(b) i-1 

(c) c = 1 (d) all correct 

48 . lim sec(7i2" r ) log, x = ? 

X ->1 

(a) 2iT 1 log 10 2 (b) 2jrMog 2 e 

(c) 2 ji 'log c 2 (d) none of these 

49. While travelling at a speed of .r km/hr, a bus 

burns petrol + ^ j litres/km. If cost of petrol 

be Rs.30/litre and other cost is also Rs.30/hr., then 
speed for a journey of 75 km. having minimum cost 
is 

(a) 20V3 km/hr (b) 20 km/hr 

(c) 5\/3 km/hr (d) none of these 

50 . In AABC, A and B are 2 solutions of 
ksec 2 x = 2tanx (0 < k < 1, A * B) then sinC = ? 

(a) \ (b) 1 

(c) ^ 

2 


(d) none of these 


1. 


SOLUTIONS 


1 


(b) : " cosz = — (e ,z +e~ ,z ) 
_ I{ g - ,0 g,<3W8> + e !og,(3 + V5)j 

= i((3 + V8)- , +(3 + N/8)} 


1 \3-S 


+ 3 + 


S\~: 


2 . 


2 l 9-8 

111 1 

(c) : — / — / — / •••/ — are in A.R 


a*+a 7 +... + a cl +... + a„ „ _ 

J 2 “—I,... are in A.P. 


a. 


“1 “2 
a 2 + a 3 +... + a n a ] +a 3 +... + a n 


, ... are in A.R 


“1 


OP farma mATHS 11-16/75-82 




a 2 + a 3 + ... + a„ a, + a 3 + ... + a„ 

(r = 1, 2, 3, n) are in H.P. 


, ... are in H.P. 




/=1 

3. (a) : Here, I OA I = I OB I . If midpoint of AB be 
P then OP is position vector of bisector of ZAOB 

=> OP = OA + OB = 3i + jc 

2 

4. (a): a = l + (V 2 -l) + (V 2 -l) 2 +(^-l) 3 +...tooo 

1 1 

_ 1-(V2-1)~2-V2 

v aP = 1 .*. p = 2-V2 

_ 1 „ rr 7-4V2 

a + p = j= + 2-y/2=— — 7 =- 

2-V2 2-V2 

.2 7-4V2 


.*. Equation is x 2 - — — -j=- ■ x + 1 = 0 
or (2 - -J2)(x 2 + 1) + (4^2 -7)x = 0 

5. (c) : A(10 3 - 1) = 27 27 27 ... 27 

2 n times 

= 27 + 27 * 10 2 +27 x 10 4 + ... to n terms 
= 27 {(10 2 ) 1 ' - 1} = 27(10 2 " - 1) = _3 2. _ 

10 2 -1 99 11 V 

... A = —,B = 2n 
11 

6. (a) : Let f(x) = (a 2 - ljx 2 + 2(a - l)x + 2 

... /(x) > 0 if (i) a 2 - 1 > 0 (ii) D < 0 

=> a~ > 1 and 4(« - l) 2 - 4 (a 2 - l)-2 < 0 
=> (a + l)(a - 1) > 0 and (a + 3)(a - 1) > 0 
=> a<-lora>l and a<-3ora>l 
=> a<-3ora>l 

f(a)h(Q) + h(a)m /(a) ft (a) 

7. (d): /(P)h( 0 ) + h(P)/(9) /(P) A(P) 

mm+hwm m m 

0 /(a) /i(a) 

(C] -> C x - h(0).C 2 -/(0).C 3 ] 


0 /(P) fc(P) 

0 /(Y) h(y) 


= 0 

(b) : v 3 2009 = p 3 ) 669 ^ 2 = 9[(26 + l) 669 ] 
= 9126 669 + 669 C 1 .26 668 + ... + 1) 

= (A multiple of 26) + 9 

O2009 9 

- = (A multiple of 26) + — 


26 

J 3 2009 1 _ 9 

1 26 J 26 


9. 


^ _ (sin 79 + sin 9) + (sin 59 + sin 39) 
(c) ' (cos 70 + cos 0) + (cos 50 + cos 30) 


2 sin 40 cos 30 + 2 sin 40 cos 0 2 sin 40 


= tan 40 


2cos40cos30+ 2cos40cos0 2cos40 

10. (a) : v sin' 1 * & cos -1 * both are defined if 
- 1 < x < 1 

^ 71 

/. tan x > — 

4 

i i —1 v. 71 71 TZ ... 

=> tan x + sin * + cos *>---=— ...(i) 

2 4 4 

Further, sin -1 *, cos' 1 * & tan" 1 * can't be equal 

simultaneously 

.\ A.M. > G.M. 

i2 tan " lx + 22 sin ' lx + i2 C0#_Ix > 3.(12 tan ' lv .12 sin " lr .12 cos ' lx ) 1/3 
= 3 (i2 tan " lx+ sirrl cos ~ 1 ^ x ) 1/3 > 3 (12 rt,4 ) 1/3 
... i2 ,an ‘'* + i2 sin " ljf + 12 cos "‘ r > 3.12 It/12 

=> Jt = 12 

11. (b) : Here, -1 < X < 1, 1 - x 2 > 0 and 

sin" 1 'll- x 2 + cos" 1 x S 0 

All are satisfied when x e[-l, 1] 

12. (c) : v Jx 2 + xy + y 2 is greatest 

, cose = + 3/2 ~ (y2 + ^ + y . ) = -i 

2xy 2 

... 0 = 120° 

13. (c) : Put X* = z 

.-. 3 x 2 dx = dz 

If dz 1 f dz 

* 1 ” 3J (2-z)e 2 _ {2-(l-z)}e 1-1 

1 r e 2 dz 1 f e x dx _ J_ r 
“ 3J (l + z)7“ 3e J l + *“ 3e 2 

I x : I 2 = 1 : 3e 

sin* .. sin(-n-h) , 

14 (dVLHL= hm = lim = 1 

”(* + 71 ) ^->0 —(—71 — h)—K 

I* + 71 1 = -(* + 7t), * < -71 

sin* .. sin(-7i + h) 

R.H.L. = hm = hm — — = -1 

x-*-n+ x + n h -*0 -n + h + K 

I * + 7C I = * + 71, * > -71 

L.H.L. is 1 and R.H.L. is -1 
Limit does not exist. 


15. 


4sin 2 0 4 cos 2 0 
Here, a 2 = 4sin 2 0, b 2 = 4 cos 2 © 


= 1 




:| co sec 0 1 


=» ae = ± 2 => Abscissae of foci are constant 
2-3 4-4 6.5 8.6 

16. (a) : Series is + — + — + ••• t0 00 
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Here t 2n(n + 2) 2 (n + 2) 2{(n-l) + 3} 

" n\ (n-l)! (m — 1) ! 

2 6 

~(«-2)! + («-l)! 

Soo = 2e + 6e = 8e 

17. (a): = 36 C r (\/3) 36 “ r •(%/2) r / which is rational 

if 36 - r = 3m and r = 2 n 

36 - 2>t 

=> m = 

3 

Possible n are 3, 6, 9, 12, 15, 18 
=> No. of rational terms = 6 


18. (c): 


sin x ,xe (0, 7i] 


I sin x I = < 

[-sin *, x e (n,2n) 

If x g (0, 7i] , sin.r - sin* < 1 is always true 
If .v g ( 71 , 2ti), - sin a: - sinx < 1 
1 


SinAT>-- =>AfG| 


Hence, 

19. (d) : ax + by = 1 touching x 1 + y 2 = p 2 


0 + 0-1 


Ja 2 +b 2 


= P 


a 2 +b 2 =± 


=> Locus of (a, b) is a; 2 + y 2 = — , which is a circle 

V 

of radius 1/p 

, [(x-x 3 ) 1 ' 3 J f r i ,Y /3 i , 

20. (d ):l = y- -r 1 = ^dx 


Put 4r-l = t =>-i-d* = - — 


- 1 J 
=- 0-1 


f ,/3 df = -i- f 


.4/3 


- + fc 


2 (4/3) 

3 4 

=> /4 = , B = -2, C = — 

8 3 


21. (c) : First couple can be formed in = 10 2 ; 

2nd couple in 9 Q * 9 Q = 9 2 and so on. 

Reqd. no. of ways = 10 2 + 9 2 + ... + 2 2 + l 2 
= 10(10 + l)(2x 10 + l) =3g5 
6 

22. (a) : Diff. w.r. to x, we get 

^4- sin 2 x + cos u^- = 0 
y dx 

At ( 0,-1 V4-0+-L- — = 0 

dx x 

23. (a): We have, -x 2 + x- 3 = j ...(i) 

In L.H.S., coefficient of x 2 - -1 < 0 and 
D = l 2 - 4(-l)(-3) < 0 


/. L.H.S. < 0. But, R.H.S. > 0 
=> No solution. 

24. (b) : a + P = -o, a0 = b 

v 2b - a 2 = 2aP - {-(a + P)} 2 = -(a 2 + p 2 ) & 
b 2 = a 2 .p 2 

=> a 2 , p 2 are 2 roots 

25. (b) : Given equation is 
3x-x 3 = S(l-3x 2 ) 

3x - x 3 rr 

=» 7 = -V 3 

l-3x 2 

If tan0 be its one root then 

3 tan 0- tan 3 0 

: = -tan 60° 

1 - 3 tan 2 0 

=> tan30 = tan 120° => 0 = 40° 


26. (c): 


a 2 + sin 2 x 
cos 2x 


cot 2 x - 1 


a + sin x a • sin x 


cos 2 a: cos 2x 

. 2 « 2 
sin x = 


a 1 -l 


:• 0 < sin 2 a: < 1 


0< 


* 2 - 1 


<1 


(i) a 2 - 1 > 0 or a = 0 and (ii) 
i.e., a G[-l, 1] or a = 0 and 


* 2 -l 
1 


# 2 — 1 


- 1<0 


<0 


i.e., a e[-l, 1] or a = 0 and a 2 - 1 < 0 
i.e., a e[-l, 1] or a = 0 and a g(- 1, 1) 
=* fl = 0 is only possibility 


27. (O: Let f + J + f = l 


•( 1 ) 


be the plane passing through (a - p, p - y, y - a) 

a- P B - y y-a „ 

=» - + ^-— L + - = 1 ...(2) 

a b c 

Let sphere be 

x 2 + y 2 + z 2 + 2ux + 2 vy + 2u/z + d = 0 ...(3) 

d = 0 for passing through origin 
v (3) passes through P(a, 0, 0), Q(0, b, 0) & R(0, 0,c) 
a = - 2u, b = - 2v, c = -2w 

F[om(2 ):SLJ: + ti! + Iz£,, 

v ' — 2i/ -2i/ -2w 

=> Locus of centre (-u, -v, -w) is 

, P-y , Y- a _ 1 

2.v 2y 2z 

=» (a - P)yz + (P - Y)z* + (Y - a)xy = 2xyz 


28 (d(; 


_-3/(x)±75/(y)_-{3±>/5) 


/(■t) 


84 
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m -(3 ±75) 

f(x) 2 /- 

On integrating, log(/(A.-)}'= ~^ 3 * 5 ^ + logc 

, -(3±>/S)| 

=> /(*) = c.e 2 

29 (d) . v 2sinB = sim4 + sinC 

* A+C A-C 

= 2 sin cos 

2 2 

- 0 . B B B A-C 

2 • 2 sin — cos— = 2 cos— cos 

2 2 2 2 

0 . B A-C 

=> 2 sin— = cos 

2 2 


2 sin — < 1 
2 

g 

sin — < sin 30° 
2 


B n B k . D 
v cos— * 0 as — * — i.e. B * rc 

L 2 2 2 J 

[vCOS^Sl] 


=> B < 60° B ^ 60° => 4 + C > 120° 

A < 60° and C > 60° [ v sin/l < sinB < sinC] 

30 ( c ) . v tan -1 * and * 3 both are increasing 

function 

If cos* + sin* is increasing then /(*) will be 
increasing function 

We must have — (cos * + sin *) > 0 
ax 

i.e. - sin* + cos* > 0 

i.e. cos* > sin*, which is satisfied for (c) 

K/2 

31. (b) : K = l*" sin *lo /2 - J nx "~' ■ sinxdx 

0 

/ \ti n/2 

= f^ J - m[*” _1 (-cos*)]J /2 + n J (m-1)*”" 2 (-cos*)J* 

= (|) - n(n - l )/ n _2 
When n = 8, 

'•-( f )*- 56 ■ 

clearly, k = 8 

32. (c): 


2°(/ 8 +56/ 6 ) = 7t 0 



Let PM = PN = r 

PC 1 -PC 2 = (r 1 + r)-(r 2 + r) 

I PC] - PC 2 1 = I rj - r 2 1 = constant 
=> Locus of P is a hyperbola. 


31 (b) : v ( x + 'V) 5 = + 5c i x *iy + + ’CjX^y 3 

+ 5 C 4 *ry 4 + i 5 y 3 

= (* 5 - 10* 3 y 2 + 5*y 4 ) + z(5x 4 i/ - lOf^y 3 + y 5 ) 

On taking modulus to both sides and squaring, 

(ft 2 + y 2 ) 5 = (r 5 - 10*Y + 5*y 4 ) 2 + (5* 4 y - 10*y + y 5 ) 2 
Hence, a = 1, b = 5 (on comparing) 

34. (a) : • fO) = °'/( 2 ) = ~ WP) = = " 2 ' 

/( 5 ) 



no element left in I 
=> f is one-one & onto 

35 (b) . sin{(0 + <(>)- <M = fcsin(0 + <(>) 

=> sin(0 + <J))cos<J> - cos(0 + <t>)sin<(> = /esin(0 + <(>) 

=» sin(0 + <t>)(cos<() - k) = cos(0 + <())sin<t) 

sin 6 , 

.-. tan(0 + <(>) = —77 — ~ => p = - k 


cos <\>-k 


<0: - +j,. 


«f <>,(<>, +b,)-<i,b, a,b, 

‘ a, + b, 


1 


a, + b. 


a} 3a! -b! 


a, + b, 


n '2 + n 1 [ « n 

- "•> - i 3 5> - 2> 

,=1 a i + 4 i=i 4 1 .=1 ;-i ) 

- n r n n 

=i2>, 


L i*l 


37. (a) : f( x ) = J V4-f 2 <ft and for strictly increasing 


1/2 

function, /'(*) > 0 


* 2 >0 


4 - x > 0 


=> >/4- 

=> (* + 2)(* - 2) < 0 => * e(-2, 2) 

38. (c) : /'W = k (^ ~ e " b ) •( 1 ) 

Jt < 0 /. r* - > 0 for /(*) to be decreasing 

i.e. e~ kx (e 2kx -l)>0 


i.e. e 2kx - 1 > 0 




>0] 


i.e. e 2 ** > 1 for which * < 0 (v fc < 0) 

.% *G(-oo, 0) 

39 (d) • v = 2 4 .3 2 .5.7 and factor should be of 

(3 n + 1) form and odd, only 
Their sum = 8 

40 . (d) . Here, 31 = ^’C, + 2ntl C 2 + ... + 2n+, C„ ...(1) 
v 2n+1 C 0 + 2n+1 C, + ... + 2a+1 C 2ntl ) = 2 2 "* 1 
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2( 2 "* 1 C 0 + ^C, + ... + 2,,+1 C„) = 2 2 "* 1 

[ v "C r = n C n . r ] 

=> 2(1 + 31) = 2 2 "* 1 

=» 2 6 = 2 2 "* 1 => Ji = 5/2, not possible (being fraction) 

a 2 a 

41. (d): / = J{(fl-x) + 5}dx + J {(x - a) + 5} dx 

0 a ^ 

= [(« + 5)x-y] o +[y + (5-fl)x = a 2 +10/? 

v //£ , 

4 4 

=> 4a 2 + 40a - 21 < 0 => (2a + 21)(2a - 1) < 0 

* (* + f )("-|) s0 * “ Hr 4 ] 

42. (a) : In 0<x<7,[x] = 0 

lt/4 4 


/ = J (tan" x + tan " -2 x) dx 
0 

n/4 jc/4 

= | tan ” -2 x(tan 2 x + l)dx= J tan " -2 xsec 2 xdx 


~ • ^7 whprp 7 ~ fan v anH 

0 

TC / 4 

U^/ VYllCiC 4 ICUl A CUIU 

2 

0 

1 


_M— 1 


-|1 


L//-1 


1 


.0 n-l 

43. (d): sin//0 = a Q + fljsin© + <7 2 sin 2 0 + (1) 

If 0 = 0, 0 = a 0 
On diff. (1) w.r. to 0, 

7/cos//0 = fljCOsB + n 2 .2sin0cos0 + ... 

Putting 0 = 0,;/ = a x . 

44. (a) : If 0 < x < 1, 0 < y < | 

n kx n 
=> cos0>cos — > cos — 

2 2 


_ 7CX 

=> 2>cos — + 1>1 => 
2 

If 1 < X < 2 => — < — < 7t 
2 2 


[ TtX 

cos — 
2 


+ 1 


= 1 


K KX 

COS — > COS > COS K 

2 2 


„ KX , TO” ^ 

0>cos — > -1 => l>cos — + 1>0 
2 2 

COS-y + 1 | 

1 2 


[cosf + l].0 

1 1 1 
.-. / = Jx 3 ldx + Jx 3 0dx = - 

o i 4 

45. (c) : (px + g)dx + (3y + /)<fy = 0 

On integrating, E?L + g X + ^- + fy + c = 0 

=> ^ = — (for circle) => p = 3 

46. (c) : v — < sin -1 x < — 

2 2 
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.*. sin 1 (sin5) = 5-27CG^-*^ / -^ 

/. x 2 - 4x < 5 - 2 ti => (x - 2f < 9 - 2n 
=> I jc - 2 k >/9-2 ti 

2-V9-2tc <x<2 + V9-2ti 

47. (d) : Put x + yjl + x 2 = t 
=> 1 + x 2 = f 2 + x 2 - 2fx 

1 f . 1 x 0 °° 

^irij h~trpr 

=> dx = i ( 1 + 7 ) rff 

••• ' = 4 /BB 

lo g<* (0 

Vo 


1 

=> a = ^,b = l,c = l 


48. (b) : Limit = lim 

x ~> 1 cos(tc 2" x ) 

1 / x 


■ form 


= lim - 


x->1 -sin(7i2 _x ) • re • 2“ x • (lo g{ , 2)(-l) 

= , 2 . = 2 it' 1 log 2 e 

Jtlog,2 

49. (a) : Let speed of bus is x km/hr 

Time taken = — hr. 

x 

Other cost = 30 x 


75 


Petrol cost 


= 3o(- + — 175 
lx 300 J 


75 


Total cost, C = 30 x — + 30 

= 75pBl 

V x 10 J 

l£ =75 (d™ + ±.) 

dx 1.x 2 10 J 

_ . , dC . 

dx 

x 2 = 1200 => x = 20S 


(1 + JL >5 

Vx 300 / 


£C 

dx 2 


= 75x^ .-. ^>0 if x = 20-^3 


d 2 C 


dx 2 


50. (b) : fc = ^ tan 'J = sin 2x 


0 < fc < 1 


1 + tan 2 x 
0 < sin2x < 1 
A and B are 2 solutions 
k = sinZA and k = sin2 B 
sin2 A = sin2B 
2 A = 180° - 2B 

A + B = 90° => C = 90° .*. sinC = 1 


■ ■ 



Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 



1. Let ABCD be a quadrilateral with AD = BC and 
let ZA + ZB = 120°. Three equilateral triangles A ACP, 
ADCQ and A DBR are drawn on AC, DC and DB away 
from AB. Prove that the three new vertices P, Q and 
R are collinear. 

2. There are n black marbles and two red marbles in 
a jar. One by one, marbles are drawn at random out 
of the jar. Amit wins as soon as two black marbles are 
drawn, and Prashant wins as soon as two red marbles 
are drawn. The game continues until one of the two 
wins. Let ](n) and F(n) be the two probabilities that 
Amit and Prashant win, respectively. 

1. Determine the value of F(l) + F( 2) + ... + F( 3992). 

2. As n approaches infinity, what does 
J(2) x /(3) x 7(4) x ... x ]{n) approach? 

3. Consider a square ABCD with side length 1. Select 
a point M exterior to the square so that ZAMB is 90°. 
Let a = AM and b = BM. Now, determine the point N 
exterior to the square so that CN = a and DN = b. Find, 

as a function of a and b, the length of the line segment 

MN. 

4. Given positive real numbers a, b, and c such that 
a + b + c = 1, show that cftfZ + a b b c e fi + a c \fe h < 1. 

5. Assume that a and b are integers. Prove that the 
equation a 2 + b 2 + x 2 = y 2 has an integer solution x, y 
if and only if the product ab is even. 

6. Find the remainder when the polynomial 

,r 135 + x n5 - x U5 + x 5 + 1 is divided by the polynomial 
r 3 - x. 

7. Let ABC be an equilateral triangle and T its incircle. 
If D and £ are points on AB and AC, respectively, such 
that DE is tangent to T, show that 

AD | AE 
DB + EC~ 

8. Given a quadrilateral ABCD, with AD = \f3, 
AB + CD = 2AD, ZA = 60° and ZD = 120°, find the 
length of the line segment from D to the mid-point 
of BC. 

9. Let x, y be positive integers with y > 3 and 
x 2 + i/ 4 = 2[(x-6) 2 + (y+l) 2 ]. 

Prove that x 2 + t/ 4 = 1994. 


10. Lei a, b and c be positive real numbers such that 
abc = 1 . Prove that 

ab be ca 

+ + < 1 . 

a 5 + b 5 + ab b 5 +c 5 + be c 5 + a 5 + ca 
When does the equality hold? 


SOLUTIONS 


1 . 


Let O be the intersection of AD and BC. 

Since, ZA + ZB = 120°, we get ZAOB = 60° 

Let / be the exterior bisector of ZAOB. 

Since, ZLAPC = 60° = ZAOC, we have that O, P, A, C 
are concyclic. 

Hence, ZPOA = ZPCA = 60°. 

The exterior angle of ZAOB is 120°, showing that PO 
bisects the exterior angle of ZAOB. Thus, P lies on /. 
Similarly, Q and R lie on /. 

Hence, P, Q and R are collinear. 

2. If Prashant wins, the balls must be drawn in one of 
the following three ways : red, red; red, black, red; or 
black, red, red. This must be the case, as otherwise two 
black balls will be drawn and Amit will win. Hence, 
the probability that Prashant wins is the sum of the 
probabilities of each of three cases above. 

Thus, 

n/ x 2 1 2 n 1 n 2 1 

n + 2 n + 1 n + 2 ti + 1 n n + 2 n + 1 n 

2 2 2 
~(n + 1)(h + 2 ) (n + l)(/i + 2 ) (rt + l)(>t + 2 ) 

6 

~ (n + l)(n + 2)' 

Note that F(n) = — — , so we can use a 

n+ 1 m+2 

telescoping series to calculate the desired sum. 

We have 

1. F(l) + F(2) + ... + F(3992) 
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f6_6W6_6"| + ( _6 6 ^ 

U 3 J + v3 4 J + .\4 5 J + V3993 3994 ) 

6 6 , 3 5988 

2 ~~ 3994 ~~ ~ 1997 ~ 1997 


2. Now J(n) = 1 - F(n) 

! 6 _ n 2 +3n-4 

_1 (w + l)(n + 2)“(« + l)(« + 2) 

_ (n-l)(n + 4) 

(n-KL)(n + 2) 

Thus, /(2) x 7(3) x /(4) x ... x J(n) 

1-6 2-7 3-8 £-9 (w-l)-(yi + 4) 

" 3 • 4 4 • 5 5 • 6 6 • 7 (ti + 1) • (n + 2) 
1-2-3-4 -...-(k-2)-(k-1) 

3-4-5-6-...*tt-(n + l) 

6 • 7 • 8 • 9 • ... • (fl + 3) • (w + 4) 

4 • 5 • 6 • 7 • ... • (tz + 1) • (n + 2) 


1-2 (7i + 3)-(7i + 4) 

7i-(w + l) 45 
__1_ (71 + 3)(tz + 4) 

“lO* n(n + 1) 

1 ti + 3 m + 4 
10 tz tz + 1 

Thus, as n approaches infinity, 


n + 3 3 

= 1 + — and 


71 + 4 a| 3 

71+1 71 + 1 


71 71 

both approach 1, and so 


J(2) x J(3) x /( 4) x ... x J(n) approaches 1/10. 


3. Method - I : Let O be the centre of the square. 
Consider a horizontal reflection through the line 
parallel to DA and passing through O. Let the image 
of M and N about this line be M' and N' f respectively. 
There exists a point where MN intersects M'N'. Let 
this point be K. Since K lies on both lines, this point 
must lie on this horizontal line of reflection. 



Now, the above diagram is also symmetrical about the 
line parallel to DC passing through O. Then K must lie 
on this line as well. This leaves us with K coinciding 
with O, since the two lines intersect at O. 

Now, because of the symmetry, NO = OM. That is, 
MN 

OM = — — . Now, consider quadrilateral OAMB. 

Since, ZAOB is a right angle and so is ZAMB, then 
the quadrilateral is cyclic. 

By Ptolemy's Theorem on this quadrilateral, we have 
OM-AB = AM-OB + MB-OA 


1 i. 1 

-T2* b T2‘ 


since 


OA = OB = . 

V2 


Zi, 


1, we have OM = — (a + b) f and so 


Since OB 

MN = yf2(a + b), since MN = 20M. Thus, the length of 
line segment MN is 4l{a + b). 

Method - II : Let ZB AM = x. Then a = cos* and b = sinx. 

Let O be the centre of ABCD and R be the midpoint of 

AB. Then ZBAM = ZRAM = ZRMA = x, and 

so, ZORM = ZARO + ZARM 

n , ^ x 371 

= - + (n-2x) = 2x 


Now, OR = RA = RM =— . By the Cosine Law on 
triangle ROM, we have : 2 

OM 2 = OR 2 + RM 2 - 20R0M cos ZORM 


1 1 n 

= - + — 2 
4 4 


cos (t _ 2x ) 


1 i , . „ , 

= (-sin 2*) 

2 2 

11 1 

= 2 sin x cos x = — + ab 

2 2 2 


Thus, using the fact that a 2 + b 2 = 1, we have 

4 OM 2 = 2(1 + 2/7&) = 2(a 2 + fc 2 + 2flfc) = 2(a + b) 2 . 

Hence, 20M = J2(a + fr), by taking the square root of 
both sides (Note : a, b and OM are all positive). 

Since, 20M = MN, we have MN = + b) 


4. Using the weighted A.M. - G.M. inequality three 
times, we have the following : 
ca + ab + bc . 


c + a + b 


■>(a c b ,, c b ) a+b+c . 


b-a + cb + a^y^' 


b + c + a 
aa + bb + c-c 


>(a a b h c c ) a+b+c . 


a + b + c 

Adding these inequalities together, we get 

i ,,f , ,, (« +i,+c ) 2 

a + b + c 

a 2 +b 2 +c 2 + 2ab + 2ac + 2bc ^ a , bc b , c a , cua b 
> a b c + a b c + a b c . 

a + b + c 


5. First, we prove that this condition is necessary. 
Suppose ab is odd. Then a, b are odd and 
a 2 = b 2 = 1 mod 4. Now, x 2 = 0 or 1 mod 4, and 
y 2 = 0 or 1 mod 4. Therefore, a 2 + b 2 + x 2 = y 2 is 
not possible, since if we consider this modulo 4, 
2 + x 2 = y 2 mod 4, which is impossible since 2 + x 2 = 2 
or 3 mod 4. Therefore, ab must be even. 

If ab is even then, without loss of generality, a = 2k. 
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Consider 4 /c 2 + fr 2 + x 2 = y 2 . 

If 4fc 2 + b 2 = It + 1, t is an integer, then set y - x = 1 and 
y + x = 2 t + 1, 2y = 2(f + 1), y = t + 1 and x = t. 

Then 2f + 1 + f 2 = (f + l) 2 . 

If 4/c 2 + b 2 is even, then & = 2s and 
4fc 2 + b 2 = 4(fc 2 + s 2 ) = 4m. 

Again if y 2 - x 2 = 4m, then set y - x = 2 and 
y + x = 2m, we get 
y = m + 1 and x = y- 2 = m-l. 

Now 4m + (m- l) 2 = (m + l) 2 

Hence, a 2 + fr 2 + x 2 = y 2 always has a solution when 
rtb is even. 


6 . 


yl35 . 


* + x 1 ^ - x 115 + x 5 + 1 = (x 3 - x)Q(x) +ax 2 +bx+c 
= x(x - l)(x + l)Q(x) + ax 2 + &x + c 
This must be valid for all values of x. Substituting in 
x = 0, x = 1, and x = - 1 we get : 

x = 0:l = 0 + c => c = 1 

x = 1 : 3 = 0 + a + b + c => a + b = 2 
x = -l:-l = 0 + a - b + c => a - b = -2 
Solving the system 
a + b = 2 
a-b =- 2 

gives a = 0, b = 2. So, the remainder is 2x + 1. 

7. Method - 1 :Let I be the incentre and r the inradius. 
Let F, G and H be the points where T is tangent to 
AB, AC and DE. Then DF = DH and EG = EH (this 
is a well-known property of the two tangents from a 
point to a circle). This implies that ZFID = ZD/H and 
ZGIE = ZEIH. Since, ZF/G = 120°, ZF/D + ZGJE = 60°. 
We can write ZFID = 30° i- (j), and ZGIE = 30° - cp. Now, 
FD = r tan ZFID and AF = r tan 60°, so that 



AD AF-FD tan 60° -tan ZFID 


DB AF + FD tan 60° + tan ZFID 
^ tan 30° + tan $ 

1- tan 30° tan<() 


^ tan 30° + tan $ 


1 - tan 30° tan (J) 

^ j - — 1 + y/3 tan (j) 

>/3-tan(t) _ l->/3 tan<|> 
2 ' 


[— 1 + ->/3 tan 4> 

v 3 H — 7 = 

v 3 — tan ()) 

and similarly 


AE l+>/3tan(() 

£C 2 ‘ . 

We then have 

AD AE 1-V3tan<|) 1+V3tand) 

+ = + - = 1 

DB EC 2 2 

as required. 

Method - II :Using the same diagram as shown above, 
assume, without loss of generality, that the sides of the 
equilateral triangle ABC have length 1. Let x = AD and 
y = AE, where 0 < x, y < 1/2. Now using the Cosine 
Law in triangle ADE, we have 

(1 - x - y) 2 = x 2 + y 2 - 2xycos60° 

This is equivalent to each of the following : 

1 + x 2 + y 2 - 2x -2 y + 2 xy = x 2 + y 2 - xy, 

=* 2x + 2y-l = 3xy, 

=> x - xy + y - xy = 1 - x - y + xy 
and finally, 

x y 

+ ^- = 1 

1-x 1-y 

The last equation is valid since x and y cannot be equal 
to 1. This is our desired result. 

8. Method -I : Given that AB and CD are parallel. 
Then by Thales' Theorem, a line through the mid- 
points E and F of AD and BC respectively will 
also be parallel to AB, and the length of EF will be 
AB + CD 

= AD. Now, applying the Cosine Law to 

triangle DEF, 



we have 
DF 2 


= DE 2 + EF 2 -2 DE EF cos ZDEF 
= (~T~) + AD 2 -AD 2 cos 60° 

3 AD 2 


so DF = - 
2 

Method - II :Let the mid-point of BC be £. Note that 
lines AB and CD are parallel. 

Rotate triangle DEC about point E so that C coincides 
with B, and D coincides with D' as shown in the 
figure. This is possible since E was chosen to be the 
mid-point of line segment BC. 
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Now A, B, and D' are collinear since lines CD and AB 
are parallel, 

so that ZD 'BE + ZABE = ZDCE + ZABE = 180°. 


Let x - AD, then AD' = AB + BD' - AB + CD = 2x. 
Thus, triangle DAD' is similar to the ubiquitous 

l:2:>/3 triangle. 


Hence, 



V3AD 

2 


3 

2 


9. Rewriting we get 

x 2 - 24x - y 4 + 2y 2 + 4y + 74 = 0 ...(i) 

Now (i) has integer solutions only if the discriminant 
4 (y 4 - 2y 2 - 4y + 70) is a perfect square. It is easy to 
prove that for y > 4, 

(y 2 -2 ) 2 < y 4 - 2y 2 - 4y + 70 < (y 2 + l) 2 ...(*) 

(Indeed (*) <=> y 2 - 2y + 33 > 0 and 4y(y + 1) > 69. The 

first inequality is true. 

Since y > 4, 4y(y + 1) > 4 -4 -5 = 80 > 69). 

The only perfect squares between (y 2 - 2) 2 and 

(y 2 + l) 2 are (y 2 - l) 2 and (y 2 ) 2 . 

Now, (y 2 - l) 2 = y 4 - 2y 2 - 4y + 70 

69 ^ 

«=> y = — e Z, 

and y 4 - 2y 2 - 4y + 70 = y 4 <=> y 2 + 2y - 35 = 0 
<=» y = 5 or y = -7. 

Thus, y = 5 

Now (i) gives x = 37 and 


x 2 + y 4 = 37 2 + 5 4 = 1369 + 625 = 1994 
The result also works for y = 1 and y = 2 as well, but 
fails for y = 3 with x = 1. 

10. We first note that 


.5 , us ( 


a 5 +b 


a 3 + b 3 

— Jl— } smce 


a 5 - a 3 lr - a 2 b 3 + b 5 = (a - B) 2 (fl + &)(« 2 + ab + b 2 )> 0 with 
equality if and only if a - b. 

Similarly, 

l + b 2 


a 3 + b 3 ( a + b\( a 2 

— H— Jl” 


because a 3 - a 2 b - flb 2 + b 3 = (a - b) 2 (a + fr) > 0, with 
equality if and only if a = b. Thus, 

_5 , l5 

a + a 


V 2 


Y fl 2 +*? 2 




^ 3 , l3 ^ 

a +0 
< 2 


It is enough, therefore, to prove 

flfr be 

- + _ — — + - 




ca 


-<1, 


T 1 

ab(a + b)^b + ab bc(b + c)bc + be ca(c + a)ca + ca 

1 1 1 

or H h — — 1/ 

+ b) + flbe bc(b + c) + abc oz(c + a) + abc 

Equivalently, 

1 1 1 

1 1 < 1, 

flb(fl + b + c) bc(fl + b + c) ca(a + b + c) 
c a b 

or h 1 - — 1 • 

abc(a + b + c) abc(a + b + c) abc(a + b + c) 

Again, because abc = 1, we get 

a+b+c „ . . . . 

< 1, which is true. 

a + b + c 

The equality requires fl = b = C = 1. 


Resonance launches BITSAT 2010 online test s eri es 

Resonance - a leading coaching provider for IIT-JEE has launched BITSAT (Birla Institute of Technology & Science Admission 
test) 201 0 online test series. Mr. Priyavrat Pal Singh, Manager (Academics) at Resonance told that through this online test series 
students will be able to get prepared for the real test and get benefit in getting admissions to any of the three colleges situated 
in Goa, Hyderabad & Pilani through BITSAT online admission test. There are about 2000 seats in all the three colleges. 
According to Mr. Singh, Birla Institute of Technology & Science conducts an online admission test every year for students 
who want to get admission in the 3 colleges situated at Goa, Hyderabad & Pilani. Mr. Singh said that Resonance is pioneer 
in bringing this concept of BITSAT online test series, this test series will be open to all (Resonance as well as Non-Resonance 
students) & it will include set of 16 online tests wherein questions will contain Micro, Macro analysis, apart from it Virtual All 
India Rank will also be given. More information is provided at Resonance's website. 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers comments and suggestions regarding the problems 
and solutions offered are always welcome. 


1. Discuss the continuity of the function 


f(x) = lim 


cos kx — x 2 ’ 1 sin(;c- 1) 
1 + x 2u+1 - x 2u 

”c r 


at x = 1. 


2. Show that lim Y — — - — -e-2. 

”->~£on K (K + 3) 

3. Suppose <|)(.) is a differentiable function. 

If <|)(;c + y) = <(>(*) '<l>(y) an d <t>(5) = 2, <J>'(0) = 3, then find 
the value of ((/(l). 

4. Find the domain and range of the function /, 

x 2 + 1 

defined by f(x) = . 

In (a: 2 + 1) 

5. Show that sin[x], where [.] denotes the greatest 
integer function, is non-periodic. Also show that there 
is no x for which sin[.r] = cos[x] but there are infinitely 
many x for which sin[x] = tan[x]. 

6. Let f(x + y) =/(*) -/(y) + 2xy - 1, V x, y e R. If/is 
differentiable and/'(0) = b, then find the set of values 
of b, if f(x) > 0, V*. 

7. A function / is defined by 

(b 2 -a 2 ) 


/(*) = 


b 2 
2 ' 


a 

3x' 


m 


0 <x<a 


a<x<b 


x>b 


8 . 


Discuss the continuity of/,/' and/" in [0, °°). 

A function f(x) is defined for x e [0, 1] and 
fix) + f(y) = f(xy- 'h-x 2 . ^jl-y 2 ) and 

^ K ( 1 ^ K 

/(0) = -,/l -j= \ = ~. Find the function/^). 

9. Discuss the continuity and differentiability of the 


function / defined by f{x)= x 2 -2- , x * 0, where 

[.] denotes the G.I.F. 

10. Find the set of values of ' a ' for which the function 


/:[- 3, 3] -> R defined by f(x) = 


a _ 


tanax + secaxis 


an (i) even function (ii) odd function. ([.] denotes the 
G.I.F.) 


SOLUTIONS 


1. For, 0 < jc < 1, lim x m = 0 


f(x) = lim 
For x = 1 


costc*-* 2 " sin(x-l) 


l + x 1 -X‘ 


2 n 


}= 


cos nx 


{ cos k — sin(l — 1) 1 

[ = lim cos n = -1 

1 + 1 — 1 J 

} 


For x > 1 


f(x) = lim 


= lim 


coskx-x ^ sin(x-l) 
l + x 2n+1 -x 2n 
cos nx 1 

sin(x-l) 


1 + l-i 


J 2 ji+1 


sin(AT-l) 

(l-AT) 


lim — = 0 if x > 1 

VI— >o° % ,U 

Thus, we have 
cos nx , 

/w=i -i, 

sin(jt-l) 


(1-a:) 


0< a:< 1 
x = l 

x>l 


L.H.L. 

= lim /(I - //) = lim . cos nil- h) = lim cos(7t - nh) 
h-+o J n^o h-*o 

= - 1 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile : 09334870021 
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R H L 

sin[(l + //)-l] , sink 

= lim /(I + h) = lim = lim — — = -1 

/t _ >0 - /v h-+o [l-(l + /i)] /i -» 0 -h 

and/(l) = -1 

Thus lim /(I - / 1 ) = lim /(I + h) = /( 1) 

/ 1— >0 / 1 — >0 

Hence /(x) is continuous at x = 1. 

»i «£ 11 2 1 

■I'"' 1"C, -rj* 1 ’ 1 * 


°K= 0 W 


=lh?-l.' c : 0 K 

= fx 2 lim |l + - ] dx 
J n-»oo v nJ 

■}*’■— ( 1+ »j * 

= J x 2 e x dx 

§ o 

= [^\ eXdx { ~}j£(x 2 )(je x dx)dx} 

1 1 

= [ x 2 e x lo - 2 J xe x dx = e-2 J xe x dx 

0 0 j 

= e - 2 [xj e*dx ~ J ( J e x dx) dx 

= e- 2[xe* - e*]* = e - 2 Proved 


3. Given <f)(* + y) = <t>(x) • $(y) 

or <f>(x + 0) = 4>(x) • (f)(0) or <j>(0) = 1 

since 

«*.+ &) “<>(*) 
hm = <t> (x) 

/i-> 0 h 

Ito «*>■«:■>-«*> , «,w 

/i-»o h 

or lim = <f> (x) 

/i->o h 

<t>(Ar).[<t>(70-<t>(0)] 
or lim = q> (x) 

/i-*o // 

or <t>(x) • <t>'(0) = 4>'(x) 

or 3<J>(x) = <J/(x) 

or 3<|>(x) = ^-^ or 3 dx = 


...( 1 ) 


dlHx)] 


...( 2 ) 


dx 0(x) 

Integrating both sides 

3x = ln<Kx) + C ...(3) 

Put x = 5 

15 = ln<J>(5) + C => 15 = ln2 + C C = 15 - ln2 
Putting the value of 'C' in (3) 

3x = ln<f>(x) + 15 - ln2 or ln<f)(x) = 3x + (ln2) - 15 


/. <()(X) = g^r+On 2 )- 15 = e 3x-15 e ln2 ^ = 2e ? * - 15 

then (f)(1) = 2^" 12 
From (2) 

3(f>(x) « 4>'(x) /. (f>'(l) = 3(f)(1) = 6H 2 

4. /(x) is defined if ln(x 2 + 1) * 0 

=> x 2 + l*l=»x*0. 

Thus domain of /= R - (0) 

Now let t = x 2 + 1, then f > 1. 


=> 


U. rfO-jjj 


gV) = 


\nt-t . - 
t_ = 

In 2 1 


lnf-1 

177 


Thus g(t) decreases for t e(l, e] and increases for 
t e [e, oo) 



We observe that lim g(t) = °° and 

f-4i + 

lim g(t) = lim — =lim = oo 

. f-»°° *->•• In t t->°° 1 It 

Thus range of g is [ e , oo) 

Hence range of/ is [e, «>) 

5. Let /(x) = sin[x]. If/ is periodic and 7 > 0 is one 

of the periods, then /(x + 7) = f(x), V x 

=> sin[x + 7] = sin[x], V x 

If x = 0, then sin [7] = 0 

=> [T] = nn, for some integer n. 

Since [7] is an integer and nn is an integer only when 
?i = 0, [T1 = 0 

If x = T, then sin [27] = sin [7] = 0 
=> [27] = 0 proceeding this way. 

[7] = [27] = [37] = .... = 0, 
which is not possible for any T > 0 
Hence sin[x] is not a periodic function. 

If sin[x] - cos[x] 

=> tan[x] = 1 = tan - , then [x] = nn + ti/4, n e I, which 
4 

is not possible for any x as L.H.S. is an integer and 
R.H.S. is never an integer. 

However if sin[x] = tan[x] 

=» cos[x] = 1 = cosO, then [x] = nn, n e I, which is 
possible only where 
[x] = 0=>0<x<l 


6. Putting x = 0 = y in the given functional equation, 
we get /( 0) = -1. 

Now 


/'(*)= lim 

/i-»0 


/(X + »)-/(*) 


= lim 
/|-> 0 


f(x)-f(1i) + 2xh-l-f(x) 


= 2x - lim 
/!-> o 


m-m 

h 


= 2x-f'(0) = 2x-b 
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=> /(x) = x 2 - bx + c 

Putting x = 0 we have c = -1. Hence /(a:) = x 2 - bx - 1 
The discriminant 0 = ^ + 4. 

For /(x) > 0, Vx, D < 0, which is not possible for any b. 
Hence there is no such b i.e., b e {} 

7 . m=no+)= b -^- 


/(«)=/(«-)= 


1,2 _2 l2 .2 „3 l2 -2 

b -a b a a b -a 


/(«+) = = ■ 

2 ' J ' ’ 2 6 3<i 2 


b 2 b 2 a 3 b 2 a 3 


f(b) f(b ) 2 6 3 


and /(b+) = 


b 3 -a 3 b 3 -a 3 b 2 - 3 


a 

J~3b' 


3b 3b 

Hence / is continuous everywhere in the domain i.e., 
[ 0 , ») 


Now /'(x) = 


0, 0 < x < a 

,3 


a<x<b 

3 3x 2 


(fl 3 -b 3 ) 


3a: 2 


x >b 


b a 3 ^3 _ ^3 

/'(«-) = 0, /'(«+) = 0, /'(b-) = ,/'(b+) = 


3 3b 2 " " ' 3b 2 

Thus/ is differentiable at and 'b'. Hence 

0, 0 < a: £ a 

_3 




a: a 

, a<x<b 

3 3at 


a 3 -b 3 


x>b 


3 at 2 ' 

Thus/' is continuous every where in (0, °°). 

0, 0 < x < a 

1 2a 3 

VJ?’ 

2(b 3 - a 3 ) 


Again /"(*) = 


3x 3 

-1 2fl 3 


a<x<b 

x>b 




1 2a 3 


3 3<r 






Hence /"(a) and /"(b) does not exist 

Hence/"(x) is continuous everywhere in (0, °°) except 

at and ’b\ r 

^-y 2 (-2x) 


8 . = 


Put x = 0 


y— 


2V1-JC 2 


/ , (0) = /'(-A/i T 7)(y) => /'(-a/T 1 ^) = 


/'(0) 


Put -yjl-y 2 = f => y = Vl - f 2 

m 


=> /'(0 = 




f(t) = -/'(O)cos" 1 ^ + c 


Put f = 0 in (1), we get 

— = -/'(0) — + c * 

2 ' w 2 

Put t = —j= in (1), we get 
v2 

— = -/'(0) — + c 

4 ' v ; 4 


...( 1 ) 

.( 2 ) 


...(3) 


from (2) & (3) we get /'(0) = - 1 and c = 0 


/(a:) = cos _1 x. 


9. /(a:) = [x 2 [1/x 2 ]]. Obviously/ is an even function. 

Hence it suffices to discuss the continuity and 
differentiability of / for x > 0 (f is not defined for 
x = 0). If x 2 > 1, then [1/x 2 ] = 0 and hence f(x) = 0, which 
is everywhere continuous and differentiable. 

1 

Further for 0 < x < 1, — £ 1 


1 


If n< — <n + 1, for some n e N, then [1/ac 2 ] = n and 


hence for such x,/(x) = [x 2 ^] 
But 

1 2 1 

< x 2 < - => 

n + 1 n 


n + 1 


< x 2 m < 1 


=> [x 2 ^] = 0 => /(x) = 0, which is everywhere 
continuous and differentiable. 

If — = n, for some n e N, then /(x) = n j = 1 
Hence for x > 0 and 


neN, /(x) = 


1 / 


1 


if x =- 
n 


0, otherwise 


Thus /is not continuous at x = ±-7=, neN. 

vn a 

Hence /is not differentiable at x = ±-j= . Further for 
2 Vn 

x * 0, x * ±-t=, / is a constant function, therefore /is 
yjn 

continuous and differentiable. 


10. (i) If/ is an even function, then /(-x) =/(x) 


X 
a J 


tan ax = 0 

L a . 
x 2 

=> 0< — <1, Vx e [-3, 3] 
a 

=* 0 < x 2 < a(as a > 0) Vx e [-3, 3] 
(ii) If/ is an odd function, then 

/(-*)=-/« 

=> 2sec ax = 0, Vat e [-3, 3], 
which is not possible for any a. 


= 0, V a: e [-3, 3] 


a > & 
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SOLUTION SET - 82 
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1. (a) : The number of all 5-element subsets is 


fl4 

l 5 


The number of 5-element subsets so that no two 

fM-S + l'l TlO' 

0 5 

fl4' 


• numbers are consecutive is 

: 2002 -252 = 1750 


m - 


W. 1 - 


2. (c) : Area of A = — 

2 


- 1 , 

2 


*1 2/1 1 
*2 3/2 1 

x 3 2/3 1 


m n 1 
12 19 1 
23 20 1 
Median through A has slope - 5 
=> 5m + n = 107 

(1), (2) => m = 20, n = 7, m + n = 27 
25 


I = 70 => - m + 11m = 197 ± 140 — (1) 


...( 2 ) 


3. (b) : N = X ((4n) 2 + (4n - 1) 2 - (4n - 2) 2 - (4« - 3) 2 ) 


25 


n=l 

x2 


= I ((4«) - (4 n - 2y + (4 n - l) z - (4 n - 3n 
w=l 

25 25 

= X (2(8fi - 2) + 2 (8n - 4)) = 4 2 (8m - 3) 

«=1 n = 1 

= 10400-300 = 10100 

(a): — = 13 + (- 1) 1/10 = 13 + cis (2r + 1)— 

' x 10 

— = 13 + cis — , — = 13 + cis 
Zj 10 Zj 

1 - = 170 + 26 cos- 71 


(v b = c and apply sine rule in A ABM & A ACM) 
2 sin7° sin (0 + 83°) = sin0 
cos (0 + 76°) - cos (0 + 90°) = sin0 

cos (0 + 76°) = 0 => 0 = 90° - 76° = 14° 

A 



( n \ 

is 

l io J 


i*ir 


10 


5 

N=X 


1 


«=i I z,- r 

5 

= 2(170 + 26cos(2r + l)— ) 

/=l 10 

ocn , 7i 3 tu 5k 7k 9k. 

= 850 + 26 (cos — + cos — + cos — + cos — + cos — ) 
10 10 10 10 10 

= 850 

5. (a, d) : 

MA _ sin 7° _ sin 9 

c sin 150° sin(0 + 83°) 


6. (c): P(V2cos0,sin0),S(l,O),S 1 (-l,O) 

_ f >/2 _ sin 0 1 

=> G = [-y cos0,— J 

9x 2 o 

Locus of G is ~ + = 1 

... 2 3 V2 

Latus-rectum =-x-= = — 

9 V2 3 

7. (c): 7 = (cos0,(V2-l) sin0) 

2 V 2 

Locus of /is x +— ■==■ ~=1 

(V2-1) 2 

Latus-rectum = 2(V2 - 1) 2 = 6 - 4>/2 

f COS 2 0 1 

8. (a) : S = 0, and 0(x, y) divides GS in the 

V sin0 J 

ratio -2:3. 

nr COS 20 

/. X = y/2 COSO, 1/ = 

sin0 

Locus of O is y 2 = — — 

2-x 2 

9. (a) - (q); (b) - (p); (c) - (q); (d) - (t) 

, % 7 eXdx _^-ur K _ K 

( a ) J e 2x + |“ tan e lo “ 2 4 4 

(b) e x =l + f 2 => 7 = 2'f-^- = 2tan- 1 f|' y5 =- 

J , f 2 +l I’ 6 

(c) tanx = f => / = j — = —tan -1 2f|„ = — 

ol + 4f ‘ 


(d) 


2 2 "1° 4 

cosx # v dx 


- = t => dt = -(cosx + xsinx)-^r 
* x l 

t 1 dt -i.r k 

1 = J : — r = tan x t | n =- 


0 


l + r 


10 2 


10. P traces the curve jc 3 + (1 + a:) y 2 = 0 

a o? |-* 3 , 3k mn _ 

Area = 2 I J tfx = — = — ,m + n = 7 

1^1 + x 4 n 
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1 0 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers comments and suggestions regarding the problems 
and solutions offered are always welcome. 


„ — v 3 sin** 2 cos* . 

1. Let /(*) = .Show that/ is increasing 

sin x + cos x 

for all x in its domain. Discuss the reason of/(7i) being 

f 7t 

less than fy— l 

2. Find the maximum and minimum values of 

rz x x x-3 . . __ 

V3 cos— + sin , xe -471,0]. 

2 2 2 

3. If/(.t) = (4 sin 2 ;c - 1)" (x 2 -x+l ) , /i e N. Explain 

when x = — can become a point of minima ? 

6 

4. Find the value of ' a ' for which the function 

/ ( x ) = (4 a - 3) (x + log 5) + 2 (a - 7) cot | sin 2 ~ does 
not possess critical points ? 

5. Find the set of values of 'b' for which local 
extreme of the function f(x) are positive where 

f(x) = — a 2 x 3 - — x 2 +3* + b and maximum occurs 
3 2 

at x = - . 

3 

6. Show that - ta ? - ->— — for Ocr< — 

x sin a: 2 

7 rr V ~ U . -1 , -1 V-U n , • 

/. If -<tan y-tan u<- ,0<u<v \hen 


l + v z 


1 + u 


, , . K 3 _1 4 7C 1 

deduce that - + — < tan - < — + -. 

4 25 3 4 6 

8. Verify Rolled theorem for f(x) = x 2 (x - l) 2 in the 
interval 0 < x < 1 . 

l + 3x 2 

9. Prove that the tangent to the curve 3/ = ~ — ~ 

drawn at the point for which y = 1 intersect at the 
origin. 

10- Find the interval in which f(x) = e'* 2 - 6x+81 
decreases. 


SOLUTIONS 


1 . /(*) = 

/'(*) = 


3sinjc + 2cosA: 

sinx + cosx 
1 


> 0 in its domain. 


(sin x + cos x) 

=>/(*) is increasing in its domain. 

Now, lim /[^ + /i ] = -«», 

//-»o ) 

whereas lim h = ®o 

u-+o\ 4 ) 

It is obvious that j> /(k). The reason being 


function 'f' is discontinuous at 


371 


2. Let f(x) = y/3 cos^ + sinj- — — ^ 

x ->/3 . x 1 a: 1 

f (x)= sin — + — cos = 0. 

2 2 2 2 2 


For critical points, 

(x k) 1 
=> cos — + — = - 
\2 3) 2 

x = 


- + — = 2 11K± — 

2 3 3 


471 ( 471 \ 


Thus, the only points, where maxima/minima can 
. 471 

occur are -47c, ,0. 

3 

Since, /is continuous function, hence it obtain its 
maxima and minima. 

We have /(-4 tc) = yf3 + 27c + ~ . 

zf-— +- 

3 J V2/ 2 3 2 3 2 

/(0)=V3+| 

Maximum of f(x) = >/3 + ^ 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile : 09334870021 
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Minimum /(*) = ->/3 + — + — 

J 3 2 

3. /(*) = (4 sin 2 * - 1)« (x 1 - x + 1) 

/'(*) = 7/(4 sin 2 * - 1)" - 1 ( 8 sin* cos*) (* 2 - * + 1) 
+ (4 sin 2 * - 1)” (2* - 1) 

= (4 sin 2 * - 1)" " 1 [n(x 2 - x + 1) 4(sin 2*) + (2* - 1) 
(4 sin 2 * - 1)] ^ 

If /has local minimum at * = — , then /'I — 1 = 0 

and/^^- j<0 and/’ ^g-j>0, which is possible 
only if ( n - 1) is odd i.e. V is even. 

4. /'(*) = (4 a - 3) + (a - 7) cos* 

For non-existence of critical points, / '(*) * 0 for 
any * e R. 

3-4 a e 

for any *. 


cos* * 
3-4 a 


fl-7 


fl-7 

>l=>l4fl-3l-l«-7l>0 


(i) 


(i) If a > 7 => from (i) we get a > — 

=*a>7 3 

(ii) If - <a<7 =>4a-3 + a-7 >0 

4 

=$ a > 2 => 2 < a < 7 


Hence, « e ^ j u (2, <*>). 


(Hi) Iffl<— =>3-4fl + fl-7>0 
4 

4 

=> a < — 

3 

5, /'(*) = la 2 * 2 - Sax + 3 = (a* - 1) (2** - 3) = 0 
1 3 

=> * = “/ — • If a > 0 then local maxima occurs 

a 2a 

1 , . . 3 

at * = - and minima at * = — . 
a 2a 

1 1 

v maxima occurred at * = - = — =>a = 3 

a 3 

minima occurred at * = — = — 

2 a 2 3 

If a < 0 then maximum shall occur at * = — and 
1 

minima at * = - 
a 

3 1 9 

=» — = —=>#=—> 0 not possible. 

2a 3 2 K 


Hence, fr > — . 

8 

6- We have to show that 


tan*sin*-* 

*sin* 


>0 for 


0 < * < — . Since, * sin* >0 for 0 < * < ^, itisenough 

to show that tan* sin* - * 2 >0, 0 < * < ^ 

Let /(*) = tan* sin* - * 2 , 0 < * < j 


/'(*) = sin* sec 2 * + sin* - 2* 

/"(*) = sec* + cos* -2 + 2sin* tan* sec 2 * 

= ( V sec * - Vcos *) 2 + 2 sin * cos * sec 2 * > 0 for 

0 < * < - 
2 

/. /'(*) is increasing, also /'(0) = 0 


>/'(*) > 0 for 0 < * < — 


>/(*) is increasing in 0 < * < — and /( 0) = 0 

_ tan*sin*-* 2 

> tan* sin* - * 2 > 0 => : > 0 


*sin* 


tan * * K 

> - — , 0 <*< — 

* sin * 2 


4 3 

7. Let v = — ,u=l 


1 


—i 4 _i . i 

< tan tan 1 < — 

25 3 6 


3 71 4 1 K 

=> — + — < tan 

25 4 3 6 4 

8. Function /(*) = * 2 (* - l) 2 satisfy three conditions: 

(I) It is continuous in [0, 1] 

(II) It is differentiable in (0, 1) 

(HI)/ (0) =/(l) 

By Rolle's theorem, /'(O) = 0 => c?(c - 1) (5c - 3) = 0 

=>c = 0,1,- ••• c = ^€(0,l) 

5 3 

„ l + 3x 2 dy _ 16* 

9. Given y = - => ~T~~ TT 

* 3 + * 2 dx (3 + a : 2 ) 2 

when y = 1, * = ±1 

— = 1 at (1, 1) and ^ = 1 at (-1, 1) 

J* a* 

Equation of tangent at (1, 1) is * - y = 0 
Equation of tangent at (-1, 1) is * + y = 0 
Both intersect at (0, 0). 

10. Let /(*) = g 1 * 2-6 *' 1 ’ 81 

Let #(*) = I* 2 -6x + 81 = I (x - 2)(x - 4) I 



As e* is an increasing function so if arguments of 
'x' is increasing e* will be increasing. So /(*) will be 
increasing if g(*) increasing and/(*) will decrease 
when#(*) decrease. From graph it is clear that#(*) 
is decreasing in (-«>, 2) u (3, 4). 
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Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 



1. How many six digit perfect squares are there each 
having the property that if each digit is increased by 
one, the resulting number is also a perfect square ? 

2. Determine the radius r of a circle inscribed in 
a given quadrilateral if the lengths of successive 
tangents from the vertices of the quadrilateral to the 
circle are a, a, b, b, c, c, d, d respectively. 

3. A hexagon is inscribed in a circle with radius r. 
Two of its sides have length 1, two have length 2 and 
the last two have length 3. Prove that r is a root of the 
equation 2r 3 -7r-3 = 0. 

4. Find the equation of the locus of a point P which 
moves so that the tangents from P to the circle 
x 2 + i/ 2 = r cut off a line segment of length 2 r on the 
line x = r. 

5. For * 1 , X 2 , x„ > 0, show that 

x: .v; x;. x } +*, + ... + *,. 

— + — = — +...+ — - — £ — — ^ 

*i+.y 2 x 2 + x 2 X h + X 1 2 

6. Find the largest constant k such that 

kabc , ^ , 

< {a + b)~+ (a + b + 4c) 2 for all a, b, c > 0 

a+b+c * 

7. On each of three cards was written a whole 
number from 1 to 10. These cards were shuffled and 
dealt to three people who recorded the numbers on 
their respective cards. The cards were collected, and 
the process was repeated again. After a few times, the 
three people computed the totals of their numbers. 
They turned out to be 13, 15 and 23. What were the 
numbers on the cards ? 

8. Let a, b and c be positive real numbers. Prove that 
(t'b'V > (abcj"* b * c)l7 ‘ 

9. Prove or disprove that 

V 5 + \/21 + + V55 = V7 + V33 + >/6 + V35. 

10. Find all the whole numbers between 1 and 100 
which can be written as a sum of integers constructed 
by using each of the digits 0 through 9 exactly once. 
(Example : 90 = 0 + 1 + 52+3 + 4 + 6 + 7 + 8 + 9 is one 
such number.) 


SOLUTIONS 


1. If the six digit square is given by 

m 2 = < 7 - 10 5 + MO 4 + c-10 3 + d lO 2 + e-10 +/, then 

11 2 = (a + 1)10 5 + (b + 1)10 4 + (c + 1)10 3 + (rf + 1)-10 2 

+ (e + 1)10 + (/+ i), 

so that 

11 2 -m 2 = 111,111 = (111)(1,001) = (3-37)(7 - 11 13) 


Hence, 


n + m = di and n-m = 


111,111 

d ; 


where d { is one of the divisors of 1 1 1,1 1 1 . Since 111,111 

is a product of five primes it has 32 different divisors. 

Q U m,lll 

But since we must have d x > , there are atmost 

d { 

16 solutions given by the form 

If 111,111 

Then since m 2 is a six digit number, we must have 

632.46 = 200 VlO <2 m< 2,000 
On checking the various divisors, there are four 
solutions. One of them corresponds to 
d, = 3 13-37= 1,443 so that 

m = 1(1, 443 - 7 • 11) = 683 and m 2 = 466,489. 

Then 466,489 + 111,111 = 577,600 = 760 2 . 


The others are given by the table : 


di 

m 

w 2 

m 

1 

■y 

ir 

11 

3-7-37 = 777 

317 

100,489 

211,600 

«> 

3-11-37 = 1,221 

565 

319,225 

430,336 

656 

i 

| 7 -11-13 = 1, 001 

445 

L_._ 

| 198,025 ~ 

309,136 

556 


2. Let 1A, 2 B, 2 C, 2D denote the angles between 
successive pairs of radii vectors to the points of tangency 
and let r be the inradius. Then 
a _ b _ c _ d 
tan A tan B tan C tan D 
Also, since A + B + C+ D = 7i, 
we have tan(A + B) = tan(C + D) = 0 

tan A + tan B tan C + tan D 

or, + = 0, 

1 - tan A tan B 1 - tan C tan D 
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so that 

r(a + b) | r(c + d) = Q 

r 2 - ni) r 2 - cd 
Finally, 

, abc + bed + cda + dab 

r = 

a+b+c+d 


3. Equal chords subtend equal angles at the centre of 
a circle; if each of sides of length i subtends an angle 
0Cj(f = 1, 2, 3) at the centre of the given circle, then 
2a] + 2a 2 + 2a 3 = 360°, 
whence 

a, a, _ a 3 

— + — = 90° 

2 

and cos 


(^) =tos (» 0 .-a) =sln !| 


Next we apply the addition formula for the cosine : 
a, a, a, a, a, 

(0 


cos 


-1 a 2 a i a 2 

- cos — - sin — sin — = sin - 


- - sin — sin - 
2 2 


where, sin 


*)- 


( 1 / 2 ) 


”(f) 

V4r 2 -1 


2r 


From [Fig 1]; 


(a , 1 f a ? } \lr 2 - 1 

sin [-j- J = 7 ,cos It J — ; — From 1Fi 8- 2]; 

sin ^ j= ^3 ( from [Fig. 3] 



We substitute these expressions into (i) and obtain, 
after multiplying both sides by It 2 , 

yllr 2 - 1 • yjr 2 -1 - 1 = 3r 
Now write it in the form 

V(4r 2 -l)(r 2 -l) = 3r + 1, 

Squaring both sides, we get 

(4^ - lXr 2 - 1) = 9^ + 6r + 1, 
which is equivalent to 
r(2r 3 - 7r - 3) = 0 

Since r * 0, we have 2r 3 - 7r - 3 = 0. 

4 # From the circle, x 2 + y 2 = a 2 , we find the points of 
intersection with the line (y - q) = m(x - p). 
Substituting y = mx -mp + q, we get 
X 2 + (mx -mp + q) 2 = tf 2 , leading to the two solutions : 

_ m(mp -q)± y]a 2 (m 2 + 1) - m 2 p 2 + q(2mp - q) 
x ~ 


For the line to be a tangent, the discriminant, 

A = a 2 (m 2 + 1) - m 2 p 2 + q(2mp - q), must be zero. 
So, we solve A = 0, to get 

a fv 


m = 


p 2 -a 2 


j V 1 +q 2 - a 2 

p 2 - a 2 


So, we have that the equations of the tangent lines 
from (p , q) to the circle x 2 + y 2 = a 2 are 


y = 


yq 


a 2 - p 2 


ay] a 2 -p 2 -i 


p 2 - a 2 


y<\ 

' a 2 -p 2 




r-r 


„2 _2 
P -0 


P + 9 


Setting x = a in these, and subtracting the two values 

leads to (a + p) 2 = p 2 + q 2 - a 2 

Thus the locus of P is given by y 2 = 2 a(a + x) 

This is a parabola opening to the right with central 
axis, the x-axis and nose at x = -a. There are, of course, 
three points that should be excluded : 

(-a, 0), (a, 2a), and (a, - 2a). 

5. By CSB 

[(x, + x 2 ) + (x 2 + x 3 ) + ... + (x„ + Xj)] 


• + ... + - 


X 0 + X, 


X., + x. 


> (x, + x 2 + ... + X,,) 2 

The result then follows by dividing each side by 

2(xt + x 2 + ... + x„). 

6. By the A.M. - G.M. inequality, 

(a + b) 2 + (a + b + 4c) 2 = (a + b) 2 + (a + 2c + b + 2c) 2 

> (2 Jab) 2 + ( l-Jlac + ijlbcf 

= 4 ab + 8ac + 8 be + 16 ejab 
Therefore 

(a + b) 2 + (a + b + 4c) 2 


abc 


• ( a + b + c ) 


4ab + 8 ac + 8 be + 16 cyfab 
> (a + b + c) 


abc 
(a + b + c) 


(4 8 8 16 

= - + - + - + —f= 

\C b a slab 
/ill 1 l \(a a b b 'j 

Uc & fl sfri Jab)\2 2 2 2 J 

JJI 

ha 2 b 2 c 


>8155 


= 100 , 


again by the A.M. - G.M. inequality. Hence, the largest 
constant k is 100. For k = 100, equality holds if and 
only if a = b = 2c > 0. 

7 Now 13 + 15 + 23 = 51 = 3 17 so each person 

received three cards. Consider the triple 

(x, y, z)x < y < z with x + y + z = 17. Now the total 23 
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shows z > 8. If 2 = 10, then the third 10 can be used for 
atmost one of 13, 15 whence y > 5 and x = 3. But then 
one player has atleast 10 + 3 + 3 = 1 6, a contradiction. 
If 2 = 8 then y = 7 (for 8 + 8 + 7 = 23), but the triple 
(2, 7, 8) cannot produce a sum of 13 or 15. This shows 
2 = 9. If x > 3 someone must have a total of atleast 
9 + 4 + 4 = 17. This shows x < 3. Thus, 9 + 9 + 5 = 23 
makes y = 5 and x = 3, and the cards were distributed 
(3 + 5 + 5 = 13), (3 + 3 + 9 = 15) and (5 + 9 + 9 = 23). 

8. We prove equivalently that a 3 “b 3! 'c 31 > (abcf+ l ’ +L . 
Due to complete symmetry in a, b, and c, we may 
assume, without loss of generality, that a > b > c > 0. 
Then (a -b)> 0, (b - c) > 0, (a - c) > 0 and 

aba 
r >l,->l,->l. 
b c c 

Therefore, 


a 3b b 3b c 3c 

(abcY +b * c 




9. In order to simplify the radicals, the radicands 
should be forced to equal square numbers 

(e.g., 7 + >/33 should be a square of some number). 
Numbers whose squares have a rational and radical 
part are usually in the form a + b. 

So let 

^7 + V33 = a + b — yj(a + b)~ = \ja~ + b 2 + 2 ab , 
and set , — 

/oo 

a 2 + b 2 = 7 and lab = V33, i.e. b = 

la 


Thus, 


a + 


V33 

~la 


= 7 


which multiplying by 4 of gives 

(la 2 - 3)(2/z 2 - 11) = 4/z 4 + 33 - 18a 2 = 0 
So la 2 = 3 or la 2 = 11, i.e. 

[3 n/6 , V33 >/22 

a ~y2~~2 ,b ~ Jl = 2 


and so v 


11 J22 , x/6 

,^7 = 

2 2 

I 7= >/b + V22 

/7 +* v33 *ii + b = 


/n — _ 

° r a= \j— = —' b= —' 


Using the same process for the other radicals, we 
get 

I 7= yflO+yJU 

\6 + v35 = , 


SO 


1 — 7= I — 7= ^ + V 22 + VTo + Vl4 
V7 + V33 +V6 + V35 = - 


(i) 


1 '1 — V10 + V 22 1 / — V 6 + V14 

and V8 + \55 =— W5 + V21 = , 

2 2 

1 — 7= 1 — 7= V10 + V22 + >/6 + Vl 4 

so V8 + V55 + V5 + V21 = ..(ii) 

From (1) and (2); we get 

n/7 + V 33 + ^6 + ^35 = ^8 + V55 + ^5 + >/H. 

10. Of course the smallest number that can be 
constructed this way is 

0+1+2+3+4+5+6+7+8+9=45 
Suppose we put two of these digits together to form 
a two-digit number, say we use the digits a and to 
form the two-digit number "/zb". Since "/zb" is really 
the number 10/z + b, in putting a and b together to form 
"/zb" we are adding 9/z to the sum. So, every time we 
stick two digits together we add a multiple of 9 to the 
sum. This says that the only possible sums that we can 
form are those which arise by adding a multiple of 9 
to the sum 45, namely : 

54, 63, 72, 81, 90, 99 as well as 45 of course. These 
sums are all possible : For example, 

54 = 0 + 12 + 3 + 4 + 5 + 6 + 7 + 8 + 9, 

63 = 0 + 1+ 23 + 4 + 5 + 6 + 7 + 8 + 9, 

72 = 0 + 1+ 2 + 34 + 5 + 6 + 7 + 8 + 9, 

81 = 0 + 1+ 2 + 3 + 45 + 6 + 7 + 8 + 9, 

90 = 0 + 1+ 2 + 3 + 4 + 56 + 7 + 8 + 9, 

99 = 0 + 1+ 2 + 3 + 4 + 5 + 67 + 8 + 9. 

■■ 
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■Mathematical Olympiad! 

m*o£' *- 

si§ 2009 


1. Let ABC be a triangle in which AB = AC and let 
I be its in-centre. Suppose BC = AB + AI. Find 
ABAC, 

2. Show that there is no integer a such that 
a 2 - 3a - 19 is divisible by 289. 

3. Show that 3 2008 + 4 2009 can be written as product 
of two positive integers each of which is larger 
than 2009 182 

4. Find the sum of all 3-digit natural numbers which 
contain atleast one odd digit and atleast one even 
digit. 

5. A convex polygon F is such that the distance 
between any two vertices of T does not exceed 
1. 

(i) Prove that the distance between any two 
points on the boundary of T does not exceed 
1. 

(ii) If X and Y are two distinct points inside 
r, prove that there exists a point Z on the 
boundary of T such that XZ + YZ < 1. 

6. In a book with page numbers from 1 to 100, some 
pages are torn off. The sum of the numbers on 
the remaining pages is 4949. How many pages 
are tom off? 


SOLUTIONS 


1. 1st solution : (Trigonometric approach) 
A 



We have AI = r cosec — , where r is the inradius 
of the triangle ABC. 


ALOK KUMAR, B.Tech, IIT Kanpur 

Given condition reads 
BC = AB + AI 

=> a = c + r cosec J 

Using extended law of sines a = 2R sinA, c-2R sinC; 
R being the circum-radius of the triangle and 

r = 4Rsin(y] sin (y) sin (y) 

We have 

IRsinA = 2RsinC + 4Rf(sin|^-j sin^-y-j 

s ,"(f)] cos "(f) 


sin A = sinC + 2sin 


B C 

sin A -sinC = 2 sin — sin — 
2 2 


„ . (A-C\ (A + C\ B . C 
=> 2 sin I Icosl I = 2 sin— sin y 

■* stn f { sin ( - sin ( f )} = ° 

As ABC is a triangle 0 < A, B, C < n, 

we have sin^j^O, giving 

. (A-C\ . C 

sin = sin — 

\ 2 ) 2 

xr , ^ C 7i , . IA-CI n 

Note that 0 < — < — and also 0 < < — 

2 2 2 2 

we have 


(¥)=f 


A = 2C 


Triangle is isosceles => B = C 
Thus A + B + C = n 


Alok Kumar is an INDIAN NATIONAL MATHS OLYMPIAD WINNER. He currently trains IIT aspirants at 
IIT SPARK ACADEMY, NARAYANA, HYDERABAD. 
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= 71 


=> A 



==> 2A = 7i 



n_ 

2 


Thus ABAC = 90° 


2nd solution : (Geometric approach) 

Here some ingenuity is needed to transform the 
hypothesis on length, i.e., BC=AB+ AI, to construct 
a segment whose length is AB + AI(\) 



Produce CA to D such that AD = Al 
Now, BC = AB + Al reads 
BC = AC + AI (AB = AC) 

= CA + AD = CD 

Now, ZBDC = ZCBD = 90° - y 

We have ZAIB + ZBDC = 180°. Thus the 
quadrilateral AIBD is cyclic. 

Then ZAP! = ZAB/ = y 

But v4D7 is isosceles (v AD = A/) 

ZDA1 = 180° - 2 (AADI) = 180° - B 
Thus ZCAI = B. 

But ZCAI = y. We then have A = 2B 
A + B + C = 180° 

=> 2B + B + 2B = 180° =» B = 45°, giving 
A = 2B = 90°, as before. 


2. 1st solution : 

We prove : If a 2 - 3a - 19 is divisible by 17, then 
it is not divisible by 289. 

As -17a + 119 = 0 (mod 17) 

We have 

a 2 - 3a - 19 = a 2 - 20 a + 100 (mod 17) 

= (a - 10) 2 (mod 17) 

Thus 171a 2 - 3a - 19 if a = 1 7k + 10, for some 
keZ . 

But then we have a 2 -3a - 19 
= (1 7k + 10) 2 - 3(17k + 10) - 19 
= 17 2 k 2 + 340/c + 100 - 511t - 30 - 19 
= 17 2 Jt 2 + 289 k + 51 
= 289 k(k + 1) + 51 


Then a 2 - 3n - 19 is not divisible by 289, for 
289 divided the first, but it doesnot divide the 
second. 

2nd solution : 

This is based on a clever way of writing the given 
expression as a sum of two linear factors in a and 
a number divisible by 17. 
a 2 -3a -19 = (a- 10 )(a + 7) + 51 
Let us assume that 289 divides a 2 - 3a - 19 for 
some integer a. Then 17divedes it. Now 17 is a 
prime and 17 divides (a - 10)(a + 7), so it must 
divide atleast one of them. 

But (a + 7) - (a - 10) = 17, a multiple of 17. 
Hence, wherever 17 divides one of (a + 7) and 
(a - 10), it has to divide other also. Then 289 divides 
(a - 10)(a + 7). But then 289 would be forced to 
divide 51. Impossible contradiction. 

Thus, there is no integer a for which 289 divides 
a 2 -3a- 19. 

3 . This is based on Sophie-Germain identity 
x 4 + 4I/ 4 = (x 2 + 2 xy + ly 2 )(x 2 - 2xy + 2 y 2 ) 
Identifying 3 502 with .t and 4 502 with y we have 
32008 + 42009 = p 1004 + 2.3 502 • 4 502 + 2.4 1004 ) 

pioo4 _ 2.3 502 • 4 502 + 2.4 1004 ) 

Now .v 2 - 2xy + 2 y 2 = (x - y) 2 + y 2 > y 2 

> 41004 = 2 2 oo8 > 22002 = (2 11 ) 182 = ( 2048) 182 

> (2009) 182 

The smaller factor is larger than 2009 182 , the larger 
factor must also be larger than 2009 182 . 

Hence 3 2008 + 4 2009 can be written as product of 
two positive integers each of which is larger 
than 2009 182 . 


4. 


Some set -theoretic notation would help to present 
the arguments better. 

Let S denote the set of all 3-digit natural numbers, 
set A be those in S formed of odd digit only and 
B be those in S formed of even digits only. 

Then S - (A u B) is the set of all 3-digit natural 
numbers having atleast one odd digit and at least 
one even digit. 

The sum then is 


XS-I4-IB 

seS aeA beB 

I S = 100 + 101+999 

seS 


= (1 + 2 + ... + 999) - (1 + 2 + ... + 99) 


999x1000 99x100 

"2 2 
= 450 x 1099 = 494550 


= 9x50(1110-11} 


Consider the set A, each number in A has its 
digits from the set (1, 3, 5, 7, 9}. Suppose the 
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digit in unit place is 1. We can fill the digit in 
ten's place in 5 ways and the digits in hundred's 
place in 5 ways. Thus there are 25 numbers in 
A that have 1 in its unit's place. The same holds 
for each number. Then the sum of the digits in 
unit's place is 

25(1 + 3 + 5 + 7 + 9) = 25 x 25 = 625 

The sum of digit in ten's place and hundred's 

place also 625. 

Then I 4 = 625(1 + 10 + 10 2 ) = 625x111 = 69375 

aeA 

Now come to set B, each number in B has its digit's 
from {0, 2, 4, 6, 8}, but the digit in hundred's place 
is never zero. The number of numbers having the 
digit 0 in unit's place is 4 x 5 = 20. 

(Recall that the corresponding number in case of 
odd number was 25) 

Similarly there are 20 numbers having unit digits 
2, 4, 6 or 8. 

Sum of digits in unit's place of all the numbers 
in B = 20(0 + 2 + 4 + 6 + 8) = 20 x 20 = 400. 

Sum of digits in ten's place is also same. But in 
the hundred's place 0 spoils this observation. 
The number of number having (2, 4, 6 or 8) in 
the hundred's place is 5 * 5 = 25. 

The sum of digits in hundredth place of all the 
numbers in B is 25(2 + 4 + 6 + 8) = 25 * 20 = 500 
Thus I B = 400 + 400 10 + 500 10 2 = 54400. 

beB 

The desired sum is 494550 - 69375 - 54400 
= 370775. 

5. (i) Consider two points A and B on the boundary 

of T, with A lying on side PQ and B lying on side 
RS of r. 



Now AB lies between AR and AS in triangle 
ARS . One of ZABR and ZABS is atleast 90°, says 
ZABR > 90°. Then AR > AB ...(i) 

But AR lies inside triangle PQR and one of ZRAP 
and ZRAQ is atleast 90°, say ZRAQ > 90°. Then 
RQ > RA. On combining (i) and (ii) 
AB<RA<RQ<1 
Thus, AB < 1. 

(ii) Let X and Y be two points in the interior of 

r. 


/ Ni K 

<»Y 

X 

L N 2 M 

Join XY and extend them on either side to meet 
the sides JK and LM at Ni and N 2 respectively. 
(XN 2 + YN 2 ) + (XN x + YN X ) 

= (XNj + XN 2 ) + (YNj + YN 2 ) 

= NjNj + NjN 2 

= 2NjN 2 < 2. 

by the result established in the first part. 

Then one of the sums XN x + YN 2 and XNi + YN 2 
is atmost one. We may identify Z accordingly 
as Ni or N 2 . 

6. Let the number of pages tom off the book be k. 
The page number on both sides of a page are of 
form 2S - 1 and 2S and their sum is 
4S - 1, S > 1 . 

The sum of numbers on both sides of the pages 

form a arithmetic sequence 

{3, 7, 11, ..., 4S - 1, 199} ....(i) 

The sum of numbers on all pages in the untorn 
box = 1 + 2 + 3 + ... + 100 = 5050 

Hence sum of numbers on the tom pages 

= 5050-4949 = 101. 

Some k numbers from the set 

{3, 7, 11, ... 4S - 1, 199} sum to 101. 

We have to find k. 

We have (4S a - 1) + (4S 2 - 1) + ... + (4S* - 1) = 101 
=> 4(Sj + S 2 + ... + S k )-k= 101 
Reducing modulo 4 we see k = 3 (mod 4) 

Put S| + S 2 + ... + S k = S 
4S -k = 101 

Now k can be 3, 7, 11, .... 

But if k > 1 we have 

(4S t - 1) + (4S 2 - 1) + .... + (4S* - 1) = The sum of 
numbers on the tom off pages 
=> 3 + 7 + 11 + 15 + 19 + 23 + 27 
_ 7(3 + 27) _ 105 
2 

So the only possibility is k = 3 
Thus 4 (Si + S 2 + S 3 ) - 3 = 101 
=> Si + S 2 + S3 = 26 

And we can choose Si, S& S3 desired positive 
integers in several ways. 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers comments and suggestions regarding the problems 
and solutions offered are always welcome. 


1. Discuss the monotonicity of the function g defined 
by g(x) =/(.r 2 - x - 10) +/(14 + x - x 2 ), /"(x) > 0 for all 
real numbers x except finite number of real numbers 
x, for which /"(x) = 0. 

2. Suppose that/and# are non-constant differentiable, 
real valued functions on R. If for every x, y gR, 

fix + y) =f(x)f(y) - gix)g(y), 

g(x + y) = g(x)f(y) +f(x)g(y) and /'(0)= 0, then prove 
that maximum and minimum value of the function 
f\x) + g 2 (x) are same for all x gR. 

3. Real valued function /(x) satisfies the relation 

/^£±£ 2/(x)+2/(y)-4 y if/'(0) = 2, 

prove that /(x) is an increasing function for all x. 

4. Let /(x) = “(20 2 - 4x- 2x 2 ), where ’0' is a real 

parameter. Now let X\, x 2 be the roots of f(x) where 

x 2 

x ! < x 2 . If F(0) = | f(x)dx, find the minimum and the 

*1 

maximum value of F(0) and the corresponding 0. 

5. The function f(x) = \lax 3 + bx 2 + cx + d has its 
non-zero local minimum and maximum values at -2 
and 2 respectively. If a is a root of .r 2 - x - 6 = 0. Find 
the possible values of a, b, c and d. 

1 

6. If a = -1, b > 1 and f(x) = — , show that the 

\x\ 

conditions of Lagrange's mean value theorem are not 
satisfied in the interval [a, b], but the conclusion of the 

theorem is true if and only if b> l + yfe . 

7. If /(*) = 2 x 3 - 15* 2 + 24*, and 

a 5 -a 

g(x) = J f(x)dx+ J f(x)dx,0<a<5 . Find the interval 
0 0 

in which g(x) is increasing. 


8. For what value of 'a' the point of local minima of 
f(x) = * 3 - Sax 2 + 3 (a 2 - l)x + 1 is less than 4 and point 
of local maxima is greater than - 2? 

9. The equation t 2 + 2xt + 4 = 0 does not possess 
distinct real roots. Find the equation of the tangent 
of greatest slope to the curve y = x 3 - lx 2 + x. 

10. A point P(x, y) moves on the curve x 273 + 1 / 273 = a 113 , 
a > 0. For each position (*, y) of P, perpendiculars are 
drawn from origin upon the tangent and normal at 
P, the length (absolute value) of them being p^x) and 

p 2 (x) respectively. Prove that ^-.^-<0. 

dx dx 


SOLUTIONS 


1. /"(*) > 0 =*/'(*) is an increasing function of *. 

(/"(*) = 0 at finitely many values of * does not affect 
the increasing ness of /'(*)) 

Now £'(*) = (2x - l)[/'(x 2 - a: - 10) -/'(14 + x - x 2 )] 
Intervals of increase of g : 

If g(*) increases then g\x) > 0. 

=> (2* - 1) and [/'(. r 2 - * - 10) -/'(14 + * - x 2 )] are of 
same sign. 

Case I : 

2x - 1 > 0 and/'t* 2 - * - 10) -/'(14 + * - x 2 ) > 0 

=> x > - and x 2 - x - 10 > 14 + x - x 2 , as /' is 
2 J 
increasing 

=> x > - and x 2 -x-12>0=>x>4 


Case II : 

2* - 1 < 0 and fix 2 - x - 10) -/'(14 + x - x 2 ) < 0 
=> x < ^ and - 3 < x < 4 


=> -3 < x < — 
2 


Hence, g(x) increases for 



^[4,oo) 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile : 09334870021 
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Similarly, g(x) decreases for x e (-«>,- 3] u 


,4 


2. We have /(x + y) = /(x)/(y) - *(*)s(y) 

Differentiate both sides w.r.t. x keeping y constant, 
we get 

f(x + y) = f'(x)(y) - g'(x)g(y) 

Putting x = 0, we get 
f'(y)=-g'(.°)g(y) ••• (!) (as/'(0) = 0) 

We also have, y(x + y) = £(x)/(y) +/(.v) g(y) 
Differentiate both sides w.r.t. ’x’ keeping 'y' constant, 
and put x = 0, we get 
g'(y) = g'(0)f(y) ... (2) (as/'(0) = 0) 

we have 

/'(y) = -g'mw & g’(y) = mm 


f(y ) = j^-g(y ) - 


Mf'iy) = - g'(y)g(y) 

we get /(y)/'(y) + £(y)£'(y) = 0 

=> -%-(f 2 (y)+g 2 (y))=o 

d y 

=* / 2 (y) + /(y) = ^ (const) 

Now putting x = y = 0 in both the given functional 
equations we get; 

/( 0 )=/ 2 ( 0 )-/( 0),^(0) = 2/(0)^(0) 

=> g(0) = 1 or /( 0) = i 

1 ^ 1 
But if f(0) = — , first equation gives g 2 (0) = — , 
j \ / 2 -4 

which is not possible. 

Hence # (0) = 0 and / (0) = 1 => X = 1 
Hence,/ 2 (x) + # 2 (x) = 1,a:eR. 

=> Maximum and minimum values of / 2 (x) + g 2 (x) 
are same for all x e R. 

3. For x = 0, y = 0, the given equation gives 

/(Q) = 4/( ° '-=>/(0) = -2 

Now, 


j x 7 L. .n L. I. vf* 


2/(3x) + 2/(3/i)- 4 /(t) 
6 

h 

2/(3x) + 2/(3h)-4-6/(x) 

6h 

For y = 0, the given relation yields 
^xj_ 2/(x)+2/(0)-,4 




/(*) 


= lim 
= lim 

/l— >o 


/«= 


6 

2/(3x)-4-4 /(3x) - 4 


/(3x) = 3/(x) + 4 


Hence, f(x) = lim 6/<*) + 8 + 2/(3fc)-4-6/(«) 
' 6h 


/i->0 


•-lim Jtfflii = lim Shffl 
3/i ^->o 3/i 


7i— >0 


=> /(x) = 2x + c at x = 0, c = - 2 
=> /(x) = 2x-2 

=> /'(x) = 2 > 0 => Always increasing. 

4. Consider g(x) = x 2 + 2x 

Clearly - 0 2 will be a negative number. If 0 increases 
then - 0 2 will decrease or graph of #(x) will come 
down by the quantity - 0 2 . Also F(0) is algebraic area 
bounded by x-axis and the curve and will be negative. 
So if we have increasing 0, F(0) will decrease. Hence 
maximum value of F(0) will be corresponding to 0 = 
0 and this value is equal to 


f(e) m ax = J(* 2 +2*)d* = 
-2 


X 2 

+ x 2 

3 


-4 

3 


=> F(0) max =-— for 0 = 0 and clearly F(0) min does 
not exist. 

5. Since minimum occurs before maximum, so a<0 
Also 'a' is a root ofx 2 -x-6 = 0=>rt = -2 

Let #(x) = ax 3 + bx 2 + cx + d = - 2X 3 + bx 2 + cx + d 
=> g\x) = - 6X 2 + 2 bx + c 

roots of g\x) = 0 are - 2 and 2 => b = 0, c = 24 
Since minimum value is non-zero g(-2) > 0 
=s> d> 32 so a = - 2, = 0, c = 24, d > 32. 

1 

6. Given, /(x) = — ,x* 0 

Ixl 

Let/(0) = A, A is definite real number. 

Now R/ , (0) = lim ^ (0 + ^~^ (0) 

/i-> 0 h 

1 A 

1- , 1-M 

= lim — = lim — - — =» oo 

/i->0 ft /i->0 /j 2 

Hence /(x) is not differentiable at x = 0. Thus, the 
conditions of Lagrange's Mean Value theorem are not 
satisfied in the interval which includes the origin. 
Conclusion of the Lagrange's Mean Value 
theorem : 


[Replacing x/3 by x] 




b-a 

_1 1_ 

I b I ifll 1 
fr-fl I cl 2 


or 




1 . L ,f 1 "l b + 1, 

J=-— 


✓-* 1 


b - 1 


b b 2 +b , -> . .2 2s 

or - — -<b (as b >c ) 


b - 1 
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b(b-l + >/2)(fr-l->/2) 


>0 


b - 1 

=> b> 1 +n/ 2 (v b>l) 

Hence the conclusion of the L.M.V. theorem is true 
if b>l + \[2 

7 . f'(x) = 6a- 2 - 30x + 24 = 6(.v - 4)(x - 1) 

Graph of /(x) will be as shown in fig. 
g'(a)=f(a)-f(5-a) 



=> fl < — , then from the graph /(a) >/(5 - a) 
so g'( 0) > 0 

and if a > then/(5 - rt) > f{a) so g'(fl) < 0. 


[»■!] 


Hence £(x) is increasing in 
8. f( x ) = 3(aC - 2ax + a 2 - 1) 

Clearly roots of the equation /'(*) = 0 must be distinct 
and lie in the interval ( -2, 4) 

A > 0 =>aeR ...(1) 

/'(- 2) >2 => rt 2 + 4fl + 3 > 0 
=> fl<-3orrt>-l ...(2) 

/'(4) > 0 =* fl 2 - 8 a + 15 > 0 
=> a> 5 or a < 3 ...(3) 


and -2 < — <4 => - 2 < a < 4 
2A 

From (1), (2), (3) and (4) - 1 < a < 3. 


...(4) 


2 

► x = - 
3 


9. Since f 2 + 2.vt + 4 = 0 does not possess distinct real 
roots, 4 x 2 - 16 < 0 => - 2 < .r < 2. 

Slope of the tangent at any point (x, y) is 

— = 3x 2 -4x + l 
dx 

which has max. or min. 

d 2 y 

— — = 0=>6x — 4 = 0 = 

dy 

Hence W =21, =5, (&) 

\dxJat x =- 2 \dxJ x= 2 \dx Jat jc=2/3 3 

At * = - 2, fc = -8-8-2 = -18 

10. Any point ?(*, y) on the curve can be represented 
by using parameter 0, as (ncos 3 0, tfsin 3 0) 

dy 

dy m 3<?sin 2 8cos6 fcm0 
dx dx_ -3a cos 2 0 sinG 
dQ 

equation of the tangent at P is 
y - flsin 3 0 = - tan0(x - flcos 3 0) 

;rtan0 + y = flsin 3 0 + a cos 3 0 tan0 


V i = 


a sin 3 0+ <7 cos 3 0 tan 0 


sec0 


= -lrtsin20l 
2 


Also, equation of the normal at P is 
y - asin 3 0 = cot0(x - acos 3 0) 
or xcotQ - y = acos 3 0 cot0 - rtsin 3 0 


Pi = 


a cos 0. cot 0 - a sin 0 


= Iacos20I 


cosec 0 

4pi 2 + Pi = fl 2 = constant point P(x, y) 

If pi increases, p 2 decreases and commonly 

dx dx 


■ and are of opposite signs. 


dp± dPi 

dx dx 


<0 
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CHALLENGING PROBLEMS 


for various 
Engineering Exams 


1. 


wi 


then 


(a) A = B = C (b) 

(c) A + B + C = 0 (d) 

2. The number of solutions of 


ABC = 1 
none of these 


!SEI> 1S 

Vl + x V x+1 


(a) 

(c) 


(b) 

(d) 


0 

none of these 


3. If a 3 = b 4 such that 
find a and (3 

(a) a = i, P = -| 

(c) « = ^, P = i 


.4/3 


,3/4 


fj H;J 


1 ft 1 

a = -,B = — 
3 H 4 


(b) 

(d) none of these 


S S 

4. If — y = -j = k in any A.P. [S* means sum to k 

m n 

terms] then S k = 

(a) 3k (b) fc 2 

(c) fc 3 (d) none of these 

5. If 9(25 a 2 + b 2 ) + 25(c 2 - Zac) = 15b(3a + c), then 

(a) b, c, a are in A.P. (b) a, b, c are in G.P. 

(c) a, b, c are in A.P. (d) a, b, c are in H.P. 

6. The sum of all terms in 11 th bracket of series 
(1) + (2 + 2 2 ) + (2 3 + 2 4 + 2 5 ) + (2 6 + 2 7 + 2 8 + 2 9 ) + ... is 
2 V - 2 q then p : q = 

(a) 5 : 6 (b) 5:1 

(c) 55 : 1 (d) none of these 

7. Three numbers (> 0) whose sum is 21 are in A.P. 
If 2, 2, 14 be added to them respectively then resulting 
numbers are in G.P. then which is not among the three 
numbers? 

(a) 25 (b) 13 

(c) 1 (d) 7 


8. Find x, if 4 log io ;c + x log io 4 = 32. 

(a) 10 (b) 100 

(c) 1/100 (d) none of these 

9. If x = log4 fl 3fl, y = log 3 fl 2 fl, z = log 2fl fl, then 
xyz( 2 - z) = 

(a) 1 (b) z 

(c) 0 (d) -x 


3 2 

does not lie between 

x + 1 x 


10. If x be real and 
a and b then 

(a) a and b both are of opposite sign 

(b) both a and b are rational 

(c) a and b are conjugate to each other 

(d) none of these 


11. If A r = 


X det -w= 


{\x\, lyl < 1), then 


r=l 

(a) 

(c) 


* 2 -y 2 

l-x 2 -y 2 


1-x 2 


12 . 

Jfc = 

(a) 1/3 
(c) 2/3 


i-y 

i 


(b) 

(d) 


* 2 -y 2 

x 2 +y 2 


y 2 -y 2 


if — + 

3.6 3.6.9 


1 


3.6.9.12 


(* 2 -l)(y 2 -l) 

+ ... to 00 = ^ -(1 + 1:), then 


(b) -1 

(d) none of these 


13. If 2d) + 1 = V-3/ then 

(a) 3(co - co 2 ) 

(c) 3 

14. 

(a) 

(c) 

15. 


1 1 
1 -co 2 -l 


1 


CD 


CO 


CO 


(b) 3co 2 

(d) none of these 


If a, b, c be in G.P, then a + b, 2b, b + c are in 
A.P. (b) G.P. 

H.P. (d) none of these 

— + — + — + 9 * term of the series = 

2 3 6 


By : Anil Kr. Gupta (A KG), ASANSOL (W.B.) Mob.: 09832230099 
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(a) \ 


1 


(d) none of these 


(bi -f 


w -j 

16. Total number of factors of 1800 (excluding 1) 
is 

(a) 35 (b) 36 

(c) 11 (d) none of these 

f . 71 n f 

17. Amplitude of ^sin — + / cos— J is 

, V 71 

(a) -3 

(0 -j 

18. If x : y : z = 1 : 2 : 3 and log^(x + y + z) : 
then i/ = 

(a) 6 (b) 9 

(c) 12 (d) none of these 

19. If x, y, z be in A.P. and x, 1/V2, z be in G.P. 
then 

(a) x, 2 y, z are in H.P (b) x, y, z are in H.P. 

(c) x, — , z are in H.P. (d) none of these 

20. If P M = 1 + 22 + 333 + 4444 + ... to n terms then 


(d) none of these 




(a) P 9 -P 8 = 1CT + 1 

(c) P 9 - P 8 = 10 9 - 1 (d) none of these 

21. Find the coefficient of x 9 in the expansion of 


(1 + x) 2009 + (1 + *) ZU1U + (1 + x) zun + ... + (1 + x) 

(a) 2021 C 2 on — 2 ^1999 (b) Mo ~ ^2009 

(c) 


,2020 


2021^ 2021 r /u\ 2021 r 2021 r 

t^2011 ” '-1999 W '-'10 *-2 ( 

2021 C 2 oh - 2009 C 199 9 (d) none of these 



22. {x + (x 3 - 1) 1/2 } 5 + {x -(x 3 - 1) 1/2 } 5 is a polynomial 
of degree 

(a) 5 (b) 6 

(c) 7 (d) not a polynomial 

23. If (C 0 + QKQ + C 2 )(C 2 + C 3 ) ... to // factors 

= /(wMQ.QA. ... then 

(a) /(2) = y (b) /(3) = | 

(c) /( 1) = 2 (d) none of these 

24. Form the quadratic equation whose roots are 
A.M. & H.M. of the roots of x 2 + px + q = 0 

(a) 2/tt' 2 + (p 2 + 4*7)* + 2q = 0 

(b) 2\)T + (p 2 - 4q)x + 2pq = 0 

(c) 2P.V 2 + (p 2 + 4 */)a; + 2p = 0 

(d) none of these 

25. If a: = z(7 + >/2)/ then .t 4 + 4X 3 + 6.V 2 + 4x + 3 = 

(a) -6 (b) 6 

(c) 9 (d) none of these 

I , 

MATHEMATICS TODAY JANUARY '10 


26. If in a G.P, t 7 = 5, f 17 = 20, then f 12 = 

(a) 2 (b) 10 

( c ) (d) none of these 

27. If (1 - p) is a root of x 2 + px = p - 1 then roots 
are 

(a) 1,0 (b) 0,-1 

(c) -1, 2 (d) none of these 

28. Find the sum of the solutions of 

(2010 -x) 2 = Lv- 20101 +6 

(a) 4020 (b) 0 

(c) 2 (d) none of these 

29. If 2 — i is rotated about origin by a right angle 
in complex plane in clockwise direction then find its 
new position 

(a) -2-i (b) -1+2/ 

(c) -1-2/ (d) none of these 

30. Number of arrangements of the word "ARTICLE” 
so that even places are filled by consonants is 

(a) 72 (b) 96 (c) 62 (d) 576 

31. If 

J x 2 x 3 I . -if 2 * 4 ) K 

cos 1 h: + ... +sin 1 hr — — + ... =- 

l 2 4 ) \ 2 4 ) 2 


(0 <1 x\ < \f2), then x = 

(a) V2-1 
1 


(b) \ 


(0 -- 


(d) none of these 

32. Solve : = i 

(a) 7 (b) 14 

(c) 7, 14 (d) none of these 

33. If a set is finite and have // distinct elements then 
number of relations on the set is 

(a) n 2 (b) 2 n (c) 2 2 " (d) T 2 

34. If 3 non-zero numbers x, y, z be in A.P. and tan" 1 at, 
tan _1 y, tan _1 z be also in A.P. then 

(a) x, y, z are in G.P. 

(b) x 3 + y 3 + z 3 = 3 xyz 

(c) a 2 + y 2 + z 2 = xy + yz + zx 

(d) all of these 

35. If a 2 + b 2 = 1 = p 2 + q 2 , then 

(a) \ap + bq\>l (b) 0 < \ap + bq\ < 2 

(c) lap ±bq\ < 1 (d) none of these 

36. If log 1/3 1 z — / 1 < log 1/3 1 z - 1 1 , then locus of z is 

(a) x > y (b) x < y 

(c) x < y + 1 (d) none of these 

37. Find the largest integer n so that 33! is divisible 
by 2"" 1 

(a) 32 (b) 33 

(c) 31 (d) none of these 



(d) none of these 


38. Solve: l + log 10 x + (log 10 ;r) 2 = 


26 


togio *" 1 
3 10 

none of these 


(a) 30 (b) 

(c) 10 3 (d) 

39. If six line segments are of lengths 1, 2, 3, 4, 5, 
6 units then number of triangles that can be formed 
is 

(a) 6 C 3 -6 (b) 6 C 3 - 4 C 3 

(c) 6 C 3 - 13 (d) 6 C 3 - 7 

40. A and B have equal number of sisters and 3 
different gifts are to be distributed among them. It 
is given that probability that all gifts go to sisters of 
B is 1/20. Find the number of sisters that each have. 


(a) 

(c) 

41. 

(a) 

(c) 


(b) 

(d) 


If x — = 2/sin0, then x 4 
x 


2/sin40 

2cos40 


(b) 

(d) 


42. If A = 


tan 


G 


- ,an (!) 


none of these 

~* 4 ~ 

2sin40 
none of these 


and I be unit matrix 


cos0 -sin0 


of order 2, then (I- A). 

v \sin0 cos0 

(a) I (b) I+A 

(c) A- 1 (d) 0 

43. Solve : 5 2 .5 4 .5 6 ... 5 2x = (0.04)- 28 

(a) 5 (b) 6 

(c) 4 (d) 7 

44. If the ratio of total number of combinations of 2 n 
different things to the total number of combinations 
of n different things be 513 : 1 then n = 

(a) 9 (b) 10 

(c) 11 (d) none of these 

45. For what values of a, roots of 

x 2 + 2(2 + 3 a)x + a 1 + 2(a + 1) = 0 are non-real? 

(a) -2 < a < - 4 (b) -1 < a < -4 

(c) -1 <a<~ (d) none of these 

46. If t=—, then 

r! 

t 0 t n + 2.t } t n _, + U 2 t n _ 2 + ... + 2 n .t n t 0 = . 

2" 

(a) Tl. 

3” 


3” 

( b ) rr 


n\ 

none of these 


(C) 3" (d) 

47. If both roots of x 2 - 2009x + k= 0 be prime integers 
then number of possible values of k is 
(a) 1005 (b) 


2009 C 2 


(«> | 

2 

w — x w — y iv — z 

48. If a, b, c be in A.P. and = —7 — = / 

. . ax by cz 

then x, y, z are in J 

(a) A.P. (b) G.P 

(c) H.P (d) none of these 

49. What is definite about the discriminant (D) of a 
quadratic equation with roots 


a = - 


cot 2 0 — cos 2 0 0 q tan 2 0- sin 2 0 

- & p = - 


0 < 0 < 


f) 


cos 2 , cot 2 0 r sin 2 0. tan 2 0 

(a) D<0 (b) D>0 

(c) D = 0 (d) none of these 

50. In arrangements of the word 'MONDAY', if 

p = number of words that do not begin with M and 

q = number of words which begin with M but do not 

end with Y then p : q- 

(a) 25 : 4 (b) 4 : 25 

(c) < 0 (d) none of these 


SOLUTIONS 




■*=(!)" 


C = B 


Similarly, it can be proved A = B 
/. A = B = C. 

2. (a) : On simplification, we get 

yJx 2 +Sx + 7 +\lx 2 +8x = 7 
=» yJa + 7 +yja =7 [Put x 2 + 8 jc = a] 

=» a + 7 = 49 + a-14\[a 
=> yfa = 3 => x 2 + 8x — 9 = 0 

=> x = -9, 1 

But x = -9 does not satisfy given equation 
x = 1 is the only solution. 

vf 


...a) 


3. (b) : L.H.S. = 


4 \U3 

a 


a 3 ) 


a 


\l/3 


a 3 


+ 

= fl ,/ 3 +r ,/4 


b* 

a a + 


[■■■a =b*] 


1 n 1 
a = -,p = — 

3 v 4 


4. (c) : S,„ = m 2 k gives '-^[2a + (;« - l)rf] = m 2 k 


^ > 2 a- d + md = 2 mk 
Similarly, 2 a - d + nd = Ink 


...( 1 ) 

...( 2 ) 
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On solving, d = 2k 

=> 2a - d + m.2k = 2 mk [from (1)] 

2a = d = 2k 

••• S k =j[2a+(k-l)d] = jld+kd-d] 

= ^(k.2k) = k 3 

5. (a) : Put x = 15 a, y - 3b, z = 5c 
Given equation becomes 

* 2 + y 1 + z 2 - xy - yz - zx = 0 

=> ^f(*-y) 2 +(y- zf+(z-x) 2 }=o 

=> x-y = 0 = y-z = z-x 
=> 15a = 3b = 5c 

a b c , , 

m m sk(s “ y> 

b = 5k, c = 3k, a = k 
=» b, c, a are in A.P. 

6. (d) : I st term of successive brackets are 
2°, 2\ 2 1+2 , 2 1+2+3 , .... 

1st term of 11 th bracket is 

10(10+1) 

2 I+ 2 + 3+...+10 2 2 2^5 

Sum of all terms in 11 th bracket is 
(2 55 + l 56 + 2 57 + ... to 11 terms) 

2 55 (2 U -1) _ -66 ,55. 


= 2**" - 2 55 = 2'' - 2 q (given) 
6 : 5 


2-1 

=> y : q — 66 : 55 

7. (a) : Let three numbers in A.P be a - d, a, a + d 
(a - d) + a + (a + d) = 21 

=> a = 7 

Also, 2 + (a - d), 2 + a, 14 + (a + d) are in G.P 
=> (2 + a) 2 = (2 + a - d)(14 + a + d) 

=> 81 = (9 - rf)(21 +d) [ v a = 7] 

=> dr + 12 d - 108 = 0 
=> d = 6, - 18 

d = 6 | v d = - 18 makes 3rd no. negative) 

Three numbers are 1, 7, 13. 

8. (b) : x k ’ 6 'o 4 = (a J °8» 4 ) l °8io x = 4 log i°* 

Given equation becomes 2(4 log i»*) = 32 = 2(4 2 ) 

=> log 10 x = 2 
.-. .r = 10 2 = 100 

9. (b) : *yz(2- z) = log 4 „3fl.log 3lI 2n.log 2( ,fl(2 - logoff) 
= log 4 0 n (21og 2 ,,2fl - log^fl) = log4 0 fl.log 2n 4fl 

= l«g2 = z 

3 2 

10. (c) : Let y = - 


AT + 1 x 
=> yx 2 + (y - l)x + 2 = 0 
If .t be real then discriminant > 0 
=> (y-l) 2 -4.y.2>0 

=> y 2 - lOy + 1 > 0 
=* (y-5) 2 -(2^) 2 >0 


...( 1 ) 


=> {y-(5-2V6)Hy-(5 + 2V6)}>0 

=> y< 5-2-76 or y> 5 + 2-76 

y does not lie between 5 - 2-J6 & 5 + 2-76 

a = 5-2-76,1) = 5 + 2^6, which are conjugate to 
each other 

11. (d) : \A r \ = r r - y 2r 

X det(i4 r)=( x2 -y 2 )+(^ 4 -y 4 )+-- to~ 


l-x 2 1-y 2 


[vixuyi<ij 


_ .v 2 (l-y 2 )-y 2 (l-x 2 ) = a: 2 -y 2 

(l-* 2 )(l-y 2 ) (x 2 — l)(y 2 -1) 

12. (a) : Given series 

1111 11 
= — — -f- 1 — -i-.. to 00 

1-2 3 2 1-2 - 3 3 3 1-2 - 3-4 3 4 


1 + 


1 ) 


(1 / 3) z 

+ + ... to oo 


12 


-(4) 


= e 1/3 - 1 1 + — 
3 


13. (d): 


Det. = 


0 0 

-co 2 - 1 CO 

.2 


CO 


CO 


[R t Pj + (R 2 + R 3 )] 


{ . ^ ^ 1 - ...2 
..3 t / 1 _ _ ->/_2 


CO' = CO & 1 + OT + CO = 0] 


= 3{(-co 3 - co) - co 4 } = 3(-l - co - co) = 3(co 2 - co) 

14. (c) : Let r be common ratio 
b = ar, c - ar 

Now, 2 ( a + b X b + c) 2(fl + ar)(ar + flr 2 ) 

(a + b) + (b + c) a + nr + ar + ar 2 

= 2(a+ar).ar(l + r) = 2ar = 2b 
( a + ar)( 1 + r) 

=> , (fl + b), 2b, (b + c) are in H.P. 

- H-rH 

Series is an A.P. 


1 


1 


, *,=-(9-1)^=- 

16. (a) : Since, 1800 = 2 3 .3 2 .5 2 

No. of factors of any +ve integer of the form 2 a .3 p .5 Y ... 
is (a+ 1)(P+ 1)( Y + 1) ... 

Total no. of factors = (3 + 1)(2 + 1)(2 + 1) = 36 
Reqd. no. of factors = 36 — 1 = 35 (excluding 1) 

17. (b): (smi.icosi) .{/(cosi-islnij 

(-5i) tisin (-#)} 


= 1 icos 
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= l.i cos 


= cos 


(-SM- 5 I 

271^1 . . f 2 k ^ 

3 J +/Sin [ 3 J 


271 


=> Amplitude = - 

2 2 

1 °g I y 2 (^ + y + Z )= C0S (^) 

=» 21og^3y = l => — = 9y 2 

4 

=> y = 12 [ y * 0] 

19. (a): y = £ f £ -(1) 

2^ = xz ...(2) 

2yy = *z 

„ XZ 2^2 

=> 2y = — = [from (1)] 

y *+z 

=> x, 2 y, 2 are in H.P. 

20. (c) : P 9 - P 8 = 999999999 = 9 + 90 + 900 + ... to 9 
terms 

_ 9( 1 0 1) jg G j n g Q p having c.r. = 10] 

= 10 9 - 1 

21. (c) : Given exp. = (1 + x) 2009 [l + (1 + x) + ... to 12 
terms} 

2009 f (1 + x) 12 -1 


= (! + *) 


1 , 


1 (! + *)"! 


= -{(l + *) 2021 -(! + *) ) 

x 

Reqd. coefficient of x 9 = coefficient of x 10 in the 
expansion of (1 + x) 2021 - (1 + x) 2009 } 


_ 2021a- 2009 a- _ 2021a- 2009a- 

<-10 “ <-io “ <—2011 ” <—1999 

22. (c) : On expanding, given expn. 

= 2{x 5 + 5 C 2 x 3 .(x 3 - 1) + 5 C 4 x(x 3 - l) 2 }, which is a 
polynomial of degree 7 

[ v Highest power of x = 7] 

,, C r _ 1 + "C r " +1 C r H + 1 

23. (c) : ••• L = ^r J - = — 

S-i S-i 

(after simplification) 


C 0 + C 1 C 1 + C 2 C 2 + C 3 ^,,-1 + C H 


Ci 


C H - 1 

77 + 1 77 + 1 7/ + 1 


1 2 

(Co + Ci)(Ci + C 2 )(C 2 + C 3 ) ... (C„_i + C„) 

(77 + 1)" 


(77+iy 1 

In 


l« 


(C 0 * Cj • C 2 • ... • C J{ _j) 


(CiC 2 ,..C, l . 1 ) [vCo-1] 


f(n) = 


(77 + 1)" 

ll! 


.-. /(l) = 2,/(2) = |,/(3)=-y 

24. (d) : a + P = - p, aP = 77 (if a, P be the roots of 
given equation) 

A .. P t_j •» r 2aP -2q 
AM. = H.M. = — 7- = — - 
2 a + p p 

Required equation is 

J2 




...( 1 ) 


2 (p 2 +4 q)x 

_> x — + 77 = 0 

2 V 

=> 2px 2 + (p 2 + 4t/)x + 2pq = 0 

25. (b) : x = 7 2 +iV2 

=> (x + 1) 2 =(/V2) 2 

=> x 2 + 2x + 3 = 0 
Now, x 4 + 4x 3 + 6X 2 + 4x + 3 
= x 2 (x 2 + 2x + 3) + 2x(x 2 + 2x + 3) - (x 2 + 2x + 3) + 6 
= x^O + 2x.O -0 + 6 [using (1)] 

= 6 

26. (d) : If a, b, c are in A.R then t a , t b , t c of any G.R 
are also in G.P. 

v 7, 12, 17 are in A.R 

t 7 , t n , t 17 of any G.P will be in G.P. 

.*. *i 2 = ±Jt 7 • f 17 = ±^5(20) = ±10 

Alternative Solution : 

In any G.P, if t p = m,t q = n, then t p+q = ±yjmn (if p + <7 
be even) ~y 

27. (b) : (1 - p) is a root of x 2 + px = p - 1 
=> (i-y ) 2 + y(i-y) = y-i 

=> P = i 

Given equation becomes r + x = 0 
=> x = 0, - 1 

28. (a) : We can write (x - 2010) 2 -lx- 2010 1-6=0 
or, lx - 2010 1 2 - lx -20101 - 6 = 0 

or, t 2 - t - 6 = 0 [where * = I x - 2010 1 ] 

=> t = 3,-2 

=> * = 3 [v *= lx -20101 *- 2 ] 
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[vy* 0] 


=> I a: -2010 1 = 3 => x - 2010 = ± 3 
=> x = 2013, 2007 
Their sum = 4020 



30. (d) : 4 consonants, 3 vowels 
3 even & 4 odd places 
3 even places by 4 consonants — > 4 P 3 
Remaining 4 places — > 4 P 4 

Reqd. no. of arrangements = 4 P 3 * 4 P 4 = 576 


31. (d): 



7 t = t — r-x [Being infinite G.P.] 

'-(-f) 4 t) 

= => 2x + x 2 = 2 + x 2 x = 1 

2 + x 2 + x 2 


32. 


33. 

34. 


(c) : Taking logarithm with base 2 
(log 2 x - log 2 98)log 2 .v + log 2 71og 2 14 = 0 
(log 2 .r - 21og 2 7 - l)log 2 x + log 2 7(log 2 7 + 1) = 0 
(z-2 p - l)z + p(p + 1) = 0 

[where z = log 2 x, p = log 2 7] 

(z - p)(z -p- 1) = 0 

log 2 * = log 2 7, log 2 7 + 1 = log 2 x 

x = 7, 14 


(d) : Let the set be A. .\ n(A * A) = n * n = n 2 
No. of relations on A = No. of subsets of A * A 
= 2" 2 

(d):2y = x + z ...(1) 


2tan 1 y = tan 1 x + tan l 'z 
2 y _ x + z 2 y 

1 - y 2 1 - XZ 1 - XZ 


[from (1)] 


=> 1 - y 2 = 1 - xz 

2 fx + zY 

=> y => (— J = * 2 

=> (x - z) 2 = 0 => x = z 
From (1), 2 y = 2z 
=> y = z .*. x = y = z 

35. (c) : Let a = cos a, p = cos (3 
v a 2 + b 2 = 1 = p 2 + q 2 
b = sina, q = sm(3 

\ap±bq\ = IcosacosP ± sinasinpi 
= lcos(a + P)l<l 


36. 


(a) : Let z = x + iy 

Given equation gives \z - i\ > Iz - 1 1 

[ v Base < 1] 

-v/x 2 H-(y-l) 2 >\/(X-l) 2 + l/ 2 
-2 y > -2x => x > y 


37. (a) : 33! = (2-4-6- ... 32)(l-3-5-...* 33) 

= 2 16 (l-2-3- .... •16)(l-3-5-...-33) 

= 2 16 (2-4-6 ... 16)(l-3-5- ... 15)(l-3-5- ...• 33) 

= 2 16 -2 8 (l-2-3- ... -8)(l-3-5- ... -15)(l-3-5- ... -33) 

= 2 24 (2.4.6.8)(1.3.5.7)(1.3.5. ... 15)(1.3.5. ... 33) 

= 2 24 (2 1 ’ f2+1+3 -3)(l-3-5-7)(l-3-5-...15)(l-3-5-...-33) 

= 2 31 -3(1 -3-5-7)(l -3-5- ...• 15)(l-3-5- ... -33) 

=» 33! is divisible by 2 31 

=> largest (n - 1) is 31 .'. n = 32 (largest) 

26 

38. (c) : a 2 + a + 1 = (taken a = log 10 x) 

a — 1 

=> a 3 - 1 = 26 => a - 3 => log 10 x = 3 => x = 10 3 

39. (c) : Sum of any 2 sides > 3rd side in forming 
any triangle 

Possible combinations are (2, 3, 4), (2, 4, 5), 
(2, 5, 6), (3, 4, 5), (3, 4, 6), (3, 5, 6) & (4, 5, 6) only 
i.e. 7 ways 

v 6 C 3 - 13 = 20 - 13 = 7 

40. (b) : Let x be the number of sisters that each 
have 

Total sisters = 2x 

Given, = =» *(*-!)(*- 2) = j_ 

2x C 3 20 2x(2x-l)(2x-2) 20 

=* = _L =** = 3 

4(2ar — 1) 20 

41. (a) : Let x = cosG + zsin0 


.*. — = cos0-zsin0 

* 1 
=> x 4 = cos40 + zsin40 & — = cos40-zsin40 

x 

x 4 -4 = 2isin46 
x 4 
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(\ 0\ (0 -x\ , 0 

«. (b): 1-A^ q jJ-^ Q j, where x = -tan- 


i’ n 


'l-x 2 

-2x ' 

(cosQ -sinB"! 

fi x > 

1 + x 2 

1 + x 2 

^sin0 cos0 J 

>x 1, 

2x 

1-x 2 



d + * 2 

1 + x 2 ) 


1 xVl-x 2 -2x ^ 


(1 + x 2 ) 2 {-X 1){ 2x 1-x 


1 


1-x +2x 2 -2x+x-x 


(1 + x'r l-x + x +2x 2x + 1 - x 


43. <d): 5 2+4+6+ 

^2(1+2+3+...+jc) 


1 ~ x ) , 

= /+. 

X lj 

■fef = 


, *(*+!) 

’ 2 =(5“ 2 ) -28 


=» x(x + 1) = 56 => x = 7, - 8 
v x 4 0 x = 7 

44 . (a) : Total no. of combinations of n diff. things 

= 2 " - 1 

and total no. of combinations of 2n diff. things 

= 2 2 " - 1 

Given that (2 2n - 1) : (2 n - 1) = 513 : 1 
=> 2" + 1 = 513 [ v 2" - 1 * 0] 

=* 2" = 512 = 2 9 =* n = 9 

45. (c) : Here, D < 0 

=> 4(2 + 3a ) 2 - 4(a 2 + 2<j + 2) < 0 => 8 a 2 + 10<j + 2 < 0 


(4 a + 1 )(a + 1 ) < 0 

„ 1 
-1 < a < — 

4 


46. (b) : Given expansion 

if 1 n 2\n 2 2 [n 2" In 

” la llo In + [1 |»lU + 1? IzlJ + + la [Q 



A 



[ att( 


ion j 


= r-["C 0 + "C,.2+ "C 2 .2 2 + ... + C n 2 n ] 

\H 

1 „ 3” 

= p(l + 2)-= r . 

I* Is 

47 . (d) : v Sum of the roots = 2009, which is odd 
and both roots are prime 

One root must be even & other root must be odd 
=> Their product must be even 
=» Ac is even 

But, product of 2 primes can never be even 
We get a contradiction 
No value of k possible here 

48. (c) : Here, 2 b = a + c ...(1) 

--i f - 1 --i i 

Also, -2 = +- — = — = -(say) 

a b c k 

= -‘(f-MH-*!!- 1 ) 

From(l),2J:^-lj=Jc[|-l) + fc(|-l) 

2 11 

=> — = — + - => x,y, z are in H.P. 
y x z 

49. (c) : a = cosec 2 0 - cot 2 0 = 1, 

P = sec 2 0 - tan 2 0 = 1 

Roots are equal => D = 0 

50. (a) : v 6 different letters can be arranged in [6 
ways 

Number of words beginning with M = [5 
=» Number of words not beginning with 

M = [6-[5 = p ...(1) 

Number of words beginning with M and ending with 

y=li 

=*• Numbrt of words beginning with M but not 
ending with y = [5-[4 = 9 ...(2) 

[5(6 - 1) oc „ 

P-q = H = 25:4 

V 14(5-1) 
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CHALLENGING PROBLEMS 



for various 

Engineering Entrance Exams 


i 


i. if - 

( x-a) 2 (x-b ) ( x-a ) 2 

which is not true ? 


(a) X 2 = v 
(c) \X + v = 0 

2 . 


x-a x-b 

(b) X 2 + p = 0 
(d) none of these 


then 


If xy > 0 and (x + y)^ = --^,x + y + ^ = -^/ then 


(a) 1 


«! 


(c) 3 


(d) 0 


3. I£ 3 X '°g45 2 = 16 - 2' 0845 * , then 1 14 - x I = ? 

(a) 2011 (b) 20 (c) 76 (d) 10 

4. Which interval is included in the domain of 


f(x) = co sec 


-1 


22 Q 

x + 8 

x 

22 Q 

x + — + 8 
x 


(a) (—,-22) (b) (-2,-1) 

(c) (-00,8) (d) all of these 

5. If 13, 11, 27 be remainders when ax 1 + fix + y is 
divided by x + 1, x + 2 and * + 3 respectively, then 
a 2 + P 2 + Y 2 ■ ? 

(a) 3861 (b) 2501 

(c) 2011 (d) none of these 

6. Sum of 4 nos. in A.P. is 6 so that the product of 
extremes is 10 times the product of the means, then 
sum of the numerical value of all the nos. is 

(a) 36 (b) 6 (c) 45 (d) 7 

7. If a, p be 2 distinct solutions of 3cos0 + 4sin0 = 6 

possible values of X and p are ^ ^ 

(a) X = 8, p = 3 (b) p = -3, X = -8 

(c) X = 3, p = 8 (d) all of these 


(0° < a, P < 360°) such that sin(a + P) = / then 


8. If 3 normals drawn from given point (h, k) to 
y 2 = 4 ax be real and different, then 

(a) 9 ak 2 + 4 (h -2a 2 )<0 (b) 2 7a& > 4(fi - 2a) 3 

(c) 27ak?<4(h-2a) 3 &ch>2a (d) 0 

9. If y = f(x) be an invertible function and 
h(x) = xf(x), then \ f{b a ) f-\y)dy + \ b J{x)dx = 


(a) h{a) - h(b) 
(c) h(a) + h(b) 


(b) h(b)-h(a) 
(d) bh(b) -ah(a) 


x 2 t/ 2 

10. A metallic ellipse in + = 1 form is heated 

100 91 

in such a way that it coincides with its auxiliary circle 
in K seconds, then K = ? (Given that e change at the 


10 


,-2 


rate of -^- per second) 

(a) 2010 seconds 
(c) 33.5 seconds 


(b) 670 seconds 
(d) none of these 

For question nos. 11 to 14, write 

(a) if answer is a +ve integer 

(b) if answer is a proper fraction 

(c) if answer is zero 

(d) if answer is irrational number. 

11. If Z\, z 2 represent 2 points P and Q respectively 
on complex plane and 1 I = I z 2 1 , Z POQ = nl 3, then 
Z\ + z 2 = ? 

12. If x = 29.0292929. ...to <*>, y = 19.9101010 to ~ and 

W = 1- 9i0 ,<y l = 1 ”990' then 2* + M = ? ( where (•) 

denotes fractional part function) 

„ i ^ 3 + cos40 

13. If a, P be the minimum values of and 

sin 6 0 + cos 6 0, then a - P = ? 1 " cos40 

14. If f{x) = 2^ {x, r} , then |/({>/3})J = ? (where (•} 

r = 1 

denotes the fractional part function 

15. In A ABC, if ZcosM = a + p. n(cosA), then 
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numerical value of the sum of a and (3 is 
(a) -1 (b) 1 (c) 3 (d) 0 

16. If a = — — and a } + (1 - a{]a 2 + (1 - - a 2 )a 3 

r + 1 

+ to 2010 terms = 1 - K then K = ? 

(a) **2010 (b) **2011 ( c ) 2011 (d) 0 

17. If a , p, m be the remainders when 32 is divided 
by 5, 32 32 is divided by 3 and 32 32 is divided by 7 
respectively, then 

(a) a , p, m are in A.P. (b) p, a, m are in G.P. 

(c) a = p = m (d) none of these 

18. If f(x) = cos(2010{x 3 ) (2011 1 * 21 + 2012*)); x e R, 
then/ max . = ? [{•} denotes fractional part function and 
[•] denotes greatest integer function] 

J_ 

4i 

19. If 2sin*(1005 cos* - 2011) = 2011 cos* - 4020 sin 2 * 


(a) 0 


(b) 


(c) 1 


(d) -1 


then how many values of tan - are possible ? 

(a) 0 (b) 2 (c) 4 (d) 1 

20. If between 2 positive numbers a and P (2a < 3P), 
3 A.M.s' a , b, c and 3 H.M.s' *, y, z be inserted 
such that 2(a + b + c) = 4(*“ 1 + y" 1 + z _1 ) = 9, then 
1 + 10(P + 100a) = ? 

(a) 1021 (b) 2001 


21 . 


Hm J*- 

r — >0 


2 tdt 


(c) 2011 (d) 0 


■ = — , then a = ? 
19 


(e I -l-x)^-| + 104 

(a) 2010 (b) 2011 (c) 2012 (d) 1 

22. If A and B be 2 events and probability that exactly 
one of them occurs is XP(A) + pP(B) + 0P(A n B), 
then 

(a)X + |i = 0 (b)X + |i + 0 = O 

(c) X + \x = 20 (d) none of these 

23. In A ABC, A = 60°, B = 45°, c = 5 and CM 

1 AB. A circle with CM as diameter cuts CA and 

rji 

CB at Q and S respectively so that SQ = — =•, then 
1 + 10(c 2 X - \x 3 )X = ? PvM- 

(a) 2001 (b) 2021 (c) 2013 (d) 2011 


24. If J 


dx 


f 1 


tan 2 * 


l-l, • X 
= — sin (asinx) + c, 
a 


then a 2 (l + a 2 )(l + a 4 )(l + a 2 + a 12 ) = ? 

(a) 2008 (b) 2010 (c) 2012 (d) 2011 

25. If the areas of n distinct squares be in A.P. such 
that the sum of areas of all n squares be n 2 , then length 
of each side of which square is a prime number 


(a) 13 th (b) 25 th 

(c) 5 th (d) all of these 

26. if s and S' be 2 foci and P is any point on 
x 2 v 2 

— + — = 1 such that ZPSS ' = 0, ZPS'S = <(>, then the 
48 36 

, 1-COS0 , 1 + COS0 . 

ratio of and is 

1 + cos<J) 1 - cos<)> 

(a) 1 : 3 (b) 3 : 1 (c) 1 : 9 (d) 9 : 1 

27. If a, P be eccentric angles of 2 ends of a focal 

2 2 
X y 

chord of ellipse — + = 1 and e be its eccentricity, 

then e = a b 


cos 


q-p 


(a) 


cos 


q+P 


(b) 


sin a -sinp 


sin(a - p) 
(d) none of these 


( C ) sin(a-p) 
sinp-sina 

28. If A be the area of the region bounded by 
y = 201 1*. log 2011, y = 201 l~ x . log^Oll and * = 1, then 
[A + 2] (A) = ? (where [*] denotes integral part and 
{*) denotes fractional part of *) 

(a) 1 (b) 2011 

(c) undefined (d) none of these 

29. If in A ABC, 2 cosA sinC = sinB, then 


A = 


1 1 + sin A sin A(sin 2 A + 1) 
1 1 + sinB sinB(sin 2 B + 1) 


1 1 + sin C sin C(sin 2 C + 1) 

(a) 0 (b) -1 (c) 1 (d) 2 

30. If m and M be the least and greatest value of 


2011 + * 


/(*) = 

(a) m- IMI 
(c) m<M 


2012 


(* * 0), then 


(b) Iml =M 
(d) none of these 


SOLUTIONS 


1. (d): \ = — {— l-l 

(x-a) 2 (x-b) x-a [x-a x-b J 


1 


1 


x-a a-b [x-d x-b 

1 f 1 1 


a~b (x-a ) 2 (x-a)(x-fe) 


1 1 
+ ■ 


(x-a) 2 (a-b) 2 x-a ( a -bf x-b 

, 1 1 1 
X = r, H = — , v = - 


i ' r- ~ o 

a-b (a-b) 2 


(a-b) 2 
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2. (c) : Let y / x = a 

and x + y + a = l/2 

3 1 

=> + a = - 

2 a 2 


x + y = - 3 / 2a 


2a l -a-3 = 0 


3 

a = — 

2 

y = 2 

a: 2 


v rt^-1 as xy>0 


£>0 


•••(ii) 


a >0 


x 

y 


/ Y 2 

X I , X X 
- =l + - + -r + . 

yj y y 2 


.+ to «> 


f-1 + + 00 = 3 

[v r = — <ll 

UJ 

3 


••• I 

r = 0 

= 1 + -- 
3 

3. (a) : v a og * b = b log * fl .*. x log45 2 = 2 log45 x 
.*. Given equation becomes 3(2 log45 * ) + 2 log45 A = 1 6 

=» 4(2 log45 ' r ) = 16 =» 2 Iog45 * = 2 2 
=> log 45 x = 2 x = 45 2 = 2025 
... |l4 - x| = |— 201 1| = 2011 


4. (a): 


22 o 

x + 8 

x 


22 o 

x + — + 8 
x 


tan 


a + P 


a*p 


sin 2^*0 


sin(a + p) = 


21 4 

u 


1+1 1 


24 

25 


Xu 


(X-H ) 2 


...(iii) (given) 


>1 


I x 2 + 22 - 8x I 
I x 2 + 22 ± 8 a: I 


>1 •••(«) 


=> lx 2 + 22- 8x1 => lx 2 +22 + 8x1 
[Here, x 2 + 22 + 8x = (x + 4) 2 + 6 > 0] 

=> (x 2 + 22 - 8x) 2 > (x 2 + 22 + 8x) 2 

=> (2X 2 + 44) (-16x) >0 => x£0as2x 2 + 44>0 always. 

22 

But, x * 0 due to presence of the term — in question. 
Hence, x < 0 or x e (-<», 0) 

=> (- 00 , -22) is included in the domain of/(x). 

5. (c) : Let f(x) = ax 2 + Px + y 

.*. From Remainder theorem, /(-l) = 13, /(-2) = 11 and 
/(-3) = 27 

=> a - P + y = 13 ...(i), 4a - 2P + y = 11 ..(ii) 

9a - 3P + y = 27 ...(iii) 

On solving we get a = 9, P = 29, y = 33 
a 2 + P 2 + yr = 81 + 841 + 1089 = 2011. 

6. (a) : Let nos. as a - 3d, a - d, a + d, a + 3d 
(i a - 3d) + (a - d) + (a + d) + (a + 3d) = 6 = 

and, (a - 3 d)(a + 3d) = 10 (a - d)(a + d) 

=> a 2 - 9 d 2 = 10 (a 2 - dr) => d 2 = 9 a 2 => d = ± ^ 

Nos. are 15, 6, -3, -12 or -12, -3, 6, 15 
.*. Sum of their numerical values 
= 1151 + 161 + 1-31 + 1-121 =36 

7. (d) : 3 cosa + 4 sina = 6 ...(i), 3 cosP + 4 sinP = 6..(ii) 

On subtracting, 3(cosP - cosa) = 4(sina - sinP) 

. p + a . a - p . _ a + p . a-p 
=> 3.2 sin sin = 4.2 cos sin — — 


(iii) is satisfied for options (a), (b) and (c) 

8. (c) : Equation of normal to y 2 = 4 ax ... (i) 

at P(am 2 , -2 am) is am 3 + (2a - x)m + y = 0 ... (ii) 

If it passes through (h, k), then am 3 + (2a -h)m + k = 0 
Let f(m) = am 3 + (2 a - h)m + k 

f'(m) = 3am 1 + (2a - h) => f'(m) = 0 has roots 
, \h-2a A x 

=±«( sa y) 

If a, -a be real then roots of (ii) will be all real and 
3 normals to (i) drawn from (h, k) will be real and 
different. 

.*. We must have /i-2fl>0asa>0 i.e. h>2a 
Further, /(a) and /(-a) must be of opp. sign 

=> /(a)./(-a) < 0 

=> (aa 3 + (2a- h)a + k) [fl(-a) 3 + (2a- h)(-a) + k] < 0 
On putting the values of a and simplification, we get 

27flk 2 <4 (h- 2a) 3 

9. (b): I = jt.f'(t)dt + fj(x)dx 


3 

a- — 
2 


-['■mi-frfw+llm* 

[••• £f {x)dx= 0 {t)dt ] 

= bf(b) -af(a) = h(b) - h(a) 


Let f~ l (y) -t in 

•>y=m 

dy-fWt 


y 

~W 

m 

t 

a 

b 


10. (a) : Before heating, e = J 1 - = — 

V 100 10 

*•* Eccentricity of any circle is zero 

When ellipse coincides with auxiliary circle after 
3 

heating, e will change from — to 0 in k secs. 


de 

Jt 


10 


-2 


67 


J de= ~i 


k io~ 2 


3/10 


67 


dt 


=> 0 - — = 
10 


10 


-2 


- - (A: — 0) => /c = — x 


67 

67 v 10 10“ 2 


= 2010 secs 


11. (c):Here, z 2 -0 = (z!-0) e 
=> z\ = Zj • e tK = Zj (cosh + isinn) = -z 3 

z 3 +Z 2=0 

12. (a) : v x = 29-029 and y = 19-910 

Contd. on page no. 88 



P(z i) 
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a(z k/1 - e k/2 ) + e 


nk 


-k/2 


nk 


+ e' 


,k /2 cos ta sin — 


a(e ~ k/2 +e k,2 ) + z 


' k/ 2 _ e */2 7 ik . . nk 

ac os /sin — 

5 5 

In particular, at k = 0 the solution is x 0 = 

(ix) (a), (b) 

The roots of the equation x 7 = 1 are 

2kn . . 2kn ,, n 1 0 

cos + zsin (* = 0, 1, 2, 6). 

7 7 

Therefore, the roots of the equation 

X 6 + X 5 + X 4 + X 3 + X 2 + X + 1 = 0 (*) 

2kn . . 2/c7c 

will be x k = cos— + /sin— (k « 1, 2, 3, 4, 5, 6). 

Put * + — = y, 
x 

then x 2 + -- = y 2 - 2, x 3 + \ = y 3 - 3y. 
x x 3 

Equation (*) may be rewritten in the following 

Way (* 3 + ?) + (* 2 + x) + 1 = °' 

It is evident that x l = x 6 ,x 2 = x 5 , x 3 = x 4 , 

x k = x 7 - k = x k + x k = 2 cos . 

Hence, we may conclude that the quantities 

2cos— , 2cos— , 2cos— are the roots of the 
7 7 7 


following equation y 3 + y 2 - 2y - 1 = 0 let the roots 
of a certain cubic equation be a, (3, y. 

We then have a + p + y = a, a(3 + ay + Py = b, 
aPy = c. 

Let the equation, whose roots are the quantities 
n/oc , ^/p, ify, be x 3 - Ax 2 + Bx - C = 0. 

Then >/a + +^/y = A, 

yfa ^/p +\/a^y + ^/p^/y = B, ^/aPy = C. 

Let us-make use of the following identity 
(m + p + ^) 3 = m 3 + p 3 + /j 3 + 3(/// + p + q)(mp + mq + p^) 

- 3mpq. 

Putting here instead of m, p and // first \/a , ^/p , ^/y , 

and then ^/cxp, ^/ay, ^/Py, we find 
A 3 = a + 3AB- 3 C, B 3 = b + 3BCA - 3 C 2 . 

In our case we have a = -1, b * -2, c = 1, C = 1. 
Hence 4 3 = 3.4B - 4, B 3 = 3AB - 5. 

Multiplying these equations and putting 
y4B = 2 , we find z 3 - 9z 2 + 27z - 20 = 0, 

(z - 3) 3 + 7 = 0, z = 3 - y/7. 

But A 3 = 3z-4 = 5-3^7, A = ^5-3^7. 
Therefore, indeed, 

>/a + ^P + ^y = ^2cos^ + ^2cos-^- + ^2cos^ 
= yj5- 3^7 • 

The second identity is proved in the same way. 
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Contd.from page no. 26 

• • 29 QA1 

.*. {*} = 0.029 = -£-=1- — => X = 961 
990 990 

, , •! 910-9 901 , 89 QQ 

ly ' 990 990 990 


2 X + n = 2011 

3 + cos40 2 + (l + cos40) 


13. (b): 


2 + 2cos 2 20 


1- cos 40 2 sin 2 20 2(2sin0cos0) 2 

1 + cos 2 20 _ (cos 2 0 + sin 2 0) 2 (cos 2 0 - sin 2 0) 2 
4sin 2 0cos 2 0 4sin 2 0cos 2 0 

. 2 < cos< 6 * 9) = c °' 2 9 * l,n; 6 a Jcot 2 e ■ tan 2 e 

4sinWe 2 r,. 

... . , 3 + cos 40 

.*. Minimum value of = 1 = a 

1- cos 46 

Otherwise: ^ + CQS — ■ will be min, if N r is smallest and 
1- cos 40 

D r is greatest, which is possible when cos40 = - 1. 

3 + (-l) 


a = - 


- = 1 


l-H) 

Also, sin 6 0 + cos 6 0 = (sin 2 0 + cos 2 0) 3 - 3 sin 2 0.cos 2 0. 

(sin 2 0 + cos 2 0) 

= 1 --sin 2 20 [v O£sin 2 20£l] 

4 4 , 

.*. Minimum value of sin 6 0 + cos 6 0 = 7 - P 

4 

1 3 

a - (3 =1 — = -, which is a proper fraction. 

4 4 

14. (d) :/(*) - {* + 1} + {X + 2} + {* + 3} + + {* + 10} 

- {*} + {*} + to 10 terms [v {x + n] = {x}, if n e I] = 10{*} 

.-. /( \&i) = f(S - 1) = 10 [S - 1} = 10 (S -i) 

[v 0 < v3 - 1 < 1] 

- 10 (0732) (app.) = 7-32 (app.) ... [f({S))} = 7 

{/((V3})} = /({V3})-[/«V3})] 

= 10 (V3 - 1) - 7 = IO 1/3 - 17, which is irrational 

15. (b): v A + B + C = n ...(i) 

.•. IcosM ■ cos 2 A + (1 - sin 2 B) + co9 2 C 
= 1 + (cos 2 A - sin 2 B) + cos 2 C 

- 1 + cos(A + B) cos(A - B) + cosGcosC 

= 1 + cos(n - C) co9 (A - B) + cosC • cos(n - A + B) 

[from (i)] 

- 1 - cosC'|cos(A - B) + cos(A + B)} 

■ 1 - 2 cosA cos B cosC ■ 1 - 2l"I(cosA) 

.*. a ■ 1, (3 - -2(on comparison) .*. la + pi - 11-21 - 1 

+ ( l 4)( 1 4)( , -i)5 + -" ,o2010,erms 


1111 

= — + — + — + — + .... to 2010 terms 
2 2.3 3.4 4.5 


-'4 


i > 
3 


+ | i-i U[ i-i 

3 4 4 5 


= 1 - 


1 


K = = a. 

2011 


2010 


1 

2011 


2010 


2010 

17. (b) : Clearly, a = 2 

v 32 32 = (2 5 ) 32 = (3 -l) 160 = 3 160 - 160 q3 159 




+ 160 C, 


ol58 


160/- o . i 

U 159 3 + 1 


= (a number multiple of 3) + 1 = 3 m + l(say)[m gJ*] 

.*. 1 is the remainder, when 32 32 is divided by 3 
=> p - 1 — (ii) 

Also, 32 3232 =32 3m + 1 = 2 15m + 5 = 2 2 -(2 3 ) 5m + 1 

= 4[(7 + l) 5m + l ] = 4[7 5m + 1 + 5m + 1 C 1 -7 5m + + 

5m * ! C 5 m *7 + 1] = 4[A multiple of 7) + 1] 

.*. Clearly when 32 3232 is divided by 7, the remainder 
will be 4 => m = 4 ...(iii) 

(i), (ii) and (iii) => p, a, m are in G.P. 

18. (c) : Maximum value of cos0 is 1 

.*. / max . - 1, if possible for some x e R 

••• /( 0) = cos(2010 (0} (2011 [01 + 2012 x 0)) = cosO = 1 

Hence, f max . = 1 

19. (b) : on re-arranging, we get 

2010 sin* (cos* + 2 sin*) - 2011 (cos* + 2 sin*) - 0 
=> (cos* + 2 sin*)(2010 sin* - 2011) = 0 
=> cos* + 2 sin* - 0 or, 2010 sin* - 2011 - 0 
2 


1-r 22t 

i+t 2 + i+t 2 

f 2 - 4f -1 = 0 


= 0 or, sin* = 


>t = 2±>/5 


2011 

2010 


> 1 (Impossible) 


where f = tan - 
2 


2 values of t i.e. tan - are possible. 


20.(a) : Sum of n A.M.s' between any 2 nos. 
in n times the single mean between the 2 nos 
a+JJ 
2 


,\ a + b + c = 3 


§ = §(«*> a a + p-3 ...d) 


. 1 1 1 0 
and, — + — + — = 3 

X y z 


1 1 

«±I 


j 


,’=2(14) 

4 2{a pj 


^ = f ,.a P = 2 

ap 2 


...(ii) 


On solving (i) and (ii) : a ■ 1, P ■ 2 or a ■ 2, P ■ 1 
But, 2a < 3P (given) .•. a = 1, P - 2 
... 1 + 10 (p + 100a) - 1 + 10 (2 + 100) - 1021 
21. (a) : Rearranging the equation, we get 
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=> lim 
*->0 

=> 2 lim 


/ 


2x \ 


2« 

3 

-- + 104 

2 


(e*-l) 

— lim 


19 

1 


x->0 - 1 *->0 


l2a_x 

V 3 2 


=> 2(1). 




+ 104 


19 


+ 104 
2a 


19 


+ 104 = 4 x 361= 1444 


=> a = 2010 

22. (b) : P(exactly one) = P(A n B') or P(A' n B) 
= {P(A) - P(A n B)} + {P(B) - P(A n B)} 

= P(A) + P(B) - 2P(A n B) =» A - 1, p = 1, 0 = -2 
.\ A + + 0 = 0 


/j\ CM . . 

23. (d) : v = sinA 

AC 

SQ 


CM = bsinA 


C 



In ACQS, — — = 2R (sine rule) 
sinC 

=> SQ = CM.sinC 

[ *•* CM = 2B, where R is 
radius of circumcircle) 

= b sinA. sinC [from (i)] 

= csinBsinA [v b sinC = c sinB) 

= c sin 45° sin 60° = (given) 

X-3.,-2 ^ 

1 + 10 (c 2 X - n 3 )X = 1 + 10 (75 - 8)3 - 2011 

„ . . r cosxdx t cos x dx 

24. (b) : / = J —*====== 

yj COS X - Sin X 

Put sinx = z, cosx dx - dz 


r 

A /l-2sin 2 x 


-J 


dz 




(1/V2) 


+ c 


= JL- sin" 1 (>/2sinx) + C = ~ sin" 1 (a sinx) + C [given] 

=> a = >12 .*. a 2 (l + a 2 )(l + a 4 )(l + a 2 + a 12 ) - 2010 

25. (d) :Let A], A 2, A3, A n be the areas of n squares, 

which are in A.P. and S„ - n 2 

v A r =S r -S r _ 1 = r 2 -(r-l ) 2 = 2 r-l 

.*. length of each side of r* square = yj2r -l = l r (say) 

/ 13 = V2(13)-1=5; (25 = ^2(25 )-l = 7 
/ 5 = V2(5)-1 = 3 

••• 3, 5, 7 all are prime numbers. (d) is correct. 

26. (c) : Here, a = 4>/3, b = 6 

L 36 1 

e = T 48 = 2 

SS' = 2ae = iS 


Let PS = x and PS' = y 

t a nrr' r PS + PS' + SS' 2a + 2ae 

In APSS , S = = = a(l + e) 

2 2 V ' 

[v In any ellipse, PS + PS' = 2tf (if fl>b)] 

Now, tan?, an ♦ j(S- y )(S-2 m ) 

2 2 V S(S-y) y SIS - ,v) 

_ S -2ae _ a(l + e) - 2ae _l-e _ 1 - 1/2 1 

~ S a(l + e) “l + e"l + l/2~3 
2 sin 2 (9 / 2) -2 sin 2 (<j>/ 2) 1 

2cos 2 (0 / 2) • 2 cos 2 (0/2) 9 

^ (1-COS0)(1-COS0) _ 1 1-COS0 1 + COS0_ 1 ^ 
(1 + COS0)(1+ COS0) 9 1 + COS0 1-COS0 

27. (a) :Let P{a cosa, bsina), Q(fl cosP, bsmp) and S(ae, 0) 
v P, S, Q are collinear Slope of PS = slope of QS 
bsinoc-0 frsinfl-0 
acosa-ae acos$-ae 
=> sin a (cos f>-e) = sin p(cos a - e) 

«-p 

sin(a - P) 


cos- 


=> e = 


sin a - sin P a + P 

K cos - 

2 


28. (a) : y = 2011 x • log, 2011 
y = 201 l"Mog f 2011 



Reqd. area = ^(2011* • log, 2011 - 201 1’ 1 log, 2011)<fr 

= 2011 + — =2011 
L 201 lj 


= 2009 + ^ = ^ (given) ••• [^ + 2] 


and M}= 2^T lA + 2] M, “ 1 


29. (a) : 2 • 


b 2 + c 2 + a 2 c 


_b_ 

2 R 2 R 


y* 

e\ ^ w. 

l S' 

s 




2bc 

=> b 2 + c 2 — a 2 = b 2 => a = c 
A - C or &ABC is isosceles 
A = 0 [v A = C & Rj and R 3 are identical] 

30. (a) :/(*) = 2211 + *2011 => m m _ 2011 + 20m 20l0 

* X 2 

f"(x) = + 2011 , (2) + 2011.2010* 2009 

X 3 

For f(x) to be max. or min. /'(x) - 0 => x - ± 1 
.\ /"( 1) > 0 => /(x) is min. at x - 1 

=> /min -/(l) ■ 2012 - m 

/"(- 1) < 0 =* /(x) is max. at * - -1 

=> /m«- “/(-l) “ - 2012 - M ••• m-IMI 
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INDEFINITE INTEGRATION 

* ALOK KUMAR, B.Tech, IIT Kanpur 


This column is aimed at Class XII students so that they can prepare for competitive exams such as IIT, AIEEE, etc 
and.be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are 
a happy blend of the straight and the twisted, the simple and the difficult and the easy and the challenging. 


Substitution : 

1. Evaluate the following integrals: 


... rVl + lnx , 

( 1 ) /=J — dx 


(iii) / = J 


xinx 

dx 


~v. 


dx 


W 1-pi 


xvx + 4x-4 

VT77 


(v) 


1 


x 2 • ylx 2 + a 2 J x ’ 

J2 


dx 


yj(x 6 + 2x 3 + 2) 
dx 


dx 


(vi) ' = J 


dx 


(vii) 

J sin x + 

(ix) f = J 


(x 2 + 4)V 4jc 2 +1 

rJi 


sin x + tan x 
dx 

tanxcos2x 


(Viii )I = j^dx 


(x) I 


r J sin 2 x 

= Jfe 


dx 


Integration by Parts : 

2. Evaluate the following integrals: 


(i) 

rsin 1 x , 

j * 

(ii) 

J e 2x cos 3 x dx 

(iii) 

je x sin x sin2x sin 3x dx 


(iv) 

jx 2 (e x smx)dx 

(v) 

H'JU,)" 

(vi) 


(vii) 

J x. log(x 3 + 1 )dx 

(viii) J «*• log(e 21 + 5e x + 6)dx 


3. 

Evaluate the following integrals : 

(i) 

JVx(logx) 2 dx 

(ii) 

J x 3 tan 1 x dx 

(iii) 

Jx 2 sinx cosx dx 

(iv) 

Jx sinx sec 3 x dx 

(v) 

Jx cos 3 x sinx dx 

(vi) 

[ ^ + X -e x dx 
J (2 + x) 2 


(vii) Jii 


V(l-sinx) /2 


dx 


l + cosx 

Rational Functions (Partial Fractions) : 

4. Evaluate the following integrals: 

f x 2 + 1 


(i) 


J(x + 


x 2 dx 


(x + 2) 2 (x + 4) 
r x 2 + x + 1 

W) 

x + 1 


;■ 2 


(ii) JtpT 


(x 2 -1)(x 2 -4) 


-dx 


(iv) Je xl/ 

f * + l j 

w liriw" 

M) f (p')(p 2X^,3)^ 

J (x 2 + 4)(x 2 + 5)(x 2 + 6) 

5. Evaluate the following integrals: 


dx 


(i) ! = j 

(ii) f = J 
(Hi) I = j 

(iv) f = J 

(v) f = J 


•A. t 14 J 

— r —dX 

x 2 (x-a)(x 2 +a 2 ) 

x 3 - 6x 2 + 9 X + 7 , 

dx 

(x - 2) 3 (x - 5) 

cos 2 xdx 
sinx.cos3x 

1 dx 
x 2 (x 2 + l)(x 2 + 2) 2 * 
x 5 dx 

(x-l) 2 (x 2 -l) 


Irrational Functions : 

6. Evaluate the following integrals: 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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w (io 


x 2/3 -x 1/4 


(iii) / = f j( 9 **) rf (iv) 7 = J , ^ 

J x 6 xVx 2 + 2x - 1 


(v) jV(l + secx) dx (vi) I = J ^ 2X + * dx 

(vii) 7 = f £ • 

' , (x-l)V* 2 + x + l 


rVl + x 2 


dx 


(viii) 1 = f I f < ix > 7 = I ' * dx 

J X'Jl + x-x 2 J 2 + x 2 

7. Evaluate the following integrals: 

rjn 3 * , r f2-sinx 

(iii) 7 = f — j 

J (sinx + 2secx) 

(v) 7 = f — — 7 — 

J 1 - sin 4 x 

dx 


0) «B I -f|= 

j X 2 J 2 + 


cosx 


(iv) I = J.Jl + cosec x dx 
(vi) 7 = f- 

* si 


sin 5 x • cos 5 x 


(vii) 7 = [- 

J cr 


sin 2 x + cos 4 * 


(viii) J see 477 x cosec 10/7 x dx 

(ix) / = | sin 8 x dx 

(x) J= fri±sin 2x\ Xdx 

J Vl + cos2x/ 
cosx + 2sinx + 3 
4cosx + 5sinx + 6 

Integrals Involving Exponential and Logarithmic 
Functions : 

8. Evaluate the following integrals : 

(i) J = f (sin -1 x) 2 dx (ii) 1 = f (tan" 1 x) 2 • xdx 


(xi) 7 = J 


dx 


xlnx 

= 2fdt + 2 f — =2t+ 2 ln 

t- 1 

V(* 2 -d 3 

J J t 2 -1 2 

f + 1 


(iii) 7 = J 

(iv) 7 = J(x 3 -2x 2 +5)e 3x dx 


(v) 7 = J 
(vii) 1 = J e 5i 


X 1/3 J 

x • e dx 


(vi) 7 = J 


dx 


>/l + e x + e 2x 


xcos x-sinx 


cos 2 x 


(viii) 7= f — ^ — 

J + e 2 * 

Miscellaneous : 


9. Evaluate the following integrals: 

_ r _ r 

du 

i 

i 

4^ 

K 

N> 

1 

( i Y il 

..v , r x 6 - 2x 4 + 3x 3 - 9x 2 + 4 , 

UJ / = = dx 

J x - 5x + 4x 


1 “ 2J 4J 




™ 1 

J (x 4 -1) 2 


(iii) 

J cir 


(iv) 7 = J V tan 2 x + 2 dx (v) 7 = J — - 


(vi) 7= f-=L- 
J 1-x 6 

(viii) 7= f — ~ dx 
J(l-x ) 3 


(vii) 7= f 

J ( Y — 



(x - l)(x - 2) 3 
xdx 

(x + l) 3 (x 2 +l) 


(ix) 7 = J 22L- 

J (x + l) 3 (x 2 + 


10. Evaluate the following integrals : 


(e 3x +e x )dx 


dx 


(i) 7 = fll - )ax (ii) 7= f-=f£ 

J e 4x - e 2x + 1 J Ji _ ci 




sin 4 x 


(v) 


(vi) 


J = 



T rx 2 + 3x + l , , ..v r f smx 

/ = — dx (vn) I = , 

x 4 - x 2 + 1 J ^(1 + sinx) 


dx 


(viii) 7 = f <Z* + 3)tfx 

J (x 2 + 2x + 3 )Vx 2 +2x + 4 
(ix) 7 _ j3cosx-4sinx 


(x) Prove that J 


4cosx + 5sinx 
dx 


■ dx 


sin(l + 2cos 2 x) 


sin 2 x cos 4 x 


3 cos x 


2cot2x. 


SOLUTIONS 


1. (i) 1 + lm^f 2 


—dx = 2f dt 

X 


J t 2 - i J t 2 -i 


7 = 2-s/l + lnx + In 
1 


Vl + lnx +1 
1 


+ c 


Let x = — => dx = — ^-du 

u u 2 

— T^ u A 

7= [ ...H- 2 .. = [ ~ du 

-\-Vi + 4 m-4m 2 Vl + 4m - 4m 2 
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(iv) Let x = - 
t 


dx = — -dt 


f X v 7 

t 4 

Let t 2 + 1 - u => 2t dt - du 
I = jyfudu 

J = _I u 3/2.2 +c = _I (f 2 +1) 3/2.2 +c 

2 3 2 3 


= -^fi + 1 l +c = -A(i + ^ 2 ) 3/2 +c 


\3/2 


3U 2 J 


(V) / = J 

-sJ 


x 2 dx 


+ 2x 3 + 2) 


3 x J 

, Let x 3 = t=> 3x?dx = dt 




3 J N /[(i + l) 2 +l] 3 

= Tsinh _1 (x 3 + 1) + c 


= -sinh *(f + l) + c 


(vi) Let x = y 


Jx = — -dt 


-i 






-tdt 


(l + 4f 2 )V4 + f 2 J (1 + 4f 2 )V4 + ? 


Let 4 + f 2 = z 2 =» 2t dt = 2z dz =$-t dt = - zdz 

! -h 


f ~ zdz - 1 

[ dz _ 1 

[ * 

' [1 + 4(z 2 - 4)]z J 

1 (1 + 4Z 2 - 16) J 

1 (2z) 2 - (>/l5) 2 


4 x 2 x 


Vl5 


In 


»- 


%/l5 


z + - 


•J 15 


+ c 


4x>/l5 


4xVl5 


In 


In 


2z-Vl5 


2z + -7l5 

2 v 


+ c 


W 


X 


4 + 


1 


Vl5 


7 = --i=ln 


4n/i5 


2^4x 2 + 1 - >/l5 


(vii)/ = J 

-J 


2>/4x 2 +1 + Vl5 
dx 


+ c 


+ c. 


nl = 1 

,] = \ 

l 

hi 


(tan 2 x + tan 2 x • sec 2 x)cos 2 x 


sec 2 xdx 




sec 2 xdx 


tan x(l + sec x) J tan x (2 + tan x) 
Let tan x = t => sec^x dx = df 


= Ji-^-r = /T-f 

•* t z (2 + t 2 ) J f 2 J 


df 


(2 + f ) 

1 1 „ -1 t 

= r= tan 


dt 

2+f 2 


/=- 


» vr 

1 


V2 


+ c 


1 _! ( tanx"\ 

rtan 1 1 


tanx“ V2 tan WTj 


+ c. 


(viii) = J- 


x 4 A 

1 + -j 

f \ 

X® 

j x 13 


dx = 



T ^ 7 ” , dx tdt 

Let 1 + — = f 2 => — -dx = ltdt or — = 

x 8 x x 4 

= — [ t • (tdt) = -- f t 2 dt = — + c = — + c 

4 J 4 J 4 3 12 


+ c. 


(ix) Let cos 2x = t => - 2 sin 2 x dx = eft 
dt 


dx = - 


=— j— 

- 4 J smx 


-2sin2x 
dt 


cosx 


sinxcosxt 


-ij 


eft 


4 J sin 2 x • t 


1 f dt -1 r dt 

~~4 J i-t ~~Yh(i-t) 
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= Iln 
2 


/ = In 


1 -t 


+ c = —In 
2 


l-cos2x 


cos2x 


+ c 


yfl Si 


sinx 


7cOs2x 


+ c. 


(x) 1 = j (tan x) 2 ' 3 • sec 4 xdx 

= J (tan x) 213 sec 2 x(l + tan 2 x)dx 
Let tan x - 1 => sec^xdx = df 

= Jt 2/3 (l + t 2 )^ = Jt 2/3 ^ + Jt 8/3 ^ 


= ft 5 ' 3 + ^f n/? + c = -(tanx) 5/3 + — (tanx) 11/3 + c. 
5 11 5 11 1 


2. (i) Let x = sin0 => dx = cos0 dQ 

I = J© • cot0 • cosec 0 dQ 

= 0 Jcot0 cosec0d0 

-![>/ 


cot 0- cosec QdQldQ 


= -0cosec0 + 


| cosec0 d0 


= -0cosec0 + log, tan — + c 
j -sin _1 x , (l-cos©) 


. -sin 1 x . 

1 = + log t 


1 -Vl-x 2 


+ c 
\ 


+ c. 


/ 


(ii) Je 2 * cos 3 a: dx = ^ Je 2x (cos3x + 3cosx)dx 


cos3x = 4 cos 3 x - 3cosx 

3 cos3x + 3cosx 
cos x = - 


= — fe 2x .cos3x dx + - f e 2x cosx dx 

4 J 4 J 

, cos|3x- tan' 1 -] 0 cosfx- tan _1 -M 

1 2x V 2>L 3 ,2x V 2j 


4 


- + - e 

4 


75 


yj(3 2 +2 2 ) 

(iii) jV sinx sin2x sin 3x dx 

= ^ jV( 2sin2x sinx) sin 3x dx 
= i | e x (cos x - cos 3x) sin 3x dx 
= ^ jV {2 sin3x cosx - 2 sin3x cos3x}dx 
y sin(4x - tan' 1 4) x sin(2x - tan' 1 2) 


+ c 


717 


- + e A 


75 


sin(6x - tan 1 6) 


-e' 


73 7 


+ c 


(iv) Jx 2 (e* sinx)dx 

2 e*(sin(x - tan' 1 1)) r . _ llxJ 

= x . — - — ^—7= — - I 2x.-^sin(x- tan l)dx 

72 J v2 

[(e* sinx) is taken as 2nd function] 

xV . ( n) 

= — ^-sin^x - — J 

xV . f 71^ x [ X • ( K 

= —j=r - sm |^x - — J + x e cosx + je sin^x- — Jdx 

(*-;). *' s 4-f) 


x 2 e x sin I 


- + X 6 COSX + - 


75 75 

(v) Set x = fltan 2 0 =>dx = 2fltan0 sec 2 © d0 
dx 


i sta "|iS]‘ 


= [sin 1 ff atan ^- 1 2 a tan0sec 2 0d0 
J \[va + fltan 2 0jj 

= 2a J sin -1 [sin 0] tan 0. sec 2 0 dQ 

= 2a j 0.(tan0.sec 2 0)d0 

= a© tan 2 0 - aj (sec 2 0 - l)d0 
= A0tan 2 0 - a[tan0 - 0] + c 

= (x + a) tan" 1 - - y](ax) + c. 

<vU [“""te?)" 

3 tan 0 - tan 3 0 


f _j j tan w — tan u 2 a ja 
= tan z .sec 0. dQ 

J L l-3tan 2 0 J 
= J tan -1 (tan 30) sec 2 0 dO = 3j 0.sec 2 0 dQ 

= 3[0.tan0- Jl.tan0 dQ] = 30. tan0-3 logsec0 + c 

= 3xtan _1 x - - log sec 2 0 + c 

[ v sec 2 © = 1 + tan 2 0 = 1 + x 2 ] 
= 3xtan' 3 x - -log(l + x 2 ) + c 
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(vii) 1 = J x. log(x 3 + 1 )dx 

, '•< 


, * 2 ' i* 4 
3 x 2 . — dx 

2 

= y-log(.t 3 + l)-|j^-- 

-/-Vr 

x 3 +l) 

Dividing x 4 by x 3 + 1 



f -r^—dx 
j a 3 +1 


If 


A Bx + C 
■ + - 


x 3 + 1 X + l X 2 - X + 1 
then x = Aipc 2 - x + 1) + ( Bx + C)(x + 1) 

Putting x = -1 =» -1 = A(3) A = -~ 

Putting x? = x - 1 =* x s Bx 1 + Bx + Cx + C 

s B(x - 1) + Bx + Cx + C ( v x^x-l) 

= 2 Bx + Cx-B + C 

Equating coefficient of x and constant terms 

2B + C = 1,C-B = 0 B = i and C = ^ 

3 3 


dx = [ — dx + f 

J x 3 + 1 J + J 


x + l 


3(x + 1) 


3(x 2 -x + l) 


■ dx 


1. , _ If 2x-l . lr d 

= -log(* + i)+-J - r —- dx + - 2 j— 

= -ilog(x + l) + ilog(x 2 -x + l) + |j 


x fc - X + 1 

dx 


MMS 

1. . 1 . ,2 i\ 12 _i ( 2x “ 1 

.-logCD.-logl* -x + D+j^un 

Putting them all together, we have 

7 = yl0g(* 3 + l)-^-il0g(X + l) 

1, . 2 „ >/5 _j f 2x - 1 

+-l°g(* - x + 1) + —tan 1 I 

(viii) J e* • log(e 2 * + 5e x + 6 )dx = J log[(f + 2)(f + 3 )]dt 
= J log(f + 2)dt + J log(f + 3 )dt ] 

= log(f + 2 ).t -jj^-tdt + log (t + 3).t - f. 

= f.log(f + 2)-j[l- T ^]<7t 


t.dt 


+ t.log(f + 3) 




= f.log(f + 2) - 1 + 21og(f + 2) + 1 log (t + 3) - 1 + 3 

log(f + 3) + c 


= f[log(f + 2) + logy + 3)] - 2f + [2 log(f + 2) + 3 


1 . ?.(r- 


log(t+3)] +-c 

= e'[log(e 21 + 5e x + 6)] - 2e x + 2 log(e l + 2) + 3 

log^e* +s3) + c. 

3. (i) j'lxQogxf.dx.- . ,J_ + - i._ = 

= | x 3/2 (log x) 2 - | J (log x)x} n dx 

= |x 3/2 (logx) 2 -i[(logx)|x 3/2 - Ji.| f 3/2 rfx] 

= |* 3/2 (logx) 2 - ^(log.v)x 3/2 +|.|.x 3/2 +c 
= y-x 3/2 [18(logx) 2 - 24 log* + 16] + c. j i “ 

(ii) f.v 3 tan _1 xrfx= tan’" 1 *.— - - f fx 2 - 1 -t- ' 1 - Irfx 

J 4 4 J V x 2 + 1 / 

= — .tan _1 x-- [fx 2 - 1 + — ^ — Idx 
4 4 J v x 2 +lj 

x 4 1 x 3 X 1 _1 

= — .tan x + tan x + c 

4 12 4 ‘4 

(iii) j * 2 sin x cos x dx = I J * 2 sin2x dx 
= l x2 r_ cos2xVlr 2 ,..cos2x 

2 v 2 / 2J 2 


dx 


j | - 

^oirr! 

*i 


x cos2x 
4 


1 T sin 2x r sin 2x ^ 1 

2L 2 2 J 




x cos2x x sin2x cos 2x 

= + + + c 

4 4 8 

I,- - ^ xsin2x 

= -(1 - 2x 2 )cos2x + + c. 

8 v 4 


(i v ) Jx sinx sec 3 x dx = Jxsec x.| 

= Jx. secx.(secx.tanx)dx 

[Take sec x as 2nd function] 


v f sin *.secx Idx 


Vcosx 


c jdx 


sec 2 x r sec 2 x , 
= x. .dx 


sec x tanx 1, 2 

= x. — — + c = -(xsec x - tan x) + c 

(v) J x cos 3 x sin x dx = - J x cos 3 x(- sin x)dx 
cos 4 x j cos 4 x 


= - x. 


4 J 4 

= --.cos 4 x + i f(cos 2 x) 2 dx 
4 4 J 
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x cos 4 X 

If 

4 

X cos 4 X 

4 J 

1 

4 

+ 16- 

x cos 4 X 

If 


+ — 


+ — J(1 + cos 2 2x + 2 cos 2 x)dx 

sin2x~|^ 1 f l + cos4x ^ 


x + 2. : 


x cos x x sin 2x 

+ — + + 

4 16 16 




+ c 


XCOS X 1 „ x 

— + ^^(12x + 8 sin2x + sin4x) + c 


T 1 + * xj r l + x - 1 x . 

(vi) re dx = T e 

V ' 4 - r ^ 2 J y \ 2 


2 + x-l 


(2 + x ) 2 

2 + x 


( 2 + x ) 2 (2 + x) 2 


(2 + x ) 2 

e x dx 


-/[ 

= jf^ — T V <** 

J ^2 + x (2 + x) 2 J 

= \e x .— — dx - \e x . — - 
J 2 + x J (2 + 


2 + x 
Integrating e x . 


■ dx 


(2 +xy 
by parts, we get 


(i) 


(2 + x) 

\e x . — - — dx = — - — e x + \e x . — - 
J ( 2 + x ) 2 + x J (7 + 


(2 + x) 2 + x ' J (2 + x) 2 
Putting this value in (i), we have 


dx + c 


j 


1 + x 


e x dx 


(2 + x) 2 

e + \e x — — -dx-\e x — — jdx + c 
J (2 + x) 2 J (2 + x) 2 


2 + x 

_£ 

2 + x 


■ + c. 


(vii) IM,-"* 
J 1 + cosx 




2 X . 2 X - . X X 
cos - + sin — 2 sin -cos - 
2 2 2 


— e~ xl 2 


dx 


2 cos - 
2 


-r/2 X 

= -e sec- + c. 

2 

(i) Let x + 2 - 1 =* dx * dt 

J f 2 (f + 2) 2 J t 2 (t + 2) 2 
_ r (t + 2) 2 - 8(t + 2) + 16 

"J f 2 (* + 2) 2 

_ tdt t dt r dt 

_ J7 _8 J f 2 (# + 2) + Jf 2 (f + 2) 2 


■dt 


_1 _ 8fr t (t-2)dt I f dt_ 

_ t 4 [•' t + 2 J t 2 j h 2 (t + 2f 

-T +2 [ ta 77l] +16 f^ 


2 (t + 2)\ 


- 3 \x + 2 

7 = r + 21n|- 


x + 2 
+16 
3 


|x -h 41 


If * -If* + iffA..<Z?W 

4 J (t + 2) 2 4-1 t 2 4 JU + 2 t 2 J 


x + 2 


-1 


+ 2 In 


(t + 2) 
x + 2 


x + 4 


+ 4| — |+— + 4 ln(x + 4) 
lx+4j x+2 v ; 


-4 ln(x + 2) - 


8 


x + 2 


x + 2 (x + 4) 
1 4 


-tfTfel 


7 = - 


x + 2 (x + 4) U + 2J 


(ii) for 


x 2 + l 


-dx 


(x i -l)(x i -4) 
x 2 + 1 

(x 2 - l)(x 2 - 4) (y-l)(y-4) 


where y = x 2 


11L 


A B 
- + - 


Now let 

(y-i)(y-4) y-i y-4 
or y + 1 s A(y - 4) + B(y - 1) 

Putting y = 1; 2 = -3/4 


3 


Putting y = 4 ; 5 = 3B 
, X 2 + 1 

then 


-■-! 


(x 2 - l)(x 2 - 4) 3{x 2 - 1) 3(x 2 - 4) 

Given integral = J — 2 * + 1 dx 


1 (x 2 - l)(x 2 - 4) 
_2 r dx 5 r dx 
3J x 2 -1 3 J x 2 -4 

_2.1. log f£zl) + 5.1i og f 

3 2 6 lx + lJ 3 4 6 l 




+ c 


te-s-feil 


s i r*- 2 i 1 

"sH - 

(iii) Suppose 


i x - 1 

log — r + c. 


x+2/ 3 °x+l 
x 2 + x + 1 A 


B 

• + + - 


(x + l) 2 (x + 2) X + 2 x + 1 (x + 1) 2 
x 2 +x + ls A(x + 1) 2 +B(x + 1)(x + 2) + C(x + 2) 
Putting x m -2, A = 4- 2 + l = 3 
Putting x = -l, C = l- l + l“l 
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Equating constant terms on both sides 


l=A + 2B + 2C = 3 + 2B + 2 
3 2 


Hence I 


4 


B = -2 
1 


(* + 2) (* + I) (x + l) 2 J 


dx 


1 


= 31og(x + 2) - 21og(x + 1) + c 


1 


x + 1 


, ( x + 2) 3 

+ log- -~ + c. 


X + 1 


(x+i r 

(iv) Let x = f 3 => dx = 3t 2 dt 
= 3JV t 2 dt 

= 3j[f 2 • jV dt-jn-e 1 rff j + c 

- 3fV - + 6e* + c 

= e*[3t* - 6f + 6] + c 

I = e^*[3x 213 - 6x 1/3 + 6] + c. 


(v) Let I = f 

J (y — 


x + 1 


-dx 


B 


D 


(jc-inx+2r 

Suppose 

(x - 1) 2 (JC + 2) 2 _ (x-l) + (x-l) 2 + (x + 2) + (X + 2) 2 

x + 1 ■ A(x - l)(x + 2) 2 + B(x + 2) 2 + C(x - 1) 2 (x + 2) 

+ D(x-1) 2 .... (i) 


Putting x - 1, 9B - 2 


B = - 

9 


Putting x = -2, 9D = -1 i.e., D = -- 

To obtain A, C we equate the coefficient of x 3 , x 2 , x 
on both sides of (1), we have 0 = A + C 
0 = -A + 4A + B-2C + 2C + D i.e., 0 = 3A + B + D 

orO = 3A + --i A = -— C = — 

99 27 27 


" 7 J[ 27(x - 1) ' 9(x - 1) 2 ' 27(x + 2) 9(x + 2) 2 

-H-—) 

9K x+2 J 


dx 


1 1 / IX 2 1 

27 ° 8( * } 9 (x - 1) 27 


1, , 1 

+ — log(x + 2) + - 


1 


9 (x + 2) 


- + c 




1 


9(x - 1) 9(x + 2) 

.2 


■ + c 


f (X + 2 )( x +3) d;c 

J (x 2 + 4)(x 2 + 5)(x 2 + 6) 

(x 2 + l)(x 2 + 2)(x 2 + 3) (y + l)(y + 2 )(y + 3) 

(x 2 + 4)(x 2 + 5)(x 2 +6) (y + 4)(y + 5 )(y + 6) 
Putting x 2 = y 


Oppose ( y +1)( y +2)( y +3 > 

FF (y + 4)(y + 5)(y + 6) 

, A 
= 1 + + - 


B C 
- + - 


(y + 4) (y + 5) (y + 6) 

(y + l)(y + 2)(y + 3)-(y + 4)(y + 5)(y + 6)+4(y + 5) 
(y + 6) + B(y + 4)(y + 6) + C(y + 4)(y + 5) 

Putting y = -4 => 2A = -6 => A =-3 
Putting y = -5 =>-B = -24 => B = 24 
Putting y = -t 6 => 2C = -60 => C = -30 


.1 


4 -- 


3 24 

- + - 


30 


",;a e. 
wt bn 


dx 


x 2 + 4 x 2 + 5 x 2 + 6 , 

j\i .,x 24, x .30 t _i x. 0 . 

= x - — tan — + ~r= tan —r= - -7= tan A -= + c. 


2 45““' V6 

1 

For P.F. only, put x 2 = y, then 


(vii) J = f 1 dx 
J x 6 +1 




1 


x 6 + l (y 3 + if 
= 1 = _A_ + By + C ” 

_ (y + l)(y 2 -y + l) y + l + y 2 -y + l ;3a 
l=A(y 2 -y+l) + (By + C)(y + l) 

1 noi‘ * 

Putting y = -1, we get 3A = 1 =* A = — q 

3 1 

Equate the coefficient of y 2 : A + B = 0 => # - ~— 

Equate the constant terms \ A + C = \ => C = 

. 1 1 x 2 - 2 

“ x 6 + 1 _ 3(x 2 + 1) 3(x 4 - x 2 + 1) 


j _ 1 f dx 1 r £2 

~ 3 J x 2 + 1 3Jx 4 -x 2 +l” 


x 2 - 2 


-dx 


I = - tan 
3 


-'x-U V 

3J r 4 -r 2 +1 3 J y 4 — 


dx 


3 J x 4 - x 2 + 1 3 J x 4 - x 2 + 1 

h ~tr 


,.(i) 


x 2 -l 


x 2 +l 




.,Bl 

HJ- 




x 2 -1 + 4 

X 


dx 


dx 


_ . 1 rdy 1. fy-V3) 

PuU+ rJ^i = ^ log ^r 


X ■> y 

( 

X + 


,y + V3 J 


-wj 108 


1-J5 


'iS' 06 


x + — + V 3 
V x 

V-xV3+l^ 


+ c 


yx* + x 


■V3 + 1 


+ c 


(3) 
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cn | co 


h-i-A — jf^-** 1 - 1 ** 

J x 4 -X 2 + 1 2 •> x 2 - x + 1 

~ 2 +l J If x 2 -l , 
2Jx 4 -x 2 + l dX 2 Jx 4 -x 2 + 1 


_lf x 2 + 1 1 (• X 2 

2 J x 4 - x 2 + 1 * 2 ^ r 4 — 

-IJ ’ 


X 2 -1 


i +4 , 

-V*-; 


x 2 -l + -4r 

x 


2V3 l 08 lx 2 +x 


— X^j3 4* 1 'j 

V3+1J 


4 - c 




from (3) 

+ x 2 Av 1 , f * 2 - xfi + 1 ) 

4^ g U 2 + x^ + J +c 


HJ 


+ 1 


X 2 4-X\ 


Putting x — = z etc. 


■h 


f d2 

1 

Jz 2 +1 

4V3 


log 


Putting x - - = z etc. 


x 2 - xV3 + 1 ) 

V3+lJ 


X 2 +x 


4-c 


_ 1 . -lf l"l 1. (x 2 - Xy[?> + 1 1 

2 l X_ xJ _ 4 ^ l08 b + xV3 + lJ +£ 

Putting the values of Ij and / 2 in (1), we have 
,l.-i 1 . (x 2 -x\/3+ll 

'■S'" 

, ^ ■ -1 f X 2 — 1 ^ 1 1 X“ - Xy/3 4- 1 ^ 

6 l X J I2V3 ° g ( X 2 +Xyf3 + 1 ) 


12V3 

1-1 1 , ( x 2 - Xy[d + 1 ^ 1 lf x 2 — 1 ^ 

3 W3 6 U 2 4-^V3 + lJ 6 { x ) 


4 -C 


® J 


x + a 


Suppose 


x 2 (x-a)(x 2 4-fl 2 ) 
£ 4- fl 




= -4- — 


x 2 (jc-fl)(x 2 4-a 2 ) x x 


2 1 1 
/. from (i), — — 4- — 4- D = 0 i.e., D = ~ 

a 3 




a <r 
2 1 


+ ^- + - 1 


« J X «V fl j (x-fl) fl 3 X 2 + fl 2 


dx 


2 11 l 

= — j logx+— + — log(x-<i) + — -log(x 2 +a 2 ) + c 
a (rx a 2 a 3 


(ii) Letx-2 = (=>dx = df 
\3 cn . o\2 


-rff 


J= r (t + 2) J - 6(t + 2) z + 9(f + 2) + 7 
J t 3 (t- 3) 

f 3 + 6f 2 + 12f + 8 - 6t 2 - 24f - 24 + 9f + 18 + 7 


-J 


r(f- 3) 


A 




9df 


(f-3) 


f 3 (f - 3) 


4- C 


= Ink - 3l - -Ink - 3| + - In t - - 
3 3 t 


, fir 1 q+3) 

JfLf-3 t 


dt + c 


= ll n k-3| + Iint-I + i[f-*-_ f*l 
3 3 f 3 L J f -3 J t J 


= |lnk- 3 | + ilnf-- + iln|f- 3 |--lnf 


t 3 


= |ln|f-3l + ^~ + c 
3 2 t 2 

I = ln|x - 5| + — - + c. 


1 3 1 

+- + - + C 

t 2 t 2 


C Dx + E 

+ + -r r 

x - a x 2 + a 2 

x + a = Ax(x - a){y? + a 2 ) + B(x - aXx 2 + a 2 ) + Cx 2 
(x 2 + a 2 ) + (Dx + £)x 2 (x - a) 

Putting x = 0 , a = -a 3 B => B = ~ 

1 a 

x = a, 2a = 2a 4 C =* C = 4 

a 3 

Equating coefficients of x 4 , and constant terms 


~(i) 

..(ii) 


0 = A + C + D orO = A + D = 4r 

a 3 

and a = -Ba 3 - Ea or -1 = Ba 2 + E 

or-l = — \.a 2 +E :.E = 0 

a 2 
also coeff. of x, 1 = -a 3 A +a 1 B = -a 3 A - 1 /. A = — - 

a 3 


(iii) /= f— 

J Cl 


2 (x-2) 2 
cos xdx 


— Qir 


cos xdx 


sinx.(4cos z x-3) J sin* [4(1 - sin 2 x) - 3] 
r cos xdx 

= “ — “ — : TT Let sm x = t => cos dx = dt 

J sinx(l-4sin x) 

- f & r dt 

~Jf(l-4f 2 )~Jf(l-: 


2 ) J f(l- 2f)(l4-2f) 


/ f(l - 2t) Jf(l4-2f) 
dt 


=;![_!_ if 

J 2fLl-2f l + 2fj 2 [ J f(l - 2f) J 

= ir[i+_2_ + ‘i_^2_l 
2 J L f 1 — 2f t l + 2f. 

= ^[21nf - lnll - 2/1 - ln|l + 2f|] + c 

= i[21nf - lull'— 4/ 2 l] + c = iln— 

2 2 1 - 4f 2 


dt 
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I = Iln 


sin 2 x 


(iv) J = j 
Let 


l-4sin 2 x 
1 


+ c. 


x 2 (x 2 + l)(x 2 +2) 

1 A 






72 =- + ' 


2Jy(y + l)(y + 2) 2 

BCD 
+ + - 


y(y + l)(y + 2) 2 y y + 1 ' y + 2 (y + 2) 2 

=> 1 = A(y + l)(y + 2) 2 + By(y + 2) 2 + Cy(y + l)(y + 2) 
+ Dy(y + 1) 

. 1 

Putting y = 0 we get \A = 1 => A-- 

Putting y = -1 we get -B = 1 => B = -1 

_ 1 

Putting y = -2 we get 2D = 1 => D = - 
Equating coeff. of y on both sides 

0 = 8A + 4B + 2C + D =8.i-4 + 2C + | => C = - 




1 


1 


dy 


2J[4y y + 1 4(y + 2) 2(y + 2) 2 

ilogy - log(y + 1) + |log(y + 2) - 2 ^ +2) 

■logy - Ji°g(y + ] ) 4 + ^ lo s(y + 2 ) 3 - ^ ~ 2 

■ii og y<y +2 t- 1 


+ c 


+ c 


+ c 


8 8 (y + 1) 4 4(y + 2) 

1 x 2 (x 2 +l) 3 1 

" 8 08 (x 2 + 1) 4 4(x 2 + 2) 


+ c. 


x 5 dx 


■ . Let x - 1 = t => dx = dt 


dt 


(V) 1= f 3 

J (x-l) 3 (x + l) 

_ f (f + l) 5 ^ r f 5 + 5t 4 + 10t 3 + lOf 2 + 5t + 1 

_ Jf 3 (f + 2) _ J t 3 (f + 2) 

' 


f 3 (f + 2) 

= [j(( -2>dt + J *] + [ 5 f * - 10 f 77j] 

=. [jh - 2)* + 4j j2-] . sj« + [sjf - 5j j^] 
[5 f dt 5 rdt 10 f dtl f dt 

liJTTz 4J t 4-)f 2 J Jf 3 (t + 2) 


4 J L* + 2 t 2 Jf 

-JO-a-iJjTrTlM* 

+ !J7 + il(rTJ5)* + i0 + ?)" 


(f - 2) 2 , 1 


31, 


+ — ln(f + 2) + —Inf + 5t ■ 
,2 


9 1 11 

— - + c 


2 8 v ' 8 4 t 4t 2 


/ = (£_J)1 + I ln(x + 1) + ^ln(x - 1) + 5(x - 1) 
2 8 8 

9 1 1 

4 (x - 1) 4{x - 1) 2 


+ c. 


6. (i) Let * = y 


► dx - — -dt 


Jf 2 - 1 

f-ii 

t 2 J 

\- dt 

] t _ i 

r Jf 2 -1 dt 

J 1 J 

1 t 


t 2 


udu 

T~ 


Let t 2 - 1 = u 2 /. 2tdt = 2wdu or dt = 

I= _rj^ = _f(ifiz 2 ±i)*i = -fd„ + f 

J u 2 + 1 ^ m 2 +1 ^ 

= — w + tan' 1 m + c = -Jf 2 - 1 + tan -1 Vf 2 -1 + c 


du 


u 2 +l 


j=-ivr: 


x + tan 




+ c. 


(ii) x = t 12 => dx = 12f n df 
f 6 12f n dt 


f t 6 ■ 12f n dt r 12t 17 _ r t 14 dt 

' “ J ( f 12)2/3 _ ((12)1/4 J (8 _ (3 J f 5 _ 1 

-*i e ***T^* 

= 12^10 12(5 + 12 ^ 

10 5 5 

/ = H(x)i°/i2 + — (x) 5 / 12 + — ln(x 5/12 - 1) + c. 

10 5 5 

(iii)Let x = 3 sin0 =* dx = 3cos0 d0 

_ 3^ f cos 2 _0 rfe _ J_ f cot 2 e . cosec 2e(i + cot 2 0)d0 
3 6j sin 6 0 3 4j 
set cot0 = f => -cosec 2 © d0 = dt 

= _i.f52!!® + £2!!®l +c 
3 4 v 3 5 J 
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_1_ 

~3 4 



<5 > 

9 -x 2 

x J 

3 

1 

(v 

1 

|9-x 2 

* j 

5" 

L 3 

5 


+ c. 


COS0 Vl - sin 2 0 


x = 3sin0, cot 0 = — — = 

sin 0 sin 0 

(iv) Let x = i => dx = — i- du 

« .U 

— \du 


/=[ - f t 

-V>/l + 2M-« 2 W1-(« 2 -2 u) 

U / \ 

i-i 


-J 


<*u . -i(u-l) 

- 7 =— = -sin - y- + c = sin — j=- 
V2 - [m - 1 ] 2 V 2 V2 


, . -,(l-x) 

/ = -sin - — =^ + c. 
xV2 


M j y[( 1 + sec a:) dx = J ^1 + — T- j dx 
4 / 1 - 2 sin 2 — 




x 

cos- 
2 


i) 

* dx=Ji 
yl-2sin 2 ^ Wd-2y 2 ) 


r 


X X 1 

Put sin- = y, cos-.-dx = dy 
2 2 2 y 

=2sin _1 f-y 


IR 

= 2sin''|sin^. V2 j + c = 2sin _1 ^2sin 2 |j 
= 2 sin" 1 [V(l-cosx) 


/f secx - 1 "j 
_Vv sec a: y 


= 2 sin " 1 

Put sin " 1 /rsec *- 1 


+ c 

+ c 


sec* 


= 0 sin 0 


> tan 0 


■FFJ 




=> 0 = tan 1 yjisecx - 1 ) 


Given integral = 2 tan l >J(secx-i). 

(vi) / = f Letx = - =t,dx = ~du 

J x 2 u u 2 


= f 1 


W 




= f->/2u + l du 
J w 


Let 2 u + 1 = X 2 =>2du = 2XdXordu = XdX 


2X 2 dx _ f(X 2 -l + l) 


/ = _[H_££ = _ 2 f 

J X 2 -1 J 
= -2X - 2In X_1 


= -2V2u + l--ln 
2 




+ 1 - In 


, -2>/277 , 

/ = f= in 


v; 



- 


+ c 


+ c. 


(vii) / = J 
et (j 

'-J 


dx 


(x-l)7(x-l) 2 +3x 
Let (x - 1 ) = f => dx = df 

dt r dt 


tyft 2 + 3{f + 1 ) ^ f .Vf 2 + 3f + 3 

Let f=i =>* = -- Ldu =-J-t = — ~ U 

M u 2 J VI + 3u + 3u 2 


-/ 




| + 3 ( M+ 1 ) ^ + 3 (“ 4 ) 

1_ r 

"■”¥n) 








t 2 VU 2J 12 


+ c 


+ c 


I = — 7= In 
v3 


2 + x-l 


2(x-l) 


3 &B 


+ c. 


(viii) Let x = - =* dx = -- \du 
u u 2 

— 


/ = f— mL__ = zl r du 
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(ix) 


du 

[f if 1 _ 1 

r + 4 J 16 2 


<-4i 


du 




■-¥ 

■4 h 

r = 4=ln 

V 2 


u + - + yl2u 2 + w-1 
4 


1 1 / 2 1 
x 4 V x 2 * 

4 + x + 4^2 + x-x 2 


+ c 


+ c 


X 

X 


4 + x + 4\2+ r - x 2 


+ c 


+ c. 


r = j_ (1 + X 2 )rfx 

■J; 


(2 + x 2 )\/l + x 2 

dx | f x 2 dx 

^ (2 + x 2 )-\/l + x 2 (2 + x 2 )-v/l + x 2 

: f <** + f_*! 2 f 

J (2 + x 2 )Vl + x 2 J Vl + x 2 J (2 + x 2 )Vl + x 2 

= -f + ln(x + >/l + x z ) + c 1 

J (2 + x 2 )Vl + x ? 


h 

Let x = — => dx = — ^r-du 
u u 


— rdu 

'.-J “ 


(2u 2 + 1 )Vk 2 + 1 ^ (2u 2 + 1 )Vm 2 +1 


udu 


udu 


W 


(2u 2 +l)Vl + M 2 

zdz r 


[2(z 2 - 1) + l]z 
1 


Let 1 + w 2 = z 2 ^ 2 m du = 2z dz 

r dz 
”J2 z 2 -1 


V2 

= — In 
4 


z- 




Z + -r= 




+ C, 


. / = —7= In 

2V2 


Vx 2 +1 - i: 

■h 


Vx 2 +1 +-7= X 
V2 


+ ln(x + >/l + x 2 ) + c. 


(i) J = ln 3 x • J-\dx - j|j^(ln 3 x) ■ J-^-dx dx 


-ln 3 x 


-ln 3 x 31n 2 x 

X X 

-ln 3 x 31n 2 x 


* 3 JB"" !)r) i? 


1 

X ! 

5 

4 

X 

31n 2 x 

•3j — 'I 

-^ + 6 

X 

X 


ln 3 x 

31n 2 x 

61nx 6 

f + - 


x 

far 


dx 


X x 
_ 2 . 


= -i(ln 3 x + 3 ln 2 x - 61nx - 6) + c 
x 




sinx 


1 2 + cosx J 2 + cosx 
= ln(2 + cosx) + J7 — dx 

~ a 


-dx 


= ln(2 + cosx) + J- 


' 2 + cosx 
2 


(m-fWf) • 


2 + 2cos 2 — 1 
2 

_ 2 x 
2 • sec — 

= ln(2 + cosx) + J — dx 


1 + tan 2 — + 2 


dt 

2 ■ (V3) 2 


= ln(2 + cosx) + 4jy 
= ln(2 + cosx) + -y= tan -1 -j= + c 


= ln(2 + cos x) + tan 1 


/ x x 
tan— 

2 


I = ln(2 + cosx) + -tan 1 


y/3 j 

( x ' 
tan — 

2 


+ c 


““’"is 


4 cos 2 xdx 


(sin2x + 4) 2 (sin2x + 4) 2 
_ ^ f (l + cos2x)dx _ . t dx 
(sin2x + 4) 2 


2 J 


s 

2 cos 2 xdx 


+ c. 


+2 f 


cos 2 xdx 


(sin2x + 4) 2 
Let sin 2x + 4 = t => 2cos 2xdx = dt or dx = 


(sin2x + 4) 2 
dt 


r r * r* 


2cos2x 


-j 


dt 


f 2. N /l_( f _4) 2 (sin2x + 4) 


+ c 
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t- 4 = X 


>dt = dX 
dX 


(X + 4) 2 Vl-X 2 ( sin 2X + 4) 


+ c 


2 1 

Let X = — =zdX = — \du 
u u 2 


l2 =h 


— \du 

u~_ 


2-(l + 4u 2 )i>/u 2 -l J (l + 4u 2 )Vu 2 -l 


2 -(1 + 4m ) 
u u 

Let u 2 - 1 = z 2 => = zdz 

-zdz r dz 


-J; 


-udu 


■i 


[1 + 4(z 2 + 1)] • z 


— f— ^ if 

J 4z 2 + 5 4 J 


dz 


-1 „ 2Vm 2 - 1 

: — 7= tan = — + c, 

2V5 V5 2 


4J 2 5 

z +- 
4 


_i 2 >/i^] 


■+c. 


= _ 2^ tan S 

2V5 V5 t ~ 4 

1 _i 2 Vl - sin 2 2* 

2^5 ^ V5 sin2z +C?2 

1 ^ -1 2 cos 2x 

= 7 =tan —j= • — — — + c 2 

2V5 v 5 sin2x 

I = \= tan" 1 -h= cot 2x 

2v5 V5 (sin 2x + 4) 


+ c. 




■I 


Vsiivx 
cosxdx 


vsinx • %/l — sin* 
dt 


= f , ** - f— * = f 
j >/hTM) J 


_ r Vl + sinx -Vl-sinx 
J Vsinx • Vl-sinx 

Let sinx = t ==> cos x dx = dt 
dt 


H 4 ) 
^-.HL 


• = sin 


1 J-HJ 5 

= sin' 1 2 ^sin z-|j + c=>/ = sin _1 (2sinz - 1) + c. 

j _ f dx r sec 2 zdz 

^ cos 2 z(l + sin 2 z) J 1 + sin 2 z 
_ f sec 4 zdz _ f (l + tan 2 z)sec 2 zdz 

J 9 fan 2 r 4- 1 J 


2 tan X + 1 


2tan x + 1 


Let tan x = t => sec^x dx - dt 


= [iiil rf , = If _*L+r 

J 2f 2 + 1 2J 2 1 J 


f 2 +- 


t 2 dt 
2f 2 + 1 

1 tan" 1 >/2f + i f 2f2 + 1 “ 1 

2 J 


2 


2J 2t 2 + 1 


dt 


V2 2 2 J 2f 2 + 1 

= ^ t + -i tan" 1 V2f \= tan" 1 -Jit + c 

2 v2 2V2 

= — f h — L tan" 1 \/2f + c 
2 2V2 

/ = itanz + — tan' 1 V2 tan z + c. 

2 2V2 


(vi) / = J 

-I 


dx 




sec x • sec 2 x<fx 


tan 5 x • cos 10 x 

sec 2 x dx 


tan 5 x 


(1 + tan 2 x) 4 


tan 5 x 




tan x = t => sec^xdx « 
_ f (1 + 4t 2 + 6t 4 + 4f 6 + f 8 ) 




-j 

ij +— «• 

4tan 4 z tan 2 z 2 4 


(vii)/ fjec^ = r 
1 + tan 4 z J 


(1 + tan 2 z) sec 2 zdz 

1 + tan 4 x 


_ f d +^dt f L 0 
j 1 +t 4 j .2 1 


dt 


MV 

= J — — / , set f-- = X = f - X 


, 1 _i X 1 _it 2 -l 

I = - 7 = tan —j= + c = —j= tan 1 — 

v2 V2 V2 t\fl 
1 _i f tan 2 z - 1 ) 

i^7r c - 

(viii) I = j sec 4/7 z cosec 10/7 z dz 

Put tanz = t => sec^z dz = dt => dz = 


+ c 


-J 




1 + f 2 


sin 10/7 xcos 4/7 x 


_r i 

dt 

J ( f 10/7 >| 

1 1 

1 1 +t 2 

1(1 + f 2 ) 5/7 J 

l(l + f 2 ) 2/7 J 

1 
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(ix) Let cos x + i sin x = y; then 

2 cosx = y + - => 2 cos nx = y n + 

y y 

2isinx = y - - => 2i'sinttx = y n - -L 

y y 

/ . \8 

Thus2 8 ! 8 sin 8 x 


+ c 


•'H) 


■HJ 

- 8 (^v)*4‘v)‘K y! v) +7 ° 


= 2 cos 8x - 16 cos 6x + 56 cos 4x - 112 cos 2x + 70. 
Thus, 

sin 8 x = -4-(cos8x - 8cos6x + 28cos4x - 56cos2x + 35), 
2 7 

J sin 8 xdx 

x ft sin6x ^ 9R sin4x _ % sin2 
2 


■— [ 
41 J 


dx 


lOcos 2 — + 2 sin 2 — + lOsin^cos^ 
2 2 2 2 


Now, 


-J 


J 


dx 


10 cos 2 — + 2 sin 2 - + 10 sin- cos - 
2 2 2 2 


2 * j 

sec - dx 
2 


10 + 2 tan 2 — + 10 tan — 


2 2 

Put tan— = f=> sec 2 -.-dx = dt 
2 2 2 

- f 2 dt [• it 

~ J 2.f 2 + lOt + 10 ” J f 2 + 5f + 5 


-J 


dt 


[sin8x 

0 sin6x 

L 8 

6 


4 

2 


xj + c. 


sin2x ^ 




(X) dx= f(— ±— + -^- U*dx 

Jvl + cos2xJ J\l + cos2x l + cos2xy 

I — + 

[^2 cos 2 x cosxj 

= J (tanx + sec 2 x)e x dx = e*.tanx + c. 

, — r cosx + 2sinx + 3 . 

(xi) Let I = — t dx 

J 4cosx + 5sinx + 6 

Suppose (cosx + 2sinx + 3) = A(4cosx + 5sinx + 6) + 
B(- 4sinx + 5 cosx) + C 

Equating coefficients of cosx, sinx and constant 
terms. 

4A + 5B = 1, 5A - 4B * 2 and 6A + C = 3. 
SolvingA = H B = _A, C = | 

^(4c osx + 5sinx + 6) + B(-4sinx + 5cosx) + C ^ 

(4cosx + 5sinx + 6) 

_ f A(4cosx + 5 sinx + 6) + g(-4sinx + 5cos) ^ 

(4cosx + 5sinx + 6) 

+cj 

Ax + B log(4 cosx + 5 sinx + 6) 
dx 


_ 2 _ j ‘ + 2 2 

5f fV|f "2^ ° 8 ( + | + | 


HHII 


+ C 


2tan-+(5->/5) 


= 4= log * + c 

2tan|+(5 + V5) 

J = — x - — (4cosx + 5sinx + 6) 

41 41 

2 tan — + (5 — Js) 


39 . 

+ ?=log 


41v ^ w 2tan^ + (5 + \f5) 


+ c. 


8. (i) I = (sin -1 x) 2 • Jl • dx - ^-^-(sin" 1 x) 2 • Jl • dxj dx 


2 • sin -1 x 


• xdx 


2x 


dx 


•••'■j 

-j 


-dx 


dx 


4cosx + 5sinx + 6 


+ C 


4 ^cos 2 1 - sin 2 | j + 10 sin ^ cos -^ + 6 (cos 2 ^ + sin 2 ^ j 

14 3 

= — x - — log (4 cos x + 5 sin x + 6) 

41 41 6 


dx 


dx + c 


= x(sin l -x) -J —j= 

= x(sin -1 x) 2 - sin -1 x • J -j=^ 

= x(sin _1 x) 2 + 2%/l-x 2 • sin' 1 x 
- f y=L= ■ 'Jl — x 2 dx + c 

J 7 5 T 7 

= x(sin" 1 x) 2 + 2\/l - x 2 sin" 1 x - 2x + c. 

(ii) / = (tan' 1 x) 2 ■ J xdx - j^(tan" 1 x) 2 • Jx • dxj dx 

x 2 „ , 2 f 2tan _1 x x 2 


x 2 tan' 1 x 




dx 


40 
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= y (tan' 1 x) 2 - /[tan' 1 x - yyf] dx 

^ Tl . 2 
where I x = x • tan -1 *- f — — -dx - ^ + c 

J 1 + r 2 2 


I = y ( tan_1 x ) 2 “ xtan 1 x + ~ln(l + x 2 ) 


(tan l x) 2 

+- — + c . 

2 


(iii) / = ln* 


f I XdX - f -^-(xln x) (-j= 

ij 1 J [^ 

_ In* r 2* d* r 1 1 

2 J /TTi 7J Jr 2 


*d* 


x 2 -l) 3 


dx 


-2 


2 J V(^ 2 - 1) 3 

In* f d* 

'Vr 


2 


d* 




■h 


tdt 


x4x^l ' J (f 2 +l)f 

For I,, Let x 2 - 1 = f 2 :.2xdx = 2t dt 


/ = - 


lnx 


+ tan 1 Vx 2 -1 + c. 


(iv) 7 = x 3 /e 3x dx-3x 2 /— dx + 6x- f— dx-6f— dx 
J J 3 J 9 J 27 

-2x 2 • / e 3x dx + 4 x/ydx - 4/ — dx + 5— + c 


+ c 


3x [V x 2 2x_ j>_2x^ 4x__£ 5 

~ 6 L 3 3 9 81 3 + 9 27 + 3. 

. Jx 3 2 2x 13’ 

7 = <r x x x + — + — +c. 

L 3 3 9 J 

(v) Let x = f 3 => dx = 3?dt I = 3/ fV dt 

= 3fV - 15tV + 60fV - 180fV + 360f<?' - 360e‘ + c 
I = e x ' /3 [3(x) 5/3 - 15(x) 4/3 + 60x - 180(x) OT + 360x 1/3 
- 360] + c. 


(vii) / = / xe sinx • cosxdx - J - f in * dx 


cos 2 * 


= xe sinx - / e smx dx - J ^HHdx 


cos 2 * 


J CO.«> * J dx J 


sin* 


cos * 


dx J cos 2 * 


dx 


... / = -je sml dx - e sinl ■ secx + j - —™** dx 


COS* 


I = ^ sirur (* - sec*) + c. 

(viii)lst solution : 

e x + e 2x J e“ x + 1 
Multiplying Nr. and Den. by e -2x 
<T x .<r* d* 


Let t = — => dt = — \du 
u u 2 


- -i 


du 


VI 


+ u + u ‘ 


t-sll+t+t 

1 

2 

-J 


du 


iHM 


= -In 

J = -In 


(u+lj+VT 


+ U + U 

2 + e x + Vl + e x + e 2x 


+ c 


2e x 


+ c. 


<T X + 1 


Put e~ x + 1 = f =>-e X dx = df so that e~ x - 1 - 1 

= - J ^ df = - j(l - j) df = -it - logf ] + c 

= log! -t + c = log(l + e~ x ) - (e" x + 1) + c 
2nd solution : 

f x dX 2x p ute x = y =>e?dx = dy => dx = ^~ 

J e + e lx y 

f ^ = r 

J /»* _i_ f J 


« +e J y{y + y) 


= J-r^ — - + -V]dy 

J y(i+y) J U + y y y J 

= log(l + y) - logy - — + c 

, 1 + y 1 

= log + C 

y y 

i .f. g x _ 

= log — e x + c = log(e" x + 1) - e" x + c 


n /-i t f x 6 - 2x 4 + 3x 3 - 9x 2 +4 

9. (i) 1 = ; dx 

J x<x*-r 


-1 


*(* - 5* + 4) 
x 6 - 2x 4 n- 3x 3 - 9x 2 + 4 
x(x 2 - 4)(x 2 - 1) 


dx 


- [—+ f (~3* + 3* 3 + * 6 - 4* 2 ) 

J * J *r* 2 -4v* 2 -i^ 

—-ij - 


* J *(* 2 - 4)(* 2 - 1) 

- (— _ f *(3* 2 - 3* - * 4 + 4) 
^ J (* 2 - 4)(* 2 - 1) 

I f *(3* 2 - 3* - * 4 + 4) 
* 2 -4 


d* 


d* 


/i 
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1 f x( 3 x 2 - 3 x -*• x 4 + 4 ) 


ii 


x 2 - 1 


dx 


1 r 3 x 3 - 3 x 2 - x 5 + 4 x 


'.-if 

_ * f 3 * • * 2 
_ 3 J x 2 - 4 


x 2 -4 


dx 


dx 


r x 2 dx lrx^_xdx_ 4 r xdx 
J x 2 — 4 3 J x 2 — 4 3 J x 2 — 4 


= lnx-(x 2 - 4 ) + 21 n|x 2 - 4 |-x-^ln — ^ 
2 4 x + 2 

Similarly h=-~- L— Bl _ -( X 2 - 4 ) 

6 2 6 

ln|x 2 - 4 |--ln|x 2 - 4 | + c a 
6 3 


Rearranging, / = Ji + 1 2 

x 2 

/ = — + ln 
2 

x(*-2)^(*-l)(* + l) 3 

x + 2 


+ c 


dx _ 1 

r 1 .! 

1 1 

1 

i)(* 4 -d"J 

'(i-* 4 ) 2 

.1-x 2 1 + x 2 . 


_ 1 r dx 2 f dx 

~ 2 J (■ i- x 4 )(l-x 2 ) + 2 J (1 - x 4 )(1 + x z ) 


= IfI 

2 J 2 


1 


dx 


2 J 2[(l-x 2 ) 2 1 -x 4 

4fl 

2 J 2 


1 


(1 + x 2 ) 2 1-x 4 


r dx 1 | 

r dx . + 1 1 

r dx 

J (1-x 2 ) 2 4 J 

'(1+* 2 ) 2 2J 

1 1 - X 4 


put x = sin0 in ^ and x = tan0 in I 2 
=> dx = cos0 d0, and dx = sec 2 © d0 

= - f sec 3 0 d0 + - f cos 2 0 d0 
4 J 4 J 

1, 1 + x 

-I— In 

8 1-x 

= - • sec 0 tan 0 + iln(sec0 + tan0) + \ f 
8 8 4 J 


+ - tan 1 x + c 
4 


1 rl + cos20 


dx 


dx 


+-ln 

8 

1 


1 + x 


1-x 

X 


8 

+ ^tan _1 x + c 
4 


7 + iln 

8 1 -x 2 8 


1 + x 


1 _! 2 
+ - tan x + — • 


lx lx 3 . 
+ + — In 

8 1-x 2 8 1 + x 2 16 


1 + x 


1 = — x 


1 1 
- + - 


8 Ll-x 2 l + x 2 J 16 


+ — In 


1-x 
1 + x 


1-x 


3 -i 

+ -tan x + c 
8 

3 a -i 

+ -tan x + c 
8 


•2cosx • yj 2sinxcosx 


• 4 

J sin x 


2cosx 

2sinx 

sin 4 x 4 V 

— • cos X 

cos X 

cosx 

•2cos 2 x ■ V 2tanx ^ 


dx 


- • cos 2 x dx 


•V2fc 


tan 4 x cos 4 a: 


:anx • sec x 
tan 4 x 


dx 


-j 

-j 

= 2V2 J (tanx) (1/2) ~ 4 sec 2 xdx 

= 2n/ 2 J (tanx)“ 7/2 sec 2 xdx 

Let tanx = t => sec?xdx = dt => / = 2^2 J r 7/2 dt 

=* J = -2V2^| j(tanx)- 5/2 +c. 

(iv) Let 2 + tan 2 * = t 2 =* 2 tan*.sec 2 xd* = 2tdt; 

tdt . r ( 2 df 


dx = 


■ -/= f n 

7f 2 - 2(f 2 - 1) J Vf 2 - 2(f 2 - 1) 




dt 

(t 2 - i)7f 2 - 2 

dt 


= ln(f + yft 2 -!) + j— 7^=- 

J (f 2 - l)Vt 2 - 2 

+ tan*) + J 


I = ln(v2 


+ tan x 


df 


(f 2 - l)yjt 2 -2 


= ln(>/2 + tan 2 x + tanx) 


d0 


J 8 16 1 + x 2 


+— In 
8 


1 + x 


1-x 

X 


+ -tan *x + c 
4 


1 

+ — 


+ — In 


8l-jc 2 8'l + x 2 16 

1 + x 


1 + x 


1-x 


4ln 

8 


1-x 


3 t -1 

+ - tan x + c 
8 


=1 


7f 2 -2(f 2 -l) 

-\du 
u 


, lett = -=>df = -^du 


7i-2m 2 (1-m 2 )4 ^ 7l - 2 u 2 (1 - u 2 ) 

u 

1-2 u 2 = t, 2 =» - 4udu = 2^ => udu = -- t^fj 

dt, 


udu 


1 

1 J 1 - 1 2 


= yiog 


= Y 1o 8 


2 
1 

1 + f. 


f + 7 f 2 -2 


+ C = ylog 


1 + 7l - 2u 2 


1 - Vl - 2 m 2 


+ C 


-Vt 2 ^: 


+ c 
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= yl°g 
= yl°g 


V2 + tan 2 x + V tan 2 x 


V2 + tan 2 x - Vtan^x 


+ c 


>/2 


+ tan x + tanx 


\ + c 


v2 + tan 2 x -tanx| 

(v) Letl-2 x = t => -2 x \n2dx = dt 

1 r f dt rdt rdt rdt rdt~\ 

“ kT2 U _ JT _ J7 r_ J7 r “J7 T J 

I = -U ln(-2*) - ln(l - 2 1 ) + 

ln2[ ln(l - 2 X ) 

1 1 


(vi) Let / = f -^-7 = f 

J l-x 6 ■'(1- 


2[ln(l - 2 1 )] 2 3[ln(l - 2x)] 3 
dx 


+ c. 


(l-xY(l + x 3 ) 


= If[— I^-lJdx 
2 J Li- l + x 3 J 

-If ^ r+ If- 

2J fl-rVI + r + r 2 ^ 2 J ( 


dx 


2 J (1 - x)(l + x + x 2 ) 2 J (1 + *)(1 - x + x 2 ) 

c 1 A Bx + C 

Suppose — a + - 

(l-x)(l + x + x 2 ) 1-X 1 + x + x 2 

.\ 1 s A(1 + x + x 2 ) + (Bx + C)(l - x) 

Putting x = 1, 3A = 1 => A = ^ 

Equating coefficients of x 2 and x 

0 = A - B => A = B => B = i 

0=A+B-C => C = I 

Again suppose 

1 L Mx + N 

+ - 


(l + x)(l-x + x 2 ) l + x l-x + x 2 
1 (1 - x + x 2 ) + (Mx + N)(l + x) 

Putting x = -1, 1 = L(3) => L = I 

Equating coefficients of x 2 , x, we have 
1 


0 = L + M 


M = — 0 = -L + M + N =*N = — 
3 3 


if 1 + 1 ) 

r -x+2 ^1 

' [3(1 + x) 3! 

ll-x + x 2 J 


rfx 




1 i ir x+2 y 

3(1 -x) + 3^(1 + x + x 2 ) J 


dx 


MM# 


6 J 1 - x 12 J x 2 h- jc 1 4 J 


rfx 


1 


1 


= -log(l + x) - — log(x 2 - X + 1) + 


HHfJ 

1 


2V3 


V3 

2 


“log(l - x) + ^log(x 2 + x + 1) + 7^ tan 


1 

* + r 
-1 2 


— 7= Ldi l — 7=— 

2V3 V3 
2 


+ c 


1, l + x 1 


x l + X + 1 

r’l-i 12 “V-j+i 


’s 10 * 
1 


+ To lo S 


- 1 2x + 1 , t _! 2x — 1 

— pr tan — pr— + tan — pr- 

2V3 L V3 v3 J 


+ c 


(vii) J 


x 3 +2 


T<ir -rfltf3£±2 
(x-i)(x-2) J y (y+i) 
Put x - 2 = y, then x - 1 = y + 1 
_ f 2 + 8 + 12y + 6 y 2 + y 3 


■j 

=j ! 


y (i+y) 


rfy 


_ f 10 + 12y + 6y 2 + y 3 

y 3 d+y) y 

10 + 2y + 4y 2 -^ 

rf y 

4 


■I? 

(■10 2 4 3 

= -r + -r + 

J y y y i+y 

= r 10 | 2 

J (x - 2) 3 + (x '" 2 
-5 2 


d V 


(x - 2) 3 + (x - 2) 2 + (x - 2) x — 1 


dx 


+ 4 log(x - 2) - 31og(x - 1) + c. 


(x-2) 2 (x-2) 

(viii) /= f^IUSdx 
■’(l-x) 3 

Put 1 - x = y, x = 1 -y 1 + x = 2 - y 
(l + x) 3 (2 - y) 3 8 - 12y + 6y 2 - y 3 


(l-x) 3 y 
8 12 6 


12 8 
' + • 


q J H l = “I 4* - . 

y y 2 y i-* (i-x) 2 (i-x) 3 


••'-J 


-1 + - 


12 


dx 


(1 - x) (1 - x) 2 (1 - x) 3 

k 12 4 

= -«-61og(l-x)-— +.j-^ + c 
= -x - 12(1 - x)- 1 + 4 (1 - x) -2 - 61og(l - x) + c 

xdx 


(ix) / = J 


(x + l) 3 (x 2 + 1) 
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Let 


A B 
- + ■ 


C Dx + E 

+ r + - 


(x + l) 3 (x 2 + 1) a: + 1 (x + 1) 2 (x + 1) 3 x 2 +l 
x=A(j:+1) 2 (x 2 +1)+B(a:+1)(x 2 +1)+C(x 2 +1)+(Dx+E) 

(* + D 3 

Putting x — — 1 => -1 = 2C =» C = -— 

Equating coefficients of x 4 , x 3 , x 2 , x and constant 
terms 

0 = A + D (i) 

0 = 2A + B + E + 3D (ii) 

0 = 2A + B + C + 3D + 3£ (iii) 

1=2A + B + D + 3E (iv) 

0=A+B+C+E (v) 

1 11 
Solving A = — , B = 0, B = , E = 


4'~ 4 4 

1 1 1 x-1 


dx 


" l ^(x + l) 2(x + l) 3 4 x 2 + 1 

lrl, lr dx 1 f 2x , If 

/ = - dx — r - — —i — dx + - 

4Jx + l 2->(x + l) 3 8 J x 2 + 1 4J 


1 r dx 


'(* + If 

1 . , ..1 1 1,__, 2 - 1 


x 2 + 1 


= \ ^ +1 ) + i - ^ x2 +1)+ i tan_1 1 + c 

10. (i) 

I = tarf '(e* - e~ x ) + c. 


(ii) 1 = 


dx 


-J 

■I 


cosx • vl + sin 2 x 
dx 

cosxyj(sec 2 x + tan 2 x)cos 2 x 

dx r sec 2 x dx 


^ cos 2 xVl + 2tan 2 x ^ Vl + 2tan 2 ; 
Let tan x = t => sec 2 x dx = df 


r-f-*-* f 

>/2f 2 + 1 V2 J 


df 


\ 


f 2 +‘ 1 


-*■ 


,+ iR^ 


+ c 


i f I 2 1 


J — 

VI l \ 2j 

+ c. 

J 




dx 


, set x + — = t 
x 


(iii) l=\- — — 

( i+ ?) 
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= f fL — Now f 2 - 2 = z 2 => 2t df = 2z dz 

J ‘-V t^2 


f dz l -i 

= = VI VI 


+ c 


1 -! Vt 2 - 2 

= - 7 =tan p= — + c 

VI VI 


/ = -Ltan" 1 - 
v2 


RJ- : 




■ + c. 

(iv) Put cosx + i sin x = y; then 2 6 i 6 sin 6 x-2 2 cos 2 x 

-HJRJ 

= 2cos8x - 8cos6x + 8cos4x + 8cos2x - 10, 

and sin 6 xcos 2 x = -y {-cos8x + 4cos6x - 4cos4x 


- 4cos2x + 5}, 
whence J sin 6 x cos 2 x dx 


\ sin8x , „ sin6x 

^ sin4x 

4 

^sin2x 

l 8 6 

4 

2 


+ 5xj. 


x j 1 x . . - —Atdt 

(v) Let cos— = r; — sin— dx = 2 tdt =$ dx = 

2 2 2 x 




-Atdt 


_ f ~ Atdt 

si n 2 £. f 3 =J (l 


sm— 

2 


= _4f_*_ = _4f * 

J f 2 (l - f 4 ) J f 2 (l-t 2 )(l + f 2 ) 

- * tVf}' - - 2 / F [rV? + TTF?' 

“ " 2 0 + V?) 1 * ' 2 f(? " ITi 1 )' dl 


= — -2 In 
t 


1 -t 


l + t 


dt 

1 + f 2 
+ 2tan _1 f + c 


I £ 

V s 2 


- 2 In 


(vi) J = j 


x 2 -i- 3x + 1 
x 4 - x 2 + 1 



X 

cos— 

2 


X 

cos— 

2 

_r 

x 2 + 1 


+ 2tan 


-l 1 * 

J cos- + c. 

V 2 


1 x 4 -x 2 +l 


j f c 

dx+ iZT’ 


3x 


x 4 -x 2 + l 


- dx 


1 + - 


= f 2 dx + -[ — - 

J * - 1 2* r 4 - 


Ixdx 


X*-l + ^r 


2 J x 4 -x 2 +1 


2 xdx 



Putting x — = y and * - — = t 


= (JV_ + 1( 

4.1 2 J 


d t 


V+1 2 V(fJ 

-l 3 1 .4 2t ) 

= tan y + -.-^.tan +c 

2 S [S) 


= tan 


-l 


i N 
x — 


Vi 


+ — tan 


-l 




Vi 


+ C 


_i(x 2 -l'| Vi. _! (2 jc 2 - 1) 

= tan + — tan i — ==-^ 

V x ) 2 S 


<vii) / = J 


smx 


- dx 


-j 


l + sin*-l 


^/(1 + sin a:) J(l + sinx) 

= -27(1 -sin*) - J 


+ c. 


d* 


2 * . 2 * ^ . Jt a: 

cos - + sm - + 2 sin - cos — 


= -27(1 -sin a:) - J 


2 

d* 


2 2 


f * • *1 

cos— + sin— 

l 2 2 ) 


= -27(1 - sin a:) - J 


d* 


TiP- • * 1 * 1 

sin— ^ + cos— .—7= 

2 72 2 7^ 


[ 1 7U . 71 1 

v —r= = cos— = sin— 

L 72 4 4 J 


= - 27 ( 1 -sin*)- 4 = f t— — r 

72 J . (a: ti ^ 
sin - + — 
v2 4j 

= -27(l-sin*) - -^= 2.log tan ^ + -^ j + 
= -27(1 - sin*) - 72 log tan^ + ^ j + c. 
(viii) I = f + 

(* 2 + 2* + 3 ) 7* 2 + 2* + 4 


-J: 


(2x + 3)dx 


[(x + l) 2 +2]V(x + l) 2 +3 

Let * + 1 = t =>dx = dt 
• [2(t - 1) + 3]dt 


dt 


J [f 2 + 2 ]Vf 2 + 3 

_ r 2t dt + r 

■* (f 2 + 2)Vf 2 + 3 ^ (t 2 + 2)V( 2 + 3 

h £ 

f 2 + 3 = X 2 ; 2f df = 2X dX 


m , f 2XdX 
Now L = — = In 

1 J (X 2 - 1)X 

For/ 2 

u U L 


X-l 


X + l 


+ c 


l 


-J 


-du.u 3 


M 2 (l + 2« 2 )Vl + 3u 2 


Let 1 + 3« 2 = z 2 => 6ud« = 2zdz or «du = ^ L 
1 . 3 
-j^ 2 -1 f 3dz 

1 J a _L 0-r2 


1 + 2 


W, , M 

=-[-*-=- If- 

J 2z 2 +1 2 J 


3 J 3 + 2z 2 - 2 


dz 


1 1 . 
= x -7 — — r tan 


Z 2 + 


Vi J 


2 

-1 




~T~ + c = — —tan 1 ViVl + 3 M 2 +c 
J_ 2 

Vi 


-! ViVf 2 +3 . 

— r=tan + c 

2 Vi f 


-1 V 2 (^ 2 + 1 + 2x + 3) 

= — ;=tan - + c 

2Vi * + i 

-1 V2(x 2 + 2* + 4) 

= — r-tan 1 -*-i i + c . 

2V2 x + l 


(ix) / = J 


3cos* - 4sin* 
4cos* + 5sin* 


<i* 


Suppose, 3cos * - 4sin* = X(4cos* + 5sin*) + p(- 
4sin* + 5cos*) 

Equating coeff. of sin* and cos* on both sides 
4X + 5jii = 3, 5X - 4p = 4. 

Solving X = g, H = “ 

Hence, 

j _ r X(4cos* + 5sin*) + |i(-4sin* + 5cos*) ^ 

J (4cos* + 5sin*) 
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= xj* + nj(: 


-4sinx + 5cosx 


dx 


4cosAc + 5sinAC 
= tac + nlog(4cosAC + 5sinAc) + c 
32 1 

= —x - —log(4cos ac + 5sinx) + c. 


(X) I = J— 2 
J cm* 


dx 


sin x cos x 


Put tan* = t => sec 2 a: dx - dt => dx = 

L.H.S. = f — j — ~~~~2 

J f 2 1 1 + f 2 


d t 

1 + f 2 


l + f 2 '(l + t*) 


2\2 


, cos a: = 


f fy sinx = . 1 

J <■ [ 


Va+* 2 )J 


1 f 3 ' 
= l __ +2f+ _ 1 + c 


1 


= -cot a: + 2tanx + 


tan 3 ac 


tan ac 
+ c 


+ 2tanAC + 


tan 3 a: 


- + c 


R.H.S. = sin3:(1 + 2cos x ) -2cot2x 
3 cos a: 


sinAC 2sinAccos ac 
■ + 


3 cos 2 a: 3 cos 3 ac 


-jflzJsIi) 

V 2tanAC J 


1 2 2 

= -tan a: sec x + - tan ac - cot a: + tan a: 

3 3 

1 9 2 

= -cotAC + - tanAc(l + tan x) + -tan a: + tan ac 
3 3 

1 tan 3 x 2 

= —cot ac + -tan ac + + -tan a: + tan a: 

3 3 3 


= -cotAC + 2tan x + 


tan 3 ac 


ci 


dx 


sin 2 ac cos 4 ac 


sinAc(l + 2cos 2 Ac) 
3 cos 2 AC 


-2cot2x. 
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2010 : SOLVED PAPER 


Regional 

Mathematical Olympiad 

MTG presents incisive, insightful and instructive solutions to the 
Regional Mathematical Olympiad (RMO) that was held nationwide on December 5. 


1. Let ABCDEF be a convex hexagon in which the 
diagonals AD,. BE, CF are concurrent at O. Suppose 
the area of triangle OAF is the geometric mean of 
those of OAB and OEF; and the area of triangle OBC is 
the geometric mean of those of OAB and OCD. Prove 
that the area of triangle OED is the geometric mean of 
those of OCD and OEF. 

2. Let P,(.r) = ax 2 - bx - c, P 2 (x) = bx 2 - cx - a, 
P 3 (x)=cx 2 -ax-bbe three quad ra tic polynomials where 
a, b, c are non-zero real numbers. Suppose there exists a 
real number a such that P 1 (a) = P 2 ( a) = P 3 ( a). Prove that 
a = b = c. 


3. Find the number of 4-digit numbers (in base 10) 
having non-zero digits and which are divisible by 
4 but not by 8. 

4. Find three distinct positive integers with the least 
possible sum such that the sum of the reciprocals of 
any two integers among them is an integral multiple 
of the reciprocal of the third integer. 

5. Let ABC be a triangle in which Z.A = 60°. Let 
BE and CF be the bisectors of the angles Z B and ZC with 
E on AC and F on AB. Let M be the reflection of A in 
the line EF. Prove that M lies on BC. 


6. For each integer n > 1, define a u = 


.[Vm]. 


, where 


[x] denotes the largest integer not exceeding x, for 
any real number x. Find the number of all n in the set 
(1, 2, 3, ...., 2010) for which a n > a n+l . 


SOLUTIONS 


1. Let a be length of OA, p that of OB, y that of OC, etc. 
Let area of OAB, OBC ,.... be respectively, A u A 2 ....,A 6 


We have = ^ 

(OED) ' 06 


Similarly £ = g 


* ALOK KUMAR, B.Tech, IIT Kanpur 


and 

A 6 O0 

We have — • ■ — 

^4 ^2 A 6 

_ ap 0<j> y8 _ j 
08 Py a<|> 

i.e Ai A 3 A 5 = A 2 A 4 A 6 



=* AfAlA 2 5 =A 2 2 AjA 2 6 
Now A 2 = AjA 5 , A 2 = A^A 3 
Now A^AjAj =(A^A 3 )(A 4 2 )(A x A 3 ) 
=> AyA$ = Ai" 


Thus (OED) is the geometric mean of (OCD) and 
(OEF). 

2. I st Solution : 

Let act 2 - ba - c = k 
ba 2 - ca - a = k 
ca 2 - aa-b = k 
We have 

aa 2 -ba-(c + k) = 0 
ba 2 -ca-(a + k) = 0 
ca 2 -aa-(b + k) = 0 


Eliminating a 2 , -a, -1 from the system, we obtain 
b c + k 

= 0 


a + k 
b + k 


>(a + b + c + k) 


a b 1 
be 1 
cal 


= 0 


=> (a + b + c + k)(a 2 + b 2 + c 2 - ab - be - ca) = 0 
a 2 + b 2 + c 2 - ab - be - ca = 0 => a = b = c. 
a + b + c + k = 0 also gives the same result. 
2 nd Solution : 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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a a 2 - ba - c = k 
ba 2 - ca - a = k 
ca 2 - act - b = k 
Eliminating a 2 , we have 

(ab - c 2 ) a - (ca - b 2 ) = k(c - b) 

(be - a 2 ) a - (ab - c 2 ) = k(a - c) 
and (ca - b 2 ) a - (be - a 2 ) = k(b - a) 

Adding them all, we have 

(a - 1 )(ab + bc + ca-a 2 -b 2 -c 2 ) = 0 

ab + be + ca- a 2 -b 2 -c 2 = 0=>a = b = c 

Also a = 1 gives 
a-b-c=b-c-a=c-a-b 
and we again obtain a -b = c. 

3 rd Solution : 

act 2 -ba- c = k ...(i) 

ba 2 - ca- a = k ...(ii) 

ca 2 - aa - b = k ...(iii) 

Multiplying eqn. (i) by (b - c), eqn. (ii) by (c - a) and 
eqn. (iii) by (a - b) we get 

Ia(b - c) a 2 - [b(b - c) + c(c - a) + a (a - b)} a 
- c (b - c) - a (c - a) - b (a - b) = kX(b - c) 

=> 0 + (a 2 + b 2 + c 2 - ab - be - ca)( a - 1) = 0 

.*. (a - 1 ) (a 2 + b 2 + c 2 - ab -be - ca) = 0, as earlier. 

Transform the equation as 

(a - b) a 2 - (b - c)a - (c - a) = 0 
(b - c) a 2 - (c - a) a - (a - b) = 0 
(c - a) a 2 - (a - b)a - (b - c) = 0 
Take b-c = u, c-a = v, a-b = w, we have 

zva 2 + ua - v = 0 — (iv) 

ua 2 - va - w = 0 — (v) 

va 2 - zva - u = 0 — (vi) 

Eliminating a, from (v) and (vi), we have 
(-v 2 + uzv) a = znv - u 2 

Asw + u + u> = 0we have uzv - v 2 = uzv + v(u + iv) 

= (uv + vzv + zvu) 

Thus (uv + vzv + zvu) a = (uv + vzv + zvu) 

=> (uv + vzv + zvu) (a - 1) = 0 
Thus a = 1, as earlier 

or uv + vzv + zvu = 0, which together with u + v + zv = 0 
yields, w= 0, v = 0, zv = 0, i.e. a = b = c 

5 th Solution : 

aa 2 - ba - (c + k) = 0 
ba 2 - ca - (a + k) = 0 
ca 2 - aa - (b + k) = 0 

One can use the idea of non-negativity of discriminant 
to compute the solution. 

3. 1 st Solution : 

Here we do it by case work. The even four digit 
number will be grouped into 4 cases. 

(i) Let the number end in 2. Then the last two digits 
can be 12, 32, 52, 72 or 92. But we must focus on third 


digit from right for* it to be divisible by 8. There are 
9 x 4 x 3 + 9 x 5 x 2 = 108 + 90 = 198 such numbers. 
Recall that first digit can be filled in 9 ways. 

(ii) Let the number end in 4. Then the last two digits 
must be of the form 24, 44, 64, 84. But we must focus on 
third digit from right for it to be divisible by 8. There are 
9x5x2 + 9x4x2 = 90 + 72 = 162 such numbers. 

(iii) Similarly the number ending in 6 are 
9x5x3 + 9x4x2 = 135 + 72 = 207 in number. 

(iv) And finally the number ending in 8 are 
9x4x2 + 9x5x2 = 72 + 90 = 162 in number. 

The total count is 198 + 162 + 207 + 162 = 729. 

2 nd Solution : 

In every block of 4 consecutive even numbers there is 
precisely one number which is divisible by 4 but not 
by 8. Consider 4 consecutive even numbers. 
aPY 2, cxPy 4, aPy6, aPy8 

of them there is first one number meeting our 

requirements. As a, p, y e {1, 2, ,9}, the total number 

of numbers = 9x9x9 = 729. 

4, Let x, y, z be the distinct numbers. Now 
1. l = a. l + 2 = j*. I + I = ! 

yzx'zxy'xyz 
for some positive integers a, P, y. 

Rewrite them as 


xx y y n z z 

— + — = a; — + — = p; - + - = y 
y z z x x y 

we will eliminate x, y, z from the system. 

Adding we have 



=a+P+y 


Multiplying we have 



=> i + £ + £ + £ + ^ + - + ^ + l = apY 
y x ,y z z x 

=* 2 + a + P + y = aPy 

Set a + 1 = u, P + 1 = v, y + 1 = iv to obtain 

1 1 1 , / 

- + - + — = 1, (u,v,zv > 2) 
u v zv 

Now, let x < y < z, which would mean a < p < y i.e. 
u < v < zv 

XT 1113 

Now — + — + — < — 

u v zv u 
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=> 1 < — => i/ < 3 so u = 2 
u 

This could in turn gives v - 3, zv = 6. Thus x, y, 2 will 
be 2, 3, 6 

2 nd Solution : 

Adding the equations 

1 , 1 , 1 _<* + *_ P + 1 _V+1 
A:yz x ~ y ~ z 

1 I 1 

X* 


= y = 2 = 

i i 


i i i 

* y z 


l l l 

. + _ — +. 


a + l p + l y + 1 a + 1 p + l y + l 
Again we have 

-!-♦ JL— 2-.i 

a+l p+l y+1 

Also x, y, z are proportional to a + 1, p + 1, y + 1. From 
here, the solution can be completed along the lines of 
previous solution. 

5. Construct AR perpendicular to EF and extend it 
to meet BC in N. 

f\0° 

ZBIC = 90° + A / 2 = 90° + — — = 120° 

2 



Thus AFIE is ooncyclic, 
giving ZBEF = A/2 

• 

RAC 

ZFAN = 90° - — - — = 

2 2 2 

= ZFCN 
Thus F,A, C, N are concyclic. 

Now ZFNA t= ZFCA = - = ZFAN 
2 

We note that AFAN is an isosceles triangle giving 
AR = RN. 

6. We claim that a n < a n + j happens for only then 
value of n for which (n + 1) is perfect square. 

Consider the numbers n = Jc + r,0<r<2k. 

For the number k 2 , k 1 + 1, k 2 + 2, k 1 + 2m 


We have 


n 


k 2 +r 

= k + 

r 

.(>/«)_ 


k 

k_ 


Which realizes the values 

kr k, k k; (k times), k + 1, k + 1, k + 1 (k terms) 

are k + z. 

So the value drops down when n + 1 = 2 2 , 3 2 , 44 ? 

The corresponding values of n are 2 2 - 1, 3 2 - 1,. 
44 2 - 1. So we have 43 values of n for which the 
hypothesis is fulfilled. 


Things you will not learn in school 

Bill Gates recently gave a speech at a High School about 1 1 things they did not teach him and you will not learn in school. He I 
talked about how feel-good, politically correct teaching has created a generation of kids with no concept of reality and how this i 
concept has set them up for failure in the real world. j| 

Rule 1 : Life is not fair - get used to it. j 

Rule 2 : The world doesn t care about your self-esteem. The world will expect you to accomplish something before you feel £ 
good about yourself. | 

Rule 3 : You will not make $60,000 a year right out of high school. You won't be a vice-president with a car phone until you I 
earn both. 7 f 

Rule 4 : If you think your teacher is tough, wait till you get a boss. | 

Rule 5 : Flipping burgers is not beneath your dignity. Your grandparents had a different word for burger flippinq* they called 
it opportunity. 

Rule 6 : If you mess up, it's not your parents' fault, so don't whine about your mistakes, learn from them. 

Rule 7 : Before you were born, your parents weren't as boring as they are now. They got that way from paying your bills, 
cleaning your clothes and listening to you talk about how cool you thought you were. So before you save the rainforest from 
the parasites of your parent's generation, try debusing the closet in your own room. 

Rule 8 : Your school may have done away with winners and losers, but life has not. In some schools, they have abolished failing 

grades and they'll give you as many times as you want to get the right answer. This doesn't bear the slightest resemblance to 
anything in real life. 

Rule 9 : Life is not divided into semesters. You don't get summers off and very few employers are interested in helping you find 
yourself. Do that on your own time. 

Rule 10 : Television is not real life. In real life people, actually have to leave the coffee shop and go to jobs. 

Rule 11 :Be nice to nerds. Chances are you'll end up working for one. 
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The entire syllabus of Mathematics of WB-JEE is being divided into six modules, on each module there will be a Mock Test Paper 
(MTP) of 30 marks and two MTP on the whole syllabus each of 100 marks which will be published in subsequent issues. 

The syllabus for module break-up is given below : 

Module I : Algebra - 1, Module - II : Trigonometry, Module - III : Co-ordinate geometry of two dimensions, Module - IV : Differential 
calculus and its applications, Module - V : Algebra - II, Module - VI : Integral calculus and its applications, Differential equations. 

Module - IV : DIFFERENTIAL CALCULUS AND ITS APPLICATIONS 

CONTENTS : ...... 

Differential Calculus : Functions, composition of two functions and inverse of a function, limit, continuity, denvative, chain ruie, 

derivatives of implicit functions and derivatives of functions defined parametrically. 

Rolle's Theorem and Lagrange's mean value theorem (statement only), their geometric interpretation and elementary application, 
L'Hospital's rule (statement only) and applications, second order derivative. 

Application of Calculus : Tangents and normals, conditions of tangency. Determination of monotonicity, maxima and minima. 
Differential coefficient as a rate of measure. 

This paper is useful for AIEEE | IIT-JEE and other Engineering Entrance Exams. 


MODULE - IV : Differential Calculus And Its Applications 


Marks : 30 


Time : 40 min SECTION - 1 

This section contains 24 multiple choice questions numbered 1 to 24. Each question has four choices out of which one is correct. 

Each question carries + 1 mark for correct answer and -1/3 for wrong answer. 


1. The value of c in (0, 2) satisfying the mean value 
theroem for the function f(x) = x(x - l) 2 , x e [0, 2] 
is equal to 

(a) | 

2. Let /(x) = - 


4 

(b) - 

D 


(C) I 


9 

(d) | 


(c x -l) 2 


sin 




for x * 0 and 


/(0) = 12. If/(:c) is continuous at x * 0, then the 
value of a is equal to 

(a) 1 (b) -1 (c) 2 (d) 3 

3. If / (x) = (a- x n ) Un , a > 0, n e N. Then / (/(*)) = 

(a) 1 (b) n (c) X (d) nx 

d 2 y 

4. If x = u(l + cos0), 1/ = fl(6 + sinO), then — at 


is 

(a) 0 (b) -1 (c) 1 (d) 2 

6. An edge of a variable cube is increasing at the rate 
of 10 cm/sec. How fast the volume of the cube will 
increase when the edge is 5 cm long ? 

(a) 750 cm 3 /sec (b) 75 cm 3 /sec 

(c) 300 cm 3 /sec (d) 150 cm 3 /sec 


7. Lt 

x->0 


0 = - is 


(a) " 


M a 


If 2 x + 2 y = 2 x * y then the value of ^ at x = y = 1 


(c) -1 (d) -2 

dy 

-r at x = 


Vl-cos2x _ 
fix = 

(a) 1 
(c) 0 


(b) -1 

(d) does not exist 


8. The domain of f(x) = ^log 10 4~) iS 

(a) (0,5) (b) (-5, -4) (c) [1,4] (d) [0,5] 

9. The derivative of sin* 1 (2x\ll-x 2 ) with respect 
to sin _1 (3x - 4.x 3 ) is 

^ (b) — (c) I (d) 1 

3 2 


(a) 


( 0 \ 
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